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It has been shown that the Einstein-Maxwell-dilaton theory allows a Bogomol'nyi-type inequality
for an arbitrary dilaton coupling constant «, and that the bound is saturated if and only if the
(asymptotically flat) spacetime admits a nontrivial spinor satisfying the gravitino and the dilatino
Killing spinor equations. The present paper revisits this issue and argues that the dilatino equation
fails to ensure the dilaton field equation unless the solution is purely electric/magnetic, or the dilaton
coupling constant is given by a = 0, /3, corresponding to the Brans-Dicke-Maxwell theory and the
Kaluza-Klein reduction of 5-dimensional vacuum gravity, respectively. Bearing this remark in mind,
we obtain all the supersymmetric solutions to the Einstein-Maxwell-dilaton gravity utilizing bilinears
constructed from a Killing spinor. There appear two classes of solutions depending on whether the
(Killing) vector field constructed from a Killing spinor is timelike or null. The timelike family of
solution is very restrictive due to the dilatino equation. It turns out that the rotating and dyonic
solution is allowed if and only if e = 0 or v/3. For other value of «, the timelike family of solutions
is necessarily static and exhausted by the multiple generalization of Gibbons-Maeda solution. For
the null family, the general solution is described by the plane-fronted wave with parallel rays (pp-
wave). In each case, the spacetime preserves at least half of supersymmetries. Some characteristic
properties of supersymmetric solutions are also explored.

PACS numbers: 04.70.Bw,04.50.4+h, 04.65.4¢

I. INTRODUCTION

Effective gravitational theories obtained via the Kaluza-Klein paradigm have attracted much attention and have
continued to give a lot of physical insights into unified theories. In the low energy limit of string theory, one recovers
Einstein’s gravity with a dilatonic scalar field arising from dimensional reduction. A dilaton field naturally couples to
several gauge fields with various rank, and its coupling constant depends on the underlying theory and the dimension of
an internal space. A variety of physical phenomena may be influenced by a dilaton field. An illuminating example is the
asymptotically flat, static and spherically symmetric black hole solutions to the Einstein-Maxwell-dilaton system @7

E] They exhibit quite different aspects compared to the Reissner-Nordstrom solution in the Einstein-Maxwell theory:

the inner “horizon” of a black hole is a spacelike singularity and the Hawking temperature in the “extreme” case can
be non-vanishing. These properties alter significantly the spacetime structure @, B] and the evaporation process of
the Hawking radiation ﬂa] Even with such unusual behaviors, the uniqueness theorem of static black holes continues
to be valid in this theory, viz, the spherically symmetric solution found by Gibbons and Maeda E] exhausts all the
asymptotically flat, static black hole with a nondegenerate event horizon in the Einstein-Maxwell-dilaton theory ﬂj, ]

Despite the extensive work over the last two decades, a rotating black hole solution in this theory has been yet
available with the exception of a slowly rotating approximate solution ﬂg] and a Kaluza-Klein black hole HE] A widely
used formalism for obtaining a new solution is the solution-generating method for the stationary spacetime, in which
certain gravitational theories are dimensionally reduced to 3-dimensional gravity coupled to scalar fields ﬂﬂ—lﬁ] In
the Einstein-Maxwell theory, the target space of the harmonic maps is described by Bergmann metric having the
structure group isomorphic to coset SU(2,1)/S[U(1,1) x U(1)], which is large enough to contain the Ehlers-Harrison
type transformations ﬂﬂ, |E] If an additional axisymmetry is imposed the system becomes completely integrable,
admitting a variety of generation techniques ﬂE—IE] In the Einstein-Maxwell-dilaton theory, however, the target
space is neither symmetric nor homogeneous (i.e., the coset representation is impossible and the isometry group does
not act transitively) for a generic dilaton coupling @] Furthermore, the additional axisymmetry fails to render
the system to be two-dimensionally integrable. This fact forbids us to get rotating black-hole solutions from simpler
seed solutions following the conventional procedure. In this paper, we adopt an alternative strategy by focusing on
supersymmetric solutions.

Supersymmetric solutions in supergravity have performed an invaluable role in the progression of non-perturbative
regime of string theory and the anti-de Sitter/conformal field theory correspondence. The supersymmetric solu-
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tions saturate the Bogomol'nyi-Prasad-Sommerfield (BPS) bound and are characterized by the existence of a super-
covariantly constant spinor referred to as a Killing spinor M] One can identify the Killing spinor equations as
the “square root” of field equations, so that supersymmetric solutions can be obtained relatively easily just by solving
linear equations. As a matter of fact, we can systematically classify and sometimes can obtain all supersymmetric
solutions. An initiated work is due to Tod, who inventoried all the BPS solutions admitting a nontrivial Killing
spinor in 4-dimensional N = 2 supergravity ﬂﬁ] Although reference ] shed some light on the whole picture of BPS
solutions, his method lacks utility in higher dimensions since the Newman-Penrose formalism has been used therein.
This difficulty can be overcome by the seminal work of Gauntlett et al. M], where general supersymmetric solutions
in 5-dimensional minimal supergravity were classified by making use of bilinears constructed from a Killing spinor.
Thereafter the classification program has achieved a remarkable development in diverse supergravities in various di-
mensions ] This formulation has provided valuable tools for finding supersymmetric black holes HE] and black
rings ﬂﬁ], and for proving uniqueness theorem of certain black holes M] It turns out that all the supersymmetric
black-hole solutions have universal properties such as strict stationarity and mechanical equilibrium in the ungaged
supergravities. This means that black holes fail to posses the trapped region (e.g., inside the Schwarzschild interior)
and the ergoregion even if it has a nonvanishing angular momentum. The mechanical equilibrium condition allows a
multiple collection of black holes, reflecting a “no force” situation between BPS objects m] The BPS configurations
are thus very simple since supersymmetry prohibits any dynamical processes.
In this paper, we consider a simple model of Einstein-Maxwell-dilation gravity described by the action

S = —161@ / d*zy/=g [R = 2(V"$)(Vuo) — e ***F, F™] (1.1)

where ¢ is a dilaton field, F' = dA is the Maxwell field and a controls the strength of the coupling of a dilaton to
the Maxwell field. The critical coupling o = 1 arises by the truncation of N = 4 supergravity @ﬁ?] Whereas, the
a = /3 case occurs via the Kaluza-Klein compactification of 5-dimensional vacuum gravity. Nevertheless, it has
been shown that the theory admits a Bogomol'nyi-type inequality for an arbitrary coupling, and allows a nontrivial
“Killing spinor” of gravitino and dilatino when the inequality is saturated M] This fact strongly encourages us to
speculate that the theory (L)) can be embedded into some supergravity theories for general coupling. In this paper we
cast doubt on this promising outlook by examining the integrability condition of the dilatino Killing spinor equation.
A basic belief for the fermionic supersymmetry transformations is that their integrability conditions guarantee the
corresponding bosonic equations of motions. It is argued that this consistency condition is satisfied only for certain
cases. The other subject of this article is to list all the supersymmetric vacua of this theory under the circumstances
in which the consistency condition is satisfied. In the classification procedure we adopt a prescription of M], which
is adequate also in the proof for the variant of positive energy theorem described below.

The present paper is organized as as follows. In the next section, we give a brief overview on the Einstein-Maxwell-
dilaton gravity and discuss the Bogomol'nyi inequality. Section[[Illis devoted to the systematic construction of all BPS
solutions, which fall into a timelike and a null family. Some properties of BPS solutions are analyzed in section [V1
Section [V] concludes with several future prospects. Our conventions are summarized in appendix with some fruitful
formulae used in the main text.

II. ENERGY BOUND IN EINSTEIN-MAXWELL-DILATON GRAVITY
A. Preliminaries
The gravitational field equations derived from the action (1) are
1
R, — gng, =T (2.1)
— (9 (em)
=T, +T.;", (2.2)
where T}, is the total stress-energy tensor and
1

180 =2 (9,0)(%,9) - 30(7,0(7°6)] (2.3

1
T}S}c}m) = 26720@ (FHPFIJP - ZguVFpUFpU) . (24)



The conservation equations for each stress-energy tensor lead to the Maxwell equations
V(e 2P Fm)y =0, (2.5)
and the dilaton evolution equation
V,Vi + %e‘2a¢FWF”” =0. (2.6)
The action (L)) is invariant under the discrete duality rotation,
p—d=—¢, Fu—F,=e%F,,. (2.7)

The continuous electric-magnetic duality symmetry in Einstein-Maxwell theory is broken by the presence of a dilaton.

It should be emphasized that the constant dilaton reduces not to the Einstein-Maxwell system but to the Brans-
Dicke-Maxwell theory with a Brans-Dicke constant w = —1. The ordinary Einstein-Maxwell system is recovered when
¢ = constant and F),, F'* = 0, or ¢ = constant and a = 0; otherwise the dilaton field equation (Z6)) is not satisfied.
For o = 1, the action (II)) corresponds to the truncated action of N = 4 supergravity. The action for o = v/3 is the
Kaluza-Klein reduction of five-dimensional vacuum gravity.

B. BPS inequality

At least for the aforementioned values of a (= 1, or v/3) there is an underlying supergravity theory. Still, the
Einstein-Maxwell-dilaton gravity (II) enjoys a Bogomol'nyi-type inequality for general values of «, as shown by
Gibbons et al. @] We begin by a brief review about their argument and move to the detailed discussion about the
BPS inequality.

Following the standard prescription of the positive energy theorem M], define a Nester-like anti-symmetric
tensor in terms of a super-covariant derivative V , acting on a (commuting) spinor € as

Em o= (Ev“”p@pe — @—pev“”pe) . (2.8)
Here, the operator @u is defined by

. i
Vaue=(V, + ———e@%yab Fa>e, 2.9
Iz <# 4m T Yulab ( )

which specifies the “variation of gravitino.” When acting on a spinor, the covariant derivative V, is given in terms
of a torsion-free spin connection wyq; as

1
VHE = (@L + Zwuab%b) €, (210)

which obeys the Leibniz rule

Vu(gl'}’,ul e "Y,un€2) = V€1V V€2 + €V Vo V€2,
V(6151 YV €2) = Vu€15 s -+ V€2 + €751+ Vo V€2 - (2.11)

Observe that EH” decompose as

EW = R + HW (2.12)
where EM = —i(ey""PV e — V,ey/""P¢) is an ordinary Nester 2-tensor and H*” represents the electromagnetic
contribution,

2e¢

HYW = ——— (€M —ieyze x FMY) . (2.13)

V14 a?



Reference @] also introduced the “variation of dilatino” by*

ia
O\ = — ( S VA p— A O b) €. 2.14
TV Vi VIt oz 7 La ( )
Here, the specific factors appearing in (Z20) and (22I]) have been chosen a posteriori in order to give an energy
bound.

Consider an asymptotically flat spacetime to which an Arnowitt-Deser-Misner (ADM) 4-momentum can be as-
signed @, @] Choose a spatial hypersurface ¥ with a future-pointing unit normal n* and let 0% be its boundary
at spatial infinity.? Assume that e asymptotes to a constant spinor e, and that the dilaton falls off to zero at spatial
infinity. Using Stokes’ theorem, it is found that

~ 1 N
- / dSn, V, B = 3 / dS,., B
b ox

1 / 1 / _ o

= - dsS,, B — —— dS,,, (Esc€ooc I — 1€V5€00 * Y
2 Jow 5 E T T o et 1

1
= —1€ccV € Py — ———=€00(Qec — 175Qm ) €cc (2.15)

V14 a?

where dS),, is the element of 2-sphere at infinity. P, denotes the ADM 4-momentum [2d, 38] and

Q. = / dsS,, F*, Qm = / dS,,  F1' (2.16)
s s
are the total electric and magnetic charges, respectively. A straightforward but rather tedious calculation shows that

. e N — 1
VUEHV :21Vp€’y“ypvl,€ + 215A'}/H5A - <RM1/ - §R5HV - THU> (lg,-y’je)

2 ap -2 = — s
— —— [e**V, (e 2*?F")ée — e~ *?(V, x F")(ievze)] . 2.17
s ¢Vl ) ( )(i€rse)] (2.17)
Relations (A3)-(AI0d) in appendix are of great help to derive this equation. The last three terms will vanish provided
Einstein’s equations, the Maxwell equations and the Bianchi identity are imposed. Then the volume integral of the
left-hand side of (2IH) can be written as a sum of non-negative terms for e satisfying the (modified) Dirac-Witten
equation

Y*Dae =0, (2.18)

where D is the projection of super-covariant derivative V onto ¥. It follows that the right hand side of ZI3) has to
have non-negative eigenvalues, giving rise to a suggestive inequality

1
\/ﬁv QI+ Q7. (2.19)
where M = /—P,P# is the ADM mass. In the context of supergravity, Q. and @, enter the algebra of global

supersymmetry transformations as central charges. The above lower bound is attained if and only if there exists a
nontrivial spinor e satisfying the gravitino Killing spinor equation

M >

i
V4 ————e Py Fa)ezo, 2.20
(% gy b (2:20)

and the dilatino Killing spinor equation

iov

1 Note that the conventions of the present paper differs from @], where the gamma matrix and the Dirac conjugate are defined by

{Y,Ww} = =29 and ¢ = 9770, Equation @I) also corrects the typo in [36].
2 Although we have supposed that ¥ has no interior boundary corresponding to the black hole horizon, this condition can be relaxed @}

(see also [37]).



These can be viewed as supersymmetry transformations which leave the bosonic background invariant.

The resulting energy bound ([2I9)) strongly implies that the theory (II]) might be embedded into some supergravity
theory @] We are now going to claim, however, that this might be too optimistic an estimate. To illustrate, let us
consider the multiple black hole solution found in ﬂ],

ds? = —H;{'Hy 'dt? + HyHydi? (2.22)
where H, and H, are arbitrary harmonics on the Euclid 3-space d?, and

_ 1 T A &y, _ 1 (5
A—\/E<H1+A dx), VxA=VHy, ¢= 2111(H2). (2.23)

Here and hereafter, the 3-dimensional vector notation will be used for quantities of 3-dimensional Euclid space da?.
The metric ([Z22]) solves the field equations [22)), [23) and (Z.0) with o = 1, which is the distinguished value predicted
by string theory. Two functions H; and Hy obey Laplace equations, so the feature of force balance is appropriately
captured. At first sight, it therefore seems reasonable to expect that this solution would saturate the bound ([Z.19).
Contrary to our intuition, this is not the case @] Consider multiple point sources

(k) (k)
1+Z|f2%Qe m:uZ% (2.24)

— )
el (5)

where ;) and fz k) represent the locus of point sources. One immediately finds that the metric is asymptotically flat,

Qe =>4 gk) and Qnm = >, Qgi) correspond to the total electric and magnetic charges, in terms of which the ADM

mass is given by M = (Q. + Q,)/v/2. This is strictly above the lower bound ZI9).3
This puzzling issue is best understood as follows. Acting v*V, to ([Z2ZI) and using (Z20) and (A2)), we obtain

o _ ivsa(a® = 3)
v Ve —e720p prvy D T p s FRY
WV T+ e T R T o ey T
Lo
- {2V Fp) — 2e2a¢7uvu(ei2a¢FW)} e=0. (2.25)

21 + a2

Accordingly, even if the Bianchi identity dF' = 0 and the Maxwell equations d x (e 2*?F) = 0 are satisfied, the
integrability condition of the dilatino equation ([Z25]) does not guarantee the dilaton equations of motion (Z8]) apart
from o = 0,+/3 and F,, « F* = 0. In this sense, the dilatino equation is not the proper “square root” of the dilaton
field equation. The dyonic solution (Z22)) is not supersymmetric in spite of string motivated case o = 1 since it does
not satisfy F,, » F'* = 0.

A major cause of this apparent variance may be attributed to the absence of the axion field in the theory. The
effective theory of heterotic string indeed involves the axion field, which couples to F),,, x F*” term in the Lagrangian.
It therefore cannot be consistently truncated unless F,, x F*" = 0 139, 140] (see ﬂé_lﬁ for a proof of the Bogomol'nyi
inequality in the Einstein-Maxwell-dilaton-axion system). This observation leads to speculate that the Gibbons
solution ([2.:22)) is the BPS solution to some truncation of different supergravity theory, rather than the truncation
of Einstein-Maxwell-dilaton-axion gravity. It seems interesting to examine which supergravity has (222)) as a BPS
solution. But addressing this issue is beyond the scope of the present paper.

Nonetheless, the configurations which saturate the bound [2I9) can be identified as ground states that minimize the
energy for fixed charges, irrespective of whether the Einstein-Maxwell-dilaton theory ([LI]) has a supergravity origin
or not. Besides, it is far from obvious whether there exist solutions saturating the BPS inequality other than the
Gibbons-Maeda solution ﬂj] Bearing the above remark in mind, we will classify solutions admitting a Killing spinor
which satisfies the 1st-order differential equations (2.20) and (2:21]) with careful attention to the dilaton equation. We
shall refer to such solutions as “supersymmetric” in what follows.

3 If the “scalar charge” 3 is introduced by the asymptotic value of the scalar field as ¢ ~ £3/|Z|, the nonextremal metric in ﬂ] admits
an inequality M2 4 %2 > Qg + Q%l, which is saturated by the BPS state (Z22)). It is worthwhile to emphasize that this inequality differs
from (2I9) in philosophy: the Bogomol'nyi inequality (2I9) is expressed only in terms of global charges, while the above force-balance
condition involves the scalar charge which is inherently secondary since it is not defined covariantly by the two-sphere surface integral
at infinity.



III. SUPERSYMMETRIC SOLUTIONS

A basic strategy for the classification of BPS solutions is to assume the existence of at least one Killing spinor and
construct its bilinear tensor quantities. These satisfy a number of algebraic and differential conditions, which can be
used to deduce the bosonic constituents. This program follows the work of Caldarelli and Klemm ﬂﬂ]

A. Differential forms constructed from a Killing spinor

Given a commuting spinor €, we can define the following bilinear bosonic differential forms ﬂﬂ]

a scalar E = €e, (3.1)

a pseudo scalar B :=iévyse, (3.2)

a vector 'V, :=iéy,e, (3.3)

a pseudo vector a, = i€y5y,¢, (3.4)

an anti-symmetric tensor @, = i&y,€, (3.5)

[1334)

Here we have introduced the factor “i” to ensure these differential forms to be real in our convention. Since
{1,795, %, Va5, Vv } span the basis of Clifford algebra, any other differential forms can be built from linear com-
bination of above quantities.

A (Dirac) spinor € has a real dimension 8, whereas (E, B,V,,, a,, ®,,,) sum up to have 16 components. This means
that these bilinears are not all independent. In fact, viewing €€ as a 4 x 4 matrix, it can be expanded by gamma-matrix
basis as

4ee = E1 —iVHly, + %‘I)‘“”yw, +ia*y57y, —1B7ys , (3.6)
which implies
iVFy,e = —ia"ysy.e = —(E +1B7s)e, @My, e = 2(E —iBys)e. (3.7)
Contraction with € gives
fi=-V"V, =a"a, = E* + B?, (3.8)
E?—-B*=1,0" . (3.9)

We can find that V* is everywhere causal, while a/ cannot be timelike. The possibility of V# = 0 can be eliminated
by noticing V° = efe > 0 for a nonvanishing Killing spinor. This also signifies that V# is future-directed. Contracting
€ys to [B0), it is shown that V and a are orthogonal V*a, = 0.

Using ([36) and availing ourselves of the expressions summarized in appendix, it is straightforward to derive the
following algebraic constraints

BV, = +®,,a" Ea, = %0, V", (3.10a)

BV, = ®,,a" , Ba, = ®,,V", (3.10b)
EB = —1®,,  ®" (3.10¢)

E®py = —epnpaVPa® + B, (3.10d)

D * Dy = 19 Ppo * 7 (3.10e)

Upon using B.8) and B9, a little bit amount of calculation shows
®,,®," =V,V, —apay + g B>, *Pu, %P, =V, V, —aua, + g B (3.11)

This relation will be of use for the classification of null class.
Let us turn to the analysis of differential relations. Now suppose that e satisfies the Killing spinor equation (2:20]).



Noticing (ZIT]), we can derive the following differential constraints

e

T Vita?

e

V14 a?
e~ ad

Vit a?

e—®

T Vi+ a2
e~ ¢

\/ﬁ (CL# *Fl/p + 2€VPG'[MFT] a ) .

F VY, (3.12a)
* F, V", (3.12b)
(-EF,, + BxF,,), (3.12¢)
(—2F(#” * Py, + %QWFPU * @p”) , (3.12d)
V.0, =—

(3.12¢)

We can thus identify F and B as the electric and magnetic potentials, respectively. Equation (312d) indicates that
V*# is a Killing vector

ViV =0. (3.13)

From (B.12d) we find Vi,a,) = 0, i.e., a, is a pure gradient vector.
Next, let us look into the dilatino equation (Z2I). Contracting it with €, €ys, €y,, €y57y, and €y,, we obtain the
following relations

VEV,p =0, (3.14a)
a®,, F'" =0, (3.14b)
I Vh+ 2 e — g (3.14¢)
" 2\/1+—a2 " - '
—ag
EV ¢ — m F, VY =0, (3.14d)
—a¢
e,V — *Fa” =0, (3.14e)
\/_
ok
BV,.¢ — *F, VY =0, (3.14f)
\/_
Laead
*®,, V¢ — a’ =0, (3.14g)
W Vo6 — -2 (B Fuy 4 EFu) =0 (3.141)
(n V] Vita? pv w) =Y, :
206
€upe @’V + ——— vp =0. (3.14i)

/ a2 [H

Contraction with €y57,, yields the duals of (3140 and BI4). When the Bianchi identity dF = 0 and the Maxwell
equations d x (e 2¢¢F) = ( are satisfied, equations (B.12a)), (3.12h), ( ), B.14d)) and (3.14f) give

PvF =0, LyxF=0, PLvo=0, (3.15)

where 2y = diy + iyd is the Lie derivative and iy is the internal product. It turns out that a vector field V
constructed from a Killing spinor generates the symmetry of all the bosonic constituents (g,., Fj.., ¢). This is not an
obvious result since the Killing symmetry just requires that £y F' is proportional to xF' even in the Einstein-Maxwell
system (see Theorem 11.1 in h])

To proceed, we will examine separately the cases where the Killing vector is timelike or null. The algebraic and
differential constraints derived in this section are solved for each case.



B. Timelike family
Let us begin by the analysis for the case of timelike V), i.e., f is nowhere nonvanishing which we take f > 0.
Equations (310a)) and (3.10D) can be solvable for ®,,,, giving

1 1
By, = 7 (2BVj,a,] — EeupeVPa%) ,  x®,, = 7 (2EVj,au) + Beupo VPa%) . (3.16)

These expressions are consistent with other equations (B.9)), (8.10d)-(BI0€) and EII). Analogously equations (B.12al)
and (3.I2D) combine to give

B e*?/1+ a2
B f

From these expressions, one can easily verify

ad, /] 2
Vi,V E + upaVOVIB) . %Fu = YT (91 VBt e,eVIVIE) . (3.17)

F. 7

2¢29%(1 + a?) 4e299(1 4 a?)

P Fy = =" [(VB)? = (VE)?], Fu # 1Y = =—— ===V, EV"B.
/ 2 ap / 2 ap
Fl + 0 = H%aﬂvu(ﬁ — B?), D, M = —H%auvu(EB) . (3.18)
Substituting (BI6) and [BI7) into 12d) and (312d), we obtain
V.V =f 1 [-Vi.Vuf — €upoe VP(EV'B — BVE)] (3.19)
Vi = — 20,00V, (0 f) + a, Vo In f — [V, Va"V, f + 2f 2 Viuen)por(EVPB — BVPE)V7a . (3.20)

Using (3.10), BI17), 3I9) and (3:20), a lengthy calculation shows that (312d) is fulfilled automatically.
Inserting (B.I7) into the Maxwell equation d x (e 2% F) = 0 and the Bianchi identity dF' = 0, we find

FAVE(fIVLE) + Q. V"B — afV,¢VFE =0, (3.21)
PPVH(fTIVLB) = QUVPE + afV,ugViB =0, (3.22)

where we have used an abbreviation
Q,=2(EV,B—-BV,E), (3.23)

which corresponds to the twist of V¥, i.e., Q, = €50V V?V? . Equation (3:23) manifests that the supersymmetric
solution can be rotating only in the dyonic case.

At this stage we introduce a local coordinate system. Since V' is Killing V(,,V,,y = 0, the most desirable choice is
V# = (0/0t)* for which the metric components are independent of the time coordinate ¢. Thus, the spacetime metric
can be locally written as a twisted fibre bundle over the 3-space as

ds? = —f(dt + w)? + f hppda™da™ (3.24)
where f~'h,, (m,n,... =1,2,3) is the metric of the orbit space of the action of V. The 1-form w corresponds to the
rotation of V', which measures the gravito-electromagnetic Sagnac connection. Viewing V = — f(dt 4+ w), equation

BI39) gives the governing equation for w as

1

2—f-26;,wpo'VPQU ) (325)

Vipwy) =

which determines w uniquely modulo a gradient of a scalar function.
Besides, there exists a local scalar z such that a, = V,z due to da = 0, which also can be used as one of the
coordinate. Thus, the 3-metric h,,, may be decomposed as

Bz da™ = hasn (dz™ + EMdz) (dz + ENdz) + d2?, (3.26)

where the indices M, N, ... range from 1 to 2 with 2! = x and 2% = y.



Observe that the above metric form has a large degrees of gauge freedom. One may easily deduce that the metric
is invariant under the change of coordinate

t—t—Aaz™), and w— w+dA(a™), (3.27)

which is the gauge transformation of the Kaluza-Klein gauge field w. This freedom will be used to eliminate the inte-
gration function arising from ([B.23]), so we remain it unspecified at present. In addition the coordinate transformation

oM = 2M(2'N | 2) is permissible. Using this freedom we can always choose the coordinates z in such a way that
M M _IN : 9z M
=™ (") 2), with 5 -k, (3.28)
z

which eliminates the vector k™ from the metric. In the following discussion we can, without loss of no generality,
restrict the 3-metric h,,, to take the form,

Pmndz™da™ = hasn (2, y, 2)de™ day + d22. (3.29)

We shall refer to this 3-dimensional Riemannian manifold as a “base space.”
Let us turn to examine ([20). Define a projection operator

iLMy = fé", + V"V, —d"a,, (330)
which can be regarded as h,, = harn (V,2™)(V,2Y). The nonvanishing components of (320) boil down to
he b pag = 0. (3.31)

We can view this equation as such that the level set z = constant is a totally geodesic submanifold with respect to
the base space hMNd:erxN +dz?, i.e., its extrinsic curvature is zero. This requires that hjsn is independent of the
coordinate z, O, hyn = 0.

We next investigate the dilatino equation ([3I4]), which are divided into two cases depending on « # 0 or a = 0. In
the following subsections we shall examine these cases separately.

1. The a# 0 case

Inspecting (312a) and (3.I4d) one finds

V. (Ee ®/*)=0. (3.32)
Similarly, equations (3.12D) and (B.141) give
V,.(Be?/*) =0. (3.33)
These are easily solved as
E = cge?/®, B = cge /%, (3.34)

where (cg, cg) are constants. Taking note of a useful relation
Vo — %V#(EQ —B%) =0, (3.35)

one can find that all other dilatino equations ([BI4]) are satisfied. Unlike the ordinary supergravities, we must check
the dilaton field equation so as to keep the consistency with the dilatino equation. Substitution of ([B:34]) into (2.6
yields

D, (f—<1+a2>/2pm¢) —0, (3.36)
where D,, denotes the covariant derivative associated with the base space metric h,,,. Indices m,n, ... are raised and

lowered by h,,, and its inverse. The above equation ([B3.30) is to be compared with the equations for the gauge fields
below.
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Substituting ([B34)), equations B21)) and [B22) simplify to

1—a? 2(E?-3B?
2 _ 2| _
CE [D ¢+{ - a(E2+B2)}(D¢) ] 0, (3.37)
1—a?  2(3E? - B?)
2, 2| _
cB [D¢ { - + a(E2+B2)}(D¢) ] 0. (3.38)
Consider first the case (cg,cp) # 0 where the solution is dyonic (F,, « F'** # 0). The above two equations yield
(3 —a®)(Dg)* =0, (3.39)
and
-1
D? {(cée‘w/“ + CQB) } =0. (3.40)

For the generic coupling (o # v/3), equation ([3.39) implies that the supersymmetric dyonic solution has a constant
dilaton field, whence F = B = constant. Since the Maxwell field vanishes in the constant dilaton case [see (BIT)],
this is nothing but a vacuum supersymmetric solution, i.e., the Minkowski spacetime.

In the dyonic case, equation (3:39) shows that a nontrivial dilaton arises only for a = v/3, which corresponds to the
Kaluza-Klein compactification of 5-dimensional vacuum gravity. Indeed equations [B:36) and (B-40) are compatible
if and only if o = /3, as expected from ([Z27). Furthermore, in the dyonic case, only the a@ = /3 case is consistent
with the integrability condition of (3.23):

V. (f2oM) =o. (3.41)
From (BI7) the dilaton is given by

gb:ﬁln C%—FCQB—CQBH
ctH ’

0 (3.42)

where H stands for a harmonic function on the base space D?H = 0. The lapse function f and the rotation form
w ([B28) are successively obtained as

cB
2613(0}23 + C2B)

2 2
crlcqn + ¢
f (E B)

= M nnDPH | 3.43
VH(E + & —EH) ! (3.43)

) a[m Wp) =

where (h)emnp is the volume-element compatible with the 3-metric h,,, of the base space (329) with V' A ("¢ being
positively oriented. From ([B.40), we can find the gauge potential F' = dA,
c% + c%

A= ). (3.44)

One can also obtain the corresponding dualized ones ([27)):

@__§1n<c%+c%—céﬂ> i el +)0—H) Gw

2
= dt + ——————— 3.45
4 cA2H 2(ck + & — 3H) [ +c%(1—H)} ' (3:45)

where F' = dA.
Although we have introduced two integration constants (cg, cg), only one of them is of physical relevance. Consider
a scaling the Killing spinor

e = Ce, (3.46)

where C is a complex constant. Then the metric ([324) and the Maxwell field I7) transform as f — |C|*f,
w — |C|7w and F — |C|72F, that is to say, we can choose cg or cp to take any value we wish. The choice
cg = secho and cg = tanho (0 € R) is physically definitive provided H goes to unity at infinity, since ¢ — 0 and
f — 1 for the above value.
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In the purely electric case, i.e., cg # 0 and cg = 0, one can set cg = 1 by the scaling freedom as described above.
In this case, the Bianchi identity automatically holds and « can take any value since F},, x F*¥ = 0 is satisfied. Then
we find from B37) that the dilaton and the electromagnetic fields are given by

« dt
=% lmH, A=-—_—" . 3.47
d) 1+a2n 4/1+a2H ( )

Here H is a harmonic function on the base space, D?H = 0. For the purely magnetic case, setting cg = 0 and cg = 1
amounts to the duality rotation (271 of the purely electric case:

« ~ 1
——InH O Ay = ———
1+ a2 05 [m#n] 2v1 + a2

Since either electric field or magnetic field vanishes, 2, = 0 holds, to wit dw = 0. Hence w is locally gradient of
some scalar function, which can be made to vanish by incorporating into the definition of ¢ by exploiting the gauge
freedom ([B27). It follows that V' is hypersurface orthogonal and the spacetime is static for the purely electric/magnetic
case.

Remark that the 2-metric hpsy (2, y) is still unrestricted at the current moment.

¢ = M e npDPH . (3.48)

2. The a =0 case

Next, we discuss the a = 0 case. Contraction of V* to (3.I4L) gives ¢ = constant. It follows that the Brans-
Dicke-Maxwell system reduces to a usual Einstein-Maxwell theory due to supersymmetry. Thus its timelike family
of supersymmetric solution is given by the Israel-Wilson-Perjés (IWP) solution ﬂﬁ] For completeness we shall also
discuss this case within the present framework, which should recover the result in ﬂﬁ] Let ¥ = F — iB denote
a complex Ernst-Maxwell potential [11]. Then the Maxwell equations d x F = 0 (2ZI) and the Bianchi identity
dF = 0 22) are combined to give the 3-dimensional (complex) Laplace equation

Dy~ =0. (3.49)

Looking at (323), the solution can be rotating only in the dyonic case. The undetermined 2-metric hyy will be
found by the integrability condition of the Killing spinor equation, as demonstrated below.

3. Integrability condition

So far we have been discussed constraints on the geometry and matter fields which are necessary for the existence
of Killing spinor. We have exhausted the equations satisfied by bosonic quantities, leaving the 2-metric hy;y unde-
termined. We shall next look at the Killing spinor equations and examine whether further restriction is imposed.
Adopting the tetrad frame

=2 dt+w), el = 2% 1=1,2), & =f"1%z, (3.50)
where hyy = 61JéIMéJN, equation [B.7) reads
in’e = fTY2(E +iBys)e. (3.51)

Under this condition, the time and spatial components of Killing spinor equation are written as

8te = 0, Dm — wm&g + % (—8mf + 2IQm"y5) € = O, (352)

where we have treated the spatial components at once instead of discriminating components x,y from z. The first
equation shows that the Killing spinor is time-independent. Defining chiral spinors

1+
et = 5

- 1EB 3.53
2VETIB (3:53)
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with y5¢* = +eT, the second equation of ([352) reduces to

Dpet =0, (3.54)
viz, €T are covariantly constant spinors for the base space. It follows that the the solution of the Killing spinor

equation is given by

e=+VE —iBe" +VE +iBe” (3.55)
where €T are the spatially parallel and chiral spinors satisfying y5e* = 4¢®. In the purely electric or magnetic case
where « is arbitrary, it is further simplified to

e = H~V/RO+eNe (3.56)

where H is harmonic (8:47) and e is the spatially parallel spinor independent of ¢, corresponding to the asymptotic
value of € and satisfying 170 = €so. It is worth commenting that the condition ivsy3e = f~V/2(E + iBys)e is not

used to derive (B55) and (B50).
The integrability condition of [B354) is

1
0= [Py Dale® = 5 (hnip™ Siin = hngy ™ S ) 177€% (3.57)

where we have replaced the Riemann tensor by the Schouten tensor ™ S,,,, == MR, — (1/ 4)(h)Rhmn for the 3-metric
hmn. Contracting with € and €ys, we obtain

Mgp @, =0, PSP xd,, =0. (3.58)

Combined with (316), (3:29) and [B31]), we come to the conclusion that the base space [B29) is Ricci flat (" R,,,,, = 0),
thence flat since it is 3-dimensional. This means that the spacetime is conforma-stationary ﬂﬂ] and (€%, e.,) are con-
stant spinors. We can also find that the dilatino equation (Z21]) is satisfied automatically under the projection ([B51]).
Since equation ([B.51)) is the only restriction, the solution preserves at least half of supersymmetries.

We have only solved the gravitino and dilatino Killing equations, the dilaton equation of motion, the Maxwell
equations and the Bianchi identity. We have nowhere used Einstein’s equations, but they automatically hold as an
integrability condition for the Killing spinor equation. From (2.20), we get

—a 6720@ o T
V(e *F,p) - € )”y” ’y[l,”y)‘ Y Fpo Frre. (3.59)

1 log
V[ny]e = —R‘u,upa”yp € = — m

i
. AP
8 Witaz! W

Contracting 7* to this equation and using the dilatino equation ([2.21)) and the first Bianchi identity R, 0 = 0, we
find

£ e Y P NV Fpo) = 262°07,7,V (e T30 F ) } | € = 0, (3.60)

i
i
p 8vV1+ a?
where we have used the identity (A2]) and we have defined
Epw = Ry — 2(V,0) (Vo) — T (3.61)

Here, £, = 0 is equivalent to Einstein’s equations (2.2)). From (B.60), when the Bianchi identity and the Maxwell
equations for F' are satisfied, we deduce that

EnwYe=0. (3.62)
Contracting with €, one finds
EwVY =0. (3.63)
If we dot it with £,,7", we get
Ew€L =0, (no sum on p). (3.64)

In the orthonormal frame, equation [B.63) implies g9 = £o; = 0 where ¢,7,.. = 1,2,3 and (3.64)) implies &;; = 0, as
we desired to show. This has been already demonstrated in ([B.58]).
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4. Summary

Let us encapsulate our results. The timelike family of supersymmetric solutions in Einstein-Maxwell-dilaton system
where the dilatino equation implies the dilaton equation are either of the followings:

(i) A dyonic and rotating solution for o = v/3: the metric is written as a conforma-stationary form

ds? = —f (dt + & - d2)* + f1dz2. (3.65)

where H is harmonic on the base space V2H = 0, f and & are given by [B.43]) and the dilaton and the gauge
fields are (342), B44) or (B4H). The solution of the Killing spinor equation is given by ([B353]) where E and B

are given by (3:34).
(ii) A purely electric or magnetic static solution for arbitrary co: the spacetime is the Gibbons-Maeda solution E],
ds? = —H -2/ (e g2 4 2/ (o) qz2 (3.66)

where the dilaton and the gauge fields are given by ([B.47) for the electric case and by ([B48]) for the magnetic
case. The solution of the Killing spinor equation is given by (3.50)).

(iii) A dyonic and rotating solution for o = 0: this reduces to the BPS solution in the Einstein-Maxwell system and
described by the IWP metric [42],

ds? = —|[U2(dt + & - d7)? + |¥|"2d7? (3.67)
where W is a complex harmonic function V2W¥ = 0 and & is given by quadrature B29) as
Vx@=i (\Irlﬁrl - \Irlﬁrl) . (3.68)

The solution of the Killing spinor is given by (8353 with F and B obeying ([B.49]).

C. Null family

In this section we study the case in which V# is null, i.e., F = B = 0. The Maxwell field F},, and ®,, satisfy

ivFZO, iv*FZO, iV(I)ZO, iv*(I)ZO,
D, 0" =0, D, x0" =0, &, xD,),=0. (3.69)

These relations are sufficient to establish
F, " =0, FHEx FHY =0, F,e" =0, F, o =0. (3.70)

As opposed to the timelike case, F),, » F'*” = 0 always holds for the null case. We are thus not concerned with the
dilaton field equation since it is ensured by dilatino equation. The dilatino equation (BI4]) imposes a single restriction

VAdg=0. (3.71)

Equation (3:12d) means that the vector field V* is covariantly-conserved V,V, = 0, i.e., the spacetime of the null
family describes a pp-wave ] The pp-wave spacetime always belongs to the Petrov type N. Since V' is closed dV =0
and tangent to the affine parametrized geodesic V#V, V¥ =0, V can be written as

i
V,=-Vu, VF= (%) , (3.72)

where v is some scalar function and v is an affine parameter of the geodesics. Then the metric is independent of v
and can be cast into the form ﬂﬂ]

ds® = —2du (dv + Hdu + Bida’) + gijda’da’ . (3.73)
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Here H, B; and §;; (i,j = 1,2) are functions of u and z’. Using the coordinate transformation of z%, the 2-dimensional
metric g;; can be written in a conformally flat form,

Gijda*da? = Q% (da® + dy?) . (3.74)

Equation (B.7I]) now implies that the dilaton is a function only of u, ¢ = ¢(u). One may thence regard the scalar

field as a “null dust” since the stress-tensor takes the form bef) = 2(d¢/du)?V,V,.
Due to a*a, = f = 0, the pseudo-vector a" is null or identically zero. Since V' A a = 0, there exists a function
k = k(u,z") such that

a, =KV, . (3.75)

From da = 0, one finds k = x(u), hence V, k = —[dr(u)/du]V,,. It follows that equations (B.12d) and ([BI2€) simplify
to

dk 2e~¢
— V.V, = ——F " *%D,,, 3.76
du " VitaZ (- *Pu)p ( )
ke ®
vu(l)up = (_V;,L * Fup + EupaTVTF;,La) . (377)
1+ a2
Let us introduce a tetrad frame
et =du, e~ =dv+ Hdu + B;dat, et = Qda’, (3.78)
which obey the orthogonality relations
nabea,uebv = Guv (379)
with e_412 =1, where ny_ =n_ = —1, n;; = 6;; and other components vanish. Then the condition iy F' = iy xF =0
determines the form of Maxwell fields as
F=F_e"Net, *xF = —€;;Fyiet A el (3.80)
where €12 = —€21 = 1 and the summation over ¢, j, ... is understood. Noting ¢ = ¢(u), the Bianchi identity dF" = 0
and the Maxwell equation d(e=2%® x F') = 0 reduce to
O (UFy4) =0, 0; (VF;)=0. (3.81)
It follows that there exists a function F = F(u,z?) such that
Fyi=-Q7'%9F, AF=0, (3.82)

where A = 02/0x? + 0% /0y?. Thus, F is a harmonic function on a flat 2-space dz? + dy? with a u-dependence.
Equation [B77) now implies

AP =0, d*®=0. (3.83)

Noticing iy ® = iy x ® = 0, we can conclude by the parallel argument as above that there exists a harmonic function
P = P(u,x") such that

d=-Q'Pet Net = —du AdP, AP =0. (3.84)
Substituting [B:84]) back into [B7T), we obtain

Q0;0;P — 20, PO;L = —6;;0, PO, (3.85)
1 1
Q0, (2 '0P) + 55 Vi 0P = ﬁe—a%eijajﬁ (3.86)

where W;; 1= 0,8, — 0;8; = (0,8 — 0yBs)€i;. Inserting (B.82) and [B34) into B70) gives

ds _
V1+ a? e ¢ =2072¢,,0,F0; P, (3.87)
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where the left hand side is dependent only on u. Multiplying 9;P to (3.80) and using (387, we find
1
Du |Q20,PO;P + 5# =0. (3.88)

Equation (I now reduces to
Q20,POP =1—kK*. (3.89)

Comparing (388) and (8:89), we arrive at x = constant.

Thus far, we have proceeded in a quite general metric form [B.73]). The metric [B.73)) is invariant under the three
kind of coordinate transformations [15]. Letting ¢ = = 4 iy and W = (8, — i8,)/V/2, the metric-form remains intact
under ¢ — ¢’ = h(¢, u) with

2 20,% O20,hduh + W,hd:h + W hoch
p_ Yy W Y0 < < (3.90)
dchdch och " dchdch dchdch

where h is analytic in ¢. Using the above freedom, we can always adopt P as a one of the coordinate of the wave

surface as P = x. Then, equations (3.85]) and ([B.88) imply that Q is constant, which can be taken as Q = 1 without

losing any generality by means of a simple scaling u — v/ = Qu, v = v = Q ' and ¢ = ¢/ = Q7 '¢ with H' = Q2H,

which also leaves ® invariant. With these choices (P = 2 and 2 = 1), k = 0 is obtained from ([B89), i.e., a, = 0.
Equation 8T) then leads to F = F(x,u). Since F is harmonic, it is restricted to the form

F =Fo(u)x+ Fi(u), (3.91)

where (Fo, F1) are arbitrary functions of w. The function F; can be gauged away since the Maxwell field strength F'
is not affected by this term. From (B.86) we can obtain W;; = 0, implying that 3; is a local gradient. This function
can be set to zero by the transformation v — v = v + g(¢, {, u) with

W' =W =g, H =H —0ug, (3.92)

which corresponds to the choice of the v = 0 surface.

Finally, the remaining function H can be obtained by use of the (+, +)-component of Einstein’s equation. Other
components of Einstein’s equations are ensured to hold automatically as an integrability of the Killing spinor equation.
Working in the basis (B.78), (B:63) implies £_; = 0 and ([3:64) implies £4,; = &;; = 0, as desired. The (+, +)-component
of the Ricci tensor for the metric (B3] reads

1 1
Ryt =5q7 20% (AH — 0,0:8:) + Wi Wij — 493339] : (3.93)

Setting 5; = 0 and €2 = 1, we arrive at the governing equation for H:

a6\ 2
AH (u,z,y) = 2e7 220 Fo(u)? 4 2 (d_jj> . (3.94)

To sum up, the necessary condition for the supersymmetry in the null class requires that the spacetime is pp-wave ﬂﬁ]
described by the metric

ds? = —2du [dv + H(u, z,y)du] + dz? + dy?, (3.95)
with a Maxwell field of the form
F =—-Fo(u)du Adz, (3.96)

where Fo(u) is an arbitrary function characterizing the strength of the radiative Maxwell field. H is determined by
the Poisson equation ([3:94) for a given dilaton profile ¢(u). Remark that (3.94) determines H up to another arbitrary
harmonic function Hy with an arbitrary u-dependence.

Equation [BX) implies

yre=0. (3.97)
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Writing out the the Killing spinor equation for the metric (8:95) and using (3:97)), we have

i
O+ ———=e W)yt Je=0, =0, =0, (3.98)
V1+a?

which can be solved as

i u
e due—2® Fo(u)r | o 3.99
‘ exp[ L [ awe e mn | e (3.99)

where ¢g is a constant spinor obeying yTey = 0. The dilatino equation imposes no further condition. Since the
projection ([B07) is a unique restriction, the solution preserves at least half of supersymmetries.

IV. NOVEL PROPERTIES OF BPS SOLUTIONS

We explore some characteristic properties of supersymmetric solutions obtained in the previous section. The
following subsection enumerates all the maximally supersymmetric solutions. In the next two subsections, we study
several aspects of BPS solutions from the viewpoints of conserved charges, sigma models and the Kaluza-Klein
embedding. The dyonic solution in the timelike family is not entirely new, since it can be generated by the 5-
dimensional transformations.

A. DMaximal supersymmetry

The maximally supersymmetric solutions in this theory can be obtained as follows. To restore the complete
supersymmetries, the dilatino equation must impose no algebraic constraints. This means that terms in the basis
{1, 75, Y, Yu¥5: Yur } Of the gamma matrix must vanish separately. We are then led to

¢:¢Oa F,ul/:()v (41)

for « # 0 and ¢ = ¢ for « = 0. The o # 0 case is then tantamount to the vacuum case, so that the maximally
supersymmetric solution is only the Minkowski spacetime. For o = 0, the maximally supersymmetric solutions in
Einstein-Maxwell theory are obtained, which are the Minkowski spacetime, the Nariai-Bertotti-Robinson spacetime

AdS, x §2 [43],
2 r? oo o 2 2 2 2 1
ds* = —@dt + r—zdr +Q (d9 + sin” 6d¢ ) , F=Q “dtAdr, (4.2)
where @) is a constant corresponding to the Maxwell charge, and the Kowalski-Glikman pp-wave M],

ds3 = —2du [du + 2N*(2® + y?)du] + d2® + dy?, F=XuAdzx, (4.3)

where A is a constant. All of these backgrounds are conformally flat C),,,» = 0 and the Maxwell field is covariantly
constant VI, = 0.

B. Force balance

Each BPS solution is specified by a single harmonic function H on a flat base space, which is taken to be the
multi-center point sources

H=1 q® 44
- +zk:m. (4.4)

The Gibbons-Maeda metric (3.66) with « # 0 is asymptotically flat, and saturates the BPS inequality (2.19). It
describes the collection of naked singularities, instead of the multiple configuration of black holes. A single charge
cannot anchor the black hole to have a nonvanishing horizon. The IWP family (o = 0) also describes naked singularities
with the exception of the Reissner-Nordstrom solution HE]
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The dyonic solution ([B.63) is not singular at the point sources # = (), but they do not correspond to the locus
of horizons since the circumferential radius vanishes there. Furthermore the dyonic solution is not asymptotically
flat in the strict sense due to the NUT charge, thereby the solution fails to satisfy the BPS bound (2.I9). Instead,
the spacetime is asymptotically locally flat, wherein a NUT charge plays an interesting role as a gravitational dyon.
Letting (7,0, ¢) be the polar coordinates at infinity, we shall define (in an appropriate gauge) the scalar charge > and
the NUT charge N by

b
(b ~ :l:? ) gt%’ ~ :|:2Ngtt (30897 (45)

as 7 — 0o. It can be easily verified that the dyonic solution ([B63) with cg = secho and cg = tanh o satisfies the
“anti-gravity condition” of Scherk [49],

M?+3*+N?=Q+Q3,, (4.6)

where M, Q. and @Q,, have been read off from the “monopole terms” for the metric and the gauge potential. This
equation just encodes the superposition principle, which is distinguished from the BPS condition (ZI9) expressed
only in terms of global charges.

Let us consider an additional implication of the relations between (2.19) and ([@6]). From 2I3) and BI9), the
electromagnetic parts of the Nester 2-form can be rewritten as H,, = 2V,V,,, thence its integral gives

1
——/ dSw,H‘uV = MKomar - (4.7)
2 Jox

This accords precisely with the expression of Komar integral for the timelike Killing vector V#* @] It follows that the
failure of the saturation of the BPS inequality (Z19) stems from the disagreement of the ADM mass and the Komar
charge. This is of course outside the reach of supersymmetry, which is essentially local whilst the conserved charge in
the gravitating system is a global notion. If the spacetime is asymptotically flat in the usual sense, the ADM mass
and the Komar energy coincide M = Mxgomar, as expected.

Since the timelike family of solutions is necessarily stationary, it is also enlightening to discuss the relation to
the non-BPS, stationary Einstein-Maxwell-dilaton system, which dimensionally reduces to the gravity-coupled sigma
model. The sigma model analysis will reveal that BPS solutions occupy a distinguished position compared to non-BPS
solutions.

A spacetime in Einstein-Maxwell-dilaton gravity admitting a timelike group of motions generated by a Killing vector
V*# with norm V#V, = —f(< 0) is described by the action,

Sy = / d*zvh [(h)R - %AB(éc)hm"(quJA)(anbB)} : (4.8)

where f~'h,,, is the metric orthogonal to the orbits of V as B24) and (M R is the Ricci curvature of Apy,. Here, &4
(A =1,...,5) constitutes the five real scalars [19]

4 = (f,9,v,0,0), (4.9)
where ¢ is a dilaton and
OV = \/iFmHV“ , Oma = —\/2e 2% « Fo VH Omty = Qp, — (VOma — adpv) (4.10)
with Q = — « (V' AdV) being the twist of V. The target space metric 4 4p reads [19]

672a¢7dv2 4 e2a¢da2

f

which is symmetric iff & = 0, v/3 and Einstein iff « = v/3. The Euler-Lagrange equations derived from the action @E3)
define a harmonic map from the base space to the target space.
Comparing with the timelike class of supersymmetric solution, the above scalars take the form,

1

ddAdeP =
PV 372

[df? + (dv + vda — adv)?] — +2de?, (4.11)

f=E?+ B2, =0, (4.12)
and

®/V3 ®/V3

E = cge , B =cge” , v = a= C_B€,4¢/\/§7 (4.13)

V2
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2
E=e*,  B=0, wv=4/—seted/els 45— (4.14)
1+ a2

for the purely electric case. The purely magnetic case is obtained by F <> B, a <> v and ¢ <> —¢. In every case,
the supersymmetric solutions correspond to the null geodesics of the target space 4 4pd®*d®? = 0 with a harmonic
being its affine parameter. Since the target space metric acts as a source of 3-dimensional Euclidean gravit (I%,
this implies that the 3-metric h,,, is flat, which appears to be responsible for producing a state of equipoise ﬂé, ].

Incidentally, the multiple solution (Z22)) is not described by null geodesics of the target space aside from the
Majumdar-Papapetrou solution (Hy = Ho, i.e, ¢ = 0 and F,, " = 0). We can deduce that this may also due
to (228). It is therefore reasonable to infer that there exist other multi-soliton solutions which are not described
by null geodesics on the target space ([@IIl). Moreover, there indeed exist multi-center solutions that are described
by null geodesics on the target space [II]) but not the BPS solutions to the Einstein-Maxwell-dilaton gravity. In
order to gain further insight into equilibrium solutions, the analysis of all geodesics is required. Unfortunately the
approach given in @, seems inapplicable since the sigma-model representation on coset spaces has been fully
exploited wherein. The direct evaluation of geodesics for the space ([@I1]) seems more promising for this purpose. The
interrelation among between BPS solutions and equilibrium states is somewhat obscure and deserves further detailed
investigation. We hope to visit this issue elsewhere.

for the dyonic case, and

C. Liftup to 5-dimensional BPS solutions

Since the dyonic solution has o = /3, the solution can be uplifted into five-dimensional vacuum gravity via the
Kaluza-Klein ansatz,

ds? = o406/ V3 (dx5 i 2A#d:1:“)2 n e2¢/\/§gwdx”dx”. (4.15)

We discuss the supersymmetric solutions with & = /3 obtained in the previous section from the 5-dimensional
perspective. The BPS solutions in Einstein-Maxwell-dilaton gravity with a@ = /3 should constitute a subset of
5-dimensional vacuum BPS solutions with a spatial isometry.

The timelike family of BPS solutions for 5-dimensional vacuum gravity is static* and given by the direct product
of a flat time-direction and a hyper-Kéhler manifold [24],

ds? = —dt? 4 dsf . (4.16)

As a hyper-Kéahler manifold, we choose the Gibbons-Hawking space HE], which naturally leads to dimensional reduc-
tion. Then, the 5-dimensional metric reads

ds? = —dt? + h~ ' (d2® + ¢+ dZ) + hdi®, ¥V x ¥ =Vh, (4.17)

where the metric is independent of ¢ and x°. h is harmonic on the flat 3-dimensional space d? and 9/dz° preserves
the 3 complex structures. This metric describes a (multiple generalization of) Gross-Perry-Sorkin monopole @]
Compactifying along z° via the ansatz [@I5), we find that the 4-dimensional Einstein metric g,, is the magnetic

Gibbons-Maeda solution with o = /3.
Applying the Lorentz boost along (t,x°)-plane,

dt — dtcosho + da’sinho, dz® — da®cosho + dtsinho, (4.18)

where tanh o controls the boost velocity, we obtain a rotating metric from (@I4),

coshosinho (1 — h) X - dZ 2
5 — dt + ———F-—
cosh® o — hsinh® o (1 —h)sinho

(dt + sinh oy - dF)? + hdi® . (4.19)

dsg = (h_l cosh? & — sinh? a) dz® +

1

- 2 - 12
cosh” o — hsinh® o

4 Setting F' = 0 in (3.3) of reference [24] leads to f = constant, G* = G~ = 0. Hence w = 0 is concluded.
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The dimensional reduction gives the dyonic supersymmetric solution (343) and B45) with H = h, ¢g = secho and
cg = tanho.

The Kaluza-Klein embedding can be applied for the null case as well. The general null class of 5-dimensional
vacuum BPS solution is the pp-wave M],

ds? = —2du [dv + H(u, T)du] + [dZ + T x S(u)du]”,  V*H =0, (4.20)

where we have included for convenience the cross-term dud#, which can be made to vanish by the isometry of
3-dimensional Euclid space d#2. Compactification along v with & = 0 gives rise to the electrically charged Gibbons-
Maeda solution (B66]) [1]. Applying the Lorentz boost in the (v, z)-plane simply generates gauge transformation and
does not alter the 4-dimensional solution.

In order to obtain the 4-dimensional pp-wave geometry (3.98) form ([@20), consider a coordinate transformation

du = Q(u)?du’, x =), y =)y, 2= Q3(u)2,

1 . .
v=1 + 3 {Qflﬂl(:vg +9%) + 9;293932/2} — O Qswha'2’ (4.21)
with w] = w} = 0 and wh = Q1 (/) > Fo(u’), where &’ (u’') = @&(u). The dot denotes the derivative with respect to u/'.
Then the 5-dimensional metric (20) translates into

ds? = O (u')? [—2du/ (A + H'du’) + dz’ + dy'?] + Qa(u')? [d2' + 2Fo ()2’ du') (4.22)

where

1 . .
H = QIH — 30 (2" + y*) (= +20:02) + w303 (32203 + 2/%Q3)

+ 2/293(29193 — Qlﬂg) + 2!@/2/9411(93@2 + 2&)293) . (423)

Since it is always possible to choose H' to be independent of coordinate 2/, the dimensional reduction along 2’ gives
the desired metric (398 by taking Q5 = Ql_2 = e—20(u)/V3,

V. CONCLUDING REMARKS

We investigated the supersymmetric solutions in 4-dimensional Einstein-Maxwell-dilaton theory with an arbitrary
coupling constant «. The primary motivation to examine this theory comes from the fact that properties of static
(nonextremal) black hole solutions are very sensitive to the coupling constant, and that the rotating black hole solution
has not been found yet. In the light of sigma model, the target space metric becomes homogeneous only for o = 0, /3,
in which a coset representative is possible. For other values of o the nontrivial transformation is unavailable. Still, in
the case of o < v/3 the sectional curvature of the potential space (£T11) is negative semi-definite, which can be used to
prove the uniqueness theorem of (yet to be discovered) rotating and nonextremal black holes @] This encourages us
to inquire the extremal limits of these solutions. In this paper, we considered the supersymmetric solutions satisfying
the gravitino and the dilatino Killing spinor equations.

Before passing to the main business of classifying the supersymmetric solutions, we reverted back to these 1st-order
Killing spinor equations. We found that the dilatino equation does not imply the dilation field equation except for
a = 0,+/3, which correspond respectively to the Brans-Dicke-Maxwell theory and the Kaluza-Klein reduction of 5-
dimensional vacuum gravity, and F},, « F*¥ = 0 for which the solution is purely electric or magnetic. Otherwise, the
Einstein-Maxwell-dilaton gravity would not be embedded into supergravity theory. We may attribute this to the fact
that the axion field resulting from the 10 dimensional heterotic string theory cannot be truncated consistently unless
F,, « F" = 0. Hence the static dyonic multiple solution (2.22]) is not the BPS solution to the Einstein-Maxwell-
dilaton gravity, although it enjoys the superposition principle. This is also related to the fact that the solution ([2.22])
does not have the null geodesic description on the target space. The same is true for the dyonic Reissner-Nordstrom
solution, which is given by Hy = H» in equation (Z22)) with a trivial dilaton. Since this metric fulfills F),, F* = 0,
it is an exact solution in the Einstein-Maxwell-dilaton system. Though, it is not the supersymmetric solution to this
theory since it does not satisfy the dilatino equation despite being mechanical equilibrium. We should regard it as a
BPS solution of the Einstein-Maxwell gravity, rather than the Einstein-Maxwell-dilaton theory.

Keeping these issues in mind, we attempted to classify the supersymmetric solutions and enumerated all explicit
forms of bosonic quantities. As in the case of preceding studies on various supergravities, the supersymmetric solutions
fall into two classes depending on whether V# = iéy*e is timelike or null.
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The solutions in the timelike class can be rotating if and only if the solution is dyonic, which occurs only for
a = 0,1/3. Since the a = 0 case is nothing but the Einstein-Maxwell theory, our primary interest is the o = /3
case, which can be oxidized into 5-dimensions. Looking from 5-dimensions, the dyonic solutions are generated via
boosting the purely magnetic Gross-Perry-Sorkin monopole solution. It has been argued that the nonexistence of
multi-spinning configurations may be related to the discrepancy of gyromagnetic ratio between the probe particle and
the background spacetime ﬂﬂ] The results in the present paper are not inconsistent with the claim of |51] since the
dyonic metric (3:42)) is not asymptotically flat due to the NUT charge. For the purely electric or magnetic case, the
solution is inevitably static and exhausted by the multiple Gibbons-Maeda solution. Unfortunately, all the solutions
in the timelike family do not describe regular black holes. It should be noted that this does not mean the nonexistence
of nonextremal rotating dilatonic black holes. Curiously, it appears that the extremal limit of rotating black hole has
a regular horizon in 5-dimensional Einstein-Maxwell-dilaton gravity. The detailed analysis will be reported elsewhere.

We demonstrated that the BPS solutions belonging to the null family are given by the pp-wave, in which the Killing
vector V is covariantly constant. For the null family, the dilatino equation automatically implies the dilaton equation
of motion provided the Maxwell equations and the Bianchi identity are satisfied. Both families of solutions preserve
at least half of supersymmetries. The full restoration of supersymmetries occurs only for the Minkowski spacetime
for a # 0.

The present work can be extended into several directions. The result @] strongly implies that the the theory ()
can be “gauged” to include the exponential Liouville-type potential. It is interesting to see whether the gauged dilaton
gravity admits a Bogomol'nyi-type inequality. The classification of pseudo supersymmetric solutions in dilatonic “fake
supergravity” also seems to be a plausible generalization to the present work.
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Appendix A: Conventions and useful formulae

In this paper, we used the mostly plus metric convention with the orientation €p123 = 1. Greek indices pu, v, ... denote
the spacetime indices, whereas Roman indices a, b, ... refer to those in tangent space. The Hodge dual is denoted by
star xF,, = (1/2)€uup0 F'P7

Gamma matrix -, satisfies the Clifford algebra {v,,7,} = 2g,,. The antisymmetrized product is understood to be
unit weight, €.g., Y = YY) = (VY — % u)/2 and so on. The chiral matrix is given by 75 = —(i/4!)€apcay®**?, so

. i
Tpvp = leuupa’ya’YS ) Yuv = ieuup0’7p0'75 . (Al)
We define the Dirac conjugate by v := iy%)".
For any anti-symmetric 2-form F,, = F,,], the following identity holds

1
Curpa TP = Lerpe T F76°, (A2)

which has been used to derive (Z20) and B60).
The differential forms BI)-(33]) constructed from a commuting spinor € satisfy

Ve = Egu —i®,,, (A3)

Y5V Yve = —iBguy + *Pp (A4)
Y Vo€ = —€pvpoa® — 2iV],00, (A5)
VsV Vp€ = —€uvpo V7 — 2ia[,90)p » (A6)
VuwYpo€ = —Beupo + 21 @ p901 — up®olv) = 2E9,109010 » (AT)
5V Vpo€ = —1E€upo + 26,00 @ 0] + 21Bgpu(p9ols » (A8)
Y Vpo € = —Beupe = 21109010 = 21910 Poly — 19w Ppo + 2E9u1p90)v » (A9)
V5 VYoo Ve = —iE€ppe — 21BGup9ol + 2€unp P o) + Guv * Ppo (A10)
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