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1 Introduction

The development of String and M-theory demonstrated the important rôle of supersym-
metric extended objects, including eleven dimensional supermembrane [2], called now
M2-brane. The consistency of this model in curved 11D superspace requires the torsion
and curvature of that to obey the supergravity constraints. These, in its turn, result
in the supergravity equations of motion so that the supergravity dynamics is in a way
governed by the M2-brane.

Soon after the pioneer papers [2] the simplest nontrivial counterpart of M2-brane, the
D = 4, N = 1 supermembrane, was studied in [3]. Its consistency in curved superspace
also requires a set of superspace constraints. However, in distinction to the 11D case, these
D = 4, N = 1 constraints are off–shell in the sense that they do not produce equations of
motion as their consequences. This implies that it is possible to construct the manifestly
supersymmetric superfield Lagrangian description of the interacting system of D = 4,
N = 1 supergravity and supermembrane. Curiously enough, such a system has not been
constructed yet. We intend to turn to this problem in the future paper. Here, as a first
stage in this direction, we will construct the superfield Lagrangian description and obtain
the superfield equations of motion for a simpler interacting system of supermembrane and
scalar supermultiplet.

The superfield Lagrangian approach to D = 4, N = 1 supergravity—superparticle dy-
namical system was developed in [6]. The superfield equations for the dynamical system of
supergravity, superstring and tensorial supermultiplet were obtained in [7]. Both models
were used to study the origin and properties of the complete but gauge fixed Lagrangian
description of the supergravity–super–p–brane system by the sum of the spacetime, com-
ponent action for supergravity (without auxiliary fields) and the purely bosonic limit of
the super–p–brane action. These description proposed and developed in [8, 6, 7, 9] can be
used also for higher dimensional supergravity plus brane(s) interacting systems. However,
the study of lower dimensional superfield equations for the interacting system of super-
gravity and superbrane, when it is possible, is also of interest as it might provide new
insights in the properties of more complicated M-theoretical systems, and also on its own,
as a sector of possible phenomenologically interesting models constructed on the basis of
four dimensional supergravity.

The system of superfield equation for the interacting system of supergravity, super-
string and tensor supermultiplet, which was obtained in [7], happened to be too compli-
cated to be practical. Probably, to obtain a less complex set of superfield equations one
have to use the superfield formulation of the so–called new minimal supergravity [10, 11]
instead of the ’old’ minimal formulation [12, 13] used in [7]. This hope is related to the
fact that the new minimal formulation includes an auxiliary antisymmetric tensor which
has natural coupling to string model so that one would not need to introduce, as in [7],
tensorial multiplet in addition to supergravity one.

On the other hand, one can use the results of [7] to extract the superfield equations
for the superstring interacting with tensorial multiplet in flat D = 4, N = 1 superspace.
The existence of such a nontrivial interaction is related to the fact that, according to
[14], tensorial multiplet can be used to construct a supersymmetric closed 3-form in the
flat D = 4, N = 1 superspace. It is natural to begin with the study of these tensorial
multiplet–superstring interacting equations before passing to the superstring interacting
with supergravity.
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The system of interacting superfield equations could be expected to be even simpler
if we were writing it for a supersymmetric extended object interacting with a scalar
supermultiplet. This is not possible for superstring but is possible for supermembrane,
because the three form field strength cannot be constructed from the scalar multiplet,
but the four form field strength can. Thus, as we have already mentioned, the aim of
our present study is to construct the Lagrangian description and to obtain superfield
equations of motion for this D = 4, N = 1 interacting system of supermembrane and
scalar multiplet.

This paper is organized as follows. In section 2 we introduce our basic superspace
notation and review the generic scalar multiplet action, superfield equations of motion
and dual description by a three form potential. To be more precise about the last item, in
sec. 2.3 we present the closed four form in D = 4, N = 1 superspace which is constructed
from generic scalar supermultiplet. The explicit form of the three form potential is given
later, in Sec. 4.1, and only for the case of special scalar supermultiplet. In Sec. 3
we present the D = 4, N = 1 supermembrane action and obtain the supermembrane
equations of motion in the background of (an off-shell) scalar multiplet. In Sec. 4 we
derive superfield equations of motion for the special scalar supermultiplet interacting
with supermembrane. The supermembrane current superfield determining the r.h.s.’s of
these equations is presented in Sec. 4.3. Sec. 5 is devoted to extracting the spacetime
component field equations from the superfield equations with supermembrane current.
For the sake of simplicity the discussion in Sec.5 is restricted to the case where the field
theoretical part of the action is given by a free kinetic term only. In sec. 5.3 we present a
solution of these dynamical field equations at the leading order in supermembrane tension.
In Sec. 6 we present our conclusions and also compare the coupling of the membrane to
background scalar field which follows from our superfield supermembrane action with
one studied in [15]. Appendix A collects some useful technical details. The complete
expressions for the components of the supermembrane current superfields are collected in
Appendix B.

2 Scalar multiplet description by chiral superfield.

2.1 Basic notation.

We denote the supervielbein of N = 1, D=4 superspace Σ(4|4) by

EA := dzMEM
A(z) = (Ea, Eα, Ēα̇) ,

{ a = 0, 1, 2, 3 ,
α = 1, 2 ,
α̇ = 1, 2 .

(2.1)

When superspace is flat, these obeys the constraints

dEa = −2iE ∧ σaĒ , dEα = 0 , dĒα̇ = 0 , (2.2)

where σa
αα̇ are relativistic Pauli matrices, d is exterior derivative of differential forms (dd =

0, dEA = d(dZMEA
M(Z)) = dZM ∧ dEA

M(Z) = dZM ∧ dZN∂NE
A
M(Z) = dZM ∧ dZN ∂EA

M (Z)

∂ZN

etc.) and ∧ denotes the exterior product of the differential form. This is antisymmetric
for bosonic one forms, Ea ∧ Eb = −Eb ∧ Ea, symmetric for two fermionic one forms,
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Eα ∧ Eβ = Eβ ∧ Eα, and again antisymmetric for the product of bosonic and fermionic
one forms, Ea ∧ Eβ = −Eβ ∧ Ea. The constraints (2.2) can be solved by

Ea = dxa − idθασa
αα̇θ̄

α̇ + iθασa
αα̇dθ̄

α̇ , Eα = dθα , Ēα̇ = dθ̄α̇ (2.3)

expressing the supervielbein in terms of superspace coordinates

zM = (xa , θα, θ̄α̇) , α = 1, 2 , α̇ = 1, 2 , a = 0, 1, 2, 3. (2.4)

Their set includes the commuting bosonic coordinates xa (xaxb = xbxa) and anticommut-
ing fermionic coordinates θα and θ̄α̇ = (θα)∗ (θαθβ = −θβθα , θαxa = xaθα etc.).

Decomposing the exterior derivative on the supervielbein basis

d = EαDα + Ēα̇D̄α̇ + EaDa , (2.5)

we obtain the expressions for supersymmetric covariant derivatives,

Da = ∂a , Dα = ∂α + i(σaθ̄)α∂a , D̄α̇ = ∂̄α̇ + i(θσa)α̇∂a = −(Dα)
∗ . (2.6)

These obey the superalgebra with the only one nontrivial (anti-)commutation relation

{Dα, D̄α̇} = 2iσa
αα̇∂a . (2.7)

The possibility to construct the D = 4, N = 1 supermembrane action is related to
that in D = 4, N = 1 superspace these exists the following supersymmetric invariant
closed 4-form1

h4 = dc3 := − i

4
Eb ∧ Ea ∧ Eα ∧ Eβσabαβ +

i

4
Eb ∧ Ea ∧ Ēα̇ ∧ Ēβ̇σ̃abα̇β̇ . (2.8)

This describes a 3-cocycle which is nontrivial in Chevalley-Eilenberg (CE) cohomology
[4], which implies that h4 is a supersymmetric invariant closed four form, dh4 = 0 and,
despite it can be expressed as an exterior derivative of a 3-form, h4 = dc3 (and, hence,
is trivial cocycle of de Rahm cohomology), the corresponding 3-form c3 is not invariant
under supersymmetry.

2.2 Scalar supermultiplet as described by chiral superfield

In this section we review the well known description of scalar supermultiplet by chiral
superfield in superspace [18, 19, 20].

The simplest irreducible representation of the D = 4, N = 1 supersymmetry, the
scalar supermultiplet, is described by the chiral superfield, this is to say by complex
superfield obeying the so-called chirality equation

D̄α̇Φ = 0 . (2.9)

The complex conjugate (c.c.), Φ = (Φ)∗, obeys

DαΦ = 0 (2.10)

1Notice that in our notation the exterior derivative acts from the right, so that for any p-form Ωp and
q-form Ωq, d(Ωp ∧ Ωq) = Ωp ∧ dΩq + (−)qdΩp ∧ Ωq.
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and is called anti–chiral superfield. The free equations of motion for the physical fields
of a massless scalar supermultiplet (φ(x) = Φ|θ=0 and iψα(x) = DαΦ|θ=0) are collected in
the superfield equation

DDΦ := DαDαΦ = 0 . (2.11)

These equations can be derived from the action

Skin =

∫

d8zΦΦ̄ , (2.12)

where the superspace integration measure d8z = d4xd2θd2θ̄ is normalized as2

d8z = d4xD̄D̄ DD := d4xD̄α̇D̄
α̇ DαDα . (2.13)

Indeed, the variation of this functional reads δSkin =
∫

d8z (ΦδΦ̄ + δΦ Φ̄). As far as
the variation of chiral superfield should be chiral, D̄α̇δΦ = 0, and DαδΦ̄ = 0, we can
equivalently write the action variation as δSkin =

∫

d4x D̄α̇D̄
α̇((DDΦ)δΦ̄) + c.c., which

results in the equations of motion (2.11).
The most general selfinteraction of the scalar supermultiplet is described by the su-

perfield action

Ss−int[Φ; Φ̄] =

∫

d8zK(Φ, Φ̄) +

∫

d6ζLW (Φ) +

∫

d6ζR W̄ (Φ̄) =

=

∫

d4x D̄D̄ DD K(Φ, Φ̄) +

∫

d4xDDW (Φ) +

∫

d4x D̄D̄ W̄ (Φ̄) , (2.14)

where K(Φ, Φ̄) is an arbitrary function of chiral superfield and its complex conjugate
called Kähler potential and W (Φ) (= (W̄ (Φ̄)∗) is an arbitrary holomorphic function of
the complex scalar superfield Φ called superpotential. This latter is chiral, D̄α̇W (Φ) =
W ′(Φ)D̄α̇Φ = 0, and hence is integrated with chiral measure defined by d6ζL = d4xDD
(and d6ζR = d4xD̄D̄). To have the standard kinetic term for the scalar field of the
supermultiplet, the Kähler potential is usually chosen to obey

K′′
ϕ ϕ̄(ϕ, ϕ̄) :=

∂

∂ϕ

∂

∂ϕ̄
K(ϕ, ϕ̄) 6= 0 . (2.15)

The superfield equations of motion following from the action Ss−int[Φ; Φ̄] (2.14) are

Ē := DDK′
Φ̄ + W̄ ′

Φ̄ =

= DDΦ K′′
ΦΦ̄(Φ, Φ̄) +DαΦDαΦ K′′′

ΦΦΦ̄(Φ, Φ̄) + W̄ ′
Φ̄(Φ̄) = 0 , (2.16)

E := D̄D̄K′
Φ +W ′

Φ =

= D̄D̄Φ̄ K′′
ΦΦ̄(Φ, Φ̄) + D̄α̇Φ̄ D̄

α̇Φ̄ K′′′
ΦΦ̄Φ̄(Φ, Φ̄) +W ′

Φ(Φ) = 0 , (2.17)

where prime denotes the derivative with respect to argument, K′
Φ̄
:= ∂K(Φ,Φ̄)

∂Φ̄
, K′′

Φ̄Φ̄
:=

∂2

∂Φ̄2K(Φ, Φ̄), etc. These equations can be obtained by solving the chirality conditions (2.9)
and (2.10) in terms of prepotential, generic complex superfield P (= (P̄ )∗),

Φ = D̄D̄P , Φ̄ = DDP̄ , (2.18)

2Notice that, although the r.h.s. of this equation is not manifestly hermitian, its imaginary part is
integral of complete derivative (as far as D̄D̄ DD = DDD̄D̄ − 4iσ̃a α̇α∂a[Dα, D̄α̇]) and, as such, can be
ignored in our discussion.
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and vary with respect to this prepotential and its complex conjugate,

E =
δSs−int[Φ; Φ̄]

δP
, Ē =

δSs−int[Φ; Φ̄]

δP̄
. (2.19)

2.3 Four form field strength constructed from the scalar super-

multiplet

Having a chiral superfield K,

D̄α̇K = 0 , DαK̄ = 0 , (2.20)

one can construct the following supersymmetric invariant closed four form (CE cocycle)
in flat D = 4, N = 1 superspace [14]

F4 = dC3 :=
1

4
Eb ∧ Ea ∧ Eα ∧ Eβσabαβ K̄ +

1

4
Eb ∧ Ea ∧ Ēα̇ ∧ Ēβ̇ σ̃abα̇β̇ K +

+
1

4!
Ec ∧ Eb ∧ Ea ∧ Eαǫabcdσ

d
αβ̇
D̄β̇K̄ +

1

4!
Ec ∧ Eb ∧ Ea ∧ Ēβ̇ǫabcdσ

d
αβ̇
DαK −

+
1

4!
Ed ∧ Ec ∧ Eb ∧ Ea i

4
ǫabcd

(

D̄D̄K̄ −DDK
)

. (2.21)

Notice that we intentionally have not used the notation Φ for chiral superfield to stress
that, e.g. having a free chiral superfield of Eqs. (2.9) satisfying equations of motion
(2.11), one can construct the three form using some holomorphic functions K = K(Φ),
K̄ = K̄(Φ) which obey DDK = K ′′(Φ)DαΦDαΦ instead of (2.11).

Interestingly enough, F4 in (2.21) can be considered as real part of the complex closed
form FL

4 ,

F4 = ℜe(FL
4 ) :=

1
2

(

FL
4 + FR

4

)

, (2.22)

FL
4 = 1

4
Eb ∧ Ea ∧ Eα ∧ Eβ σab αβ K̄ + 1

4!
Ec ∧ Eb ∧ Ea ∧ Eα ǫabcdσ

d
αβ̇
D̄β̇K̄ +

+ 1
4!
Ed ∧ Ec ∧ Eb ∧ Ea i

16
ǫabcd D̄D̄K̄ , DαK̄ = 0 , (2.23)

FR
4 = 1

4
Eb ∧ Ea ∧ Ēα̇ ∧ Ēβ̇ σ̃ab α̇β̇ K + 1

4!
Ec ∧ Eb ∧ Ea ∧ Ēα̇ ǫabcdσ

d
βα̇D

βK +

+ 1
4!
Ed ∧ Ec ∧ Eb ∧ Ea i

16
ǫabcdDDK , D̄α̇K = 0 . (2.24)

The fact that these forms are closed as a consequences of (2.20),

dFL
4 = 0 ⇔ DAK̄ = 0 , (2.25)

dFR
4 = 0 ⇔ D̄ȦK = 0 , (2.26)

suggests the existence of the complex 3-form potentials CL
3 and CR

3 = (CL
3 )

∗ such that
FL

4 = dCL
3 and FR

4 = dCR
3 .

To study a supermembrane in the background of scalar multiplet, which will be the
subject of the next section, we do not need an explicit expression for C3. However,
we do need it to obtain the equations for the scalar multiplet fields with a source from
supermembrane, so that we will come back to discussing the problem of constructing
potentials in Sec. 4.
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3 D = 4, N = 1 supermembrane and its interaction

with scalar multiplet background

3.1 Free supermembrane in flat D = 4 N = 1 superspace

The action for a free supermembrane in D = 4, N = 1 superspace reads [3]

Sp=2 =
1

2

∫

d3ξ
√
g −

∫

W 3

ĉ3 =

= −1

6

∫

W 3

∗Êa ∧ Êa −
∫

W 3

ĉ3 , (3.1)

where, in the first line g = det(gmn) is the determinant of the induced metric,

gmn = Êa
mηabÊ

b
n , Êa

m := ∂mx̂
a − i∂mθ̂

ασa
αα̇
ˆ̄θα̇ + iθ̂ασa

αα̇∂m
ˆ̄θα̇ , (3.2)

W 3 is the supermembrane worldvolume the embedding of which into the target superspace

Σ(4|4) is defined parametrically by the coordinate functions ẑM(ξ) = (x̂a(ξ) , θ̂α(ξ), ˆ̄θα̇(ξ));
ξm = (ξ0, ξ1, ξ2) are local coordinates on W 3,

W 3 ⊂ Σ(4|4) : zM = ẑM(ξ) = (x̂a(ξ) , θ̂α(ξ), ˆ̄θα̇(ξ)) . (3.3)

Finally,

ĉ3 :=
1

3!
Êa3 ∧ Êa2 ∧ Êa1ca1a2a3(Ẑ) =

1

3!
dξm3 ∧ dξm2 ∧ dξm1 ĉm1m2m3

=

= −1

6
d3ξǫm1m2m3 ĉm1m2m3

(3.4)

is the pull–back of the 3-form defined in Eq. (2.8) toW 3, so that the second, Wess–Zumino
part of the action can be written in the form of (see [3])

∫

W 3

ĉ3 = −1
6

∫

d3ξǫm1m2m3 ĉm1m2m3
.

In this paper we consider the case of closed supermembrane so that the worldvolume
W 3 has no boundary, ∂W 3 = 0/, and

∫

W 3 d(...) = 0. Then we do not need in the explicit
form of ĉm1m2m3

in (3.4) as far as variation of its integral in (3.1) can be calculated
(using the Lie derivative formula, δc3 = iδdc3 + diδc3) through its exterior derivative, the
pull–back ĥ4 := h4(Ẑ) of the CE cocycle (2.8), h4 = dc3.

In the second line of Eq. (3.1) we have written the first, Nambu-Goto term of the
action as an integral of a differential three form. This is constructed from the pull–back
of the bosonic vielbein form

Êa = dξmÊa
m , Êa

m := ∂mx̂
a − i∂mθ̂

ασa
αα̇
ˆ̄θα̇ + iθ̂ασa

αα̇∂m
ˆ̄θα̇ , (3.5)

using the worldvolume Hodge star operation,

∗ Êa :=
1

2
dξm ∧ dξn√gǫmnkg

klÊa
l . (3.6)

The action (3.1) is invariant under the local fermionic κ–symmetry transformations.
These have the form of

δκx
µ = iκασµ

αα̇θ̄
α̇ − iθασµ

αα̇κ̄
α̇ , δκθ

α = κα , δκθ̄
α̇ = κ̄α̇ , (3.7)
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where the spinorial fermionic parameter κα = κα(ξ) = (κ̄α̇)∗ has actually only two inde-
pendent components because it obeys the equations

κ̄α̇ = κβγ̄βα̇ ⇔ κα = κ̄α̇ ˜̄γ
β̇α (3.8)

with

γ̄βα̇ = ǫβαǫα̇β̇ ˜̄γ
β̇α =

i

3!
√
g
σa
βα̇ǫabcdǫ

mnkÊb
mÊ

c
nÊ

d
k . (3.9)

By construction, the matrix γ̄ obeys

γ̄ββ̇ ˜̄γ
β̇α = δβ

α (3.10)

which makes two equations in (3.8) equivalent.
To prove the κ–symmetry one have to use the identities

1

2
Êc ∧ Êb ∧ Êασbcαβ = ∗Êa ∧ Êα(σa ˜̄γ)αβ (3.11)

which allows to present the variation of the kinetic, Nambu-Goto type, and the Wess–
Zumino terms in similar form.

It is convenient to write the κ–symmetry transformations in the form of

iκÊ
a := δκẐ

MEM
a(Ẑ) = 0 ,

{

iκÊ
α := δκẐ

MEM
α(Ẑ) = κα = κ̄α̇ ˜̄γ

β̇α ,

iκ
ˆ̄Eα̇ := δκẐ

MEM
α̇(Ẑ) = κ̄α̇ = κβγ̄βα̇ .

(3.12)

3.2 Supermembrane action in the scalar multiplet background

The action of supermembrane in the background of a scalar multiplet can be written in
the form

Sp=2 =
1

2

∫

d3ξ
√

KK̄
√
g −

∫

W 3

Ĉ3 ,

= −1

6

∫

W 3

∗Êa ∧ Êa
√

KK̄ −
∫

W 3

Ĉ3 , (3.13)

where Ĉ3 is the pull–back of the C3 potential defined by Eq. (2.21) involving the chiral
superfields K and K̄ (2.20). For simplify we omit the hat symbol form the pull–backs of
superfields here and below in the places where this cannot produce a confusion.

The action (3.13) is invariant under the κ–symmetry transformations

iκÊ
a = 0 , iκÊ

α = κα , iκ
ˆ̄Eα̇ = κ̄α̇ , (3.14)

with iκdẐ
M := δκẐ

M , similar to ones in (3.12) and (3.7) but with the spinorial parameter
obeying the reducibility conditions

κ̄α̇ = −iκβ γ̄βα̇
√

K̄/K ⇔ κα = iκ̄α̇ ˜̄γ
β̇α

√

K/K̄ (3.15)
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defined by a projector which differs from the one in (3.8) by a (super)field dependent

phase factor i
√

K/K̄ .
Notice that, if we write the counterpart of the action (3.13) with an arbitrary func-

tion S(K, K̄) instead of
√
KK̄ and perform the fermionic variation (3.14) of such an

action, we find that the local fermionic κ–symmetry parameter should obey the equations
κα∂S/∂K = i/2κ̄β̇γ̃β̇α and κ̄β̇∂S/∂K̄ = καγαβ̇. This system of equations has a nontrivial

solution when ∂S/∂K̄ = 1
4∂S/∂K

. This latter equation is solved by S(K, K̄) =
√
KK̄ so

that the action (3.13) for scalar multiplet in supergravity background can be constructed
from the requirement of the κ–symmetry.

3.3 Equations of motion for supermembrane in a background of

an off–shell scalar supermultiplet

The supermembrane equations of motion can be obtained by varying the action (3.13)
with resepct to coordinate functions ẐM(ξ), so that we can write them in the form of
δSp=2

δẐM (ξ)
= 0. The convenient form of the bosonic and fermionic equations can be extracted

by multiplying this on the inverse supervielbein, EM
α (Ẑ)

δSp=2

δẐM (ξ)
= 0 and EM

a (Ẑ)
δSp=2

δẐM (ξ)
=

0. These combinations appear as the coefficients for iδÊ
α := δẐM(ξ)EM

α(Ẑ), iδ
ˆ̄Eα̇ :=

δẐM(ξ)ĒM
α̇(Ẑ) and iδÊ

a := δẐM(ξ)EM
a(Ẑ) in the integrant of the action variation.

This implies the possibility to write the formal expression for supermembrane equations
of motion in the form

δSp=2/iδÊ
α := EM

α (Ẑ)
δSp=2

δẐM(ξ)
= 0 , δSp=2/iδ

ˆ̄Eα̇ := EM
α̇ (Ẑ)

δSp=2

δẐM(ξ)
= 0 ,(3.16)

δSp=2/iδÊ
a := EM

a (Ẑ)
δSp=2

δẐM(ξ)
= 0 . (3.17)

The straightforward calculation gives the following explicit form of these equations of
motion

∗Êa ∧
(

i ˆ̄Eα̇σa
αα̇

√

KK̄ − Êβ(γ̄σ̃
a)α

βK̄
)

+
1

12
∗ Êa ∧ Êa

(

√

K̄/KDαK − iγ̄αα̇D̄
α̇K̄

)

= 0 ,

(3.18)

∗Êa ∧
(

iÊασa
αα̇

√

KK̄ − ˆ̄Eβ̇(σ̃
aγ̄)β̇ α̇K

)

+
1

12
∗ Êa ∧ Êa

(

√

K/K̄D̄α̇K̄ − iDαKγ̄αα̇

)

= 0 ,

(3.19)

D(∗Êa) − 1

6
∗ Êb ∧ Êb

(

Da ln K̄ +Da lnK
)

+
1

2
∗ Êa ∧ (d ln ˆ̄K + d ln K̂)−

− i

12
√
KK̄

Êd ∧ Êc ∧ Êb ǫabcd (D̄D̄K̄ −DDK)−

− 1

4
√
KK̄

Êc ∧ Êb ∧ ǫabcdσd
αα̇ (Ê

αD̄α̇K̄ + ˆ̄Eα̇DαK)−

−Êb ∧ Êα ∧ Êβσabαβ

√

K̄/K − Êb ∧ ˆ̄Eα̇ ∧ ˆ̄Eβ̇σ̃abα̇β̇

√

K/K̄ = 0 . (3.20)

9



Notice that the above equations of motion are not independent. According to the sec-
ond Noether theorem, the gauge symmetries of a dynamical system result in the so-called
Noether identities relating the left-hand sides of equations of motion of this system. The
supermembrane possesses a number of gauge symmetries, including the local fermionic
κ–symmetry (3.14), (3.15). This is reflected by the fact that contracting our fermionic

equation (3.18) with i
√

K/K̄ ˜̄γβ̇α we arrive at Eq. (3.19). Denoting the l.h.s.’s of Eqs.
(3.18) and (3.19) by Ψα and Ψ̄α̇, respectively, we can write the above described Noether
identity for the κ–symmetry in the form of

˜̄γβ̇αΨα ≡ −i
√

K̄/Kǫ
˙βα̇Ψ̄α̇ . (3.21)

4 Superfield equations for the dynamical system of

special scalar supermultiplet interacting with su-

permembrane

4.1 Special scalar multiplet and its dual three form potential

In our discussion below we will be considering not generic but special scalar multiplet

described by the chiral superfield constructed from the real prepotential V = (V )∗,

Φ = D̄D̄V , Φ̄ = DDV . (4.22)

On the level of auxiliary fields the distinction of this special case is that one of the
real auxiliary scalars of the generic scalar multiplet is replaced in it by a divergence
of a real vector, ∂µk

µ or, equivalently, by the field strength of a three form potential
kνρσ = kµǫµνρσ (in this latter form it was described in [14] and, as one of ’variant superfield
representations’, in [16]).

Indeed, the complex prepotential P of the generic chiral multiplet, Φ = D̄D̄P , Φ̄ =
DDP̄ , is defined up to the gauge transformations, P̄ 7→ P̄ + DαΞ

α. These imply that
the imaginary par of the generic prepotential is transformed by ℑmP := (P − P̄ )/2i 7→
ℑmP + (DαΞ

α − Dα̇Ξ̄
α̇)/2i. Hence not-pure gauge parts of the superfield parameter

ℑmP are the ones which do not have their exact counterparts in the composed superfield
(DαΞ

α −Dα̇Ξ̄
α̇)/2i. One can check that the superfield parameter DαΞ

α − Dα̇Ξ̄
α̇ has all

the components but one having contributions of different independent functions without
derivatives. The only exception is the highest component in its decomposition which
reads −4iθθ θ̄θ̄∂a(k

a + k̄a) and includes the divergence of the real part of the complex
vector ka = σ̃α̇α

a (D̄α̇Ξα)|θ=0 = (k̄a)
∗ versus an arbitrary function in a generic real scalar

superfield, like P . Then one can guess that the equations of motion for the special scalar
supermultiplet will differ from the set of equations for a generic scalar supermultiplet
by that one of the algebraic auxiliary field equations of the latter ((E − E)|0 = 0) will
be replaced by its derivative (∂a(E − E)|0 = 0). In other words, the general solution of
the (auxiliary) field equations of the special scalar supermultiplet involves one additional
(with respect to the generic case) arbitrary real constant. Furthermore, this indicates
that the above mentioned auxiliary field equation of the special scalar supermultiplet
(∂a(E − E)|0 = 0) is dependent, i.e. can be obtained as a consequence of other equations;
this implies that the only effect of the use of the complex prepotential in the generic case
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is vanishing of a real constant which is indefinite in the case of special scalar multiplet
(where ∂a(E − E)|0 = 0 ⇒ (E − E)|0 = −2ic). We will see that this is indeed the case.

4.1.1 Equations of motion of special scalar multiplet

The variation of the general action (2.14) for the special chiral superfields (4.22) with
respect to real prepotential V apparently produces only the real part of the complex
equation (2.17),

δSs−int[D̄D̄V ;DDV ]

δV
= 0 ⇒ E + Ē := D̄D̄K′

Φ +DDK′
Φ̄ +W ′

Φ + W̄ ′
Φ̄ = 0 .(4.23)

However, as far as the left hand sides of the equations of motion for generic scalar
multiplet, Eqs. (2.17) and (2.16), are, respectively, anti-chiral and chiral, DαĒ = 0 and
D̄α̇E = 0, Eq. (4.23) implies that the imaginary part of the complex equation (2.17) is
equal to a constant,

E + Ē = 0 ⇒ Dα(E − Ē) = 0 ⇒ ∂a(E − Ē) = 0 . (4.24)

Hence the only effect of the use of the special chiral superfields (4.22) instead of the
generic scalar superfield (2.18) is that the equation E = 0 is replaced by E = −ic where c
is an arbitrary real constant.

4.1.2 On spontaneous supersymmetry breaking

The presence of this arbitrary constant in the right hand side of the superfield equations
of motion, E = −ic, actually suggests a possible spontaneous supersymmetry breaking in
the theory of special chiral multiplet. To clarify this, let us discuss the simple case of a free
massless special scalar multiplet, in which the action reads

∫

d8zΦΦ̄ =
∫

d8zDDV D̄D̄V
so that Ē = DDΦ and the equations of motion (4.23) simplify to

DDΦ+ D̄D̄Φ̄ = 0 . (4.25)

As it has been discussed above (Eq. (4.24)) these equations lead to Dα(DDΦ−D̄D̄Φ̄) = 0
and ∂a(DDΦ−D̄D̄Φ̄) = 0. Algebraically all this set of equations is solved by DDΦ = −ic
with the above mentioned arbitrary real constant c,

DDΦ+ D̄D̄Φ̄ = 0 ⇒ DDΦ = −ic , c = const . (4.26)

In particular, this constant enters the solution of auxiliary field equations which now reads

DDΦ|0 = −ic , c = const . (4.27)

As the on-shell supersymmetry transformations of the fermionic fields ψα = −iDαΦ|0 are
obtained from the off-shell ones, δψα = i

2
εβDDΦ|0 + 2(σaε̄)α∂aφ, by inserting the above

solution of the auxiliary field equations, they read

δψα =
c

2
εβ + 2(σaε̄)α∂aφ . (4.28)
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Hence, for nonvanishing value of c, the on-shell supersymmetry transformations of δψα

contains the additive contribution of supersymmetry parameter εβ characteristic of the
transformation rules of the Volkov-Akulov Goldstone fermion [17] the presence of which
may be considered as an indication of the spontaneous supersymmetry breaking.

However, studying more carefully the case of free special scalar multiplet, one finds
that such a spontaneous symmetry breaking actually does not occur if nontrivial bound-
ary conditions are not introduced3. Indeed, the constant in the superfield equations (4.26)
can be reproduced from the generic scalar supermultiplet action which includes the su-
perpotential linear in chiral superfield, W (Φ) = −icΦ. As it was observed already in
[22], such a term can be removed from the action by a field redefinition. However, the
boundary term contribution may change the situation; this role can be also played by
supermembrane contribution. We leave the discussion on spontaneous supersymmetry
breaking in the interacting system of scalar multiplet and supermembrane for future and
now turn to the three form potential presentation of the special chiral supermultiplet.

4.1.3 Dual three form potential

The four form field strength constructed with the use of special scalar multiplet (4.22) is
obtained from (2.21) by substituting

K̄ = Φ̄ = DDV , K = Φ = D̄D̄V . (4.29)

It reads

F4 = dC ′
3 = 1

4
Eb ∧ Ea ∧ Eα ∧ Eβ σabαβDDV + 1

4
Eb ∧ Ea ∧ Ēα̇ ∧ Ēβ̇ σ̃ab α̇β̇D̄D̄V +

+ 1
4!
Ec ∧ Eb ∧ Ea ∧

(

Eα ǫabcdσ
d
αβ̇
D̄β̇DDV + Ēα̇ ǫabcdσ

d
βα̇D

βD̄D̄V
)

+

+ 1
4!
Ed ∧ Ec ∧ Eb ∧ Ea i

4
ǫabcd (D̄D̄DDV −DDD̄D̄V ) . (4.30)

The corresponding 3-form potential C ′
3 can be written in terms of the real prepotential

as follows [14]

C ′
3 = 2iEc ∧ Eα ∧ Ēβ̇ σc αβ̇ V +

1

2
Ec ∧ Eb ∧ Eασbc α

β DβV −

−1

2
Eb ∧ Ea ∧ Ē β̇ σ̃ab

α̇
β̇ D̄α̇V − 1

4!
Ec ∧ Eb ∧ Eaǫabcdσ̃

d β̇α [Dα , D̄β̇]V . (4.31)

Of course, this expression can be changed on an equivalent one using gauge transforma-
tions δC3 = dα2. These do not change the field strength (4.30) and are responsible for
the possibility to do not have the lower dimensional form contributions (∝ Eα ∧Eβ ∧Eγ

etc.) in the above C ′
3.

The existence of this simple three form C ′
3 giving a dual description of the special

chiral supermultiplet (4.22) is the main reason to restrict our discussion below by this
special case.

4.2 Superfield equations of motion for interacting system

Let us consider the most general interaction of the special scalar supermultiplet with
supermembrane as described by the action (3.13) with K = Φ = D̄α̇D̄

α̇V and K̄ = Φ̄ =

3One of the authors (I.B.) is grateful to Warren Siegel for the discussion on this issue.
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DαDαV as in (4.29), i.e. by

S =

∫

d8zK(Φ, Φ̄) +

∫

d6ζLW (Φ) + c.c. +
1

2

∫

d3ξ
√
g

√

Φ̂ ˆ̄Φ−
∫

W 3

Ĉ ′
3 = (4.32)

=

∫

d4x D̄D̄DDK(Φ, Φ̄) +

∫

d4x(DDW (Φ) + c.c.)− 1

6

∫

W 3

∗Êa ∧ Êa

√

Φ̂ ˆ̄Φ−
∫

W 3

Ĉ ′
3

with special chiral superfield (4.22),

Φ = D̄α̇D̄
α̇V , Φ̄ = DαDαV . (4.33)

The variation of the interacting action (4.32) with respect to supermembrane variables
gives formally the same equations of motion as for the supermembrane in the background,
(3.18)–(3.20), but with K = Φ = DDV ,

∗Êa ∧
(

i ˆ̄Eα̇σa
αα̇

√

Φ̂ ˆ̄Φ− Êβ(γ̄σ̃
a)α

β ˆ̄Φ

)

+
1

12
∗ Êa ∧ Êa

(
√

ˆ̄Φ/Φ̂ D̂αΦ− iγ̄αα̇
̂̄Dα̇Φ̄

)

= 0 ,

(4.34)

∗Êa ∧
(

iÊασa
αα̇

√

ΦΦ̄− ˆ̄E β̇(σ̃
aγ̄)β̇ α̇Φ

)

+
1

12
∗ Êa ∧ Êa

(

√

Φ/Φ̄D̄α̇Φ̄− iDαΦγ̄αα̇

)

= 0 ,

(4.35)

D(∗Êa) − 1

6
∗ Êb ∧ Êb

(

Da ln Φ̄ +Da ln Φ
)

+
1

2
∗ Êa ∧ (d ln ˆ̄Φ + d ln Φ̂)−

− i

12
√
ΦΦ̄

Êd ∧ Êc ∧ Êb ǫabcd (D̄D̄Φ̄−DDΦ)−

− 1

4
√
ΦΦ̄

Êc ∧ Êb ∧ ǫabcdσd
αα̇ (Ê

αD̄α̇Φ̄ + ˆ̄Eα̇DαΦ)−

−Êb ∧ Êα ∧ Êβσabαβ

√

Φ̄/Φ− Êb ∧ ˆ̄Eα̇ ∧ ˆ̄Eβ̇σ̃abα̇β̇

√

Φ/Φ̄ = 0 . (4.36)

However, the target superspace superfields the pull–backs of which enter these equations
have to be the solutions of interacting equations with the source terms from the super-
membrane. These superfield interacting equations read

E + Ē = J , (4.37)

where

E = D̄D̄Φ̄ K′′
ΦΦ̄(Φ, Φ̄) + D̄α̇Φ̄ D̄

α̇Φ̄ K′′′
ΦΦ̄Φ̄(Φ, Φ̄) +W ′

Φ(Φ)

(4.38)

(see (2.17) and (4.23)) and

J(z) = − δSp=2

δV (z)
(4.39)

is the current superfield from the supermembrane. The problem of obtaining the complete
set of interacting equations for the dynamical system of supermembrane and special chiral
supermultiplet is now reduced to the problem of calculating this supermembrane current.
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4.3 Supermembrane current

The supermembrane current is split naturally on the contributions from the Nambu–Goto
and the Wess–Zumino terms of the action (3.13) with (4.22)

J(z) = JNG(z) + JWZ(z) = − δSp=2

δV (z)
(4.40)

The Nambu-Goto part of the current

JNG(z) := − δ
δV (z)

1
2

∫

d3ξ
√
g

√

̂̄DD̄V D̂DV (4.41)

(D̂DV := DαDαV (z)|zM=ẑM (ξ)) is calculated by first using the properties of the superspace
delta function

δ8(z) :=
1

16
δ4(x) θθ θ̄θ̄ ,

∫

d8z δ8(z − z′)f(z) = f(z′) (4.42)

to present (4.41) in the form

JNG(z) = − δ
δV (Z)

1
2

∫

d8z′
√

D̄D̄V (z′)DDV (z′)
∫

d3ξ
√
gδ8(z′ − ẑ) . (4.43)

Then the calculation reduces to using the definition of variation δV (z′)
δV (z)

= δ8(z′ − z) and
performing the superspace integration. In such a way one arrives at

JNG(Z) = −1

4

∫

d3ξ
√
g

√

Φ̂

ˆ̄Φ
DDδ8(z − ẑ)− 1

4

∫

d3ξ
√
g

√

ˆ̄Φ

Φ̂
D̄D̄δ8(z − ẑ) , (4.44)

where Φ = D̄D̄V , Φ̄ = DDV (see Eqs. (2.18)) and Φ̂ := Φ(ẑ(ξ)) etc. Similarly one can
present the Wess–Zumino current in the form of

JWZ(Z) =

(

2i

∫

W 3

Êc ∧ Êα ∧ Êα̇σcαα̇+

+
1

2

∫

W 3

Êc ∧ Êb ∧ Êασbcα
βDβ −

1

2

∫

W 3

Êc ∧ Êb ∧ Êα̇σ̃bc
β̇
α̇D̄β̇−

− 1

4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdσ̃
dα̇α[Dα, D̄α̇]

)

δ8(z − ẑ) . (4.45)

5 Simplest equations of motion for spacetime fields

interacting with dynamical supermembrane

Having the superfield equations with supermembrane current contributions, the next stage
is to extract the equations of motion for the physical fields of the supermultiplet. In this
paper we will do this for the simplest case when the special scalar multiplet part of the
interacting action is given by the kinetic term (2.14) only, this is to say for the interacting
system described by the action

S = Skin + Sp=2 =

∫

d8zΦΦ̄ +
1

2

∫

d3ξ

√

Φ̂ ˆ̄Φ
√
g −

∫

W 3

Ĉ3
′ (5.1)
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where Φ = D̄D̄V , Φ̄ = DDV (4.33) and Ĉ ′
3 is the pull–back toW 3 of the 3-form C ′

3 defined
in (4.31). The interacting equations of motion for the bulk superfields, Eqs. (4.38), in
this case simplifies to

DDΦ+ D̄D̄Φ̄ = J(z) (5.2)

where the current J(z) is given by (4.40), (4.44) and (4.45).

5.1 General structure of the simplest special scalar multiplet

equations with a superfield source

Superfield equation (5.2) encodes the dynamical equations for the physical fields of the
scalar multiplet, φ(x) = Φ|0 and ψα(x) = −i(DαΦ)|0, as well as algebraic equations for
auxiliary fields DDΦ|0 and D̄D̄Φ̄|0. These latter include the leading component of the
real superfield equation (5.2)

DDΦ|0 + D̄D̄Φ̄|0 = J(z)|0 (5.3)

as well as the first order equation

∂a(DDΦ|0 − D̄D̄Φ̄|0) = − i

4
σ̃α̇α
a [Dα , D̄α̇]J(z)|0 . (5.4)

The set of dynamical field equations include the Dirac (actually Weyl) equation with the
source from supermembrane,

σa
αα̇∂aψ

α := −i∂αα̇DαΦ|0 =
1

4
D̄α̇J(z)|0 , (5.5)

and the Klein-Gordon equation, also with the source,

�φ(x) := �Φ|0 = − 1

16
D̄D̄J(z)|0 . (5.6)

Now, to specify supermembrane contributions to the scalar multiplet field equations we
have to calculate the derivatives of the supermembrane current.

5.2 Dynamical scalar multiplet equations with supermembrane

source contributions

5.2.1 Auxiliary field equations

The leading components J |0 of the current J in (5.3) is the sum of

JNG|0 =
1

16

√

φ

φ̄

∫

d3ξ
√
g ˆ̄θˆ̄θδ4(x− x̂) +

1

16

√

φ̄

φ

∫

d3ξ
√
g θ̂θ̂δ4(x− x̂) (5.7)

and

JWZ(Z)|0 =
1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdθ̂σ
dˆ̄θ δ4(x− x̂) +O(f 4) , (5.8)
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where O(f 4) denotes the terms of the fourth order in fermions (in this case, these are

worldvolume fermionic fields θ̂, ˆ̄θ and their worldvolume derivatives, ∂mθ̂ := ∂θ̂/∂ξm and
c.c.); the explicit form of these one can find in the Appendix B (Eq. (B.8)).

Substituting the above expressions into Eq. (5.3), one finds that the real part of the
auxiliary fields of the chiral multiplet has quite a complex form in terms of supermembrane
variables

DDΦ|0 + D̄D̄Φ̄|0 =
1

16

√

φ

φ̄

∫

d3ξ
√
g ˆ̄θˆ̄θδ4(x− x̂) +

1

16

√

φ̄

φ

∫

d3ξ
√
g θ̂θ̂δ4(x− x̂) +

+
1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdθ̂σ
dˆ̄θ δ4(x− x̂) +O(f 4) , (5.9)

where O(f 4) are the same as in Eq. (5.8) (and thus can be read off Eq. (B.8)).
The second auxiliary field equation, Eq. (5.4), reads

∂a(DDΦ|0 − D̄D̄Φ̄|0) = − i

8 · 4!

∫

W 3

Êd ∧ Êc ∧ Êbǫabcdδ
4(x− x̂) +O(f 2) , (5.10)

where the terms of higher order in fermions, O(f 2) can be found in Eqs. (B.16) and (B.17)
of Appendix B (multiplying the expressions presented there by − i

4
σ̃α̇α
a ). On the first look

it might seem that Eq. (5.10) imposes additional restrictions on the supermembrane
motion. Such possible restrictions might come from the selfconsistency condition of Eq.
(5.10); at zero order in fermions that reads 4

∂[aǫb]c1c2c3

∫

W 3

dx̂c3 ∧ dx̂c2 ∧ dx̂c1δ4(x− x̂) = 0 . (5.11)

However, one can check that this equation is satisfied identically. Indeed, using the iden-
tity ǫc1c2c3[a∂b] ≡ −3

2
ǫab[c1c2∂c3] one can write the l.h.s. of Eq. (5.11) in the form of

−3
2
ǫabc1c2

∫

W 3

dx̂c2 ∧ dx̂c1 ∧ dδ4(x − x̂) = −3
2
ǫabc1c2

∫

W 3

d (dx̂c2 ∧ dx̂c1 δ4(x− x̂)) which van-

ishes as an integral of total derivative in the case of closed supermembrane which we are
studying in this paper (∂W 3 = 0/ ⇒

∫

W 3 d(...) = 0) .
As we have discussed in Sec. 4.1, the on-shell transformations are obtained from the

off-shell ones, δψα = 2(σaε̄)α∂aφ + i
2
εβDDΦ|0 for the case of fermions, by substituting

the solution of the equations for the auxiliary fields. This implies that the on-shell super-
symmetry transformation of fermions will be quite complicated due to the complicated
structure of the auxiliary field equations (5.9) and (5.4). As the on-shell fermionic super-
symmetry transformations can be used to extract BPS conditions for the supersymmetric
solutions, their further study in our simple system might lead to useful suggestions for
the investigation of the backreaction of D=10,11 super-p-branes on the BPS solutions of
supergravity equations.

5.2.2 Dynamical field equations

Fortunately, the dynamical equations for the physical fields of the special scalar multiplet
following form the simplest interacting action Eq. (5.1) do not obtain contributions from

4
∫

W 3

Êd ∧ Êc ∧ Êbǫabcdδ
4(x− x̂) =

∫

W 3

dx̂d ∧ dx̂c ∧ dx̂bǫabcdδ
4(x − x̂) + fermionic contributions.
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the auxiliary fields of the scalar multiplet, which on the mass shell are expressed by quite
complicated Eqs. (5.9) and (5.4).

Specifying the current contributions to (5.5) and (5.6), we find the massless Dirac
equation with the supermembrane contributions,

σa
αα̇∂aψ

α =
1

32

√

φ

φ̄

∫

d3ξ
√
g ˆ̄θα̇δ

4(x− x̂)−

− 1

8 · 4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂σ
d)α̇ δ

4(x− x̂) +O(f 3) , (5.12)

and the Klein-Gordon equation, also with the source from supermembrane,

�φ(x) =
1

64

√

φ

φ̄

∫

d3ξ
√
gδ4(x− x̂)−

− 1

64

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcθ̂ δ4(x− x̂)− i

64

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂)
2∂dδ4(x− x̂) +

+
i

64

∫

d3ξ
√
g(θ̂σaˆ̄θ)

√

φ̂

ˆ̄φ
∂aδ

4(x− x̂) +O(f 4) . (5.13)

The explicit form of the terms of higher order in fermions, O(f 4) in (5.13) and O(f 3) in
(5.12), can be extracted from the Eqs. (B.6) and (B.14) in Appendix B.

5.3 Simplest solution of the dynamical equations at leading or-

der in supermembrane tension

The above equations can be formally solved by

ψα = ψα
0 +

1

32

∫

d3ξ
√
g

√

φ̂

ˆ̄φ
(ˆ̄θσ̃a)α∂aG0(x− x̂) +

+
1

8 · 4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂σ
dσ̃a)α∂aG0(x− x̂) +O(f 3) , (5.14)

φ(x) = φ0(x) +
1

64

∫

d3ξ
√
g

√

φ̂

ˆ̄φ

(

G0(x− x̂) + i(θ̂σaˆ̄θ)∂aG0(x− x̂)
)

−

− 1

64

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcθ̂G0(x− x̂)− i

64

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂)
2∂dG0(x− x̂) +

+O(f 4) , (5.15)

where ψα
0 and φ0(x) are solutions of the free equations and G0(x− x̂) is the Green function

of the free D = 4 Klein-Gordon operator � := ∂a∂
a,

�φ0(x) = 0 , σa
αα̇∂aψ

α
0 = 0 �G0(x− x̂) = δ4(x− x̂) . (5.16)

Eqs. (5.14) and (5.15) give only formal solutions as far as the pull–back of the phase of

the complex scalar superfield enters their r.h.s. through

√

φ̂
ˆ̄φ
multipliers in the integrants.
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Assuming the solution of the homogeneous equation to be real, φ0(x) = (φ0(x))
∗

one can solve Eqs. (5.12) and (5.13) in the first order in the supermembrane tension
T (this is set to unity in our equations above and below, but can be easily restored by
∫

d3ξ
√
g 7→ T

∫

d3ξ
√
g and

∫

W 3

7→ T
∫

W 3

). This reads (setting back T = 1)

ψα = ψα
0 +

1

32

∫

d3ξ
√
g (ˆ̄θσ̃a)α∂aG0(x− x̂) +

+
1

8 · 4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂σ
dσ̃a)α∂aG0(x− x̂) +O(f 3) , (5.17)

φ(x) = φ0(x) +
1

64

∫

d3ξ
√
g
(

G0(x− x̂) + i(θ̂σaˆ̄θ)∂aG0(x− x̂)
)

+

− 1

64

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcθ̂G0(x− x̂)− i

64

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂)
2∂dG0(x− x̂) +

+O(f 4) , φ0(x) = (φ0(x))
∗ . (5.18)

The contribution of higher order in string tension would include the product of distribu-
tions (of the type G0(x− x̂(ξ1)) δ4(x− x̂(ξ2)) and their accounting requires a careful study
of a classical counterpart of the renormalization procedure, similar to the one developed
for the radiation reaction problem [23] and for general relativity [24]. The generalization
of such a technique for the case of p-brane has been developed in very recent [25].

6 Conclusion and discussion

In this manuscript we studied the interaction of the four dimensional supermembrane with
dynamical scalar multiplet. We have derived the complete set of the superfield equations of
motion for this interacting system in the case when scalar multiplet is described by chiral
superfield of special form, namely expressed through the real pre-potential superfield.
Such a special scalar multiplet has a simple dual description in terms of 3-form potential.

Although the interacting systems of dynamical D=4 N = 1 supergravity and super-
string have been studied some years ago [7], the superfield equations of motion for the
dynamical system including supermembrane have not been known before. Furthermore,
this paper seems to be the first study of superfield equations for interacting system in-
volving matter (not supergravity) superfields and a supersymmetric extended object.

Furthermore, although the supermembrane in flat superspace and in the background
of N = 1, D = 4 supergravity is well known [2, 3], to our best knowledge, the action of
supermembrane in a chiral superfield background, Eq. (3.13), was not written before.

The characteristic coupling of the scalar field to the membrane which appears in the
bosonic limit of the action (3.13) is similar to the coupling presented in [15], but not
identical to this. The difference is that the counterpart of our arbitrary holomorphic
function K(φ) of complex field φ (∂φ̄K := ∂K/∂φ̄ = 0) is replaced in [15] by certain
covariantly chiral function L which is the product of holomorphic function, superpotential
W (φ), and of the exponent of the Kähler potential K(φ, φ̄) (Dφ̄L = 0 with suitable
covariant derivative Dφ̄ = ∂φ̄+ ...) . In contrast, we do not find any relation of K(φ) with
superpotential W (Φ) and Kähler potential K of the most general scalar multiplet action.

This may be related to that we are studying the supermembrane in flat superspace
with only the scalar supermultiplet background, requiring only the global supersymmetry
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and the κ–symmetry of the action, while the superfield counterpart of the membrane
action of [15] should appear as a part of the interacting superfield action including the
superfield supergravity, scalar supermultiplets and supermembrane. The construction of
such an action and deriving superfield equations from it will be the subject of our future
study.

A complete but gauge fixed version of such an action, obtained on the line of [8]-[9],
should then include the pure bosonic membrane coupled to spacetime fields of the super-
gravity and matter multiplets, possesses invariance under the local supersymmetry 1/2 of
which should be broken on the membrane worldvolume by the condition identifying the
pull–back of the local supersymmetry parameter with the κ–symmetry. Just such a (hypo-
thetical) gauge fixed action would produce the equations of [15] invariant under the local
supersymmetry restricted by a κ–symmetry–like projection condition on the membrane
worldvolume. Such a relation of the supersymmetry with κ–symmetry, characteristic for
[15] but absent in our dynamical system, might be the reason of that the counterpart of
K(φ) is expressed through the superpotential and Kähler potential in [15] while remains
arbitrary holomorphic function in our case.

In Sec. 5 we have specified our bulk superfield equations for the simplest case when the
bulk part of the action is given by the free kinetic term (with Kähler potential K = ΦΦ̄ and
vanishing superpotential, W (Φ) = 0), extracted from these the equations for spacetime,
component fields and presented a solution of the dynamical equations for physical fields
in the leading order on supermembrane tension. A search for solution of the superfield
equations with a nontrivial superpotential is an interesting direction for future study.
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Appendix A: Notation, conventions and some useful

formulae

We use mostly minus Minkowski metric ηab = diag(1,−1,−1,−1) and complex Weyl
spinor notation. D = 4 vector and spinor indices are denoted by symbols from the
beginning of Latin and Greek alphabets, a, b, c = 0, 1, 2, 3, α, β, γ = 1, 2, α̇, β̇, γ̇ = 1, 2.
In particular, the coordinates of the target D = 4, N = 1 superspace Σ(4|4) are denoted,
respectively, by xa and θα, θ̄α̇ = (θα)∗. The star ∗ denotes complex conjugation of bosonic
variables and involution on Grassmann algebra (see [18] and refs. therein); in practical

terms this implies that (θαθ̂β)∗ = ˆ̄θβ̇ θ̄α̇ = −θ̄α̇ˆ̄θβ̇. Then, to keep the plus sign in (θ2)∗ = θ̄2

with (θ)2 := θαθα, we have to define θ̄2 := θ̄α̇θ̄
α̇. The consistency of the Grassmann

algebra involution that (∂α)
∗ ≡

(

∂
∂θα

)∗
= −∂α̇ ≡ − ∂

∂θ̄α̇
. Then, the covariant spinor

derivative defined in (2.6) are related by (Dα)
∗ = −D̄α̇. Then D̄D̄ := D̄α̇D̄

α̇ = (DD)∗

where DD := DαDα.
The contraction the spinorial indices are raised and lowered by the unit antisymmetric

tensors ǫαβ = −ǫβα = iσ2 ≡
(

0 1
−1 0

)

, ǫα̇β̇ = −ǫβ̇α̇ and their inverse ǫαβ = −ǫβα,
ǫα̇β̇ = −ǫβ̇α̇. This implies θα = ǫαβθ

β, θα = ǫαβθβ , etc. However, to get ∂αθβ = δβ
α

simultaneously with ∂αθ
β = δα

β we have to assume that for the derivatives over the
fermionic variables ∂α = −ǫαβ∂β so that, when we rise the spinorial index of the covariant
fermionic derivative (2.6), we arrive at Dα := ǫαβDβ = −∂α − i(θ̄σ̃a)α∂a.

The list of properties of relativistic Pauli matrices σa
βα̇ = ǫβαǫα̇β̇σ̃

aβ̇α include

σaσ̃b = ηab + i
2
ǫabcdσcσ̃d , σ̃aσb = ηab − i

2
ǫabcdσ̃cσd , (A.1)

σab := 1
2
(σaσ̃b − σbσ̃a) = i

2
ǫabcdσcd , (A.2)

σ̃ab := 1
2
(σ̃aσb − σ̃bσa) = − i

2
ǫabcdσ̃cd , (A.3)

σabc = −iǫabcdσd . (A.4)

The 3-dimensional worldvolume vector indices are denoted by symbols from the middle
of Latin alphabet. In particular, the local coordinates of the supermembrane worldvolume
W 3 are denoted by ξm with m = 0, 1, 2. The worldvolume Hodge star operation is defined
as in (3.6),

∗ Êa :=
1

2
dξm ∧ dξn√gǫmnkg

klÊa
l . (A.5)

In our conventions dξm ∧ dξn ∧ dξk = −ǫmnkd3ξ ≡ ǫknmd3ξ so that

∗ Êa ∧ Êa = −3d3ξ
√
g , ∗Êa ∧ δÊa = −d3ξ√gÊmag

mnδÊa
n (A.6)

and

δ(∗Êa ∧ Êa) = 3 ∗ Êa ∧ δÊa . (A.7)

The superspace generalization of Dirac delta function reads

δ8(z) :=
1

16
(θ)2(θ̄)2δ4(x)

and obeys
∫

d8zδ8(z − ẑ)f(z) = f(ẑ) ,

∫

d8zδ8(z) =

∫

d4xD̄D̄DDδ8(z) = 1
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Appendix B: Components of the supermembrane cur-

rent superfield J(z) = JNG(z) + JWZ(z)

The leading component of the Nambu-Goto current (4.44) reads

JNG|0 = +
1

16

√

φ

φ̄

∫

d3ξ
√
g ˆ̄θˆ̄θδ4(x− x̂) +

1

16

√

φ̄

φ

∫

d3ξ
√
g θ̂θ̂δ4(x− x̂) (B.1)

The general expression for the fermionic derivative of the Nambu-Goro current super-
field is

D̄α̇J
NG = −1

4

∫

d3ξ
√
g

√

Φ̂

ˆ̄Φ
D̄α̇DDδ

8(Z − Ẑ) . (B.2)

so that

D̄α̇J
NG|0 = 1

8

√

φ
φ̄

∫

d3ξ
√
g ˆ̄θα̇δ

4(x− x̂)− i
16

∫

d3ξ
√
g

√

φ̂
ˆ̄φ
(σaθ̂)α̇(

ˆ̄θ)2 ∂aδ
4(x− x̂) . (B.3)

Furthermore, as

D̄D̄JNG = −1

4

∫

d3ξ
√
g

√

Φ̂

ˆ̄Φ
D̄D̄DDδ8(Z − Ẑ) (B.4)

we find that

D̄D̄JNG|0 =

=

∫

d3ξ
√
g

√

φ̂

ˆ̄φ

(

−1

4
δ4(x− x̂)− i

4
(θ̂σaˆ̄θ)∂aδ

4(x− x̂) +
1

16
(θ̂)2(ˆ̄θ)2�δ4(x− x̂)

)

=

= −1

4

√

φ

φ̄

∫

d3ξ
√
gδ4(x− x̂)−

− i

4

√

φ

φ̄

∫

d3ξ
√
g(θ̂σaˆ̄θ)

(

∂aδ
4(x− x̂) +

(

∂aφ

2φ
− ∂aφ̄

2φ̄

)

δ4(x− x̂)

)

+O(f 4) . (B.5)

One can also write Eq. (B.5) in the equivalent but more compact form of

D̄D̄JNG|0 = −1

4

√

φ

φ̄

∫

d3ξ
√
g δ4(x− x̂) +O(f 2)[D̄D̄JNG] +O(f 4)[D̄D̄JNG] , (B.6)

where

O(f 2)[D̄D̄JNG] = − i
4

√

φ
φ̄

∫

d3ξ
√
g(θ̂σaˆ̄θ)

(

∂aδ
4(x− x̂) +

(

∂aφ
2φ

− ∂aφ̄
2φ̄

)

δ4(x− x̂)
)

. (B.7)

The leading term of the Wess–Zumino (WZ) contribution to the supermembrane cur-
rent reads

JWZ(x) := JWZ(Z)|0 =
1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdθ̂σ
dˆ̄θ δ4(x− x̂)−

21



− 1

16

∫

W 3

Êc ∧ Êb ∧ dθ̂ασbcαβ θ̂β
ˆ̄θˆ̄θ δ4(x− x̂)−

− 1

16

∫

W 3

Êc ∧ Êb ∧ dˆ̄θα̇σ̃bcβ̇ α̇ˆ̄θβ̇ θ̂θ̂ δ4(x− x̂) +

+
i

8

∫

W 3

Êc ∧ dθ̂α ∧ dˆ̄θα̇σcαα̇θ̂θ̂ ˆ̄θˆ̄θ δ4(x− x̂) =

=
1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdθ̂σ
dˆ̄θ δ4(x− x̂) +O(f 4) . (B.8)

Its closest fermionic partners read

DαJ
WZ|0 = − 1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(σ
dˆ̄θ)α δ

4(x− x̂) +

+
1

16

∫

W 3

Êc ∧ Êb ∧
(

2(dˆ̄θσ̃bc
ˆ̄θ) θ̂α + dθ̂βσbcβα(θ̂)

2
)

δ4(x− x̂) +

+
i

96

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(σ
deθ̂)α(

ˆ̄θ)2∂eδ
4(x− x̂) +

+
i

32

∫

W 3

Êc ∧ Êb ∧ dˆ̄θα̇(σaσ̃bc)αα̇(θ̂)
2(ˆ̄θ)2∂aδ

4(x− x̂)−

− i

4

∫

W 3

Êc ∧ dθ̂β ∧ dˆ̄θβ̇ σcββ̇ θ̂α (ˆ̄θ)2 δ4(x− x̂) =

= − 1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(σ
dˆ̄θ)α δ

4(x− x̂) +O(f 3) . (B.9)

D̄α̇J
WZ|0 =

1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂σ
d)α̇ δ

4(x− x̂)−

− 1

16

∫

W 3

Êc ∧ Êb ∧
(

2(dθ̂σbcθ̂)
ˆ̄θα̇ + (dˆ̄θσ̃bc)α̇(θ̂)

2
)

δ4(x− x̂)−

− i

96

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(
ˆ̄θσ̃de)α̇(θ̂)

2∂eδ
4(x− x̂)−

− i

32

∫

W 3

Êc ∧ Êb ∧ (dθ̂σbcσ
a)α̇(θ̂)

2(ˆ̄θ)2∂aδ
4(x− x̂) +

+
i

4

∫

W 3

Êc ∧ dθ̂β ∧ dˆ̄θβ̇ σcββ̇ ˆ̄θα̇ (θ̂)2 δ4(x− x̂) =

=
1

48

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂σ
d)α̇ δ

4(x− x̂) +O(f 3) . (B.10)

Then, as far as

DDJWZ(Z) = 2i

∫

W 3

Êc ∧ Êα ∧ Êα̇σcαα̇DDδ
8(Z − Ẑ) +

−1

2

∫

W 3

Êc ∧ Êb ∧ ˆ̄Eα̇σ̃bc
β̇
α̇

(

D̄β̇DD + 4iσa
ββ̇
∂aD

β
)

δ8(Z − Ẑ) +

+
i

6

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd∂
dDDδ8(Z − Ẑ) , (B.11)

D̄D̄JWZ(Z) = 2i

∫

W 3

Êc ∧ Êα ∧ Êα̇σcαα̇D̄D̄δ
8(Z − Ẑ) +
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+
1

2

∫

W 3

Êc ∧ Êb ∧ Êασbcα
β
(

DβD̄D̄ − 4iσa
ββ̇
∂aD̄

β̇
)

δ8(Z − Ẑ)−

− i

6

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd∂
dD̄D̄δ8(Z − Ẑ) , (B.12)

one finds that

DDJWZ|0 =
1

4

∫

W 3

Êc ∧ Êb ∧ dˆ̄θσ̃bcˆ̄θδ4(x− x̂)− i

4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(
ˆ̄θ)2∂dδ4(x− x̂)−

− i

2

∫

W 3

Êc ∧ dθ̂α ∧ dˆ̄θα̇σcαα̇(ˆ̄θ)2δ4(x− x̂) +

+
i

8

∫

W 3

Êc ∧ Êb ∧ dˆ̄θα̇(θ̂σaσ̃bc)α̇ (
ˆ̄θ)2∂aδ

4(x− x̂) =

=
1

4

∫

W 3

Êc ∧ Êb ∧ dˆ̄θσ̃bcˆ̄θδ4(x− x̂)−

− i

4

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(
ˆ̄θ)2∂dδ4(x− x̂) +O(f 4) . (B.13)

D̄D̄JWZ|0 =
1

4

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcθ̂δ4(x− x̂) +
i

4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂)
2∂dδ4(x− x̂)−

− i

2

∫

W 3

Êc ∧ dθ̂α ∧ dˆ̄θα̇σcαα̇(θ̂)2δ4(x− x̂)−

− i

8

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcσaˆ̄θ (θ̂)2∂aδ
4(x− x̂) =

=
1

4

∫

W 3

Êc ∧ Êb ∧ dθ̂σbcθ̂δ4(x− x̂) +

+
i

4

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd(θ̂)
2∂dδ4(x− x̂) +O(f 4) . (B.14)

To analyze the structure of the auxiliary field equation one needs also to know

[Dα , D̄β̇]J
WZ|0 = − 1

4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcdσ
d
αβ̇
δ4(x− x̂) +O(f 2) , (B.15)

where

O(f 2) =
i

4!

∫

W 3

Êc ∧ Êb ∧ Êaǫabcd

(

(σdeθ̂)α
ˆ̄θβ̇ + θ̂α(

ˆ̄θσ̃de)β̇

)

∂eδ
4(x− x̂) +

+
1

4

∫

W 3

Êc ∧ Êb ∧
(

(σbcdθ̂)α
ˆ̄θβ̇ − (dˆ̄θσ̃bc)β̇ θ̂α

)

δ4(x− x̂) +O(f 4) , (B.16)

O(f 4) =
1

2 · 4!

∫

W 3

Êc ∧ Êb ∧ Êa(θ̂)2(ˆ̄θ)2ǫabcd

(

σd
αβ̇
�δ4(x− x̂)− σe

αβ̇
∂e∂

dδ4(x− x̂)
)

+
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+
i

8

∫

W 3

Êc ∧ Êb ∧ (dθ̂σbcσ
a)β̇ θ̂α (

ˆ̄θ)2∂aδ
4(x− x̂) +

+
i

8

∫

W 3

Êc ∧ Êb ∧ (dˆ̄θσ̃bcσ̃
a)α

ˆ̄θβ̇ (θ̂)
2∂aδ

4(x− x̂)−

−i
∫

W 3

Êc ∧ dθ̂γ ∧ dˆ̄θγ̇σcγγ̇ θ̂αˆ̄θβ̇δ4(x− x̂) . (B.17)
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