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Abstract

We construct the D-brane states at finite temperature in thermal equilibrium in
the R1,p × Td−p−1 spacetime in the presence of cold (unthermalized) Kalb-Ramond
(KR) and U(1) gauge potential background. To this end, we first generalize the
Thermo Field Dynamics (TFD) to wrapped closed strings. This generalization is
consistent with the spatial translation invariance on the string world-sheet. Next, we
determine the thermal string vacuum and define the entropy operator. From these
data we calculate the entropy of the closed string and the free energy. Finally, we
define the thermal D-brane states in R1,p × Td−p−1 in the presence of cold constant
KR field and U(1) gauge potential as the boundary states of the thermal closed string
and compute their entropy.

∗email: rnardi@cbpf.br
†email: masantos@cce.ufes.br
‡email: ionvancea@ufrrj.br

1

http://arxiv.org/abs/1011.0574v1


1 Introduction

The understanding of D-branes boundary states in R1,p ×Td−p−1 spacetime is very impor-
tant for fundamental reasons as well as for their applications. The D-branes in R1,p×Td−p−1

are of intrinsic importance for the String Theory since the background R1,p × Td−p−1 with
fluxes represent one of the few backgrounds on which the strings can be defined pertur-
batively and the D-brane boundary conditions can be solved exactly. The magnetized
D-brane systems in R1,p ×Td−p−1 can be used to engineer D-brane configurations that can
support chiral gauge theories in four dimensions [1]. The D-branes wrapped around the
cycles of Td−p−1 can support gravitons in R1,p through the Kaluza-Klein mechanism which
is useful to make contact with the brane-world scenarios. Important results have been
obtained along these lines, from which one could cite: the construction of various exten-
sions of the standard model with three generations of chiral fermions from configurations
of magnetic D9-branes on orbifolds [2, 3, 4, 5, 6, 7, 8, 9]; the moduli stabilization with
fluxes [10, 11]; the effect of the instantons and the Kähler metric on the chiral multiplets
[12, 13, 14, 15]. These results establish relationships between the four dimensional field
theory and string theory phenomenology1. (For more details on how the extensions of
the Standard Model can be obtained from magnetic D-branes and various examples see
[1, 16] and the references therein.) The wrapping of the D-branes on six cycles of the ten
dimensional spacetime represents a key ingredient in these examples. Magnetized maximal
D-brane states on tori were constructed recently in [17, 18, 19] following the method from
[20]. (A detailed analysis of the topological structure of the boundary states on U(N)
gauge bundles was done in [18] and the T-duality was analysed in [21].)

The existence of the microscopic structure of the magnetized D-branes suggests that
they should have an intrinsic thermodynamics created by the closed string excitations that
condensate on the world-volume. In this paper, we are going to make the idea of the
thermodynamics of the magnetized D-brane more precise by constructing the thermal D-
branes on R1,p × Td−p−1 and calculating their entropy under the hypothesis of the local
thermodynamical equilibrium. The technique to construct thermal D-brane boundary
states from D-branes at zero temperature was developed in [23, 24, 25, 26, 27] and its
various aspects were reviewed and discussed in [28, 29, 30, 31, 32]. It is based on the
Thermo Field Dynamics (TFD) approach to field theory at finite temperature which was
previously applied to string theory and string field theory in [33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44, 45] and more recently in [46, 47, 48, 49, 50]. In this setting, the thermal D-
branes are defined by boundary conditions on the thermal closed string which, on its turn,
is obtained by applying the Bogoliubov operator of all string oscillators to the closed string
at zero temperature2. The D-brane equilibrium thermodynamical functions are defined as
the expectation values of the corresponding thermal string operators in the thermal D-
brane state. The statistical properties of the strings in the presence of D-branes have been
discussed in the literature in the path integral formulation in [53, 54, 55, 56]. However,
the TFD approach to the thermodynamics of D-branes has the advantage that explicit

1Very important results have been obtained in the low energy description of magnetized D-branes, too,
in which the gravitational effects can be studied at the expense of neglecting the quantum structure, but
here we will not address the D-branes from this point of view.

2The thermal D-branes in the open string channel and their connection with the entangled string states
have been discussed recently in [51, 52].
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thermal D-brane states can be constructed in a similar way to the zero temperature theory
and statistical observables can be computed as expectation values of the corresponding
operators in these states. This can be used, for example, to identify the sectors where the
symmetries are broken due to thermal effects (see, for example, [26]).

In order to obtain the thermal D-brane states in R1,p × Td−p−1, the general method
previously developed for D-branes in R1,d−1 must be modified because of the non-trivial
zero modes that arise from wrapping the closed string on the torus. The zero mode, or
topological sector introduces a temperature dependent factor in the thermal string vac-
uum 3. We show that the thermalization of the winding modes is different from that of
the string oscillators and leads to products of the Jacobi theta functions in the partition
function, unlike the products of Bose-Einstein distributions for the oscillating modes. Con-
sequently, the topological thermal string vacuum and the topological entropy operator in
the Td−p−1 subspace are no longer related to the corresponding objects at zero temper-
ature by Bogoliubov-like operators. However, we show that the mapping can be put in
an operatorial form by using the formal (Heisenberg) algebra of creation and annihilation
operators for the winding number and the center of mass momentum along the Td−p−1

compact directions.
The intrinsic thermodynamics of the magnetic D-brane can be calculated without any

matter field. However, the background fields in the magnetized brane models are necessary
in order to stabilize the moduli and to cancel out the tadpole anomalies. Therefore, we
consider the general background with the constant Kalb-Ramond (KR) and the constant
U(1) gauge potential. We make the simplifying assumption that the KR and U(1) fields
are cold, that is, the average values of the corresponding string states are taken to be the
same as at zero temperature. The most general case when the fluxes are thermalized as a
consequence of string thermalization will be studied elsewhere.

The paper is organized as follows. In Section 2 we firstly review the wrapped magnetized
bosonic boundary states in R1,p×Td−p−1 at zero temperature following [17]. The topological
sector of these states, i. e. the sector corresponding to the momentum and number
operators along the cycles of the torus, is given at a fixed pair of cycles (i, j), i. e. the
states belong to the subspace H(i,j) of the Hilbert space. We generalize this solution to
the full Hilbert space by including all cycles of the torus. Since we are interested in the
physical degrees of freedom only, we choose to work in the light-cone gauge with the light-
cone coordinates from R1,p. In Section 3 we construct the physical thermal vacuum and the
Bogoliubov operators for the bosonic string. The non-trivial zero modes are a consequence
of the wrapping of the closed string around Td−p−1 and of the interaction between the string
and the KR background. We show that the topological terms introduce a temperature
dependent factor in the thermal vacuum but leave the form of the Bogoliubov operators
of the string oscillators unchanged. However, the thermal parameter is modified with a
term proportional to the Td−p−1 typical radius. Next, we generalize the TFD method
to bosonic string fields on Td−p−1 consistently with the spatial translation invariance on

3The understanding of the winding modes of strings and branes is of utmost importance in the string
cosmology. It has been shown that the string winding modes lead to a positive Hagedorn temperature
and that they determine the energy of a gas of string and its pressure [57]. On the other hand, the brane
winding modes lead to three un-compact space-like dimensions by determining the hierarchy in the size of
the extra-dimension without the cosmological horizon problem [58].
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the string world-sheet in R1,p × Td−p−1. The mapping between the thermal vacuum and
the vacuum at zero temperature is given in the operatorial form. In the R1,p sector, the
mapping is reduced to a product of the Bogoliubov operators. In the topological Td−p−1

sector we obtain a new operator which we write in the form of a product of creation and
annihilation operators for the winding number and the center of mass momentum along the
compact directions. By using this construction, we are able to define the entropy operator
and calculate the entropy and the free energy of the closed string in both oscillator and
topological sectors. In Section 4 we construct the thermal magnetized D-brane states by
applying the modified generalized TFD formalism obtained in Section 3 and calculate the
D-brane entropy. The last section is devoted to conclusions.

2 Magnetized D-branes at T = 0

Consider the bosonic closed string in R1,p × Td−p−1 in the presence of the U(1) field Aµ

and the constant Kalb-Ramond field Bµν = −Bνµ, and let Gµν = {ηab, Gij} be the metric
on the target space. Here, ηab is the Minkowski metric on R1,p and Gij is the internal
metric on the torus Td−p−1. Also, we consider for simplicity the factorization of the gauge
field and KR field in to Aµ = {Aa, Ai} and Bµν = {Bab, Bij}, respectively. We are using
the following index notation: µ, ν = 0, d are the target space indices, a, b = 0, p are R1,p

indices and i, j = p+ 1, d− 1 are Td−p−1 indices, respectively. We denote the bosonic
string coordinates by Xµ(τ, σ). Also, since we are interested in the physical degrees of
freedom of the string, we fix the light-cone gauge X+ = α′p+τ in the target space. In the
light-cone gauge, a, b = 2, p are Rp−1 indices and µ, ν = p+ 1, d− 1 label Rp−1 × Td−p−1

spacetime objects.
The classical dynamics of the bosonic string fields can be derived from the following

action

S0 = − 1

4πα′

∫
d2σ

(
ηαβGµν + ǫαβBµν

)
∂αX

µ∂βX
ν , (1)

where α, β = 0, 1, σα = (τ, σ) and ǫαβ is the Kronecker symbol in two dimensions with
ǫ01 = 1. The corresponding equations of motion and closed string boundary conditions
have the form

∂α∂αX
µ = 0, (2)

Xµ (τ, σ + π) = Xµ (τ, σ) + 2πRimiδµi, (3)

for all µ = 2, d− 1 and all i = p+ 1, d− 1. Here, Ri’s are the torus radii in the corre-
sponding directions. The solutions of the equations (2) with the boundary conditions (3)
have the following Fourier expansion

Xa(τ, σ) = xa + 2α′aτ + i

√
α′

2

∑

n 6=0

1

n

[
âane

−2in(τ−σ) + b̂ane
−2in(τ+σ)

]
, (4)

Xj(τ, σ) = xj +
√
α′
[
2m̂jσ + 2Gjk

(
n̂k − Bklm̂

l
)
τ
]

(5)

+ i

√
α′

2

∑

n 6=0

1

n

[
âjne

−2in(τ−σ) + b̂jne
−2in(τ+σ)

]
, (6)
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where n̂j is the center-of-mass number operator and m̂j ∈ Z is the winding number operator
in the compact direction j, respectively. The eigenvalues of both kinds of operators are
entire numbers. In what follows we are going to normalize the bosonic string operators to
the oscillator operators

âµm =
√
mα̂µ

m , âµ−m =
√
mα̂µ†

m , (7)

b̂µm =
√
mβ̂µ

m , b̂µ−m =
√
mβ̂µ†

m , (8)

for all m > 0. The physical Hilbert space is the tensor product of the Hilbert spaces of all
string modes factorized by the level matching condition

Gµν

[
n̂µn̂ν

√
α′

+
∑

n

n
(
α̂µ†
n α̂ν

n − β̂µ†
n β̂ν

n

)]
|Ψphys〉 = 0, (9)

where the operator n̂µ is zero along the non-compact directions. The units have been
chosen such that the square of the winding number quantize the string energy in multiples
of εs = l−1

s = (
√
α′)−1. The total Hamiltonian is the sum of ĤR and ĤT. If we choose the

reference frame of the center-of-mass in Rp−1, the two Hamiltonians are

ĤR =
1

2

∑

n 6=0

n
(
α̂a†
n α̂a

n + β̂a†
n β̂a

n

)
, (10)

ĤT =
1

2
√
α′

[
Gijm̂

im̂j +
(
n̂i − Bikm̂

k
)
Gij
(
n̂j −Bjlm̂

l
)]

+
1

2
Gij

∑

n 6=0

n
(
α̂i†
n α̂

j
n + β̂i†

n β̂
j
n

)
.

(11)

As observed in [19], in order to obtain the correct number of degrees of freedom of the
supersymmetric boundary state in the compact directions, one must take ĤT/2 in the
total Hamiltonian.

The bosonic magnetized D-brane boundary state |B〉 is defined by the boundary con-
ditions in the closed string Hilbert space. The zero mode boundary conditions are given
by the following equations

p̂a |B〉 = 0 ,
(
n̂i − 2πα′qFijm̂

j
)
|B〉 = 0, (12)

where Fµν = ∂µAν − ∂νAµ. The string fields couple with the gauge invariant combination
of the U(1) field and the KR field

Bµν = (B − 2πα′qF )µν . (13)

The coupling determines the oscillator boundary conditions in terms of creation and anni-
hilation operators

[
(1+ B)ab α̂b

n + (1− B)Tab β̂b†
n

]
|B〉 = 0, (14)

[
(1+ B)ab α̂b†

n + (1− B)Tab β̂b
n

]
|B〉 = 0, (15)

(
Eijβ̂j

n + ET
ij α̂

j†
n

)
|B〉 = 0, (16)

(
Eijβ̂j†

n + ET
ij α̂

j
n

)
|B〉 = 0, (17)
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where n > 0 is the mode index and Eij = (G− B)ij . The solution to the equations (14)-(15)
can be factorized as:

|B〉 = |B〉Rosc ⊗ |B〉Tosc ⊗ |B〉Ttop . (18)

The states |B〉Rosc and |B〉Tosc are generated by oscillators only, and their form is already
known [59, 60]

|B〉Rosc = Np−1 (B)
(

∞∏

n=1

e−α̂a†
n Mabβ̂

b†
n

)
|0〉osc , (19)

|B〉Tosc = Nd−p−1 (B)
(

∞∏

n=1

e
−α̂i†

n Gik(E−1)
kl
(ET )

lj
β̂j†
n

)
|0〉osc , (20)

where the constants Np−1 (B) and Nd−p−1 (B) depend on the background fields and brane
tension and can be computed from the cilinder diagram interpreted in the open and closed
string sectors. The topological boundary state |B〉Ttop is a solution of the second equation
from (12). As can be easily checked, it has the follwing form

|B〉Ttop =
d−1∏

i=p+1

∑

ni,mi

δ
ni−2πα′qF

ki
i mki

|ni〉 |mi〉 . (21)

In what follows, we are going to use the following normalization of momentum and wrapping
number eigenstates

〈
pa|p′b

〉
= 2πδabδ (p− p′) , 〈ni|n′

j〉 =
(
2π

√
α′
) 1

2

δni,n′
j
,
〈
mi|m′j

〉
=
(
2π

√
α′
) 1

2

δmi,m′j .

(22)
Note that the state given in (21) generalizes the one given in [17] that satisfies the equation
(12) only in two directions of the torus. The maximal flat D-brane boundary state is
obtained for p = d− 1.

3 Thermodynamics of closed string in Rp−1 × Td−p−1

The boundary states from the equation (18) describe condensates of the string modes
in Rp−1 × Td−p−1. Our main goal is to calculate the thermal magnetized D-branes and
study their thermodynamical properties. To this end, we need to generalize the method
from [23, 24, 26] which has been used to study the thermal D-branes in flat spacetime to
Rp−1×Td−p−1. This method already generalizes the TFD to closed string boundary states
and it is the only one that provides the explicit construction of the thermal vacuum states
and thermal boundary states 4.

In the TFD approach, one studies the thermodynamical properties of the D-branes
in the flat spacetime by allowing the system to interact with a thermal reservoir. This
interaction, called thermalization, is described in terms of the Bogoliubov operator that
acts on the total string Hilbert space which is the tensor product of the closed string

4Note that in the path integral treatment of the strings at finite temperature the thermal vacuum and
the D-brane states are not explicitly constructed.
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Hilbert space and the Hilbert space of an identical copy of the original string denoted by a
tilde. The tilde string describes the reservoir degrees of freedom that interact, one by one,
with the string degrees of freedom [22]. The Bogoliubov operator maps the total Hilbert
space to the thermal Hilbert space which has a Fock space structure, that is, the thermal
states can be obtained by acting with thermal creation and annihilation operators on the
physical thermal vacuum |0 (βT )〉〉 [22]. However, in the case of the thermal magnetized
D-brane in Rp−1×Td−p−1, there is an extra topological sector of the string Hilbert space as
reviewed in the previous section. There is no TFD prescription for the thermalization of
the topological modes and their inclusion in to the thermal vacuum state. Therefore, our
main goal in this section is to generalize the TFD method to the string in Rp−1 × Td−p−1

and to determine the thermal operator that performs the thermalization of the topological
sector. We will calculate the physical thermal vacuum of the closed string in the presence
of the constant U(1) field and the Kalb-Ramond field from the principles of the TFD.

3.1 Thermal vacuum of closed string

In the TFD, the thermal vacuum of a general system at the thermodynamical equilibrium
is defined by postulating that for any observable Â the statistical average calculated with
the canonical ensemble is the vacuum expectation value of Â in the thermal vacuum

〈
Â
〉
= Z−1 (βT ) Tr

[
Âe−βT Ĥ

]
=
〈〈

0 (βT )
∣∣∣Â
∣∣∣ 0 (βT )

〉〉
, (23)

where βT = 1/kBT
5.

The thermal string vacuum in Rp−1 × Td−p−1 can be obtained by generalizing this
general TFD as follows. Since in the general definition (23) the trace is taken over all
physical states of the system under consideration, in the case of string theory the relation
(23) must be modified in order to produce a thermal vacuum from physical states only.
The modification consists in imposing the constraint that the trace be taken over the states
that are invariant under the translation of the worldsheet along the σ direction (the level
matching condition). This condition is necessary and sufficient in the case of the bosonic
string and the GS superstring [23, 26, 27, 48, 50]. It follows that, in order to construct
the thermal vacuum from physical states, the relation (23) should be generalized to the
following relations

〈
Â
〉
= Z−1 (βT )

√
α′

∫ 1

0

dλTr
[
e−βT Ĥ(pa,N,M,Nosc)+2πiλP̂ Â

]

=
√
α′

∫
dp−2p

∫ 1

0

dλ
〈〈

0 (βT , λ, p
a)
∣∣∣δ
(
P̂ = 0

)
Â
∣∣∣ 0 (βT , λ, p

a)
〉〉

. (24)

The action of the string momentum P̂ = L̂l
0−L̂r

0 on the states is defined by the relation (9).
The trace over P̂ involves the integral over the real Lagrange multiplier λ and the sum over
the indices that label vectors from the physical subspace of the total Hilbert space [26, 46].
The same integral should be taken in the r.h.s. of the relation (24) where the thermal

5If the Lorentz invariant product βTP
0 is used to define the canonical ensemble, then the trace from

(23) should be replaced by
∫
dp+Tr[Â exp(−βT

p+ Ĥ)] (see e.g. [63, 64]).
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string vacuum dependes on the variable λ. The string Hamiltonian Ĥ (pa, N,M,Nosc) is
given by the sum of the two operators from (10) and (11). The string partition function is
the trace of the identity operator

Z (βT ) =
√
α′

∫
dp−2p

∫ 1

0

dλTr
[
e−βT Ĥ(pa,N,M,Nosc)+2πiλP̂

]
. (25)

The thermal string vacuum |0 (βT , λ, p
a)〉〉 belongs to the total Hilbert space

Htot
phys = Hphys ⊗ H̃phys. (26)

After the projection onto the physical Hilbert subspace, one is left with the physical thermal
vacuum |0 (βT , p

a)〉〉. The projections of H onto Hphys and of H̃ onto H̃phys are given by
the level matching condition for the string and the tilde string, respectively. In order to
simplify the notation, we have introduced the following multi-indices: N and M represent
all compact linear momenta and all winding numbers, respectively, while Nosc is the number
of all left- and right-moving string oscillators along all directions from Rp−1 and Td−p−1

|N〉 =
d−p−1⊗

i=1

|ni〉 , |M〉 =
d−p−1⊗

i=1

∣∣mi
〉
, |Nosc〉 =

∞⊗

n1,n2,...=1

|n1, n2, . . .〉 , (27)

where
n̂i |ni〉 = ni |ni〉 , m̂i

∣∣mi
〉
= mi

∣∣mi
〉
. (28)

The string states are tensor products of the form

|N,M,Nosc〉 = |N〉 |M〉 |Nosc〉 . (29)

The state |0 (βT , p
a)〉〉 can be obtained from the second equality of (23). In order to compute

the integral over λ from the trace, one has to choose an explicit form of the metric. In what

follows, we choose Td−p−1 to be flat with the metric Gµν =
(
δab,

R2

α′ δij

)
, where Ri = R is

the typical compactification radius. Without loss of generality, we can work in Rp−1 in the
reference frame of the string center of mass in which |0 (βT , p

a)〉〉|c.m. = |0 (βT )〉〉. After a
simple algebra, the relation (23) can be cast in to the following form

〈〈
0 (βT )

∣∣∣δ
(
P̂ = 0

)
Â
∣∣∣ 0 (βT )

〉〉
= Z−1 (βT )

√
α′

×
∑

N,M,Nosc

e−βT [E(N,M,Nosc)]

∫ 1

0

dλe2πiλPAN,M,Nosc;N,M,Nosc
, (30)

The notation AN,M,Nosc;N,M,Nosc
stands for the matrix elements of Â in the corresponding

string states The eigenvalues of the hamiltonian from (30) have the following form

E (N,M,Nosc) =
R2

2(α′)
3

2

[
(m)2 + (n− Bm)2

]
+

1

2

∑

n>0

(
ER

l,n + ER
r,n

)
+

R2

2α′

∑

n>0

(
ET

l,n + ET
r,n

)
,

(31)
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where the energy of the left- and right-moving oscillators is E∗ = nN∗,n for ∗ = l, r. The
energy of zero modes is given by the first term in the above relation. The relation (30)
defines the physical thermal vacuum and it must hold for any observable Â.

The thermal vacuum can be obtained from the equation (30) as follows. To begin with,
we note that the integral over λ represents the integral form of the multivariable δ-function
and can be written in terms of the orthonormal functions

ΨE(λ) =
1√
2π

e−2πiEλ,

∫ 1

0

dλΨ∗
E′(λ)ΨE(λ) =

1

2π
δE′,E. (32)

When these relations are applied to the left- and right-moving modes, they lead to the
generalized level matching condition

ER,r
osc = ER,l

osc, (33)

ET,r
osc = ET,l

osc +
1√
α′
N2, (34)

where N2 =
∑

n n
2 =

∑
ni δijn

inj . The above relations should appear in the matrix

elements of Â from the r. h. s. of (30) after the integration over λ. Next, we decompose
the thermal vacuum in the Fock basis tensored with the compact momentum and widing
number basis of the total physical space [22],

|0 (βT )〉〉 =
∑

N,M,Nosc

[f (βT )]N,M,Nosc
|N,M,Nosc〉 ˜|N,M,Nosc〉, (35)

where [f (βT )]N,M,Nosc
are complex coefficients. By substituting (35) into (30), we can show

that the thermal vacuum has the following form

|0 (βT )〉〉 = Z− 1

2 (βT )
∑

N,M,Nosc

exp

[
−βT

2
E (N,M,Nosc)

]
|N,M,Nosc〉 ˜|N,M,Nosc〉. (36)

The partition function can be obtained from (25) and the normalization of the thermal
vacuum to unity. In an arbitrary inertial frame, Z (βT ) can be factorized as

Z (βT ) = Z0 (βT )Ztop (βT )Zosc (βT ) , (37)

where

Z0 (βT ) =

∫
dp−2k

〈
k

∣∣∣∣exp
(
−βT

2
αp̂2
)∣∣∣∣ k

〉
, (38)

Ztop (βT ) =
∑

N,M

〈
N,M

∣∣∣∣∣exp
{
−βT

R2

2(α′)
3

2

[
(m̂)2 + (n̂−Bm̂)2

]
}∣∣∣∣∣N,M

〉
, (39)

Zosc (βT ) =
∑

Nosc

〈
Nosc

∣∣∣∣∣exp
[
−βT

2

∑

n>0

n
(
N̂l,n + N̂r,n

)]∣∣∣∣∣Nosc

〉

+

∫ 1

0

dλ
∑

N

∑

Nosc

〈
Nosc

∣∣∣∣∣exp
{
πiλ

[
∑

n>0

n
(
N̂l,n − N̂r,n

)
+

R2

(α′)
3

2

N̂2

]}∣∣∣∣∣Nosc

〉
,

(40)
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where Nosc = (NR
osc, N

T
osc), N̂l,n = N̂R

l,n+
R2

α′ N̂
T
l,n and N̂r,n = N̂R

r,n+
R2

α′ N̂
T
r,n. The factor Z0 (βT )

is a gaussian integral over the momenta of the center of mass in the Rp−1 subspace. In the
center of mass reference frame Z0 (βT ) does not contribute to the partition function. The
integral over λ from Zosc (βT ) can be easily computed by using the orthonormal functions
from (32) and the result is the δ-function

δ
Er ,El+

R2N2

2(α′)
3
2

.

The sums over N = (NR
l,n, N

R
r,n, N

T
l,nN

T
r,n) reduce to sums over the left-moving oscillator

numbers by noting that the equations (33) and (34) are equivalent to

N l,j
osc = N r,,j

osc , (41)

N l,j
osc = N r,j

osc +
12R2N2

(d− p− 1)(α′)
3

2

, (42)

for d > p+1. For the maximal flat subspace d = p+1 it follows that N = 0 since there are
no compact directions at all. Then it is easy to see that Zosc (βT ) has the following form

Zosc (βT ) =
∞∏

n=1

(
1− e−βTn

)1−p
(1− e−

βT R2

2α′ n)p+1−d. (43)

The topological partition function Ztop (βT ) can be calculated, too, and one can show that
it is given by the relation

Ztop (βT ) ∼
∑

M

d−1∏

j=p+1

ϑ

(
− iβTR

2

2π(α′)
3

2

Bj
km

k;
iβTR

2

2π(α′)
3

2

[
2(d− p) + 22

d− p− 1

])

× exp

{
− βTR

2

2π(α′)
3

2

[
m2

j +
(
Bjmm

k
)2]
}
, (44)

where ϑ(z; τ) is the Jacobi’s theta function. Note that Im τ > 0 in either d = 10 or d = 26
for d > p+1 as required by the definition of the ϑ-function. By collecting the above results
and by taking into account the normalization relations for the momenta (22), one can see
that the thermal vacuum is given by the relation

| 0 (βT )〉〉 = (2π)
3−d
2 (α′)

3−2p

4 R
p+1−d

2 β
p−2

2

T

∞∏

n=1

[(
1− e−βTn

)1−p
(1− e−

βTR2

2α′ n)p+1−d

]

×
{
∑

M

d−1∏

j=p+1

ϑ

(
− iβTR

2

2π(α′)
3

2

Bj
km

k;
iβTR

2

2π(α′)
3

2

[
2(d− p) + 22

d− p− 1

])

× exp

{
− βTR

2

2π(α′)
3

2

[
m2

j +
(
Bjmm

k
)2]
}}− 1

2

×
∑

N,M,Nosc

exp

[
−βT

2
E (N,M,Nosc)

]
|N,M,Nosc〉 ˜|N,M,Nosc〉. (45)
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Some comments are in order now. One way to interpret the relation (43) is by recalling
that the energy of the n-th mode is εn = n in flat spacetime. Then one can see that the
oscillators from Td−p−1 have the energy

ε′n =
R2n

2α′
, ∀n > 0. (46)

Another interpretation of the relation (43) is that the string modes on the torus behave
as they would be at an effective temperature T ′ = 2α′T/R2 6. Of course that this is not
true, since the full string should be at the thermodynamical equilibrium. However, this
remark is important since the first major problem of determining the thermalization of the
the string modes in Rp−1 × Td−p−1, namely the thermalization of the string oscillators, is
solved by the relation (45). Indeed, from it one can see that the mapping of the string
modes to the finite temperature is realized by Bogoliubov operators. Along the directions
of the Rp−1, the Bogoliubov operators are the same as in the flat spacetime

Ĝ(βT ) =

∞∑

n=1

d−1∑

µ=2

Ĝµ
n(βT ), Ĝµ

n(βT ) = Ĝµ
l,n(βT ) + Ĝµ

r,n(βT ), (47)

Ĝµ
l,n(βT ) = −iθn(βT )

(
α̂µ†
n
̂̃αµ†

n − α̂µ
n
̂̃αµ

n

)
, Ĝµ

r,n(βT ) = −iθn(βT )

(
β̂µ†
n
̂̃
β
µ†

n − β̂µ
n
̂̃
β
µ

n

)
. (48)

The function θn(βT ) depends on the temperature and on the oscillator frequency. Thus, it
is the same in Rp−1 and Td−p−1 and is given by the following equation

cosh θn(βT ) =
(
1− e−βTn

)−1/2
. (49)

However, for the Td−p−1 submanifold, the argument of θn(βT ) should be replaced by
θn(βTR

2/2α′). The form of the function θn(βT ) given by the relation (49) remains un-
changed under the multiplication of the temperature variable by R2/2α′. It follows that,
in order to thermalize the string modes in Rp−1 × Td−p−1, one should apply the same
method as in the flat spacetime with the only difference of the rescaled temperature in the
compact subspace.

The second important problem of the thermal string in Rp−1 × Td−p−1 is the thermal-
ization of the topological states, which is a process that is not defined by the TFD method.
Indeed, in the TFD approach, the thermalization relies on the Fock space structure of the
oscillator Hilbert space while the topological Hilbert subspace does not have this structure.
From (45), we can see that the topological sector is not mapped to the finite temperature
by a Bogoliubov operator. In fact, one can factorize the thermal vacuum as

|0 (βT )〉〉 ∼ β
p−2

2

T |0 (βT )〉〉top
∑

Nosc

e−
βT
2

E(Nosc) |Nosc〉 |̃Nosc〉. (50)

In order to find the map between |0〉〉top and |0 (βT )〉〉top we introduce the following algebra{
n̂i, n̂

+
i , n̂

−
i

}
[
n̂+
i , n̂

−
j

]
= 0,

[
n̂i, n̂

+
j

]
= n̂+

i δij ,
[
n̂i, n̂

−
j

]
= −n̂−

i δij , (51)

6However, since one expects that the whole string be at thermal equilibrium, this statement should not
be taken literally.
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with (
n̂+
i

)†
= n̂−

i ,
(
n̂−
i

)†
= n̂+

i . (52)

The action of the above operators on the states {|ni〉} is given by the following relations

n̂i |ni〉 = ni |ni〉 , (53)

n̂+
i |ni〉 = |ni + 1〉 , (54)

n̂−
i |ni〉 = |ni − 1〉 . (55)

The operators n̂+
i and n̂−

i create and annihilate quanta of the momentum of the center of
mass along the compact direction i with arbitrary eigenvalues ni ∈ Z. An identical algebra{
m̂i, m̂

+
i , m̂

−
i

}
can be introduce to describe the increase and the decrease of the winding

number, with the same unbounded eigenvalues 7. Then the topological vacuum can be
written as

|0 (βT )〉〉top = Ω̂ (βT ) |0〉〉top , (56)

where

Ω̂ (βT ) = Z
− 1

2

top (βT )
∑

N,M

d−1∏

i=p+1

exp

[
−βT

2
E0(N,M)

] [
n̂±
i
̂̃n±

i

]|ni| [
m̂±

i
̂̃m±

i

]|mi|

, (57)

where for negative values of ni and miin the multi-indices N and M , respectively, the op-
erators are n̂−

i ,etc. The operator Ω̂ (βT ) maps the topological vacuum at zero temperature
to

| 0 (βT )〉〉top ∼
{
∑

M

d−1∏

j=p+1

ϑ

(
− iβTR

2

2π(α′)
3

2

Bj
km

k;
iβTR

2

2π(α′)
3

2

[
2(d− p) + 22

d− p− 1

])

× exp

{
− βTR

2

2π(α′)
3

2

[
m2

j +
(
Bjmm

k
)2]
}}− 1

2

×
∑

N,M

exp

[
−βT

2
E0 (N,M)

]
|N,M〉 ˜|N,M〉, (58)

where the zero mode energy is

E0 (N,M) =
R2

2(α′)
3

2

[
(m)2 + (n− Bm)2

]
. (59)

Thus, the solution to the thermalization of the topological sector of the string is the relation
(58) which has been obtained from the basic postulate of the TFD given by the equation
(24). It represents the generalization of the TFD thermal vacuum to the topological sector
of the closed strings and defines the thermal states for the center of mass of momenta and
the winding states in Td−p−1, respectively. Also, we have given the explicit form of the map
Ω̂ (βT ) betweeen the topological vacuum at zero temperature and at finite temperature in
terms of the algebra (51). The operator Ω̂ (βT ) represents the generalization of the thermal
Bogoliubov operator Ĝ(βT ) to the topological sector.

7A concrete representation of the algebra
{
n̂i, n̂

+

i , n̂
−
i

}
can be given in terms of the wave functions

〈σ|nj〉 = ϕnj
(σ) = exp(injσ) with n̂j = −i∂σ, n̂

+

j = exp(iσ) and n̂−
j = exp(−iσ).
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3.2 Thermodynamics of closed thermal string

The thermodynamic variables of the closed thermal string can be calculated from the
partition function derived in the previous subsection. However, that calculation cannot be
applied to the thermal D-branes since in the derivation of (43) and (44) only the thermal
vacuum has been used. Another possibility is to calculate the thermodynamic variables
from the entropy. From the TFD relation (30), the entropy of string is given by the
expectation value of the entropy operator in the thermal vacuum

1

kB
S(βT ) =

〈〈
0 (βT )

∣∣∣K̂(βT )
∣∣∣ 0 (βT )

〉〉
, (60)

where |0 (βT )〉〉 is given by the equation (45). The analysis from the previous subsection
has shown that, in the reference frame of the center of mass, the thermal string degrees of
freedom can be split in to an oscillator factor and a topological factor

K̂(βT ) = K̂osc(βT ) + K̂top(βT ). (61)

According to the TFD method [22], the entropy operator corresponding to the string
oscillators K̂osc(βT ) is related to the Bogoliubov operator (48) by the relation

e−iĜ(βT ) = e−
1

2
K̂osc(βT ) exp

(
∑

n,µ

α̂µ†
n
̂̃αµ†

n + β̂µ†
n
̂̃
β
µ†

n

)
. (62)

The explicit form of K̂osc(βT ) can be obtained from the above equation and it is given by
the following relations

K̂osc(βT ) = K̂R
osc(βT ) + K̂T

osc(βT ), (63)

K̂R
osc(βT ) = −

p∑

a=2

∞∑

n=0

{(
N̂a

l,n + N̂a
r,n

)
ln

[
e−βTnZn(βT )

e−βTnZn(βT ) + 1

]
− ln[e−βTnZn(βT ) + 1]

}
,

(64)

K̂T
osc(βT ) = −R2

2α′

d−1∑

j=p+1

∞∑

n=0




(
N̂ j

l,n + N̂ j
r,n

)
ln


 e−

βT R2

2α′ nZn(
βTR2

2α′ )

e−
βTR2

2α′ nZn(
βTR2

2α′ ) + 1


− ln[e−

βT R2

2α′ nZn(
βTR

2

2α′
) + 1]



 ,

(65)

where Zn(βT ) is the partition function of a single oscillator. Note that the equation (63)
defines the entropy of the closed string oscillators only. For the reservoir, a similar operator
can be constructed by replacing the string operators with the corresponding tilde operators.
However, since we are interested in the entropy of the string, it is not necessary to compute
the entropy of the reservoir. By plugging (64) and (65) into (60) and after some algebra,
one can show that the entropy of the closed string oscillators has the following form

Sosc(βT ) = (p− 1)kB

∞∑

n=1

[
βTne

−βTnZn (βT )− lnZn (βT )
]

+ (p+ 1− d)kB
R2

2α′

∞∑

n=1


βTR

2ne−
βT R2

2α′ n

2α′
Zn

(
βTR

2

2α′

)
− lnZn

(
βTR

2

2α′

)
 (66)
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where Nn is the eigenvalue of the number operator of the oscillator of frequency n. The
factor of two is from the contributions of the left- and right-moving sectors, respectively.
We note that at the critical radius R0 =

√
2α′ the equation (66) reproduces the entropy of

d− 2 transversal massless scalar fields.
The contribution of the topological sector to the entropy of string (60) cannot be calcu-

lated in the same way as the entropy of the oscillators because there is no TFD definition
for the topological entropy operator of the closed string in Td−p−1. Let us construct this
operator. According to the TFD principles expressed by the relation (60), the topological
entropy is defined as

1

kB
Stop(βT ) =

〈〈
0 (βT )

∣∣∣K̂top(βT )
∣∣∣ 0 (βT )

〉〉
. (67)

This definition must be consistent with the derivation of the entropy from the partition
function which is given by the thermodynamical relation

Stop(βT ) = − ∂

∂T
[kBT lnZtop(βT )] . (68)

By using (44) in the above relation, one can see that the entropy operator in the topological
sector of the closed string has the form

K̂top(βT ) = (2πR)p+1−d

[
βT

2
Ĥtop exp

(
βT

2
Ĥtop

)
+ (2πR)(p+1−d) Ztop(βT ) lnZtop(βT ) exp

(
βT Ĥtop

)]
,

(69)
where

Ĥtop = Ĥ0 +
R2

2(α′)
3

2

N̂2, (70)

and Ĥ0 represents the topological part of the Hamiltonian with the eigenvalues E0 (N,M)
given by the relation (59). The vacuum expectation value of the operator K̂top(βT ) repro-
duces correctly the topological entropy

Stop(βT ) = kB lnZtop(βT ) +
kBβT

2
Z−1

top(βT )
∑

N,M

Etop(N,M)e−
βT
2

Etop(N,M), (71)

where

Etop(N,M) =
R2

2(α′)
3

2

[
(m)2 + (n−Bm)2

]
+

R2

2(α′)
3

2

n2, (72)

are the eigenvalues of the operator Ĥtop.
The free energy of the thermal closed string can be computed as the vacuum expectation

value in the thermal vacuum of the operator

F̂ (βT ) = Ĥ − 1

βT

K̂(βT ), (73)
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where S = Sosc+Stop and Ĥ = ĤR+ĤT defined by the equations (10) and (11), respectively.

Calculation of the vacuum expectation value of F̂ in the thermal vacuum gives

F (βT ) = β−1
T

[
(p− 1)

∞∑

n=1

lnZn (βT ) + (d− p− 1)
R2

2α′

∞∑

n=1

lnZn

(
βTR

2

2α′

)
+ lnZtop (βT ) .

]

(74)
Again, we see that at the critical radius

√
2α′ the free energy is the sum of the free energy

of d − 2 massless scalar fields and the topological free energy of the zero modes. For the
maximal flat subspace d = p + 1, i. e. in the absence of the compact directions, the free
energy is obtained from the oscillators since in the last term all ni and mi are zero.

4 Thermal magnetized D-branes

In this section, we are going to derive the magnetized thermal D-brane states in Rp−1 ×
Td−p−1 by applying the generalized TFD formalism derived in the previous section. The
D-brane boundary states at finite temperature in flat spacetime were defined in [23] as
the states from the thermal closed string Hilbert space that satisfy the same Dirichlet
and Neumann boundary conditions as the ones at zero temperature. This ammounts to
imposing two sets of boundary conditions: one for the string degrees of freedom and the
other for the reservoir degrees of freedom. The same definition can be apply in Rp−1×Td−p−1

and the thermal magnetized D-brane states can be calculated. From the thermal boundary
state we can calculate the entropy and the free energy of the magnetized D-brane at finite
temperature as the expectation value of the entropy operator and the free energy operator,
respectively, in the thermal magnetized D-brane state.

4.1 Thermal magnetized D-branes states

The thermalization of the closed string is described by the operators Ω̂ (βT ) and Ĝ(βT )
which map the total system from zero temperature to the finite temperature which implies
that the generic string operators Ô transform to Ô(βT ) as

Ô −→ Ô(βT ) =
[
Ω̂ (βT )⊗ eiĜ(βT )

]
Ô
[
e−iĜ(βT ) ⊗ Ω̂−1 (βT )

]
. (75)

In the flat spacetime, the thermal D-brane boundary states have been defined by two sets of
boundary conditions obtained from the total lagrangian at finite temperature and imposed
on the Hilbert space and on the tilde Hilbert space, respectively [23]. We can generalize
this definition to the magnetized D-branes in Rp−1 × Td−p−1 and look for the solutions
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|B(βT )〉〉 of the following equations

p̂a(βT ) |B(βT )〉〉 = 0, (76)(
n̂i − 2πα′qFijm̂

j
)
(βT ) |B(βT )〉〉 = 0, (77)[

(1+ B)ab α̂b
n(βT ) + (1− B)Tab β̂b†

n (βT )
]
(βT ) |B(βT )〉〉 = 0, (78)

[
(1+ B)ab α̂b†

n (βT ) + (1− B)Tab β̂b
n(βT )

]
(βT ) |B(βT )〉〉 = 0, (79)

(
Eijβ̂j

n(βT ) + ET
ij α̂

j†
n (βT )

)
|B(βT )〉〉 = 0, (80)

(
Eijβ̂j†

n (βT ) + ET
ij α̂

j
n(βT )

)
|B(βT )〉〉 = 0, (81)

for all n > 0. Here, the operators at finite temperature have been obtained by applying
the map (75) to the boundary operators from the equations (12) and (14)-(17). Similar
equations should be written for the tilde operators. In order to solve the above set of
equations, we firstly note that the solution can be factorized as

|B(βT )〉〉 = |B(βT )〉〉top |B(βT )〉〉osc . (82)

Then one can easily show that |B(βT )〉〉top and |B(βT )〉〉osc can be written in terms of zero
temperature D-branes as

|B(βT )〉〉top = Ω̂ (βT ) |B〉〉Ttop = Ω̂ (βT ) |B〉Ttop |̃B〉
T

top, (83)

|B(βT )〉〉osc = eiĜ(βT ) |B〉〉osc = eiĜ(βT ) |B〉osc |̃B〉osc, (84)

where |B〉〉top and |B〉B〉osc = |B〉〉Rosc ⊗ |B〉〉Tosc belong to the corresponding total Hilbert
spaces at zero temperature and represent two copies of the states given in the equations
(21) and (19) and (20), respectively. The relations (83) and (84) represent the mapping
of the magnetized D-brane states from the total Hilbert space at zero temperature to the
thermal magnetized D-brane space from the Hilbert space of the thermal closed string.
Then after some algebra, the solution to the system (76)-(81) is found to be

|B(βT )〉〉 = N2
p−1 (B)N2

d−p−1 (B)
d−1∏

i=p+1

∑

ni

δ
ni−2πα′qF

ki
i

mki

[
n̂±
i
̂̃n±

i

]|ni|

(βT )
[
m̂±

i
̂̃m±

i

]|mi|

(βT )

⊗
(

∞∏

n=1

exp

{
−
[
α̂a†
n (βT )Mabβ̂

b†
n (βT ) + ̂̃α

a†

n (βT )M̃ab
̂̃β
b†

n (βT )

]})
|0(βT )〉〉Rosc

⊗
(

∞∏

n=1

exp

{
−R2

α′

[
α̂i†
n (

βTR
2

2α′
)Sij β̂

j†
n (

βTR
2

2α′
) + ̂̃αi†

n (
βTR

2

2α′
)Sij

̂̃β
j†

n (
βTR

2

2α′
)

]}) ∣∣∣∣0(
βTR

2

2α′
)

〉〉T

osc

,

(85)

where Sij=(E−1)
l
i

(
ET
)
lj
. The above relation represents the thermal magnetized D-brane.

It shows that the magnetized D-brane at finite temperature is a vector from the thermal
total Hilbert space. In the absence of the topological sector and with d = p+1 it reduces to
the already known D-branes at finite temperature [23][24]. Note that the background fields
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from (85) are not thermalized, i. e. the average values of the corresponding string states
are taken to be the same as at zero temperature. Therefore, one can take Mab = M̃ab and
Eij = Ẽij. As the rest of thermal string states, there is no simple interpretation of |B(βT )〉〉
in terms of magnetized D-branes at zero temperature.

4.2 Thermodynamics of magnetized D-branes

The thermodynamic properties of the magnetized D-branes at finite temperature can be
derived from their entropy. The entropy and the free energy of the thermal D-branes are
defined as the expectation values of K̂ and F̂ operators from the equations (61) and (73),
respectively, in the state |B(βT )〉〉

1

kB
SD(βT ) =

〈〈
B (βT )

∣∣∣K̂(βT )
∣∣∣B (βT )

〉〉
. (86)

Then one can write

SD(βT ) = SD(βT )osc + SD(βT )top, (87)

SD(βT )osc = SD(βT )
R
osc + SD(βT )

T
osc, (88)

The computations are somewhat lengthy but straightforward. The main technical detail
is that the Bogoliubov transformations can be linearized [22]

α̂a
n =

√
Zn (βT )α̂

a
n (βT ) +

√
Zn (βT )− 1̂̃αa†

n (βT ) , (89)

α̂a†
n =

√
Zn (βT )α̂

a†
n (βT ) +

√
Zn (βT )− 1̂̃αa

n (βT ) , (90)

with similar relations holding for the β̂ operators and tilde operators. Note that in Td−p−1,
βT should be replaced by βTR

2/2α′. The contribution of the oscillators from Rp−1 to the
entropy of the magnetized D-brane is

SD(βT )
R
osc = −2V T

D,topV
T
D,osckB×




∞∑

n=1

p∑

a=2




∞∏

m6=n=1

p∏

c 6=a=2

p∏

d=2




∞∑

km
cd
=0

(Mcd)
2km

cd






× [2Zn (βT )− 1] ln

(
e−βTnZn (βT )

e−βTnZn (βT ) + 1

)


∞∑

sn
ad

=0

snad (Mcd)
2sn

ad




+(p− 1)V R
D,osc

∞∑

n=1

{
[Zn (βT )− 1] ln

(
e−βTnZn (βT )

e−βTnZn (βT ) + 1

)
+ ln

[
e−βTnZn (βT ) + 1

]}
}
.

(91)

Here, we have denoted by V T
D,top, V

T
D,osc and V R

D,osc the norms of |B (βT )〉〉Ttop, |B (βT )〉〉Tosc
and |B (βT )〉〉Rosc, respectively. Since the Bogoliubov operator is unitary, the norm of the
oscillator boundary states is the square of the of the norm of the corresponding boundary
states at zero temperature. The terms (Mcd)

2km
cd represent the matrix elements of Mab =
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M̃ab at the corresponding power. The overall factor of 2 in front of all terms is a result
of adding the entropy of the left-moving and the right-moving oscillators. The entropy of
the oscillators in Td−p−1 can be calculated in the same way as SD(βT )

R
osc and the result is

formally the same

SD(βT )
T
osc = −2V R

D,topV
R
D,osckB×




∞∑

n=1

d−1∑

i=p+1




∞∏

m6=n=1

d−1∏

l 6=i=p+1

d−1∏

r=p+1




∞∑

km
lr
=0

(Slr)
2km

lr






×
[
2Zn

(
βTR

2

2α′

)
− 1

]
ln




e−
βTR2

2α′ nZn

(
βTR2

2α′

)

e−
βT R2

2α′ nZn

(
βTR2

2α′

)
+ 1







∞∑

tn
ir
=0

tnir (Slr)
2tm

lr




+ (d− p− 1)V T
D,osc

∞∑

n=1

[
Zn

(
βTR

2

2α′

)
− 1

]
ln




e−
βTR2

2α′ nZn

(
βTR2

2α′

)

e−
βT R2

2α′ nZn

(
βTR2

2α′

)
+ 1




+(d− p− 1)V T
D,osc

∞∑

n=1

ln

[
e−

βT R2

2α′ nZn

(
βTR

2

2α′

)
+ 1

]}
. (92)

The contribution of the topological sector to the entropy can be calculated from the
relations (69) and (85) and the result is

SD(βT )top = Rp+1−dα′ d−p−1

2 V R
D,oscV

T
D,osckBZ

−1
top (βT )×{

∞∑

N,M

p+1∑

K,S

(2πR)p+1−d Ztop (βT ) lnZtop (βT ) exp [βTEtop(N ±K,M ± S)]

+
βT

2
Etop(N ±K,M ± S) exp

[
βT

2
Etop(N ±K,M ± S)

]}
. (93)

The sum of the entropies (91), (92) and (93) represents the entropy of the magnetized
D-brane at finite temperature in Rp−1 × Td−p−1. It can be used to derive the rest of the
thermodynamic potentials of the D-brane in the usual fashion since the thermal D-brane
is at the thermodynamical equilibrium. This is left as an exercise to the reader.

5 Conclusions

In this paper, we have constructed the thermal magnetized D-brane boundary states in
Rp−1 × Td−p−1 and derived their entropy. This represents a generalization of the previous
results from [23, 24] and [27] where the thermal bosonic and GS D-branes were constructed
and their entropy was calculated in the flat spacetime. In order to obtained the thermal
boundary states, we have generalized the TFD formalism to include the zero-mode sector of
the closed strings in Td−p−1 and we have used this generalization to obtain the entropy and
the free energy of the closed string at finite temperature. The generalization of the TFD
formalism is an interesting result by itself, since it extends the method of the canonical
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thermalization to non-trivial boundary conditions and generalizes the previous studies from
[61, 62] that establish the form of the Bogoliubov operator for a scalar and spinor field on
Td−p−1 but without the winding conditions which are specific to the bosonic string fields.
With these boundary conditions, the map from the total Hilbert space at zero temperature
to the Hilbert space at finite temperature must be generalized to the direct product given
in Ω̂ (βT )⊗eiĜ(βT ). The operator Ω̂ (βT ) takes the states from the zero mode sector to finite
temperature and allows one to extend the TFD method to the topological sector.

For the future directions it is an interesting subject to study the generalization of
the results from this paper to the thermalized magnetized D-branes obtained from the
supersymmetric magnetized D-branes at finite temperature. While the construction of the
thermal D-branes from supersymmetric D-branes has been carried out in [27] in the flat
spacetime and with no background fields in the GS approach, the thermalization of the
supersymmetric D-branes in the RNS formalism is still an open problem even in the flat
spacetime.

The analysis of the thermodynamical properties of the thermal magnetized D-branes
in detail is a very challenging problem. Due to the presence of infinite string modes and
of the multiplication by the norm of the D-brane state and the normalization constants
Np−1 (B) andNd−p−1 (B), several quantities are divergent and should be renormalized before
extracting any physical information from them. This is a general problem of the boundary
state description of the D-branes at zero or finite temperature. Nevertheless, interesting
information could be obtained at a finite energy scale where only a finite number of string
modes contribute. This truncation could be helpful to the analysis of the thermodynamics
of the magnetized D-branes as a function of radius which is an interesting problem, too,
and which requires a carefully treatment of the T-duality of the compact directions at finite
temperature.
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