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Abstract

We present time dependent solutions in the higher-dimensional gravity which are related to
supergravity in the particular cases. Here we consider p-branes with a cosmological constant and
the intersections of two and more branes. The dynamical description of p-branes can be naturally
obtained as the extension of static solutions. In the presence of a cosmological constant, we find
accelerating solutions if the dilaton is not dynamical. In the case of intersecting branes, the field
equations normally indicate that time dependent solutions in supergravity can be found if only
one harmonic function in the metric depends on time. However, if the special relation between
dilaton couplings to antisymmetric tensor field strengths is satisfied, one can find a new class of
solutions where all harmonic functions depend on time. We then apply our new solutions to study

cosmology, with and without performing compactifications.
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I. INTRODUCTION

The dynamical brane systems in supergravity (and more general intersecting brane sys-
tems) have attracted growing interests in recent years since they can be used to construct the
cosmological model under the compactifications in string theory. The simplest dynamical so-
lution to Einstein equations in supergravity is a p-brane in an asymptotically time dependent
background, obtained in a system composed of gravity, a scalar field and an anti-symmetric
form field strength. In such a solution, a naked singularity is formed at the places where
the warp factor vanishes. Such a solution can be naturally constructed as an extension of a
static p-brane solution. This construction has a natural interpretation in terms of D-branes
and has served as an important example in string theory. In the absence of the time depen-
dence, a brane system is supersymmetric. Solutions can also be constructed by lifting the
Maki-Shiraishi solutions [1] to higher dimensions. These models have interesting effects that
can spoil asymptotic flatness and supersymmetry even if they hold in static solutions; much
attention has been paid on determining conditions to obtain a supersymmetric solution (for
example, see |2, ]) A close cousin of the above solution is a p-brane with a cosmological
constant. For a single 2-form field strength, this is an asymptotically Milne universe. The
examples relevant for us are the multi-centered Kastor-Traschen solutions [4]. Some of these
developments have been motivated by de Sitter compactifications in the four-dimensional
effective theory. Borrowing these results, we acquire a few novel insights about the physics.

In a p-brane model the dynamics can be characterized by the warp factor which is given
in terms of the linear combination of the linear functions of time and the harmonic function
in the space transverse to the brane. This function contains information about the dynamics
of the underlying model, but this has not been fully exploited yet. See | for an example
of determination of such a function. Since a warp factor arises from a field strength, the
dynamics of a system composed of n branes can be characterized by n warp factors arising
from n field strengths E] In such a system, some of branes can naturally intersect.
However, for M-branes and D-branes, among these warp factors only one function can depend
on time. These harmonic functions of D-brane model are related to the string coupling

constant in string theory. They have been studied from many points of view; for recent
discussion, see ﬂj,

1.

The purpose of the present paper is to make this result more transparent and to generalize



it. We will consider solutions with more general couplings of dilaton to the field strengths. In
the classical solution of a p-brane in a D-dimensional theory, the coupling to dilaton for field
strength includes the parameter N. Though there are classical solutions for particular values
of N, the solutions of N # 4 models are no longer related to D-branes and M-branes. The
dynamical solutions for N = 4 were also developed independentl irﬂ&, H, Q], the property
of cosmological evolution had in essence been introduced earlier E, |. For any number of
dimension, we will show that the time dependent solutions can be obtained for N # 4 by
extending the ansatz. The case of N # 4 gives new intersecting brane solutions that all warp
factors arising from field strengths can depend on time if the number N has the appropriate
values. There are also the dynamical intersecting solutions that one has N = 4, the others
have N # 4. As a simple example, we will study the dynamical intersecting solution in
a class of the six-dimensional Romans supergravity [20, Eih with a vanishing cosmological
constant. We will also see that the effect of a cosmological constant often changes the picture
radically, in particular triggering the accelerating expansion of the universe. This can only
happen when the scalar field vanishes, since a non-zero scalar field is an obstruction to
accelerating expansion. Our results will also be interesting for cosmological applications of
string theories.

The dynamical solutions in the six-dimensional Nishino-Salam-Sezgin (NSS) supergravity

| have been investigated in |, including applications to brane world models. A
particular construction of dynamical solutions was discussed recently in this context and
then applied to brane world models in ] or 1-barne collision @] In the present paper,
the dynamical O-brane solution in the NSS model will be derived as a special case and used
to study the possibility of brane collisions, which in the special case of p-branes has been
originally discussed in [33].

If one drops the requirement of N = 4 in the coupling to dilaton for field strengths,
the solutions obtained in an Einstein-Maxwell model are a special case of a larger class
of dynamical solutions that lead to de Sitter spacetime. In section [I, we describe this
larger class and apply it to construct brane world models in the five-dimensional theory. In
section [T, we characterize the intersecting brane system that arises two kinds of form fields
without the condition of N = 4. In section [V], we perform explicit calculations illustrating
how the dynamical solutions of n kinds of intersecting brane system arise from the condition

of N # 4. These examples are inspired by and generalize an example considered in section



2 of ﬂa] as well as the detailed analysis of cosmological models in B] Section [V]is devoted

to concluding remarks.

II. DYNAMICAL SOLUTIONS WITH A COSMOLOGICAL CONSTANT
A. Theory

We will start from the D-dimensional theory, for which the action in the Einstein frame
contains the metric gy, the dilaton ¢, the cosmological constant A, and the antisymmetric
tensor field of rank (p + 2), F(,42)
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where « is constant, 2 is the D-dimensional gravitational constant, * is the Hodge operator
in the D-dimensional spacetime, F{, ) is the (p+2)-form field strength, and ¢, € are constants
given by
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+ if p — brane is electric
€ = b (2Db)
— if p — brane is magnetic.

Here N is a constant. The field strength F{,) is given by the (p 4 1)-form gauge potential

A
Flpy2) = dAp+1).- (3)

In this section, we focus on dimensions of D > 2. In D = 10 and D = 11, the cases of
A =0 and N = 4 of the theory () correspond to supergravities. The bosonic part of the
action of D = 11 supergravity includes only 4-form (p = 2) without the dilaton, since ¢ = 0
automatically. For D = 10 and N = 4, the constant c is precisely the dilaton coupling for the
Ramond-Ramond (p+2)-form in the type II su@rgravities. The dynamical solutions for the

case of N = 4 have been already discussed in [32]. The bosonic part of the six-dimensional

NSS model ] is given by the expression ([II) with A > 0. In this section, we will discuss
the dynamical solution for N # 4.
After varying the action with respect to the metric, the dilaton, and the (p + 1)-form



gauge field, we obtain the field equations
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d [eecgb * F(p+2)] =0 (4(3)

To solve the field equations, we assume that the D-dimensional metric takes the form
ds® = h*(z, 2)qu, (X)da"dz” + h*(z, 2)ua(Z)dz"d2", (5)

where ¢, (X) is a (p+ 1)-dimensional metric which depends only on the (p + 1)-dimensional
coordinates z*, and wuq(Z) is the (D — p — 1)-dimensional metric which depends only on
the (D — p — 1)-dimensional coordinates z*. Here, X space represents the world volume
directions, while Z space does the space transverse to the p-brane. The parameters a and b

are given by

L AMD-p=3) A+

—_— 6

N(D-2) "’ N(D - 2) (6)

The form of the metric ({) is a straightforward generalization of the case of a static p-brane
system with a dilaton coupling |5, Q] Furthermore, we assume that the scalar field ¢ and

the gauge field strength F{,2) are given by

e? = p2ee/N (7a)

Py = (k™) AR(X), ()

where (X) denotes the volume (p + 1)-form,
QX) = /—qd2® ANdxt A -+ A da. (8)

q is the determinant of the metric g, .

B. Asymptotically Milne solution

Firstly, we consider the Einstein Eqs. (@al) with ¢ # 0. We assume that the parameter «

is given by oD 3)
— p —

= |—-N
o + D_2

()" (9)



Using the assumptions (B) and (), the Einstein equations are given by
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where D,, is the covariant derivative with respect to the metric g,,, Ax and Ay are the
Laplace operators on X and Z, respectively. Similarly, R,,(X) and R, (Z) are the Ricci
tensors associated with the metrics ¢, and wug, respectively. From Eq. (I0L), we see that

the function h must be in the form
h(z, z) = ho(x) + hy(2). (11)
With this form of h, the other components of the Einstein Eqs. (I0al) and (I0d) are rewritten

as
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4
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2Auabh_2+4/N = 0. (12b)

Under the assumption (7)), the Bianchi identity is automatically satisfied. The equation
of motion for the gauge field (4d) becomes

d (Oyhy %7 dz") =0, (13)
where we have used (II), and €2(Z) is defined by
QZ) = Vudz* A+ NdZPTPL (14)
Hence, the gauge field equation gives



Let us next consider the scalar field equation. Substituting Eqs. (7) and (1) into Eq. (4hl),

we obtain
2 4
Nech‘*/N—b {h‘lAXho — (1 — N) h=2¢" 0yho0ysho + B~ ' Aghy | — 2ah™27"A = 0. (16)

Because of Eq. ([I3]), we are left with

1 4\ .
Axho = O, N <1 — N) qp 0ph000h0 + (EC) 1OéA =0. (17)

Let us go back to the Einstein Eqgs. (I2). If F(,42) = 0, the function h; becomes trivial.
On the other hand, for F, 4y # 0, the first term in Eq. (I2a) depends on only 2 whereas
the rest on both z and y. Thus Egs. (I2) together with (I5) and (IT7) give

R, (X)=0, D,D,hy=0, (18a)
2 4 a 4 po 2
N 1— N 0Mh00,,h0 + 5 1-— N quvq (9ph0(90—h0 — mAqMV = O, (18b)
b 4 2
R (Z) + 3 (1 - N) B2 YN 44q”° 0,100y ho — o 2Auabh_2+4/N = 0. (18c)
The Eqgs. (I7) and ([I8L) give N = 2. Then, the Eqs. (I8D) and (I8d) are written by
4
(9uh0(9,,h0 = —m/\qwj, (19&)
4p
7)) — ——Augy, = 1
Rab( ) 02(D — 2) Ugh O, ( 9b)

respectively. If one solves these Eqs. (I8) with Eq. (IT]), the solution of the present system
is given by Eqs. (@) and (@) with ().

For a nonvanishing cosmological constant, Eq. ([I8d) implies that the (D — p — 1)-
dimensional space Z is an Einstein manifold. The (D — p — 1)-dimensional flat space is
allowed only for p = 0. Eq. ([9a)) implies that the (p + 1)-dimensional metric g, (X) is
expressed as a product of two vectors. Hence, for p # 0, the determinant of the metric

¢ (X) becomes zero, which is not permissible. In the following, we will discuss the solution

of p =0 case. We find that Eqs. (I5), (I8) and (I9L) reduce to

h(t, Z) = ho(t) + hl (Z), h(] = At + B, Azhl = O, (20&)
Ray(2) =0, (20b)
where A is defined by A = £+v/2A and B is constant parameter. Thus, there is no solution

for A < 0. For the special case
Ugh = 6ab ) (21>
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where 6;; is the (D — 1)-dimensional Euclidean space metric, the solution for h is obtained
explicitly as

h(t,z) = At + B+ hi(2), (22)

where the harmonic function h; is found to be
Z |z_zé|D - for D#3, (23a)

= ZMZ In|z — 2z, for D=3, (23b)

Here |z — 24| = \/(21 — ) (2= ) (2P ng_l)2, and M, (( =1---L) are
mass constants of 1-branes located at z,. The behavior of the harmonic function h; is
classified into two classes depending on the dimensions D, i.e. D > 3, and D = 3.

For D = 3, the harmonic function h; diverges both at infinity and near 0-branes. In
particular, because h; — —oo, there is no regular spacetime region near branes. Hence,
such solutions are not physically relevant. the original theory is ill-defined. In the following,
we will focus on the case D > 3.

Assuming A > 0 and introducing a new time coordinate 7 by

T 1/(D-2) (D —2)
— = (At+B = 24
To ( t+ ) ’ 7o A ) ( )

we find the D-dimensional metric (62)) as

2(D-3)

) ~~p— -\ (02 2 -\ 2
1+ (—) h1] —dr? + {1 + (—) hl} (—) wapdzdz’
7o To 7o

(25)

ds® =

For hy — 0, the spacetime approaches an isotropic and homogeneous universe, whose scale
factor is proportional to 7, i.e., the D-dimensional Milne universe. This is realized in the
limit 7 — oo, which is guaranteed by a scalar field with the exponential potential. The D-
dimensional spacetime becomes inhomogeneous for hy # 0. The power exponent of the scale
factor is always larger than that in the matter or radiation dominated era. It is interesting
to note that in the case of D = 6, p = 0 with A > 0, Eq. (23] describes the cosmological
solution in the NSS model with the vanishing 3-form field strength. The late time evolution
has a scaling behavior. Note that the scaling solution in the NSS model obtained in Ref. [30]

has the similar time dependence, although in this case the 2-form field strength is magnetic.
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The D-dimensional spacetime is regular in the region of h > 0, but has curvature singu-
larities where h = 0, since ¢ diverges there. The physical spacetime exists only inside the

domain restricted by

h(t,z) = At + B + hy(z) > 0. (26)

To see the detailed dynamics of spacetime, let us illustrate the case of two 0-branes, which
are sharing the same charge M and located at z = (+L,0,---,0). Here, we focus on the
period of ¢ > 0. For the period of t < 0, the spacetime dynamics is obtained simply by
reversing evolution of the case of ¢t > 0.

In the case of A > 0, for ¢t > 0 the metric is always regular. The metric (B) implies that
the transverse dimensions expand asymptotically as 7, where 7 is the proper time of the
coordinate observer. However, it is observer-dependent. As we mentioned before, it is static
near branes, and the spacetime approaches a Milne universe in the far region (|z| — o),

which expands in all directions isotropically. Defining

=) e (D), (21)

the proper distance at z; = 0 between two branes is given by

1

L M M D2
1
_ A
4(t) /d [ t+|z1+L|D—3+|z1—L|D—3]
Y [ ALP? 1 IR
— ML2 D2 2
(ML) /_ld"[( i )”|n+1|0—3+|n—1|f>—3] @)

which is a monotonically increasing function of ¢.

Next, we discuss the case of A < 0. Initially (¢ = 0), all of the region of (D — 1)-
dimensional space is regular except at z — oco. As time evolves, the singular hypersurface
erodes the z-coordinate region. As a result, only the region near 0-branes remains regular.
When we watch this process on the (z!, z,) plane, the singular circle appears at infinity. It
eventually approaches 0-branes and finally the regular spatial region splits into two isolated
throats surrounding each 0-brane. The proper distance d between two branes, given by Eq.
([28)), is now a monotonically decreasing function of ¢. At a glance, it could realize brane
collisions. However, since a singularity appears between two branes before the distance

vanishes, a regular brane collision cannot be realized.



C. Asymptotically de Sitter solution

Next we consider the solution with a trivial dilaton which is the case of ¢ = 0 and hence
a = 0. The scalar field becomes constant because of the ansatz ([4L), and the scalar field
Eq. (I7) is automatically satisfied. In terms of ¢ = 0, Eq. (2a]) give
2(D-p-3)p+1)

N = D5 (29)
In this case, the field equations are reduced to
R, (X)=0, Ru(Z) =0, (30a)
h(z, z) = ho(x) + hi(2), (30b)
2(p+1)(D —p—3)°
D,D,hy =0, 0,ho0,ho+ Aq, =0, 30c
e (7 T (e R i) N

We will focus on the solution of p = 0, since from Eq. ([B0d) it turns out that the solution
for p # 0 is not permissible. Then Eq. (80d) gives

h() = Clt‘l'CQ, (31)

where ¢, is an integration constant and ¢; is given by

clzi(D—s)\/(D_S?D_z). (32)

Thus, there is no solution for A < 0. If the metric uq,(Z) is assumed to be Eq. (21), the

function h, is given by Eq. (23)). Now we introduce a new time coordinate 7 by
o =1Int, (33)

where we have taken ¢; > 0 for simplicity. The D-dimensional metric (B is then rewritten

as
d$2 — (1 + Cl—le—c1rhl)—2 d7'2 + (1 + Cl—le—c17h1>2/(D—3) (Clec17')2/(D—3) Uab(Z)dZade. (34)

Eq. (34) implies that the spacetime describes an isotropic and homogeneous universe if
hi = 0. In the limit when the terms with h; are negligible, which is realized in the limit
7 — oo and for ¢; > 0, we find a D-dimensional de Sitter universe. The solution (B4]) has

been discussed by [1]. Furthermore, for D = 4, the solution is found by Kastor and Traschen

i
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D. Application to the brane world

The asymptotically de Sitter solution in the case of D =5 is now applied to construct a

cosmological brane world. We start from the general metric
ds® = —d(T,€)dT? + f(T,€)d€> + a(T, €Ay, (35)

where dQ?:,)) denotes an unit 3-sphere. ¢ and T denotes the dimensionless coordinates of
the extra space and time. For a given background spacetime, applying the standard copy
and paste method, it is possible to construct a cosmological 3-brane world embedded into a
five-dimensional bulk as in the Randall-Sundrum model [35]. For simplicity, we impose the
Zy-symmetry across the brane world volume.

A cosmological brane world evolves along a trajectory specified by an affine parameter
7, (T,6) = (T'(7),&(7)). The induced metric on the brane world is then given by the closed

Friedmann-Robertson-Walker metric with the scale factor a
sty = —dm* 4+ a(T(7),£(1))*dQ (36)
where we imposed

—d(T(7), &(r)*T? + f(T(r),&(7))°¢* = 1. (37)

A dot denotes a derivative with respect to 7, which is interpreted as the cosmic proper time.
The trajectory of the brane world is through the junction conditions. Here, we focus on
the Israel conditions given by

%/{2p= —36{} af 1+ 262+ i 5}, (38a)

%ﬁﬁ = e (22¢ dg) \/Tf%? Esass +§f §(2— 2"%)5} . (38D)
where p and p represent the total energy density and pressure, obtained by varying the brane
world action. From now on, we focus on the energy density equation Eq. (B8a). Note that
e = +1 denotes the normal vector pointing the direction of increasing £ (and € = —1 vise
versa).

The derivative of the scale factor with respect to the cosmic proper time is given by

i = aefé+ary/1+ f22, (39)

11



where we defined

a a
Qe = —76, ap = i (40)
f
Replacing & with @ through Eq. [39) and squaring the energy density component of (33al),
we obtain the generalized Friedmann equation for a. In the |ar| > |ag| limit, where the
time dependence rules the spatial one, the cosmological equation reduces to
@2 1 K'Y k41
a2 36 a?

(41)

Similarly, in the |ap| < || limit, where the spacetime is approximately static, the cosmo-

logical equation reduces to

a> 1 _wk'p? g1

a?  a? 36 a?

(42)

1. Brane world supported by the tension

One possibility is to support the brane world by tension. Decomposing p = o + p, where

o and p denote the tension and matter energy density localized on the brane, respectively,

we obtain
a1 1 K2
— + =~ A+ 2p+ O0(p). 43

Here, we assumed p < 0. The four-dimensional effective cosmological constant (not exactly

constant, of course) and the gravitational constant are given by

1 3aZ+1) 5, 1,

Ao = Em402 + a2 Ri=gko, (44)
for [ap| > |ael, and
1 3(a? —1) 1
Ao = E/ﬁ‘laz — 272, Ki = 6/@40, (45)

for |ar| < |og|. Aeg is composed of the tension part and the bulk part. For |ap| > |og],
from Eq. (B8a) assuming a7 > 0, to obtain a positive gravitational constant, namely a
positive tension, we have to impose & > 0 for € = —1 and £ < 0 for € = +1. For |ar| < lae],
similarly from Eq. (B8a) assuming o > 0, to obtain a positive gravitational constant, we

have to impose € = —1.

12



2. Brane world supported by the induced gravity

The other possibility is to support the brane world induced gravity term @]
. 2 0 (@ 1
p=p+uGinayo=p—3u (?Jr?) (46)
where G ing). 18 the Einstein tensor associated with the brane world metric Eq. B6). We
will see that the parameter p plays the role of the four-dimensional Planck scale in the high

density region. We then obtain for |az| > |agl,

@2 1 2 wp? \/ pip? Ript(ag 4+ 1)

) = 1 +4/1 - ; } A7
and for |ar| < |agl,

21 2 K2 A2 Rt (ag — 1)

L) = 1 +14/1 } ’ 18

where in both cases (+) and (—) denote two independent branches. Here, in the first limit,
if £ >0, we take e = +1 for the (+)-branch and ¢ = —1 for the (—)-branch (for £ < 0
vise versa). In the second limit, we take e = +1 for the (4)-branch and ¢ = —1 for the
(-)-branch.

Let us discuss the cosmological behaviors in high and low energy density limits, respec-
tively. In both limits, we recover the ordinary cosmological equation in the high density
region, where the term linear in p dominates others

2
(G ).~ 50 (49)
where clearly the four-dimensional gravitational constant is given by p~!. Thus, in this
region, the standard Friedmann equation is recovered due to the induced gravity term. On

the other hand, in the low density region, if |ar| > |agl,

"2

(5+ 1)i: 24<1i\/1——“4“4(0‘%+1)), (50)

a’>  a? KA a?

and if |or| < Jogl,

a1 2 rApt(af — 1)
-+ =) ~ 1£14/1 —) 51
<a2 +a2>i /{4,u4< \/ - a? (51)
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CY2 ; . .

In the first limit, for ;H < n2lu2’ (g)Jr ~ szuz (ignoring the % term compared to
. 2|3

the constant part) and (%) =~ ‘QTT} In the second limit, for ! a5‘2

1 (a) A 2
e (D), ® =z
and there is no regular behavior in the (—)-branch. The (+)-branch has the expansion rate
of the self-accelerating solution of DGP. However, this branch is known to suffers a ghost

instability [37]. On the other hand, the (-)-branch does not contain any pathology.

3. Brane world in the asymptotically de Sitter spacetime

We apply our formulation to the case of the asymptotically de Sitter solution (34]) in
D = 5. Here, we have to assume that the harmonic function hy found in (23al) is given by
the contribution of a single brane with a mass M. Then, in D = 5, the asymptotically de
Sitter solution reduces to
o T o T\ —2 o T
ds® — M(l + ?)erg - 01_2(1 + 5—2) dT? + M§2(1 + f—Q)erQ@), (52)
where ¢; = \/?\ is given by Eq. (B2) (we assume ¢; > 0). The dimensionless coordinates

run —oo < T' < oo and 0 < £ < oo. Since the combination in the round bracket is always

positive, no curvature singularity appears. Comparing with ([35), d, f and a read

-T. _1 | =T =T
d::cl_1<1+e§—2) . f=M-> 1+€£2 e%, a::M%§1/1+e§—2e§, (53)

and we find

VEN(T,€) 1 T
5 Mamear T 1w dmg oY

ar = 2<1,

where ((T,&) := e2¢. We then define

1 213/2
F(O) = 22 — (@M)bu(0), w() = LE)T

Q¢ 2C2 (55)

3
Here, v(¢) takes minimum at ¢ = v/2, where v(v/2) = 22 ~ 1.299. Therefore as long as

i~
AM > ;—(;, we always obtain ar > ag. In particular, for both limits of ¢ > 1and 0 < ¢ < 1,

ar > ag, irrespective of ¢2M. Thus, the cosmological equation can be described by Eq.

D) with =& = <.
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If the brane world is supported by the tension, from (Il the effective cosmological and

gravitational constant read

1 3c? 1
Ao &~ EH4O'2 + %, K7 1= 6;@‘10. (56)
To obtain a positive gravitational constant, we impose ¢ = —1 for § > 0 and € = +1 for

€ < 0. In addition, the bulk volume is not finite in the direction of increasing &, as seen from
\/__g — ClM2§3e2T(1 + eé;T

low energy, & must have an upper bound 0 < & < &, where & is the position of the brane

). Thus, to obtain the localized graviton on the brane world at

world. Thus, we also impose & > 0. Then, the effective cosmology is the ACDM type one.
If the brane world is supported by the induced gravity, we obtain

a? 1 2 kA2 \/ K412 2 1
G P 1 +4/1 Rl 4(—1 —)} 57
(a2+a2)i /@4u4[ + 6 © - 3 PTG +a2 (57)

To ensure the regular cosmological behavior at the low energy density, here we impose

g < %;ﬂ In the high density region, as shown in Eq (49]), the four-dimensional cosmological

equation is recovered. In the low density region,

a1 2 \/ G 1
L42) ~ 1 1=wt (T4 ). 58
<a2+a2>i /<a4,u4< SRR +a2 (58)
If c; < H%z, (%)Jr A ;#L,ﬂ and (%)~ <. The latter shows that the healthy (-) branch,

as well as the (4)-branch can give accelerating solutions in the later times. The result
is similar to a higher-dimensional extension of DGP [38]. Although this property looks
fascinating, in order to explain the cosmic acceleration of today, we have to require that
the bulk cosmological constant becomes very tiny as A2 ~ 107%2GeV. Therefore, for any
reasonable choice of the five-dimensional Planck scale, as TeV scale, the huge fine-tuning for

A cannot be avoided.
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III. THE INTERSECTION OF TWO BRANES IN D-DIMENSIONAL THEORY
A. Theory

In this section, we consider a D-dimensional theory composed of the metric gy, dilaton

¢, and two anti-symmetric tensor fields of rank (p, +2) and (ps + 2):

1 1 1 1
. - - Ercr(z)
S = By / {R x 1 2d¢ A xd¢p 5 7(% n 2)!6 Fp,42) N *F(p, 49
1 1 e
e Fowsa A | (59)

where x? is the D-dimensional gravitational constant, * is the Hodge operator in the D-
dimensional spacetime, F,, 49y and F{,, 42) are (p, 4+ 2)-form, (p, + 2)-form field strengths,
respectively. And ¢, €; (I =r, s) are constants given by

2(pr +1)(D — pr — 3)
D —2 ’

& = Ny — (60a)

+ if — brane is electric
er = br (60D)
— if p; — brane is magnetic

Here N is constant. After varying the action with respect to the metric, the dilaton, and

the (p, + 1)-form and (ps + 1)-form gauge fields, we obtain the field equations,

1 1 eercr¢ AQA( +2) pT _'_ 1 2
Fan = 50M¢8N¢ * §m (pr+2) Fyiasag, 0 FN T D — QgMNF(pr+2)

1 efsos? ps+ 1

+ 2 (ps + 2)! [(ps +2) FMAZ“‘A<ps+2>FNA2 o) — D — QgMNF(2ps+2)} ’ (612)
1 e¢c 1 €4
T e _ i €sCsh _

Irdo = e Fosn M eFle) = 5T F ) A ey = 0, (61)
d [ewcm " F(pr+2)] =0, (61c)
d [e°%? % F( 19)] = 0. (61d)

To solve the field equations, we assume that the D-dimensional metric takes the form
ds® = heh%q,, (X)dz"dz” + hirh~;(Y1)dy'dy’
R RO W (Yo ) dv™dv™ + Ao WP ugy(Z)d 2 d 2", (62)

where ¢, is a (p + 1)-dimensional metric which depends only on the (p + 1)-dimensional
coordinates x*, ;; is the (ps; — p)-dimensional metric which depends only on the (ps — p)-

dimensional coordinates y°, wy,, is the (p, — p)-dimensional metric which depends only on
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the (p, —p)-dimensional coordinates v and finally ugy, is the (D+p—p, —ps—1)-dimensional
metric which depends only on the (D + p — p, — ps — 1)-dimensional coordinates z*. The
parameters a; (I =r, s) and by (I =r, s) in the metric (62]) are given by

4D —p; —3)

b — 4(pr+1)
N(D-2) "

= ND-2) (63)

ar = —

The D-dimensional metric (62]) implies that the solutions are characterized by two
functions, h, and h,, which depend on the coordinates transverse to the brane as well as
the world volume coordinate. For the configurations of two branes, the powers of harmonic
functions have to obey the intersection rule, and then split the coordinates in three parts.
One is the overall world-volume coordinates, {z}, which are common to the two branes.
The others are overall transverse coordinates, {z}, and the relative transverse coordinates,
{y} and {v}, which are transverse to only one of the two branes. The field equations of

intersecting branes allow for the following three kinds of possibilities on p,- and p,-branes

in D dimensions E, , ]

(I)Both h, and hs depend on the overall transverse coordinates: h, = h,(x,z), hy =

hs(z, 2).

(IT)Only hs depends on the overall transverse coordinates, but the other h, does on the

corresponding relative coordinates: h, = h,.(z,y), hs = hs(x, 2).

(Ill)Each of h, and hs depends on the corresponding relative coordinates: h, =

hr(x>y)> hs - hs(l',’l}).

In the following, we consider intersections where each participating brane corresponds
to an independent harmonic function in the solution and derive the dynamical intersecting

brane solution in D dimensions satisfying the above conditions.

B. Case (I)

We first consider the case (I). Under our classification, the D-dimensional metric ansatz

Eq. (62) now explicitly becomes
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ds® = ho(z, 2)h% (z, 2)qu (X)da"dz” + B (v, 2)h% (z, 2)7; (Y1) dy'dy?
+hi(x, z)hgs (2, 2) W (Yo)do™dv™ + hff (x, z)hgs (x, z)uab(Z)dz“dzb, (64)

We also assume that the scalar field ¢ and the gauge field strengths F{,, 12, Fip,+2) are given
by

e? = p2erer/Nr p2escs/Ns (65a)
2

Fprt2) = md [t (2, 2)] AQUX) AQ(Y2), (65b)
2

Flpoia) = Wd [h; 1, 2)] AQX) A Q(Y), (65¢)

where Q(X), Q(Y), and ©(Y2) denote the volume (p+ 1)-form, (ps — p)-form, (p, — p)-form

respectively
QX) = /—=qd2® Ndz" A - A da?, (66a)
QY1) = ydy' Ady* A AdyP?, (66b)
QYy) = Vwdv' Adv? A+ A doPrP (66¢)

Here, ¢, v, w are the determinant of the metric g, 7ij, Wmn, respectively. Let us first
consider the gauge field equations (GId), (G1d). Under the assumptions (65b]) and (G5d), we
find
d [RN:0,h, (%7d2%) A Q(Y1)]
d [REN Db (x7d2") A Q(Y2)] =

0, (67a)
0, (67b)

where xy,, *y, denote the Hodge operator on Yy, Yo respectively, and x is defined by

(pr+1)(ps +1) | 1

= 1- 5 Er€sCrCs.
X=p+ D9 +2<€ecc (68)
Then, the equation (67a) leads to
hX/Ns Ay b, = 0, (69a)
O h XN, hy 4 WXN9 0,1, = 0, (69b)

where Ay is the Laplace operators on the space of Z. On the other hand, it follows from

(GTh)) that
h;lx/NT Azhs — O, (70&)
O™ Buhs + WX 9, 0,0 = 0. (70b)
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For x = 0, the equation (69 gives

Azh, =0, 0,0,h, =0, (71a)
and the equation ([70) reduces to

Azhs =0, 0,0,hs = 0. (72a)

The relation x = 0 is consistent with the intersection rule B, Q, ]
Next we consider the Einstein equations (6lal). Using the assumptions (62) and (GH), the

Einstein equations are given by

4 4
R, (X) — —h'D,D,h, — —h;'D,D,hs + Niau In h, K

4
1— —
N, N,

4
1 =
N ) 0, In h, Nsﬁy In hs]

2 4 4
NT 1 hs T AT v s~ a7 Yv r
+ N38“ n {(1 Ns)a Inh Nra lnh]

1
- §qwh;4/th;4/Ns (arhy ' Azhy, + ash; ' Azhy)
4

1 } i 4
— 5 [arhr "Axhy — a,q° d,1n h, { (1 — F) OyInh, — E&, In hs}

T

_ . 4 4
+ ash; ' Axhg — asq” J,1n hy { (1 — Fs) OyInhy — FT&, In hTH =0, (73a)
h'0,0,h, = 0, (73b)
h;'0,0.hs = 0, (73c)

1 4 4
R (Y1) = 51t {brh;IAth — b,¢”9,Inh, { (1 - F) Oy nhy — 50, In hs}

T

_ . 4 4
+ ash; ' Axhs — a.q”9,n h, { (1 — F) Oy Inhy — Fra, In hH

1
— iy,jh;”‘/Ns (b-h ' Dz, + asht Azhy) =0, (73d)
I _ i 4 4
Ry (Y3) — ih;‘ﬂ“wmn [arhr "Axh, — a,q"°9,nh, { (1 - Fr) Oy Inh, — Ea, In hs}

_ , 4 4
+ bshs lﬂxhs — bsqp 8[) In h’s { (1 - Fs) 80 In hs - Frao— In hr}:|
1
- iwmnh;A‘/N" (arh; ' Dgh, + bsh ' Azhy) =0, (73e)
1
Rup(Z) — §hf/N*h§/Nsuab {brhr‘lAth — b,q"°0,1n h, { (1 — %) Oy Inh, — Jifia, In hs}

T

_ . 4 4
+ bshy * Axhg — byq™ 0, In b { (1 — F) Oy Inhy — Frag In hH
1

= Sttas (bohy Dy + bh T Sgh,) = 0, (73f)
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where we have used the intersection rule xy = 0, and D, is the covariant derivative with
respect to the metric g,,, Ax is the Laplace operators on X space, and R, (X), R;;(Y1),
Ry (Ys), and Ryp(Z) are the Ricci tensors associated with the metrics ¢, (X), (Y1),
Wmn (Yo) and wuq(Z), respectively.

We see from Eqs. (73D) and (73d) that the warp factors h, and hy must take the form

he(x,2) = ho(x) + hi(2),  hs(z,2) = ko(z) + k1(2). (74)

With this form of h, and h,, the other components of the Einstein equations (73) are

rewritten as

4

1 4 2 1
Bt DuDyhy = b DuDyk + 5Oy In by [(1 - F) 0, hy = <0, In hs]

Ry (X) = 5y A

T

2 4 1
+ Fau In h, {(1 — ﬁ) O,Inhg — 8 Inh } §q“,, (arh;lAzhl + ashs_lAZkl)

s

_ %q,uu [arh;lﬂxho - arquﬁp In A, { ( ) 0, Inh, — N 80 In hs}
4
+ agh; ' Axko — asq” 0, 1n h { < ﬁ) Oy Inhy — 0(, In hrH =0, (75a)

Ri;j (Y1) — %h;‘:/wj {brhr‘lﬁxho —b,¢" 9, Inh, { (1 — ];i) Oy Inh, — ]i]ia, In hs}

T

_ . 4 4
+ ash; "NAxko — asq” 0, 1In hy { (1 - F) Oy Inhg — Fra, In hr}}

s

1
= 5ihs N (b, b Aghy + ashy ' Dgki) =0, (75b)

4 4
Ry (Ys) — 5hﬁ/NSq,u,,m [arhglaxho —a,q¢”9,Inh, { (1 — ﬁ) Oy Inh, — Fa(, In hs}

- , 4 4
+ byhy ! Axko — byg™ 9, In b { (1 — F) Or Iy = 30y In hH
1
= S Wy YN (aphy Dghy + bght Agky) = 0, (75c¢)

4 4
Rap(Z) — §h;%/th§/N8uab [b,h;lAXhO —b,¢°0,Inh, { (1 — ﬁ) Oo by — =0 In hs}

T

_ . 4 4
+ boh Axko — byg? 9, In by { (1 - ﬁ) Oy In by — Ea, In hH
1
— §uab (brhglﬂzhl + bshs_lﬂzkl) = 0. (75d)

Finally we should consider the scalar field equation. Substituting Eqs. (63), (74)) and the
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intersection rule y = 0 into Eq. (611), we obtain

€y hd/Nr /s {hglaxho —q”09,Inh, { (1 — ]ifi) Oy Inh, — ]ifia, In hH

+ €gcgh/Nr AN [h;lAXko —q”0,1nh, { (1 — Ni) Oy Inhy — Jifiag In hH

s

+ ETCTh;1A2h1 + ESCSh;1A2k1 = 0. (76)

Thus, the warp factors h, and h, should satisfy the equations

AXhO + q”(’apho |i<1 — Ni) 80 In hr — ]ifi&, In h5:| =0, Azhl =0, (77&)

T

4
Axk‘o + qp"@pk:o |:(1 — F

s

) 80 In hs — Ni&, In hr:| = O, Azk‘l = 0. (77b)

Combining these, we find that these field equations lead to

R,(X)=0, R;(Y1)=0, Run(Ys)=0, Ru(Z)=0, (78a)

hy = ho(z) + hi(2), hs = ko(x) + k1(2), (78b)
4 4

D,Dyhg =0, (1 ) Ol = O Inhy =0, Aghi =0, (78¢)
4 4

DuDyko =0, (1= ) dudnhy = <=0,Inh, =0, Agky =0, (78d)

If F,,42) = 0 and F{, 49) = 0, the functions h; and k; become trivial, and the D-dimensional

spacetime is no longer warped |[7, [19].

1. ThecaseofN%—i-N%:%

As a special example, let us consider the case

Qu = M Yij = Oijs  Win = Omn s Uab = Oqb , NierNis = i, hy. = hg, (79)
where 7, is the (p + 1)-dimensional Minkowski metric and 6;;, 6mn, 04 are the (ps — p)-,
(pr—p)- and (D+p—p,—ps—1)-dimensional Euclidean metrics, respectively. This physically
means that both branes have the same total amount of charge. The solution for h, and h,

can be obtained explicitly as

M,
he(v,2) = A"+ B+ P - (80a)
l

hs(x,z) = h.(x,z), (80b)
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where A,, B, C, M, and M, are constant parameters, and 2z, and z. are constant vectors
representing the positions of the branes. Since the functions coincide, the locations of the
brane will also coincide.

Let us consider the intersection rule in the D-dimensional theory. For p, = p, and

N, = N, = 8, the intersection rule y = 0 leads to
p=pr—4 (81)
Then, we get the intersection involving two p,-brane
pr N pr = pr — 4. (82)

Equation (82) tells us that the numbers of intersection for p, < 4 are negative, which means
that there is no intersecting solution of these brane systems. Since p is positive or zero, the

number of the total dimension must be D > 10.

2. ThecaseofN%—kNiS;é%

If we consider the case N% + NL # i, the field equations can be satisfied only if there
is only one function h;(I = r or s) depending on both z* and z*, and other functions are
either dependent on z* or constant.

In the case of N%+Nis # 1, if 9,ko = 0, from Eq. (T7) we obtain (1_1\%) X g7 0p,hoOsho = 0
with Axhg = 0. Thus, in this case it is clear that there is no solution for hy(z) such as

Ouho # 0 unless N, = 4. Then we consider the case
Quv = Nuv s Yijg = 5ij y  Wmn = 5mn y  Ugh = 5ab7 N, = 47 (83>

where 7, is the (p + 1)-dimensional Minkowski metric and 6;;, 6mn, 04 are the (ps — p)-,
(pr —p)- and (D +p—p, —ps — 1)-dimensional Euclidean metrics, respectively. For d,hs = 0,

the solution for h, and hy can be obtained explicitly as

M,
h(x,z) = Azt + B+ ; PP r— (84a)
M.
ha(z) = C+Y_ P (84b)

where A,, B, C, M, and M, are constant parameters, and 2z, and z. are constant vectors

representing the positions of the branes. Thus in our time dependent generalization of
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intersecting brane solutions, only D-, NS-branes as well as M-branes can be time dependent
in the D = 11 and D = 10 supergravities.

Note that the conditions on the intersection y = 0 (see Eq. (68))) have now potentially
more solutions, since p can now take also the value p = —1 (thus defining an intersection on
a point in Euclidean space). There is also a single brane solution which only exists in the
Euclidean formulation is the (-1)-brane, or D-instanton for d,ky = 0. The intersections for

the (-1)-brane (D-instantons) in Ny = 4 are given by ﬂg, Q, E]]

D(—l)ﬂDpz%(p—&S), (85a)
D(~1) NF1 = 0. (85b)

We then consider the NSS model among the theories of D = 6. The couplings of the 3-
form (p, = 1) and the 2-form (p, = 0) field strengths to the dilaton are given by €,c, = —v/2,

_ 1
V2’

N, = 2. However, the number of the intersections dimensions is —1, according to the

€sCs = respectively. From Eq. (G0al), this case is realized by choosing N, = 4 and
intersection rule xy = 0. Though meaningless in ordinary space-time, these configurations
are relevant in the Euclidean space, for instance representing instantons.

Similarly, for the A/ = 49 class of the six-dimensional Romans theory @], following the
classification in Ref. [21], the coupling of the 3-form and of the 2-form field strengths to the
dilaton are given by €.c, = —v/2, e,c, = 1/4/2, respectively. The number of the intersecting
dimensions is zero from the intersection rule. On the other hand, for the N' = 49 class, the
number of the intersecting dimension becomes —1 as for the NSS model and therefore the

solution is classically meaningless.

C. Case (II)

We next consider the case (II). For this class, the D-dimensional metric ansatz (62) gives

ds® = hi(z,y)he (2, 2)qu (X)dzdz” + Al (z, y)he (z, 2)7; (Y1) dy'dy’
e (2, y) R (2, 2) Wi (Y2)dv™dv™ + WY (2, y)h2 (2, 2)ua(Z)dz"d2". (86)
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We also take the following ansatz for the scalar field ¢ and the gauge field strengths:

e? — h?ﬁrcr/Nr hgescs/Ns’ (87&)
2 _
F(Pr+2) = \/ﬁd [hr 1(3:7 y):| N Q(X) A Q(YQ)’ (87b)

2
Fpg2) = \/—W
where Q(X), (Y1), and €(Y5) are defined in (66]). Since we use the same procedure as in

d [h7 (z, 2)] AQX) A QYY), (87¢)

Sec. [IIBl we can derive the intersection rule Y = 0 from the field equations. For y = 0, it

is easy to show that the field equations reduce to

Ruw(X)=0, Ry(Y))=0, Rpn(Ys)=0, Ru(Z)=0, (88a)

hr - ho(l’) + hl(y)> hs - ]{30(1’) + kl(z)> (88b)
4 4

D,Dyho = 0, (1 ) Ol = B, =0, Ay =0, (88¢)
4 4

DuDuky =0, (1= ) 0ulnhy = -0,k =0, Agky =0, (88d)

where Ay, is the Laplace operators on the space of Yi. If F{, 49 # 0 and F{, 49y # 0, the

functions hy and k; are nontrivial. There is no dynamical solution for N% + NL = i because
we can not take both functions to be equal.
In the case of N% + Nis # %, as in the case (I), if 9,k = 0 there is no solution for hy(z)

such as d,hy # 0 unless N, = 4. Let us consider the following case in more detail:
Quv = N s Yijg = 62']' y  Wmn = 6mn ;o Ugh = 5aba NT’ - 4> (89)

where 7, is the (p + 1)-dimensional Minkowski metric and 6;;, 6mn, 04 are the (ps — p)-,
(pr—p)-, and (D +p—p, —ps —1)-dimensional Euclidean metrics, respectively. For d,hs = 0,

the solution for A, and hs can be obtained explicitly as

M,

he(z,y) = A+ B+ P (90a)
4
M,
h(z) = C+ Y o -1 (90D)

where A, B, C, y;, z., M, and M, are constant parameters. Thus in our time dependent
generalization of intersecting brane solutions, only D-; NS-branes as well as M-branes can

be time dependent in the D = 11 and D = 10 supergravities.
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D. Case (IIT)

Finally we consider the case (III). For this class, the D-dimensional metric ansatz (G2)

reduces to

ds® = hi"(z,y)he (z,0)qu (X)da'dz” + B (z, y)he (z,v)7yi; (Y1) dy'dy’
+he (2, y) R (2, V)W (Yo )dv™dv™ + B (2, y) R (z, v)ue(Z)dz"dz".  (91)

We also assume that the scalar field ¢ and the gauge field strengths are given as

e? — thrCT/N'r hiESCS/NS7 (92&)
2
Flp,42) = \/—Fhi‘/Ns d [l (2, y)] AQX) AQ(Y2), (92b)

2
Forn = 77
where Q(X), Q(Y;), and (Y3) denote the volume (p + 1)-, (ps — p)-, and (p, — p)-forms,

WA d [h (v, 0)] A QX)) AQ(YL), (92¢)

respectively.
Under the assumption, the field equations give the intersection rule y = —2 ﬂg, ] This is

different from the usual rule applicable to the cases (I) and (II). Upon using the intersection

rule x = —2, it is easy to show that the field equations reduce to
RH,,(X) = 0, RU(Yl) = O, Rmn(Yg) = O, Rab(Z) = 0, (93&)
hr = ho(l’) + hl(y)> hs = ]{30(1’) + kl(v)> (93b)
4 4
D,D,hy =0, <1 A OuInh, — E&, Inhs =0, Ay,h =0, (93c)
4 4
D,D,ky =0, 1— A 0,Inhg — ﬁr&/ Inh, =0, Ay,k =0. (93d)

where Ay, and Ay, are the Laplace operators on the spaces of Y; and Y, respectively. The
functions hy and k; are nontrivial for F{, o) # 0 and F{,,49) # 0. There is no dynamical

. 1 11
solution for ~tN =1 because of h, # hs.

1

In the case of N% + Ni 7, as in the cases (I) and (II), if J,ko = 0 there is no solution

for ho(x) such as d,hg # 0 unless N, = 4. Now we consider the case
Quv = NMuv Vi = 5ij y  Wmn = 5mn y  Ugh = 5ab7 N, = 47 (94>

where 7, is the (p + 1)-dimensional Minkowski metric and 6;;, mn, 04 are the (ps — p)-,
(pr —p)-, and (D +p—p, —ps —1)-dimensional Euclidean metrics, respectively. For d,hs = 0,
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the solution for A, and hs can be obtained explicitly as

M,
m@w):AﬂW+B+§hy_w;ﬂ4, (95a)
L
M.

where A, B, C, y;, v., M, and M, are constant parameters. Thus in our time dependent
generalization of intersecting brane solutions, only D-; NS-branes as well as M-branes can
be time dependent in D = 11 and D = 10 supergravities. There is also a single brane
solution which only exists in the Euclidean formulation is the (-1)-brane, or D-instanton.

The intersections for the RR-charged D-instantons are thus given by
1
D(=1)nDp = 5(p-9). (96)

For D = 6, we can construct the dynamical intersecting brane solutions in the NSS
and the Romans theories with a vanishing cosmological constant. However, the number of
intersections involving the 1-brane and 0-brane are p = —3 for the NSS theory and p = —2
for the NV = 49 class of the Romans theory, respectively. Therefore, both of them are

classically meaningless.

E. Cosmology

Let us consider the dynamical solutions for the p,- and p,-brane system which appears
in the D-dimensional theory. In this section, we apply the above solutions to the four-
dimensional cosmology. We assume an isotropic and homogeneous three-space in the four-
dimensional spacetime. We assume that the (p+ 1)-dimensional spacetime is the Minkowski
spacetime with g, (X) = 7,,(X), and drop the coordinate dependence on X space except for
the time.

The D-dimensional metric ([64]) can be expressed as

ds? = —hdt* + ds*(X) + ds*(Y1) + ds*(Ys) + ds*(2), (97)
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where we have defined

ds*(X) = hdpo(X)do"dee, (98a)
ds*(Y1) = hyhg (Yo dy'dy’, (98b)
ds*(Ya) = h® hbw,,, (Ys)dv™do™, (98¢)
ds*(Z) = horhlug(Z)dz"dz", (98d)

h = hirhi. (98e)

Here §pg(X) is the p-dimensional Euclidean metric, and 67 denotes the coordinate of the
p-dimensional Euclid space X.
We focus on the case h, = h, and + Ni = i and set h, = At + hy. The D-dimensional

metric (O7) can be written as

. /(ar+as+2) artas -\ 2ar+as)/(artas+2) ~
ds*> = [1+ <—) hy —dr? +( ) Spo(X)do” dov
7o 70
- —2/(af+as+2 4/Nf 2ar+as+4/N;)/(ar+as+2) o
- —2/(ar+as+2 - 4/Nr 2(ar+as+1—4/NT>/(ar+as+2>
+{1+ <_) Wi (Yo )dv™ do"™
70

T _2/(ar+as +2 2([lr+[ls +1)/(ar +as +2)
+41+ (—) hy (—) Uap(Z)d2"d2" | | (99)
To To

where we have introduced the cosmic time 7 defined by

2
— (At (ar+as+2)/2 _ )
70 () 0 (a, +as+2) A

The D-dimensional metric (@9) implies that the power of the scalar factor in the fastest

(100)

expanding case is
ar+as+1  p.+1
ar+as+2 D+p,—1
for p, = ps and N, = N, = 8. Then, it is impossible to find the cosmological model that our

<1, for D > 2, (101)

universe exhibits an accelerating expansion.

We compactify d(= dy + dy + d3 + dy) dimensions to fit our universe, where dy, ds, d3 and
d, denotes the compactified dimensions with respect to the X, Y;, Y, and Z spaces. The
metric (O7) is then described by

ds®> = ds*(M) + ds*(N), (102)
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where ds*(M) is the (D — d)-dimensional metric and ds?*(N) is the metric of compactified
dimensions.

By the conformal transformation
ds*(M) = h2ds*(M), (103)

we can rewrite the (D — d)-dimensional metric in the Einstein frame. Here B and C' are

. (ar + as)d + ds + dy + 2% o1
o D—d-2 ' (104

Hence the (D — d)-dimensional metric in the Einstein frame is

ds* (M) = hP" | —dr® + 5pip(X)dOT d69" + W™y (Y1) dy* dy”

RN (Yo Y™ d0™ + By (Z))d2" d2Y | (105)

where B’ is defined by B’ = —B + a, + a,, and X', Y{', Y’ and Z’ denote the (p — dy)-,
(ps —p—ds)-, (pr —p—ds)-, and (D +p—p, — ps — 1 — dy)-dimensional spaces, respectively.
For h, = At + hy, the metric (I0%]) is thus rewritten as

T _2/(B/+2) B T 2B//(Bl+2) ~ ’ ’
H <_ hl] [_dTQ ’ (_) Sprgr(X') 6" d6°
To To
N {1 “(Z
-
{1 +(Z
o
—2/( B’+2
{1 +(Z
-

where the cosmic time 7 is defined by

ds*(M) =

Yew (Y1')dy"™ dy'

—2/( B’+2

W/ (Y2')dvm/ dv™

_l’_
2(B’+1 /(B'+2)
_l’_

)—2/ (B'+2) }1 4/Nf 2(B'+1-4/N,)/(B'+2)

ua,b,(z’)dz“’dzb’] : (106)

T / 2
[ — At (B +2)/2 = — 107
——_—— T Br2)4 (107)
For the Einstein frame, the power of the scalar factor in the fastest expanding case is also
given by
B +1
B’+2<1’ for D>d+2, d>0. (108)

Therefore, we can not find the solution which exhibits an accelerating expansion of our

universe.

28



We list the FLRW cosmological solutions with an isotropic and homogeneous three-space
for the solutions (I06) in table [ for p0-pl brane system in the six-dimensional Romans
theory. The power exponents of the scale factor of possible four-dimensional cosmological

models are given by a(M) oc 7™M

), where 7 is the cosmic time, and a(M) and ag(M) denote
the scale factors of the space M in Jordan and Einstein frames with the exponents carrying
the same suffices, respectively. Here M denotes the spatial part of the spacetime M.

Since the time dependence in the metric comes from only one brane in the intersections,
the obtained expansion law is simple. In order to find an expanding universe, one may have
to compactify the vacuum bulk space as well as the brane worldvolume. Unfortunately we
find that the fastest expanding case in the Jordan frame has the power A(M) < 1/2, which is
too small to give a realistic expansion law like that in the matter dominated era (a oc 7%/3)
or that in the radiation dominated era (a oc 71/2).

When we compactify the extra dimensions and go to the four-dimensional Einstein frame,
the power exponents are different depending on how we compactify the extra dimensions
even within one solution. For p0 — pl brane in the six-dimensional Romans theory, we give
the power exponent of the fastest expansion of our four-dimensional universe in the Einstein
frame in table [l We again see that the expansion is too small. Hence we have to conclude
that in order to find a realistic expansion of the universe in this type of models, one have to

include additional “matter” fields on the brane.

IV. THE INTERSECTION OF n BRANES IN D-DIMENSIONAL THEORY
A. Theory

Let us consider a gravitational theory with the metric gy, dilaton ¢, and anti-symmetric
tensor fields of rank (p; + 2), where I denotes the type of the corresponding branes. The

most general action for the intersecting-brane system is written as

g 1

2K2

R*lD—%dgbA*dqﬁ—Z%
I

DL+ 2)!eEICI¢F(P1+2) A *F(PH-?) ) (109)
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where 2 is the D-dimensional gravitational constant, * is the Hodge dual operator in the

D-dimensional spacetime, c;, €; are constants given by

2(pr + 1)(D — pr — 3)

2
= N;— 110
+  for the electric brane
€ = (111)
—  for the magnetic brane.
The expectation values of fermionic fields are assumed to be zero.
The field equations are given by
Ryn = —0 ONO + — 7661 crg
MN M PON @ Z (1 +2)1
pr+1
X |i(pI + 2)FMA2~~'ApI+2FNA2 Apr+2 _ Do 2gMNF(pI+2) , (112&)
1 €rCr erc
d x d¢ = 5 Z me 1 I¢F(p1+2) VAN *F(p1+2), (112b)
I
d [T % Fly o] = 0. (112c)
B. Solutions
To solve the field equations, we assume the D-dimensional metric of the form
p
ds® = —A(t, z)dt* + Z B(t, 2)(dx®)? 4 C(t, 2)u;;(Z)dz dz?, (113)

a=1
where u;;(Z) is the metric of the (D — p — 1)-dimensional Z space which depends only on

the (D — p — 1)-dimensional coordinates z*. A, B(®) and C are given by
A =TT ke, 2] =TTt 20 ¢ =T It )" (114)
I I I

where the parameters a;, by and 550‘ are defined by

4(D — Pr — 3)
Ni(D-2) ’

4(p;r+1) @ ) for o€l

b[ - 5 - )
Ny(D-2)" ! by for adl

(115)

ar = —

and hy(t, z), which depends on ¢ and 2%, is a straightforward generalization of the harmonic
function associated with the brane I in a static brane system ]

We also assume that the scalar field ¢ and the gauge field strength F{, ) are given by

€rc 2
e? = H h? I I/NI’ F(p]—‘,-Q) _

\/—N_Id(hf_l) A Q(X7), (116)
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where X is the space associated with the brane I, and Q(X;) = dt AdaP* A --- A dxP! is the
volume (p; + 1)-form.
Let us assume ]

p
AP B@Cc=1, A (B@) e =2, (117)

a=1 ael

The Einstein equations Eq. (I12al) then reduce to

Z 2 (511/— 2 M[I/) atlnhfﬁtlnhp

r Ni Ny
+ = Zbl [(1 - —) Onhy =Y v 8t1nhp] &y In hy
rzr
— = Z <— + bf) h'02h — = H by, N ZalhleZhl =0, (118a)
Z hy'00ihy +) (NP Mip — 5,,,) 9y In h;d;Inhy = 0, (118b)
1,1’

Hh“J’ZHh Za”[ 183h1—{<1—Ni)8tlnhI

I 1

- Z ~ 0 lnhp}ﬁtlnin] Hh_bJ’ZHh Z(s hitAghy =0, (118c)
.

I'#1
4 4
Z) + 5”2] rj[hi/NJ ;b[ [hl_lafh[ - { <1 - E) 8t In h[ - ng NI/ In h,[/} at In h[]
1 . 2 (2
— §u,-j Z]:blhl Azh[ — IZI:, E NI/ M]]/ — 5[[/ 8, In h[aj In h]/ = 0, (118d)

where R;;(Z) is the Ricci tensor of the metric u;;, and M, is given by

NNy o) ola 1
M[[/ = 1161 arap + Ea (55 )5§,) + (D i 3)b1b1/ + 56[61/01011 . (119)
Let us consider Eq. (LI8DL). We can rewrite this as
Otai lIlh,I
M Orp=——————| 0/ Inh;0;Inhy =0. 12
Z[NI, 1o atlnhfailnhj GInhoilnhy =0 (120)

r
In order to satisfy this equation for arbitrary coordinate values and independent functions
hr, the second term in the square bracket must be constant:

8t0,- In h]

T 121
o, nh;o;Inh; ! (121)
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Then in order for Eq. (I20) to be satisfied identically, we must have

2
N[/

Using Egs. (II0), (I15) and ([I19), we get

My + kiorp = 0. (122)

N 2 1
M = (_I) [(pr +D)ai + (p — pr)b + (D —p = 3)b7] + 57

4 2
N
= 71 (123)
This means that the constant k; in Eq. (I22]) is k; = —1, namely
Mip = ]\;, orr. (124)
It then follows from Eq. (IZI]) that
0:0;[hr(t,2)] = 0. (125)
As a result, the warp factor h; must be separable as
hi(t,z) = K;(t) + H/(2) . (126)

For I # I', Eq. (I24) gives the intersection rule on the dimension p of the intersection
for each pair of branes I and I' (p < py,pr) ﬂﬂ, |:

D(py + 1 1
(p[ _'_D)(_p; + ) — 1= §€[C[€[/C[’- (127>

ﬁ:

Let us next consider the gauge field. Under the ansatz Eq. (I16]) for electric background,
we find
dF 2 = hy (20, I hd; In by + hy'0,0;hy)dz" A dz? A Q(X;) = 0. (128)

Thus, the Bianchi identity is automatically satisfied. Also the equation of motion for the
gauge field becomes

d [8ZH[ (*Zdzi) N *XQ(X[)] = O, (129)

where we used Eq. ([I26]), and *x, *z denotes the Hodge dual operator on X(= U;X;) and
Z, respectively, and we have used Eqs. (II7)). Hence we again find the condition Eq. (I26])

and

Ay H; = 0. (130)
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We note that the roles of the Bianchi identity and field equations are interchanged for
magnetic ansatz [42, |44], but the net result is the same.

Let us finally consider the scalar field equation. Substituting the scalar field and the
gauge field in Eq. (II0), and the warp factor Eq. (I26]) into the equation of motion for the
scalar field Eq. (I12L), we obtain

Qg 4 4
_Hh,IHI Z—EIC[ [h 82KI_ {(1—F> @hlhj—ZNI/ lnhjl}atlnh[]
I'#1

I// I

+ H hI_/?I” Z _hl EIC[AzH[ =0. (131)

I//

This equation is satisfied if

8Ky =0, (132a)

AzHp =0, (132b)

Z iEIC] 1—— at In h] Z 1 In h[/ =0. (1320)
N N o Ny

Eq. (I324) gives K; = At + By, where A; and Bj are integration constants.

(A): Let us first consider the case that we take all functions to be equal:
hi(t,z) =h(t,z) = K(t)+ H(z), N;=Np=N. (133)
We can find the solutions if the function A and N satisfy
K(t)=At+B, N =4, (134)

where ¢ denotes the number of the functions h;. Then the remaining Einstein equa-

tions Eq. (II8) are

Now we assume

uij = (Sij 5 (136>

where ¢;; is the (D — p — 1)-dimensional Euclidean metric. In this case, the solution for h

can be obtained explicitly as

h(t,z) = At+ B+ P Q (137)

PR
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where ();’s are constant parameters and z; represents the positions of the branes in Z space,
z is constant vector representing the positions of the branes. Since the functions coincide,
the locations of the brane will also coincide. This physically means that all branes have the
same total amount of charge at same position.

Let us consider the intersection rule in the D-dimensional theory. If we choose p; = p for

all p;, the intersection rule Eq. (I27)) leads to
p=p—2L. (138)
Then, we get the intersection involving two p-brane

PNp=p— 2L (139)

Equation (I39) tells us that the number of intersection for p < 2¢ is negative, which means
that there is no intersecting solution of these brane systems.

For K =0 (A = B = 0), the metric describes the known static and extremal multi-black
hole solution with black hole charges Q) M]

(B): Next we consider the case that there is only one function h; depending on both 2
and ¢, which we denote with the subscript I, and other functions are either dependent on 2z

or constant. We also assume N; = 4. Then we have

K;(t) = At+ Bj, Nj=4, (140a)
K; = By, (I#1Ij). (140b)

If we assume u;; = 6;;, the solution for H; can be obtained explicitly as

o Qr.k
1+Z‘z_zk|D — (141)

where Q7 ;’s are constant parameters and z; represents the positions of the branes in 7
space. We can find the solution (I40) for any N;. If we choose N; = 4, the solutions have

already discussed in [6].

C. Cosmology

Let us consider the dynamical solutions for the p; brane system which appears in the

D-dimensional theory. In this section, we apply the above solutions to the four-dimensional
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cosmology. We assume that the four-dimensional spacetime is an isotropic and homogeneous
three-space, and either the world volume space or the transverse space can be (a part of)
our four-dimensional universe.

In what follows, we concentrate on the (D — p — 1)-dimensional Euclidean space with
ui;(Z)

of N7 has the same value Ny

= 0;;(Z), and consider the case that all functions h; are equal to h and all parameter
= N = 4/, where ¢ is the number of p;-brane. In this case, the

D-dimensional metric (IT3) can be expressed as

ds? = —hedt? + Y " (da®)’ + h06y;(2)d='de (142)
where h is defined by (I33) and the parameters a, b, 5 are given by
D—pr—3 pI + 1
_ _ 50 =N sl 143
For K = At, the metric (I42) is thus rewritten as
i _2 o _ 2 5(@) 25(e)
T a+2 T a+2 T a+2
ds* = — |1+ = H| dr? 1+ — H — dz®)?
s + <TO) T +2a: + (TO) ] (TO (dz”)
_ L b .
T a+2 T a+2 . A
To To
where we have introduced the cosmic time 7 defined by
R (At)(a+2)/2 o = 2 . (145)
70 ' (CL + 2) A
Here the H is defined by
—1 146

where ();’s are constant parameters and z, represents the positions of the branes in Z space.
The D-dimensional metric (I44]) implies that the power of the scalar factor in the fastest

expanding case is

b o Zl(p1+1)
a+2 Y. (pr+1)+(D-2)

Then, it is impossible to find the cosmological model that our universe exhibits an acceler-

<1, for D > 2. (147)

ating expansion.
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We compactify d(= ), d + d.) dimensions to fit our universe, where d, and d, denotes
the compactified dimensions with respect to the relative transverse space, Z spaces. The

metric (II3) is then described by
ds* = ds*(M) + ds*(N), (148)

where ds*(M) is the (D — d)-dimensional metric and ds*(N) is the metric of compactified
dimensions.

By the conformal transformation
ds*(M) = hPds*(M), (149)

we can rewrite the (D — d)-dimensional metric in the Einstein frame. Here B is

Y dad ™ + d.b

B = 1
D—d-2 (150)
Hence the (D — d)-dimensional metric in the Einstein frame is
— o' A -/ o
ds*(M) = h~F [-Wﬁ +3n (d:):o‘ ) 4 RSy (22T de ] , (151)

where 2% is the coordinate of (p — d,)-dimensional relative transverse space, and Z’ denote
(D —p —1—d,)-dimensional spaces, respectively.

For K = At, the metric (IZ]) is thus rewritten as

__2 B’
B’+2
14+ (1) H] dr?
To

2 —B+5(a,) < ) 9
T B2 T B2 o
) TG @)

ds*(M) = —

B'+1 2(B'+1)

T _B/—+2 T Bl+2 -/ -/
+ |14+ (-) H - 5i/j/(Z')dzZ dz’ 5 (152)
To To
where B’ is defined by B’ = —B + a, and the cosmic time 7 is defined by
T / 2
[ — At (B +2)/2 = — 153
——_—— T B 24 (153)
For the Einstein frame, the power of the scalar factor in the fastest expanding case is also
given by
B +1
H+2<L for D>d+2, d>0. (154)
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Then, we can not find the solution which exhibits an accelerating expansion of our universe.
Next we consider the case that there is only one function h; depending on both 2* and
t, which we denote with the subscript I, and other functions are either dependent on 2* or

constant. We also assume Nj = 4. Then we have

__2 af
az+2
ds* = —Hh?’ 1+ (;0) ! Hf] dr?

IAT
) () 25¢)
(@) T Tart2 ) ! T apt2 2
fSID e (2) ) (2)7 e
S
2 b; 2
apt apt o
oo () () e
oy 70 70

where the function Hj is defined by (I41]), and we have introduced the cosmic time 7 defined
by

T 2
— = (A2 =2
To ( ) 0 (&j+2)A

The D-dimensional metric (I53]) implies that the power of the scalar factor in the fastest

(156)

expanding case is
b i Dt 1
a;+2 D+p—1
Then, it is impossible to find the cosmological model that our universe exhibits an acceler-

<1, for D> 2. (157)

ating expansion.

We compactify d(= ), do + d.) dimensions to fit our universe, where d, and d. denotes
the compactified dimensions with respect to the relative transverse space, Z spaces. The
metric (I13)) is then described by (I48). By the conformal transformation

ds*(M) = h" T h$"ds* (M), (158)
IAT

we can rewrite the (D — d)-dimensional metric in the Einstein frame. Here Bj and C} are

3 dadf ) + dub; SR o A6\ + d.by
D—d—2 = ! D—d—2

Hence the (D — d)-dimensional metric in the Einstein frame is

a2 () = B2 T =6 | T nrae + 58" T4 ()" (160)

B; =

(159)

JAI I#I o I£T
I T by 6y (2)dz"d | (161)
I#T
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where 2% is the coordinate of (p — d)-dimensional relative transverse space, and 7' denote
(D —p—1—d,)-dimensional spaces, respectively. For K; = At, the (D — d)-dimensional

metric in the Einstein frame is thus written as

S By
ds’ (M) = J[r —th;f{u (Tlo) a Hf} dr?

I£I T£T

i) 7\ o B - (BI+2 N2
+S T4 1+<T—O) H; (%) (d:)s )

a' AT
_ B j+1 2(B'5+1)
B =42 B’z +2 -/ -/
A (2) g (5) 7 e | o
oY 70 70

where B'; is defined by B'; = —Bj + aj, and the cosmic time 7 is defined by

T = 2
— = (A B2 == 163
—_—— T B 24 (163)
For the Einstein frame, the power of the scalar factor in the fastest expanding case is also
given by
B/j +1
<1, for D>d+2, d>0. (164)
B'j + 2

Hence, we can not find the solution which exhibits an accelerating expansion of our universe.

V. DISCUSSIONS

In the first part of the paper, we have seen that dynamical solutions of p-brane have
several remarkable properties. If the scalar and gauge fields are related to the functions h;
like ([7), then by counting solutions of the Einstein equations, one would construct only the
cosmological model of decelerating expansion of our universe. We recall that the cosmological
constant leads to the accelerating expansion which was described somewhat abstractly in
section [

It appears that the exact forms of the field strengths are given by the ansatz ({7h)), which
depends on the dilaton coupling parameter N. The N = 4 case is apparently related to the
classical solutions of string theory. We observed that the dynamical solutions with N # 4
certainly have many attractive properties. Firstly, these solutions were obtained by replacing

the time independent warp factor of the static solution with the time dependent function.
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The warp factor for N # 4 is the same form as that for N = 4. Secondly, we could not obtain
any analytic solution of a single p-brane with time dependence of the warp factor, if there
is no cosmological constant because of the ansatz of the gauge field. Since the field strength
has the component along the time coordinate, the time derivative of the warp factor is not
permissible in the field strength. Hence, in the Einstein equations, the term of the time
derivative of the warp factor arises only from the Ricci tensor, and can not be compensated
by the scalar and gauge fields, except for N = 4.

In the case of N # 4 with a flat transverse space to the brane and a positive cosmological
constant A > 0, the Einstein equations give an asymptotically de Sitter solution for a single
2-form field strength. To find the solutions to the Einstein equations in this way, we need a
D-dimensional theory with vanishing dilaton in which the cosmological constant is related
to a field strength. This is a generalization of Kastor-Traschen solution in four-dimensional
Einstein-Maxwell theory. We have simply started with D-dimensional gravitational theory
and introduced the cosmological constant with a scalar field that preserves time dependence.
For the 0-brane in the NSS model of D = 6, an asymptotically Milne solution is obtained.
However, it cannot provide an accelerating universe. We have also applied the asymptotically
de Sitter solution of five dimensions to construct the brane world model. We have employed
the standard copy and paste method to construct a cosmological 3-brane world, supported
by either the tension or induced gravity, and embedded into a five-dimensional bulk. We
have derived the effective gravitational equations via the junction condition, and shown that
the solution gives an accelerating expansion on the 3-brane. However, in our model there is
no natural way to explain why the bulk cosmological constant is so small.

In the second part of the paper, we have discussed the time dependent intersecting brane
solutions. For N; = 4, which are the parameters in the coupling of the field strengths to
the dilaton, there is only one function h; depending on both the time and coordinates of
transverse space. All the field strengths in the D = 11 and D = 10 supergravities have
N; = 4 couplings.

If all the branes have equal number of world volume dimensions and the same charge,
it is possible to get a solution in which all functions h; depend on both the time and the
coordinates of overall transverse space. This turns out to be the only situation where the
parameters Ny have proper values within the framework of the intersecting p-brane systems.

If at least one of branes has N; = 4, we can construct the time dependent solutions
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even if all other N; # 4. In this case, only one time dependent h; is obtained from the
brane of N; = 4. For instance, in the case of D = 6 without a cosmological constant,
we have obtained a dynamical p0 — pl brane solution in a class of the Romans theory. A
dynamical intersecting brane system in this class of the Romans theory was allowed only for
the 1-brane.

Supposing that our four-dimensional spacetime is located at a particular place of the
extra spatial dimensions, we have obtained expanding FRW universes. The power of the
scale factor in these solutions, however, is too small to give a realistic expansion law even in
the case that all functions h; depend on both the time and coordinates of overall transverse
space. This means that we have to consider additional matter on the brane in order to get
a realistic expanding universe.

As we have observed, there is a serious difficulty in obtaining an accelerating expansion
from the dynamical intersecting solutions. As we observed in section [l and [V], for a
given scalar and gauge fields, the possible solutions of field equations, and therefore the
possible Einstein equations. For a given choice of ansatz of fields in the D-dimensional
spacetime for the dilaton coupling parameter c;, the functions h; in the metric have a
condition corresponding to the relation between the warp factors associated to the parameter
Ny in the coupling constant ¢;. In terms of the field equations, the functions h; have a
structure of the linear combination of the functions ho(t) and hy(z). The condition for the
form of hy to be harmonic function to the transverse space is not relevant to the choice
of N;. Though this result is really natural in the viewpoint of the extension of the static
solution, it prevents us from obtaining an accelerating expansion because the field equations
lead to the function hg(t) depending on the linear function of time.

Of course, whether this makes sense depends on the ansatz of fields associated with D-
dimensional symmetry. A more precise statement with respect to an accelerating expansion

in the p-brane system will be presented in the near future.
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TABLE I: Intersections of 0-branes and 1-brane of the six-dimensional Romans theory with N, = 4
for 1-brane and Ny = 2 for 0-brane in the case (I) and (II) are shown. Time dependence appears
only in 1-brane.

Branes oj1| 23|45 |M| XM g (M)
pl|olo Z|N2) = 1/3|Ae(2) = soqtys

p0 —pl|| pO |o

TABLE II: The power exponent of the fastest expansion in the Einstein frame for p0 — pl brane
of the six-dimensional Romans theory is shown. “T'D” in the table represents which brane is time
dependent.

Branes | TD |dim(M) || M |(d1, dz, ds, ds) || A\g (M) || Case
p0 —pl| pl 5 Z| (0,0,1,0) 1/4 ||[T& 11
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