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Abstract. We discuss flavor states of the knot model and their relation to the KM and
the PMNS matrices. These states are eigenstates of absorption operators and are analogous
to the coherent states of the Maxwell field. The underlying model has been proposed as a

possible substructure of the standard model.
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1 Introduction

To describe the weak decays of the strange particles Cabibbo introduced a 2 x 2 mixing
matrix that was later extended by Kobayashi and Maskawa to the 3 x 3 matrix labelled by
the three-flavor states of the up and down quarks. Following the suggestion of Pontecorvo
the neutrino oscillations may similarly be described by the PMNS matrix that expresses the
three-flavor states as mixtures of the three mass states of the three leptonic neutrinos.*
Flavor states are eigenstates of the absorption operators that in turn depend on the
dynamics of the model. Since we are here interested in the flavor states of the knot model, we
shall first summarize the kinematical structure of this model as determined by the symmetry

algebra, SL,(2), in preparation for introducing the dynamical assumptions, that are also

subject to SL,(2), and that determine the flavor states.

2 Quantum Trefoils?

We require that a quantum knot be described by one member of an irreducible representation
of the knot algebra (SL,(2)), which is here denoted by D7, . Tt is also required that there

J
mm/ )

be a correspondence between D and a classical knot. Both requirements are met by

J
mm’)

allowing only those elements D to represent quantum knots for which

G, m) = %(N,w,w 1) (2.1)

where (N, w,r) are the number of crossings, the writhe, and the rotation that describe
the projection of a 3-dimensional classical knot onto a 2-dimensional plane. The simplest

classical knot is the trefoil having the 2d projection described by
(N,w,r) = (3,£3,£2) (2.2)
By (2.1) the corresponding four quantum trefoils are represented by

¥, DYy, DY, DY (2:3)
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There are four quantum trefoils but only two of the four corresponding classical trefoils

can be topologically distinguished. Note also that 2m and 2m’, belonging to the same
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representation, are of same parity while w and r, describing the projection of a classical

knot, are required to be of opposite parity.

3 Irreducible Representations of the Knot Algebra?

The 2j + 1 dimensional representation of SLg(2) may be written as follows:

Dl (abe,d)= > AL (g, 8,1)0(s +t,n )a b+ =Dt dn-— (3.1)
0<s<n
0<t<n_
where
ng=jEtm (3.2)
n,=j+m (3.3)

and the arguments (a, b, ¢, d) satisfy the knot algebra:?

ab=qgba bd=qdb bc=cb ad—qbc=1
ac = qca cd = qdc da — qcb=1 (A)

where ¢; = ¢ L.

The Ai,lm, are g-deformations of the Wigner coefficients that appear in irreducible rep-
resentations of SU(2).
The knot algebra (A) and hence D’ . (a,b,c,d) are defined only up to the gauge trans-
formation
a = e¥eq b = et¥vh
Ud(1) : ' Up(1) : ‘ (3.4)
d = e "%d d=e"c
Eqns. (3.4) leave the algebra (A) invariant and induce on the elements of every repre-

sentation the following U, (1) x Uy(1) gauge transformation

DI (d V¢, d) = elleatenlm gileamenlm i (4 b ¢, d) (3.5)



4 Field Theory and Charges of Quantum Trefoils?

One may construct a field theory of the quantum knots by attaching Dﬁ‘nm, to a standard

field operator 1 (z) as follows:

By (3.5), the field operator ¥/, also transforms under the gauge transformations U, (1) x

Up(1). If the attachment (4.1) is made consistently for both fermionic and bosonic fields one
may construct a modified standard action that is invariant under U, x Uy, as is shown in Ref.
3. This invariance of the field action is a physical requirement since the relabelling of the
algebra described by (3.4) cannot affect the physics. Then in view of this invariance there
will be by Noether’s theorem one conserved charge associated with U,(1) and a second

conserved charge associated with U,(1). Then by (3.5) and (3.1) these charges may be
defined by

Qw)=—k,m = =k,

% (4.2)

r+1
2

Q(r) = —kem’ = —k, (4.3)

and may be referred to as the writhe and rotation charges. Here k,, and k, are undetermined
constants with the dimensions of an electric charge. In terms of Q(w) and Q(r), the U, (1) x

Uy(1) transformations on ¥/, become
P QW) FRWIP) i (4.4)

where p(w) = ¢, + ¢, and p(r) = @, — @y by (3.5).

Since we expect that the most elementary particles, the elementary fermions, are quan-
tum trefoils in any natural knot model, we next make a direct comparison between the
Q(w) and Q(r) charges of the four quantum trefoils and the charge and hypercharge of the
four fermion families of the standard theory where the members of each family are denoted
by (fi, fo, f3) in Table 4.1.2 The knot entries in the table are determined by (2.1), (4.2),
and (4.3).

In Table (4.1) we have assumed a single value of k:

ky = ky =k (4.5)



Table 4.1

Standard Representation Trefoil Representation

(Fofof) t ts o Q| (wr) DY Qu Q  QutQ
(emmr 3 =5 —5 —e| B2 DY k(3 —K(3) -3k
Ve Vv ) 5 5 —3 0 | (-32) Di/gg —k(-3) k(%) 0
@sb 3 -3 b le| G D k(D) k(D) -k
(wetl 5 5§ e | (32 DVi —k(=3) —k(-3) 2

which is also the same for all trefoils. If we set k& = e/3, we find that the four fermion

families are related to the four quantum trefoils as follows:

Qw = els (46)
Qr = ety (47)
Qw + Qr = Qe (48)

in agreement with the standard model where there is the independent relation for the electric

charge
Qe = 6(t3 + t()) (49)

If one aligns the trefoils and the fermion families in any order different from that in Table
4.1, one needs more than a single value of k to relate (t3,%y) to (Quw,@,). It is important
that we choose k, = k,, and that we also choose a single value of k for the four quantum
trefoils. Note that it is also not possible to exchange t3 and t; in (4.6) and (4.7). Therefore
the correspondence between the four fermion families and the four trefoils, is empirically
fixed and unique. The value of k as e/3 follows from the identification of the total charge

of the trefoil, Q,, + @, with ().. One may also read directly from the table
(j, m, m') = B(t, —tg, —t()) (410)
and enter the information conveyed by (4.10) into (4.1) as follows:

‘1’3/2(753, to, n) = Y(ts, to, n)Di/32to—3to|n> (4.11)
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where 1(t3,%9,n) is the quantum field of the standard model that represents the fermion
with electroweak SU(2) x U(1) quantum numbers (t3,%). Here |n) lies in the state space
defined by the knot algebra where n = 0, 1,2 labels the generation, e.g. (e, u, 7). Then
Di/gig _34,|n) may be regarded as an “internal state function” reminiscent of a classical knot
and providing substructure to the elementary quantum fields of the standard model.

We shall now propose that the non-trivial correspondence embodied in Table (4.1) and

expressed by (4.15) for the elementary fermions holds more generally in the following form

\Ijigto (n) = ,lvb(ta t37 t07 n)D?itgtS_gto |n > (412)

i.e., we assume that (t,t3,1) are related to (j, m,m’) just as in the special case t = %:

3t =j (4.137)
3t3 = —m (413m)
3to = —m/ (4.13m/)

In other words we assume that there is an underlying SLqg(2) symmetry of the elementary
particles that may be expressed through the internal state functions D’ , |n). For j > 1
not all states (m,m’) of Dfnm, are filled. The occupied states are labelled by D%, .
according to (4.13) and are determined by the intersection of the electroweak SU(2) x U(1)
and the SU,(2) symmetries. For example, the analogue of Table 4.1 for the elementary

fermions is Table 4.2 for the elementary bosons of the Weinberg-Salam model. The |n) in

(4.12) are intended to represent the possible states of excitation of the quantum knot.

Table 4.2
t oty to DYy g
w+t 1 1 0 D3,
wW-— 1 -1 0 D3,
w3 1 0 0 D3,
we 0 0 0 D},

We adopt the following rule: If a particle is labelled in the standard model by electroweak

quantum numbers (t,ts,to) then attach to the quantum field operator of that particle the
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factor D?Lt3t3_3t0(a, b,c,d). This factor is to be understood as an element of the j = 3t
representation of the SL,(2) algebra and may be interpreted as the replacement of the
point particle of the standard model by a solitonic structure described solely by this factor.
The extension of (4.11) to (4.12) expresses the conservation of ¢3 and ¢, everywhere in the

modified model as a joint consequence of the U, x U, and the SU(2) x U(1) invariance.

5 The Electroweak Interactions*

In the SLg(2) model the solitonic fermions interact by the emission and absorption of

solitonic bosons. Denote the generic fermion-boson interaction by

F'BF (5.1)
where
F = F(p7 S, t37 to) (D3—/32t_3—3t0) |n > (52>
_ — I/
F'=<n"| (D¥iy—sy) F'(p,s,t3,10) (5.3)
/
B, = B/(p7 S, t37 t()) (Dit3t3—3t0) (54)

and the pair (p, s) refer to momentum and spin. Then (5.1) becomes
E/ ~3/2 3/2
(F'B'F) < n//‘D_/gt,g_gtg Dit3t’3—3t(’) D—/3t3—3t0‘n > (5.5)

The matrix elements of the standard model will then be modified by the following form
factors:

< ””|Di/32tg—3tg D?it?,tg—?,t() Di/f‘>2tg—3to|n > (5.6)
Here n and n” take on the values 0, 1,2 corresponding to the 3 generations in each family
of fermions. These form factors are 2 parameter numerical functions that are in principle
observable. To calculate them one needs the solitonic factors D7, ,(a, b, ¢, d) shown in Tables
(5.1) and (5.2). In previous work we have taken the |n) to be eigenstates of b and ¢ and
they have been assumed to be eigenstates of mass.

The solitonic factors have been computed according to (3.1) and are all monomials except

for the neutral W and W3. The numerical factors Afnm, have been dropped but may be
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Table 5.1

(fi.for fs) t ts o Q D75 3,
(e,u,7) 3 —3 —3 —e Vi ~ad
22
(I/e,VH,VT) % % _% 0 Di/g% ~
(d,s,b) % —% % —%e D?g’/_zl ~ ab?
2 2
1 1 1 2 3/2
(U,C, t) 5 ) 6 36 D_%_% ~ Cd2
Table 5.2
z t_?’ t_() Q Dit3t3—3to
W= 1 -1 0 —e D3 ~ab?
w3 1 0 0 0 Dgo ~ f3(b,c)
wo 0o 0 0 0 D80 ~ fo(b,c)

computed according to

&= (), ! <n’_>q1.! ’ <n+>ql<n>ql 5.7

Bl ) | N5\t
where |
<Z>q _ % with (n), = qq __11; n=q" (5.8)

Since we require that the fermion-boson interaction be expressed by (5.1), and that the
total action be both SU(2) x U(1) and U,(1) x Uy(1) invariant, (5.1) and (5.5) must share
this invariance. Then in view of these invariances and since (4.13m) and (4.13m’) hold for
F, they must also hold for B. Hence these relations are not simply conjectured extensions
but they are an essential requirement of the electroweak model. Eq. (4.135) is not required

but is allowed.



6 The Dynamics of the Quantum Knot

D’ (q(a,b, ¢, d)) is a kinematic factor describing a generic quantum knot. The correspond-
ing classical knot (N, w,r) has arbitrary size and shape. To describe the oscillations of this
quantum knot in a field theory one replaces the classical Fourier modes by quantum oscil-
lators determined by a quantum Hamiltonian. The kinematics of the model is determined
by SL,(2) and we shall restrict the Hamiltonian by the same symmetry. Then the normal
modes of the field operators that describe the physical particles are determined both dynam-
ically and kinematically by SL,(2). (It is similarly possible to restrict both the dynamic and
kinematic dependence of states of the quantized hydrogen atom by a single (rotation) group
(without explicitly introducing the Coulomb potential.)® There is, however, no uniquely
defined way of dynamically implementing this symmetry.

If the knot oscillates like the standard quantum mechanical harmonic oscillator, the
Hamiltonian is of the following form:

_hw
2

H (aa + aa) (6.1)
where a and a are raising and lowering operators and

la,a] =1 (6.2)

Since the raising and lowering operators of the SL,(2) algebra, that correspond to @ and a,

are d and a respectively, the analogue of (6.1) in the knot algebra is

hw

H= 7(@(1 + da) (6.3)
but by the algebra (A)
fa,d) = (g — qu)be (6.4)
and
1 1
§(ad—|—da) =1+ §(q+Q1)bC (6.5)

We may generalize the SL,(2) analogue of the Hamiltonian of the harmonic oscillator if we
replace (6.3) by a more general function of ad + da, or of be by (6.5), or with a still different

H by
H = H®, c)%” (6.6)



Since b and ¢ commute, they have common eigenstates. Let |0) be the ground state and let

b[0) = p|0) (6.7)
cl0) = ~10) (6.8)
n) ~ d"|0) (6.9)
Then by the algebra (A)
bln) = ¢"BIn) and c|n) = ¢"y|n) (6.10)

Let the Hamiltonian of the quantum knot be H (b, ¢). Let us consider the states of this
knot defined by D’ ,|n). We may then compute

H(b,e)D2, . n) = H(be) |d AL.0(s+t,n,)a*b"—*c'd"~"| |n) (6.11)
s,t
= DJ, H(g" ", g7 "c)|n) (6.12)

where n, and ng are the exponents of a and d respectively, and n, —ny is the same for every

term of D .. Then one has

H(b,c)D}, /n) = D) H(g( "q"B, ¢/ "q")|n)

: : (6.13)
where the eigenvalues of H are
Bl (n) = H(AB, \y) (6.14)
and
A = ¢ (mtm) (6.15)

The eigenstates of H are the D/ |n) and the indices on D’ . are the eigenvalues of the

integrals of motion. Since (m,m') = 3(—t3, —to) by (4.10), we have by (6.15)
A=A, Qe) (6.16)

where

An, Qc) = ¢"+e@ (6.17)
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and where @), is the electric charge of the knot. Here A(n, Q.) is different for each value of
(., which labels the fermion family, and each value of n, which labels the generation. For
example, . = —e for leptons and n = 0, 1,2, where the (0, 1,2) states are electron, muon,
and tauon states. The index n labels states of different mass, while the operators a and d
have matrix elements connecting adjacent states of different mass and the same charge.
Finally, in order that the H introduced in (6.6) qualify as the Hamiltonian of an ele-
mentary fermionic knot we shall require that it be compatible with the fermion mass term

in the standard theory, namely

M = LyoR + RpL (6.18)

where L and R are left- and right-chiral Lorentz spinors and ¢ is the Higgs field, a Lorentz
scalar, so that product LR is Lorentz invariant. In the Lagrangian of the standard model L
and ¢ are isotopic doublets. (L) and R are separately isotopic singlets and M is invariant
under the gauged SU(2) x U(1) group.

In the knot model L is aditionally a fermionic knot with the charge structure D?i/32tg_3t0.
If a knot singlet is assigned to ¢, then ¢ is neutral (unitary gauge) while the right chiral
spinor must have the same knot state as the left chiral spinor, namely, D%fg_?,to, in order to
preserve the U, (1) x Uy(1) invariance. Then the standard Higgs mechanism is still possible
with ¢ ~ DY.

If L and R are now assigned the same internal state, and we treat the mass term in the

same way as the other terms of the Lagrangian, then we have
L = xults,to,n) DY, s, |n) (6.19)
R = Xnlts,to,n) DY,y |) (6.20)
where x(ts, to,n) and xg(ts,t9,n) are the standard fermionic chiral fields for the particle
labelled (t3,tg,n).

Then
o ~3/2 3/2 — — _
M(t37 to’ n) - <n| —3t3—3t0D—3t3—3t0 ‘n> (XLSOXR + XRSOX[) (621>

By the argument of the standard theory

XLPXR + XRPXL (6.22)
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may be reduced to
P(XLXR + XRXL) = PXX (6.23)

where p is the vacuum expectation value of ¢, the Higgs field. Then by (6.18)
M(ts,t0,n) = m(ts, to, n)XX (6.24)

and by (6.21)
m(ts,to,n) = plts, to) (| D¥5r, 54 DV, I) (6.25)
which is compatible with (6.6) and (6.17) as shown, for example, in Ref. 4, where the energy

levels given by (6.25) are fixed as polynomial functions of ¢".

7 Flavor States

The states |n) appearing in the form factor (5.6) are to be interpreted as mass states since
they are states of the general Hamiltonian (6.6). However, instead of taking the operator in
(5.6) between the states |n), eigenstates of b and ¢, one may take the same operator between

eigenstates of d and a as follows:
(d|Mla’) =D (d|b") (" | M|b)(V|a") (7.1)
where a’ and d’ are eigenvalues of a and d and

la) = Y )V]d) (7.2)
) = )W) (7.3)

In Ref. (3) with M given by (5.6) the matrix (n”|M|n")y = (b"|M|b') describing quark-
quark interactions was proposed as a representation of the KM matrix. We now describe
this matrix in the (a,d) instead of the (b, ¢) representation. Since the (d,a) operators are
emission and absorption operators while the (b,c¢) operators define mass states, we shall
describe the |d’') and |a’) states as flavor states. By (7.2) and (7.3) they are superpositions
of mass states. Since the eigenstates of the emission and absorption operators correspond
to the coherent states of the Maxwell field, we shall also refer to the corresponding SL,(2)

states as coherent states.
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In the photon case the raising operator increases the number of photons by one. Here
the raising operator increases the number of |n 4 1) particles and simultaneously decreases
the number of |n) particles, in each case also by one. The lowering operator, as usual, acts
oppositely to the raising operator. In the photon case the index n is the number of photons

in one mode, while here n refers to the generation.

8 The Coherent States of SU,(2)

We consider the unitary algebra SU,(2) obtained from SL,(2) by setting

d = a (8.1)

c = —qb (8.2)

Then the SU,(2) algebra is
ab=qba aa+bb=1

- _ (8.3)
ab = qba aa+ ¢ibb =1
From the algebra one has
ba" = ¢"a"b (8.4)
Let |0) be the lowest eigenstate of b and let 5 be the lowest eigenvalue. Then
b-a"l0) = Bq" - a"(0) (8.5)
Then the a"|0) are eigenstates of b with eigenvalues q". Let
n) = a"|0) (8.6)
up to a normalization. Then
an) = A\pn + 1) (8.7)
(nla = (n+ 1|\, (8.7)
and
(nlaa|n) = |\,|*(n + 1jn+ 1) (8.8)
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Normalizing all states by setting (n|n) = 1, we have

I\ = (n|aa|n) (8.9)
By (8.3)
M2 = (n]l—bbln
[An] (n] n) (8.10)
= 1-¢"|pf
We have assumed that the mass states |n) are eigenstates of the Hamiltonian:
H|n) = E,|n) (8.11)
where H is a function of
1 1 -
Slaa+a0) =1——(1+ q;)bb (8.12)

The eigenstates of the Hamiltonian are then also eigenstates of bb. They are orthogonal
since H and bb are hermitian.

We define the coherent states |a) as eigenstates of the absorption and emission operators:
ala) = a|a) (8.13)

(a]a = (a|a” (8.14)

To express the coherent states as a superposition of the mass states, i.e. as

o) = > [n)(nja) (8.15)

we need the coefficients (n|a).

By (8.7)
(nlala) = A {n + 1|a) (8.16)
and by (8.13)
(n]aja) = a(n|a) (8.17)
Then by (8.16) and (8.17)
(n+1la) = %<n\a> (8.18)
= o (0]cr) (8.19)



where by (8.10)
An = [1— B2 2t

Then
(nfa) = o {0la) n>1
I
0
and
o> 2 2
> _(aln)(nla) = > <=—H{0la)* + [{O]a)|
n>0 n>1 |H)\S|2
0
or if the |n) are complete
‘Oé|2n

[{Ola)[* + (O] ) ?

(afa) =3

n—1
ST
0

Then, normalizing (a|a) = 1, one has

|2n

ey =3 A
n>1 ‘H)\SP
0

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

As usual {«|n) is the adjoint of (n|a), but the bracket (n|a) between the mass and flavor

states is not unitary.

9 The KM and the PMNS Matrices

Since there are only three generations in each family of fermions, there are only three mass

states, which we label n = 0,1, 2; and there are only three flavor states which we label by

ap, ay, ap. Because we identify the flavor states as the coherent states, we have by (8.20)

and (8.21)
(Heai) = W@M) 1=0,1,2
Zles) = TTam - Epmpe
By (8.15)

i) = 10)(Oei) +[1) (M) +[2)(2]ew) i =0,1,2
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We shall take the mass states [n) orthonormal. Then we have
(i) = [(0]aa)* + [(Llaw) |* + [(2]as) (9.4)

Normalizing the coherent states, («;|a;) = 1, one has by (9.1), (9.2) and (9.4)

o 2| o] e
[Oleal = |1+ T30 * TR0 - 2P ©-5)

In our earlier work the elements of the ”KM” matrix were expressed in the |n) or mass basis

where the |n) are eigenstates of b and ¢. We now express the same operators in the |a) or
coherent basis, i.e. eigenfunctions of the absorption (a) and creation operators (a). The
elements of the KM matrix in this basis are

(@WTd(5)) = 3 (ul@)lu(n)){u(n)|WFd(n))(dx)|d()) (9.6)

nn'

(AW Tu(@)) = > _(d()Id(n)){d(n)[W fuln'])(uln)u(i) (9.7)

where u(i) and d(j) are the up (u, ¢, t) and down (d, s, b) quark triplets. Here ¢ and j describe
flavor states while n and n’ describe mass states. In these equations W+ and W~ refer to
charged W fields and are represented by D?,, and D3 respectively as in Table 5.2 and Eq.
(5.6).

The associated form factors are special cases of (5.6). Corresponding to (9.6) and (9.7)

we have
()| WHd(n')) ~ (n|D¥: \D?3 DY ') and (9.8)
(d(m)| W lu(n')) ~ (n|DY” DéoDi/g_% n') (9.9)
With the same model for the PMNS matrix, the form factor is

(nlD¥3, D

DhoD*34|n') (9.10)

where n = 0, 1, 2 label the three generations, e.g. the e, u and 7 neutrino states. Here the |n)
represent mass states. Since charge and hypercharge are conserved, the product D32 D7 D3/?

is neutral. It therefore lies in the (b, b) subalgebra and has no off-diagonal elements. Then

(W'|DY32 D3, D2 ny = (n'|F(b,b)n) (9.11)
= 4(n',n)F, (9.12)
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In terms of flavor states one then has

(i F (b, b)) = > _(iln) Fu(nlj) (9.13)

The “KM” and “PMNS” matrices, which are diagonal in mass states |n), are not diagonal
in the flavor states [i).

If one requires (i|F(b,b)|7) to be a SU(3) matrix, then it is natural to parametrize by ¢,
|8]?, and the complex eigenvalues of a.

In both the KM and PMNS cases one makes use of the matrix (n|a) that describes the
mixing of mass states in the flavor states. The observational consequences are, however,
very different in the two cases: the KM matrix describes transitions between quarks of
different charge that are mediated by the W¥ field and in this case the (n|a) matrix simply
changes the basis from mass to flavor states; the PMNS matrix, on the other hand, describes
neutral transitions between neutrinos of different mass. In both the quark and neutrino cases
the different mass states travel at different velocities and oscillate at different frequencies
but only in the neutrino case does the particle move far enough for the interference to be
observed.

The probability of a neutrino being detected after the time ¢ in the flavor states v; if it

is emitted in the flavor state v; is
Py = [{vlu(®) (9.14)

where the flavor states are superpositions of mass states v,:

The mass states are orthonormal
<Vn7 Vn’) = 6nn’ (916)
and propagate according to
vp(t) = e Eri=rDy, (0) (9.17)
Ifp>m
U (t) ~ e~ mat/2En g, (0) (9.18)
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Then
Pisj(t) = U5 Use™ e 2502 (9.19)

Constructive interference makes it possible for a neutrino created with a given flavor to

change its flavor during propagation.

10 An Alternative Implementation of the SL,(2) Symmetry®

The previous sections of this paper have been based on discussions of the SL,(2) algebra
where the mass states are identified with eigenstates of b and ¢ and an associated Hamil-
tonian. The eigenvalues of this Hamiltonian are functions of ¢" rather than n; the latter
measures the eigenvalues of the Hamiltonian of the standard harmonic oscillator, and the
q" form a geometric rather than an arithmetical progression. We shall now describe an
implementation of the SL,(2) symmetry that is closer to the standard procedures which
are dependent on the familiar quantum oscillator. In this way one arrives at a different
presentation of the flavor states, but the energy levels still turn out to depend on ¢".

The invariant matrix of SL,(2) is a 2-dimensional square root of -1, namely

0 q—1/2
€ = (10.1)
_q1/2 0

Any 2-dimensional representation of SL,(2):

T 10.2
() (102

Te, ' =T, T = ¢, (10.3)

satisfies

and the elements of T satisfy the knot algebra (A).

One may define a 2-dimensional vector basis A of SL,(2) by
Ale,A =q7/? (10.4)

Then (10.4) is invariant under A" = T'A. Let

Dm
A= ( ) 10



Then
D,x —qzD, =1 (10.6)

This equation will be satisfied if D, is chosen as a ¢ difference operator:

qr —x
Then zD, is a “basic dilatation operator”:
d
D, = — 10.8
d
q' —1
pum— 1 .
— (10.9)
If we introduce
h
P,=-D, (10.10)
i
Then
h
(Pow — qzPo)y(z) = —(z) (10.11)
If g =1, (10.11) is the Heisenberg commutator.
We also introduce the g-commutator and rewrite (10.6) as
[P, x], = —ih (10.12)

We may quantize by (10.4) with A given by (10.5) and (10.10).We may also quantize by any
A’ related to A by
N =TA  TeSL,(2) (10.13)

If ¢ is near unity (as it must be insofar as the standard theory (¢ = 1) is approximately

correct) then ¢ = 1 + € and by 10.7)

b(x + ex) — P(x)

€T

(10.14)

and D, resembles the difference operator on a lattice space, and ¢ may play the role of a
dimensionless regulator.

Let us next apply this method of quantization to a harmonic oscillator.
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11 The ¢-Quantized Oscillator®

Let us quantize according to (10.4) and (10.13) by taking

Then

or

or

ees-()

Z'e,Z =q?
2Zz2—qzz =1

[2,2],=1

(11.1)

(11.2)

(11.3)

(11.4)

Let us interpret z and Z as absorption and emission operators and retain the usual harmonic

oscillator Hamiltonian written in terms of these operators:

I
H = %(zi—l— zz)

(11.5)

Then if we modify the Heisenberg equation of motion in accordance with (11.4) we have

ihz = [z, H],

Assuming (11.5) and (11.6) we find the usual harmonic dependence

>~ ezwt

Denote the eigenstates of H by |n). Then z and z will satisfy (11.3) if

2n) = (n)y*In — 1)

Zln) = (n+ 1)(1]/2|n +1)

where (n), is the “basic number”

Then

(nlz = (n —1[{n),"

(n|z = (n+ 1)(1]/2(71 + 1|

(n)g =

2Z|n) = (n+1),n)

zzln) = (n)qln)
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(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)



and
(22 = gz2)[n) = ((n + 1)g = q(n)g)In) = |n)
Therefore the commutator (11.3) is satisfied. By (11.5)

Hln) = "4+ 1), + ()

The eigenvalues of H in the limit ¢ = 1 are

1

(11.13)

(11.14)

in agreement with the standard harmonic oscillator. For general values of ¢, however, one

has

1qn+1 + qn -9
[(n+ 1)+ (n)y] = 2 -1

N~

in agreement with (6.17) in its dependence on ¢" rather than n. In fact, one may define on

the algebra (8.3) as a special case of (6.6), a linear function of b, namely

lg+10 1
H. == Z
' <2q—16 q—l)h“

such that
Hy|n) = Ep|n)

where the |n) are the eigenstates of b, with eigenvalues 3¢" by (8.5), and

1 1 1
E, = s q" — hw
2qg—1

qg—1

= (4 Dyt ()g) o

with the spectra and eigenstates of the Hamiltonian of the z-oscillator, namely
1, _
H, = 5(22 + 2Z)hw

with

2Zz2—qzz=1

according to (11.3), (11.5) and (11.14).
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The coherent states are eigenstates of the absorption operator. Denote the coherent

states by |(). Then
z[¢) = ¢l¢)

We express |() as a superposition of the eigenstates |n) of H i.e.,

€)= >_In){(nlC)

The |n) and |() states are again states of mass and flavor respectively.

To compute (n|¢) note

(nlz[¢) = (n +1)*(n +1[¢)

and
(n[z]¢) = ¢{n|C)
Then
¢
(n+1[¢) = m(”\@
and
CTL
(n|¢) = Wm‘@
One may normalize by setting
(0[¢) = e <"

where

o] 2n
e =y 1o

! n=0 <nq>'

is the twisted exponential. Then

€[¢) =D Iny(n|¢) =1

(11.15)

(11.16)

(11.17)

(11.18)

(11.19)

(11.20)

(11.21)

(11.22)

(11.23)

If ¢ = 1 then the basic numbers (n), are replaced by n and one recovers the familiar

results for the coherent states of the harmonic oscillator. Since there are again only three

ococupied states, one has

|G = [0)€0]G) + [1)(L]G) + 12)(2]¢)
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(11.24)



Since the mass states are again orthonormal, one has

(GG = [OIG) 1 + [LICH 1 + 1421¢:)1?

where by (11.20)

<1|Q> = <i<0|<i>
¢

(2G) = W(W@

Normalize (¢|¢) = 1. Then by (11.26)-(11.28)

Gl 1

i p— .2
016) = [+ 1P + 7

(11.25)

(11.26)

(11.27)

(11.28)

We now have two representations of the mass-flavor mixing matrix: either (n|a) in

Section 9 or (n|¢) in Section 11. Both representations are allowed by SU,(2).
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