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Voros product and the Pauli principle at low energies
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Abstract

Using the Voros star product, we investigate the status of the two particle correlation function
to study the possible extent to which the previously proposed violation of the Pauli principle
may impact at low energies. The results show interesting features which are not present in
the computations made using the Moyal star product.

Keywords: Noncomutative geometry

PACS: 11.10.Nx

It is likely that at short distances spacetime has to be described by different geometrical struc-
tures and that the very concept of point and localizability may no longer be adequate. This is
one of the main motivations for the introduction of noncommutative (NC) geometry [1]-[3] in
physics. Attempts have been made to formulate quantum mechanics [4]-[11] and quantum field
theories [12]-[15] on NC spacetime. However, for the former case, the issue of the lack of Lorentz
invariance symmetry has remained a challenge since field theories defined on a NC spacetime
with the commutation relation of the coordinate operators

[Ty, 2] = 0 (1)

where 0, is a constant antisymmetric matrix, are obviously not Lorentz invariant.

The twist approach to NC quantum field theory has been developed to circumvent this
problem [I6]-[23]. It is triggered by the realization that it is possible to twist the coproduct of
the universal enevelope U(P) of the Poincaré algebra such that it is compatible with the star
product.

An interesting consequence that follows from the twisted implementation of the Poincaré
group is the violation of Pauli exclusion principle. In [24], it has been shown that the two
particle correlation function for a free fermion gas in 2 + 1 dimensions (with exclusively spatial
noncommutativity, i.e. 8p; =0, i = 1,2) does not vanish in the limit » — 0 which indicates that
there is a finite probability that fermions may come very close to each other. The computation
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has been done by using twisted commutation relations among the creation and annihilation
operators of the Schrodinger field which in turn has been obtained by taking the non-relativistic
limit of the analogous relations for the Klein-Gordon field. A key ingredient in the entire analysis
has been the Moyal twist element which reads

R = ot 0
Recently, a comparison of NC field theories built using two different star products (twist ele-
ments): Moyal and Voros have been made [25]. It has been found that although the Green’s
functions are different for the two theories, the S-matrix is the same in both cases and is differ-
ent from the commutative case. This motivates us to investigate the status of the two particle
correlation function using deformed commutation relations obtained by incorporating the action
of the Voros twist element [25]
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on the usual pointwise product between two fields.
To begin the analysis, we first write down the mode expansion of a free nonrelativistic
quantum field ¢ of mass m (in units with 7 = 1) in the NC plane as

0@t = [ dk alk)e ()
|k 2 L7
where €5, = e~k iR 7 and a(k) satisfy the usual (anti)commutation relation
a(k)al (k') = nal (K)a(k) = (2m)*6*(k — k') (5)

where 7 is +1 for bosons and —1 for fermions. The deformation algebra involving a(k) has
already been derived in [26] for the relativistic case and can be readily shown to hold in the
nonrelativistic case as well :

a(k) xaa(k) = e WDOVRK 4 k) a (k')
a(k) *xpral (K) = 6(1/2)9ijkik3a(k)aT(k')
a' (k) xara(k') = e_(1/2)0ijkik}aT(k)a(k/) (6)

a(k)xv a(k') = e ™ ra(k)a(k')

a(k) v al (k) = e ra(k)al(K)

a'(k) %y a(k) = e "Fial(k)a(k) . (7)
We now compute the two particle correlation function for a free gas in 24+1 dimensions using
the canonical ensemble, i.e., we are interested in the matrix elements %(7‘1, role BH|ry,ro), (B =
1/(kpT)) where Z is the canonical partition function and H is the non-relativistic Hamiltonian.
The physical meaning of this function is quite simple; it tells us what the probability is to

find particle two at position 19, given that particle one is at rq, i.e., it measures two particle
correlations [27]. The relevant two particle state is given by

r,re) = () v P (r2)]0)
2 2
— [ G e el @) v al@)l). ®)

The two particle correlation function can therefore be written as

1 _ 1 _B8
C(Tl,Tg) = E(Tl,Tg‘e BH‘T1,7’2> = E /d2k1d2k26 2m(k%+k§)‘<r1,7‘2‘]€1,k2>’2 (9)
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where we have introduced a complete set of momentum eigenstates |k1, ko) and Z is the partition
function of the system.
Using eq(s) (8l [7, B) and noting that

|1, ko) = al (ki) %y af (2)[0) (10)
we get
’<7‘1, 7’2‘1431, k2>’2 _ e—20(klzk21+klyk)2y){2 + nei(lﬁ—kﬁ)ﬂg eiekl/\kg + c'c} (11)

where c.c implies complex conjugate of the second term in the above expression. Substituting
this in eq(@), we obtain

£(6) (1 ey R
— —5R%2 ﬁ(l—?"’” ] )
C(T17T2) = 7 1 —’—Tlﬁe 32 (12)
— T

where r = r1 — 9. The partition function of the system can now be readily computed and reads

Z = /d27’1d27’2<7‘1,7’2’€_ﬁH’7’177"2>

2mé
= 9A2{1 ﬂ<1——)}z 0) A2 13
s@42 {14075 (1- 250 ) b~ £16) (13
in the limit of the area of the system A — oo. Substituting the above result in eq(I2]), we finally

obtain

1 (1 167r292) —;ﬂ(H%e)z r?
— T 2¢1_ 12740
C(ri,m9) = - 1 +nme A2(1-1285) (14)
Y
where A is the mean thermal wavelength given by
213\ /2 1
A= [— ; =—. 15
(Z5) 5 b= (15)

The above result show many interesting features. Note that there exists two thermal wave-

lengths A\; = 2v/70 and Ay = \/2v/370 where the second term in the above expression vanishes.
These wavelengths correspond to two temperatures Ty = 1/(2kgm6) and Ty = 1/(v/3kpmb) at
which the correlation function is completely independent of whether the particles are bosons
or fermions. For temperatures much less than 77 the correlations exhibit mild deviations away
from that of commutative bosons or fermions. However, for temperatures T' lying between T}
and Ty (i.e. T3 < T < Ty), the bosons start behaving as fermions and vice versa. These tem-
peratures are of course extremely high. Indeed, assuming # to be of the order of the Planck
length squared and restoring % one finds them to be of the order of 10*®K. For temperatures
T > T,, the exponential in eq(I4]) becomes positive and correlation grow exponentially with dis-
tance. This signals the onset of instability, which can best be seen if one considers the exchange
potential defined by V(r) = —kpT log C(r1,r2). This becomes unstable or complex above this
temperature. This suggests the existence of a high energy cut off £ = kgT5. These features are
completely absent when the computations are made using the Moyal star product [24] and are
summarized in Figures 1a and b, which shows the exchange potential for bosons and fermions
respectively for values of the dimensionless variable o = X(’g below T} (o = 0.0796) and between
Ty and Ty (o = 0.919). Here r is measured in units of A\. For reference the commutative results
(cv = 0) are also shown. The transgression of statistics in the temperature range between 77 and
T5 can clearly be seen.
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Figure 1: The exchange potential in units of kg7 for bosons (a) and fermions (b). The solid
curve represents the commutative result (o = 0), the short dashed curve (o = 0.01) is the result
below 77 and the long dashed curve (a = 0.085) is the result for a temperature between T}
and T». The latter exhibits for (a) fermionic rather than bosonic and (b) bosonic rather than
fermionic behaviour.
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