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Abstract

We study scalar potentials and the corresponding vacua of N = 10
three dimensional gauged supergravity. The theory contains 32 scalar

fields parametrizing the exceptional coset space %.
ble gauge groups considered in this work involve both compact and non-
compact gauge groups which are maximal subgroups of SO(10) x U(1) and
FEg(_14), respectively. These gauge groups are given by SO(p)x SO(10—p) x
U(1) for p =6,...10, SO(5) x SO(5), SU(4,2) x SU(2), Gy(_14)y X SU(2,1)
and Fy_op). We find many AdS; critical points with various unbroken
gauge symmetries. The relevant background isometries associated to the
maximally supersymmetric critical points at which all scalars vanish are
also given. These correspond to the superconformal symmetries of the dual
conformal field theories in two dimensions.

The admissi-
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1 Introduction

Gauged supergravities play an important role in many aspects of string theory.
Some of them arise as effective theories of string compactifications in the pres-
ence of fluxes of various p-form fields, see for example, [1] for a recent review.
Furthermore, they are very useful in the AdS/CFT correspondence [2]. This is
due to the fact that in gauged supergravity theories, supersymmetry allows scalar
potentials which admit some critical points with negative cosmological constants,
AdS critical points. These critical points are of particular interest in the context
of the AdS/CFT correspondence because they correspond to conformal field the-
ories on the boundary of AdS space.

In the original AdS;/CFT, correspondence, critical points of N = 8 five
dimensional gauged supergravity found in [3] describe various phases of N = 4
SYM. The correspondence is now extended to other dimensions as well. These
include AdS,/CFT; and AdS;/CFTy correspondences. The former is of interest
in the sense that it might give some insight to the condense matter systems, for
example, superconductors. Gauged supergravities in four dimensions are useful
to this study in much the same way as five dimensional gauged supergravities in
AdS;/CFTy. Vacua of N = 8 four dimensional gauged supergravity have been
classified in [4] [5] soon after its construction [6], and recently, some new vacua
of this theory have been identified in [7, 8]. Although, a lot of works have been
done in finding critical points of this theory, it is expected that many critical
points remain to be found. On the other hand, AdS;/CFTy correspondence is
a good place to test and study many aspects of the AdS/CFT correspondence.
This is because there are many known two dimensional conformal field theories,
and things are more controllable in two dimensions. So, we hope to understand
AdS;/CFTy in much more detail than the higher dimensional analogues. In this
case, three dimensional gauged supergravities are, of course, the natural frame-
work. In comparison with the higher dimensional counterparts, AdS;/CFTj is
not only important for understanding the AdS/CFT correspondence but also for
the study of black hole entropy, see [9] for a review and references therein.

Three dimensional Chern-Simons gauged supergravity, see, for example,
[10], 111, 12), 13] and [14] for the construction, has a much richer structure than the
analogous theories in higher dimensions due to the duality between vectors and
scalars in three dimensions. The admissible gauge groups include compact, non-
compact, non-semisimple and complex ones. Supersymmetry determines unique
scalar target spaces for theories with N > 8, [I5]. Some works have been done
in studying critical points or vacua of gauged supergravities in three dimensions
[16] 17, 18, 19} 20, 21]. The theories considered in these works have N = 4,8,9,16
supersymmetry, respectively. In this paper, we study N = 10 theory whose 32
scalar fields parametrizing the coset %. The admissible gauge groups
are subgroups of Eg_14). Some of compact and non-compact admissible gauge
groups have been classified in [14]. These are gauge groups we will study in this
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work. The compact gauge groups are SO(p) x SO(10—p) x U(1) for p=6,...10
and SO(5) x SO(5). The non-compact gauge groups are Go_14) X SU(2,1),
SU(4,2) x SU(2) and Fy_s0). All of these gauge groups are maximal subgroups
of SO(10) x U(1) and FEg(_14), respectively.

We will study some critical points of the scalar potentials in all of the
gaugings mentioned above by using the technique introduced in [4]. In this “sub-
group method”, we start by choosing a particular subgroup of the gauge group
and study the potential on the restricted scalar manifold which is invariant under
this subgroup. As a consequence of Schur’s lemma, the critical points found on
this invariant manifold are critical points of the potential on the whole scalar
manifold, 32-dimensional % manifold in this work. This method has
been used to study critical points of scalar potentials of N = 16 gauged super-
gravity in [20] and in other dimensions as well.

The paper is organized as follows. In section 2 we review some use-
ful ingredients to construct N = 10 gauged supergravity theory. We use the

6(—14)
S0(10)xU(1)
the %(07(29(;) coset in N = 9 theory. All details of the gauge group generators and
other needed information can be found in appendix[Al Various vacua are given in
section Bl including the background isometries of the maximally supersymmetric
critical points at which all scalars vanish. The computations are carried out with
the help of the computer program Mathematica [22]. We finally summarize our

results and give some conclusions in section Ml

parametrization of the scalar coset manifold in much the same way as

2 N =10 three dimensional gauged supergravity

In this section, we construct N = 10 three dimensional gauged supergravity using
the formulation given in [I4]. The procedure is essentially the same as that given
in [I8], so we will give only the needed ingredients and refer the reader to [14] for
the full detail of the construction.

We start by giving a description of symmetric spaces. In three dimen-
sional gauged supergravity with N > 8, scalar fields parametrize a unique coset
space of the form G/H. The group G given by some non-compact real form of an
exceptional group is the global symmetry of the theory with the maximal compact
subgroup H. The subgroup H is further decomposed to SO(N) x H' in which
SO(N) is the R-symmetry. Note that the additional factor H' does not appear
when SO(N) is the maximal compact subgroup of G. This is the case for N =9
and N = 16 theories in which G is given by Fy_s0) and Ejgs), respectively. The G
generators t™ decompose into { X!/, X} which are generators of {SO(N), H'}
and non-compact generators Y4.

In general, the G algebra, g, is formed by the isometries of the target
space that can be extended to an invariance of the Lagrangian. As shown in [14],
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under the map V
1
V- g a, V'Ajt'A ivMIJtIJ V’A;lta V'A;lltA, <1>

the algebra g is mapped to an associative subalgebra of a = {t//,t* t4}. The
algebra a is an extension of SO(N)x H' algebra, so(N)xbh', with the commutation
relations given by

1
1 1
[tA, tB] fo]BtIJ gcaﬁ hﬁABtoz’ [ta’ tA] haBAtB (2)

where C,5 and h®g" are an H’ invariant tensor and anti-symmetric tensors defined
n [14]. fl/ tensors are constructed from N — 1 almost complex structures f”,
2,...N. For symmetric target spaces, all the V’s are given by the expansion

1
L—ltML — §VMIJXIJ + V/\;iXa + VAXYA, (3)

and the map V is now an isomorphism, see [14] for further detail. We have
introduced “flat” indices A, B, ... for the scalar manifold. The target space metric
Gij» 1, =1,2,...d =dim G/H is given by

gij = 6?6?5143 (4)

A

where the vielbein e/ is encoded in the expansion

1
LTOL = Q7 XM+ QiX* 4 ey (5)

Q7 and Q¢ are composite connections for SO(N) and H’, respectively. R-
symmetry indices I,J,...=1,...,N and o, 3,... = 1,...,dimH’. Finally, the
coset representative L transforms under G and H by multiplications from the left
and right, respectively.

The scalar manifold of N = 10 theory is a 32 dimensional symmetric

space %. We will use the Eg generators constructed in [24]. Notice that

there is an additional factor H' = U(1) in this theory in contrast to N = 9 and
N = 16 theories studied in [I8] and [20]. The 78 generators of Ejs are given in
[23] for the first 52 generators and in [24] for the remaining 26. We can construct
the non-compact form FEg_14) by making 32 generators non-compact using “Weyl
unitarity”. These are given by

icaros for A=9,...,16 . (6)

iCA+21 fOI‘AIL...,S
YA:{
icaygy for A=17,...,32
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The 46 compact generators are the generators of SO(10) x U(1) and are given in
appendix [Al The next ingredient we need is the fl-lj‘] tensors which can be read
off from the second commutator of (2)) as we have described in [18§].

We now come to various gaugings described by the gauge invariant em-
bedding tensor O yqn. From Oz, we can compute A; and A, tensors as well as
the scalar potential via the so-called T-tensors using

4 2
Al — IM,JM §1ITMN.MN
! N_2 TNV —2) !
2 4 2
ALl Zpld M(ImTJ)M 5 fKL mmKL
% N 7+N(N—2)f] m+N(N—1)(N—2) 175 m
4 1 .
Vo= —=g* (A7 AT - SNgY Ay AY) (7)
N 2
with T-tensors
Tus = VMO0 V. (8)

The embedding tensors for the compact gaugings with gauge groups SO(p) X
SO(10 —p) x U(1), p=0,...,4 and SO(5) x SO(5) are given by [14]

_ 1
Orsxr = 0075 + dx=r)s) + 35 =P)Ou (9)
where
- 2(1—%)5H for I <p p—5
=17 { —géu for[>p ’ 0= 5 (10)

For p = 5, the gauge group is SO(5) x SO(5) which lies entirely in SO(10).
This is the case in which the U(1) is not gauged. The generators for these gauge
groups can be obtained by choosing appropriate generators of SO(10), and the
U(1) generator is simply given by 2¢79. We refer the reader to appendix [Al for
further details.

Non-compact gaugings considered in this work are those given in [14].
The gauge groups are SU(4,2) x SU(2), Gay—14y X SU(2,1) and Fy_sp). We find
the following embedding tensors

2
Ga(—14) X SU(2,1) @ Omy = 77/(\;/?1\/ - g'ﬂiﬁ%l) (11)
SU(4,2) x SU(2) = Ouan = it — 6ni? (12)
Fy—o
F4(—20) D Opn = 77/\45\/ ? (13)

where n% is the Cartan Killing form of the gauge group Gy. The gauge generators
of these three gaugings are given in appendix [Al
We finally repeat the stationarity condition for the critical points of the
scalar potential [14]
BAIK ALY 4 NgM ALK AKY — g (14)
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where AfjF is defined by

1
Az = 3z | —2D6eDpAY + 9541 + AFY IR o161 — ADGTY) — 2T3 f ”’31} '
(15)

For supersymmetric critical points, the unbroken supersymmetries are are en-
coded in the condition

1% 1 1 .
MFARE = - = LAY - INPA A (19
The notations and all definitions are the same as those in [14]. In the next section,
we will give the scalar potential for each gauging along with the corresponding

critical points.

3 Vacua of N = 10 gauged supergravity

In this section, we give some vacua of the N = 10 gauged theory with the gaugings
described in the previous section. We will also discuss the isometry groups of the
background with maximal supersymmetry at L = I. This is a supersymmetric
extension of the SO(2,2) ~ SO(1,2) x SO(1,2) isometry group of AdS;. A
similar study has been done in [20] and [18] for N = 16 and N = 9 theories,
respectively. For the full list of superconformal groups in two dimensions, we
refer the reader to [25]. As a general strategy, we give the trivial critical point
in which all scalars are zero, L = I, as the first critical point. It is also useful
to compare the cosmological constants of other critical points with the trivial
one. According to the AdS/CFT correspondence, the cosmological constant Vj
is related to the central charge in the dual CFT as ¢ ~ +V0’ so we will give the
ratio of the central charges for each non trivial critical point with respect to the
trivial critical point at L = I. We first start with compact gaugings.

3.1 Vacua of compact gaugings

The compact gauging includes gauge groups SO(p) x SO(10 — p) x U(1) for
p = 6,...,10 and SO(5) x SO(5). We give the scalar potential in SO(p) x
SO(10 —p) x U(1) for p = 7,...,10 gaugings in the G5 invariant scalar sector.
For SO(6) x SO(4) x U(1) gauging, we study the potential in SO(4)gis, and
SO(3)aiag sectors. Finally, for SO(5) x SO(5) gauging, we study the potential in
SO(5)diags SO(4)diag and SO(3)giag sectors. All notations are the same as in [16]
and [18].

3.1.1 SO(10) x U(1) gauging

We will study the potential in the G5 invariant scalar manifold. From 32 scalars,
there are four singlets under G5 C SO(p), p=7,...,10. These four scalars corre-
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spond to non-compact directions of SU(2,1). We use the same parametrization
as in [20] namely using three compact generators of the SU(2) subgroup and
one non-compact generator. With this parametrization, the coset representative
takes the form

L = e €a2553 e13¢52 ebl (Y1+Y5s) e a3C52 e*a2553 eaicrs (17)

This choice of L will also be used in the next three gauge groups. In this SO(10) x
U(1) gauging, the potential is given by

V= %gQ[—lOl — 28 cosh(2v/2b; ) + cosh(4v/2b;)]. (18)

The potential does not depend on aq, as and as.
The first critical point is the trivial one in which all scalars are zero. We
find
Vo = —644¢%, Ay = -4l . (19)

We use the notation I, for an n x n identity matrix from now on. This is
the critical point with (10,0) supersymmetry according to our convention. The
corresponding background isometry is Osp(10|2,R) x SO(2,1).

The second critical point is at b; = % with cosmological constant

Vo = —100g%. This is a non-supersymmetric point. The ratio of the central
charges between this point and the maximally supersymmetric point is

v,Y 5
O =2 (20)
C(l) ‘/0 4

Here and from now on, the notations c( and c(;y mean the central charges of the
trivial and i*" non trivial critical points, respectively.

For a; = a3 = 0, the coset representative (7)) has a larger symmetry
SO(7). This SO(7) is embedded in SO(8) in such a way that it stabilizes one
component of the SO(8) spinor. In [20], this SO(7) has been called SO(7)* ac-
cording to a component of 8; or 8, is stabilized. Our critical point is parametrized
only by by, so has SO(7) symmetry. Notice that this point is very similar to the
non-supersymmetric SO(7) x SO(7) critical point of the SO(8) x SO(8) gauged
N = 16 theory given in [20] and the SO(7) point in SO(9) gauged N = 9 theory
studied in [I8]. The location and the value of the cosmological constant relative
to the trivial point are similar for these points.

3.1.2 SO(9) x U(1) gauging

The potential in this gauging is much more complicated than the previous gauge
group and depends on all four scalars. So, we use the local H = SO(10) x
U(1) symmetry to remove e~ %¢2e~%2%3¢=01¢7 factor in the (I7) to simplify the
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computation and reduce the calculation time. The potential is given in appendix
Although we do not have a systematic way of finding critical points of
this complicated potential, we find some critical points, numerically.
The first critical point is the maximally supersymmetric (9,1) point

a, = a2:a3:blzo, %:—6492,
Ay = diag(—4,—4,—4,—4,—4,—4,—4,—4,—4,4). (21)

The background isometry is given by Osp(9]2,R) x Osp(1]2,R).
The second critical point is given by

1 7 1024
b = ECOSh_lga ap = m, a2:377r’ aszg, VOZ—TgZ,
i 16 16 16
A, = diag (—8, 8,8, 8,8, 8,8, 7. —, _3) . (22)
This Go critical point has (2,1) supersymmetry with
C(O) 4
‘o _ 4 23
o (23)

This critical point should be compared with the (1,1) G5 x G2 point in the SO(8) x
SO(8) gauged N = 16 theory. The two point have similar locations and values
of the cosmological constant relative to the trivial point.

The last critical point in this gauging is given by

1 _ T .
by = ﬁ cosh™ 2, a =as = 5 as = arbitrary, Vo = —10042,
Ay = diag(-7,-7,-7,=-7,-7,=7,=-7,-7,7,=-5) . (24)

This is a (1,0) point with G5 symmetry and

C(Q) 5
0 _ - 25
ca (25)
3.1.3 SO(8) x SO(2) x U(1) gauging
The potential in the G5 sector is given by
1
Vo= ——e WV g23(—1 4 eV22)8 cos(day) + 4(—1 + €V?") cos(2a1)[27

4096
+170eV? 4 27e2V?1 4 4V — 1)2 cos? ay cos(2a3))]

+8(e‘/§b1 —1)%cos? a1[2(13 + 86eV21 + 1362‘@’1) cos(2ag)
(V" = 1)% cos® ay cos(dag)] — 22188549 + 21112 cosh(v/2b;)
+22148 cosh(2v/2by) — 56 cosh(3v/2b;) — 681 cosh(4v/2b)]]. (26)
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The potential does not depend on ay. We find the following critical points.
First of all, when a; = as = a3 = b = 0, we find the maximally super-
symmetric critical points. At this is point, we find
‘/0 = _64927
A, = diag(—4,—4,—4,—4,—4,—4,—4, —4,4,4). (27)
This point has (8,2) supersymmetry and Osp(8|2,R) x Osp(2|2,R) as the back-

ground isometry group.
The next point is given by

by = cosh ™' 2, a; = a3 =0, Vo = —100g°. (28)
This is an SO(7) non-supersymmetric point with

©_2 (29)

This point is very similar to the non-supersymmetric SO(7) x SO(7) point of the
SO(8) x SO(8) gauged N = 16 theory studied in [20].
The last critical point is given by

1 7 1024
b = %COSh_lg, ar =0, a3 = 5 Vo——T g
-8 0 0 0 0 0 0 0 0 0
O -8 0 0 0 0 0 0 0 0
o 0 -8 0 0 0 0 0 0 0
o 0 0 -8 0 0 0 0 0 0
o 0 0 0 -8 0 0 0 0 0
A= o 0 0 0 0 -8 0 0 0 0 (30)
o 0 0 0 0 0 -8 0 0 0
o 0 0 0 0 0 0 =¥ 0 0
00 0 0 0 0 0 0 z
00 0 0 0 0 0 0 z x5
where
4 .
T = —g[—5 + cos(2as)] 22 =3 sin(2ay)
4
T3 = 5[5 + cos(2az)). (31)

We find that this is the (1,1) point with G5 symmetry, and the diagonalized A;
tensor is given by

16 16
A, = diag (—8, ~8,-8,-8,—8, -8, 8.8, —, §> : (32)



The ratio of the central charges is
(33)

This point is similar to the Gy x G5 point with (1,1) supersymmetry in SO(8) x
SO(8) gauged N = 16 theory.

3.1.4 SO(7) x SO(3) x U(1) gauging

In this gauging, we still work with the G5 invariant scalar sector. The potential
is given by

1
V= —3—2g2[1301 + 448 cosh(v/2by ) + 308 cosh(2v/2by) — 9 cosh(4v/20,)].  (34)
This case is very similar to the SO(10) x U(1) gauging in the sense that the
potential dose not depend on aq, as and az and admits two critical points.
The first critical point is as usual at L = I. This point is a (7,3) point
with

Vo = —64¢°
Ay = diag(—4, —4, -4, —4, -4, —4,—4,4,4,4). (35)

The background isometry is Osp(7|2,R) x Osp(3|2,R).
The second critical point is given by
1 7 1024
by = —=cosh™' Vo=——"-9¢".
1 \/§COS 3’ 0 9 9
The A; tensor is very complicated, so we give its explicit form in appendix [B]

equation (I04). Remarkably, the complicated matrix Mél) can be diagonalized
to diag (8, 8, %) This gives

(36)

16
A, = diag <—8, —8,-8,-8,—8,—8,—8,8,8, ?) . (37)

So, this critical point has (0,1) supersymmetry with
—— ==, (38)

Notice that this point has G5 symmetry although it is characterized only by b;.
This is because the SO(7) in the gauge group is not the same as SO(7)*, and b;
is not invariant under this SO(7). The SO(7) in the gauge group is embedded in
SO(8) as 8, — 7+ 1. This point is similar to the (1,1) Gy x G5 point in [20].
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3.1.5 SO(6) x SO(4) x U(1) gauging

We first study the potential in the SO(4) ;s scalar sector. There are four singlets
in this sector corresponding the non-compact directions of SO(2,2) ~ SO(2,1) x
SO(2,1). We parametrize the coset representative by

I = e [V17V2}6b1V16—a1[V17V2]6a2 [V37V4}6b2‘/16—a2 [V3,Va] (39)
where
Vi = j1+7J
Voo = Js—0a
Vs = Js+i
Vi = J1—J2 (40)
and

J1 = Yi+Ys =Yy +Yis—Yir — Yo + Y30 + Y3
Jo = Yo+ Yio—Yii +Yis+Yig—Yos+ Y5 + Y5
Js = Ya+ Y+ Yo — Y5+ Yoo + Yoz + Yo — Yoy
Ja = Ys—Ys+Yiu+ Yig — Yoo + Yoy + Yo5 — Yoo (41)

We find the potential

vV = _2674\/§(b1+b2)[1+4€4\/§b1 _'_68\/§b1 _'_464\/%2 —|—€8\/§b2
+1264\/§(b1+b2) + 68\/§(b1+b2) + 464\/5(21714—172) + 464\/§(b1+2b2)]92. (42)

Unfortunately, there is no non-trivial critical point in this potential. So, there is
no critical point with SO(4)qiag Symmetry.

The next sector we will consider is SU(3) invariant sector. The SU(3) is
a subgroup of SO(6) ~ SU(4). There are eight singlets in this sector. The coset
representative is parametrized by

[ = e®1€36 002€51 oa3C52 ,A4C53 ,a5CTT ,a6CT8 b1 Y1 Lb2Y (43)

in which the eight scalars correspond to non-compact directions of SU(2,2). As
usual, we have used local H symmetry to simplify the parametrization of L. The
potential is given in appendix We find two critical points.

The trivial (6,4) critical point at L =1 is given by

Vo = —64¢°,
A, = diag(—4,—4,—4,—4,—4,—4,4,4,4,4). (44)
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The background isometry is Osp(6[2,R) x Osp(4|2,R).
The non trivial critical point is given by

G o= S i=1,...,6,
2
by = by =cosh™' V3, Vy = —1444°,
A, = diag(-10,-10,-10,-10,-10,-10,6,6, 10, 10) . (45)

This point preserves (0,2) supersymmetry and SU(3) symmetry. The ratio of the
central charges is

=2 =2, (46)

3.1.6 SO(5) x SO(5) gauging

We start with the potential in the SO(5)qiag scalar sector. There are two sin-
glets in this sector corresponding to the non-compact directions of SL(2). We
parametrize the coset representative by

I = eal\/eber—al\/ (47)

where the compact and non-compact generators of SL(2) are given by

1 V3
V. = —|c1—car+cse—cag+coms+—¢ , 48
\/§<11 17 T C32 — C48 + C75 5 70) (48)
U = Y3-Y5—Yio+Yig+ Yir — Yig + Yor + Yoo. (49)

The potential is given by
V = —8¢*(5 + 3 cosh(4b,)) (50)

which does not have any non-trivial critical points.

We then move to smaller unbroken gauge symmetry namely SO(4)diag-
The parametrization of L is the same as in (39). The potential turns out to be
the same as that of SO(6) x SO(4) x U(1) gauging, and, of course, does not have
any non trivial critical points.

To proceed further, we need to reduce the residual symmetry to a smaller
group. The next sector we will consider is SO(3)diag. There are eight singlets
in this sector. These are non-compact directions of SO(4,2) ~ SU(2,2). We
parametrize the coset representative in this sector by

[, = e®1€10 p02C14 503C15 ,A4C19 ,05C20 LA6C21 ebl VA eb2Z2 (51)

where
Zy =Y + Y11 — Yy — Yo, Zy =Yy + Y13 — You + Yor. (52)
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The potential depends on all eight scalars. Its explicit form is given in appendix
[l
The trivial (5,5) critical point at L = I is characterized by

Vo= —64¢>, Ay =diag(—4, —4, -4, —4,—4,4,4,4,4,4). (53)

The corresponding background isometry group is Osp(5[2,R) x Osp(5|2,R).
We find a non trivial critical point given by

0 = g i=1,....6, by=0,
h™'5
by = % Vp = —2564°
A, = diag(—8,—8,-8,16,16, 16, ~16, 16,16, 16). (54)

This critical point has (3,0) supersymmetry with the ratio of the central charges

O _ g (55)

3.2 Vacua of non-compact gaugings

We now consider non-compact gaugings with gauge groups SU(4,2) x SU(2),
Ga—1ay X SU(2,1) and Fy_op. At L = I, the gauge group is broken down to
its maximal compact subgroup, and the bosonic part of the background isometry
is formed by this subgroup and SO(2,2). These gauge groups contain SU(3)
subgroup, so we study the potential in the SU(3) scalar sector in all non-compact
gaugings. For Ga_14y X SU(2,1) and Fy_s gaugings, the SU(3) C G sector
consists of eight scalars which is twice the number of scalars in the G5 sector. The
SU(3) is embedded in Gy as 7 — 3+ 3+ 1. The eight scalars correspond to non-
compact directions of the SO(4,2) ~ SU(2,2) C Eg—14). For SU(4,2) x SU(2)
gauging, the SU(3) is embedded in SU(4) C SU(4,2) as 4 — 3 + 1. Similarly,
the eight scalars are described by non-compact directions of SU(2,2). This sector
is essentially the same as that used in SO(6) x SO(4) x U(1) gauging.
Fortunately, we do not need to deal with all eight scalars. In these three
gaugings, four of the eight SU(3) singlets lie along the gauge group, so only four
directions orthogonal to the gauge group are relevant. This is because the singlets
which are parts of the gauge group will drop out from the potential and correspond
to flat directions of the potential. The relevant four singlets are contained in the
SU(2,1) sub group of SU(2,2). We also study the potentials in other sectors
specific to each gauging. The details of these sectors will be explained below.

3.2.1 Gy1a x SU(2,1) gauging

If we study the potential in the G5 sector in this gauging, we will find the constant
potential. This is because all scalars in the G5 sector are parts of the gauge group
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and will drop out from the potential. We then start with SU(3) C G sector. As
discussed above, this sector contains four relevant scalars parametrized by

L — 601052€a207sea3553ebl(Yl*Ye)e*asésse*@wse*awsz ) (56)
The potential is given by

1
V= 1—892[—101 — 28 cosh(2v/2b;) + cosh(4v/2by)]. (57)

There are two critical points. The first one is the trivial critical point given by
L =1 and

64
‘/0 = _5927
4 4 4 4 4 4 4 44 4
A = diag (-2, -2 2 2 2 2 2222
1 1ag< 37 37 37 37 37 37 3737373) (58)

We find that this point has (7,3) supersymmetry. The symmetry of this point is
given by the maximal compact subgroup Gy x SU(2) x U(1) of Gy—14) x SU(2,1).
The left handed supercharges transform as 7 under GG while the right handed
supercharges transform as 3 under the SU(2) ~ SO(3). So, the background
isometry is given by G(3) x Osp(3|2,R).

The second critical point is characterized by

cosh™ 2 100
b = Vo= ——-¢
1 \/5 ) 0 9 g,
-0 0 0 0 0 0 0 0 O
o -£ 0 0 0 0 0 0 0 0
o 0 - 0 0 0 0 0 0 O
o 0 0 -2 0 0 0 0 0 0
B o 0 0 0 —4% 0 0 0 0 0
A= 0 0 0 0 o0 -2 0 0 0 0 (59)
o 0 0 0 0 0 —f 0 0 0
00 0 0 0 0 0 wy v ¥s
0 0 0 0 0 0 0 wi vy ¥
0O 0 0 0 0 0 0 ys ¥ ys
where
Yy = 6[13 — cos(2a1) — 2 cos® a; cos(2az)],
1
Yy = 6[13 + cos(2a;) — 2 cos(2az) sin® a; ]
1 1
Ys = §(6+COS(2a2)), y4:§c052a25in(2a1),
1
Yy = —gcosalsin(Qag), y6:§sinalsin(2a2). (60)
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We can diagonalize A; to

(61)

. 1 7 v 7 7T 7 T7T7T5H
Al:dlag( ‘575@5)

_37 _ga _ga _ga _ga _ga

from which we find that this is a (0,1) supersymmetric critical point. The ratio
of the central charges relative to the L = I point is

©_2 (62)

This SU(3) point is closely related to the (0,1) SU(3) point in Gy_14y x SL(2)
gauged N = 9 theory in [I8].

We now study the potential in different sector, SU(2)qiag sector. From
the SU(3) sector discussed above, the next symmetry to consider could be the
SU(2) € SU(3). In general, we expect more scalars than those appearing in
the SU(3) sector. This will make the calculation takes much longer time. We
then consider SU(2)giag sector in which SU(2)giae C SU(2) x SU(2). The first
and second SU(2)’s are subgroups of SU(3) C Gy_14) and SU(2, 1), respectively.
There are four singlets in this sector corresponding to the non-compact directions
of SO(4,1) ~ Sp(1,1). We choose to parametrize the coset representative by
applying three SO(3) C SO(4) ~ SO(3) x SO(3) rotations as follow

[, = %18 p02€17 ,a3C20 ebl (Y2—Yi6+Y19+Y29) @ 03€20 ,—02C17 ,—0A1C8 (63)
The potential is

1
V= = g*[—269 — 192 cosh(2b;) — 52 cosh(4b;) + cosh(8b)] . (64)

There is one non trivial critical points given by
by = cosh™!v/2, Vo = —164°. (65)

This is a supersymmetric point with the associated A; tensor given in appendix
Bl equation (I06). After diagonalization, we find

1
A, = diag (-4, —4, —4, 4, _307 —2,-2,2,2, 2) (66)

which gives (2,3) supersymmetry. The ratio of the central charges is

This critical point has SU(2)diag X U(1) symmetry.
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3.2.2  [Fy_3) gauging

In this gauging with simple gauge group, we study the potential in the G5 and
SU(3) scalar sectors. We start with the Gy sector. Two of the four scalars are
parts of the gauge group, so we only need to parametrize the coset representative
with the other two scalars. These two scalars correspond to the non-compact

directions of SL(2). The L is then parametrized by

I = ea1€52ebl(Y25+Y30)€*alc52

The potential is

2

V= %[—101 — 28 cosh(2v/2b,) + cosh(4v/2b,)].

There are two critical points. The first one is trivial and given by

L = 17 %:_16g27
A = diag(—2,-2,-2,-2,-2,-2, -2, -2,-2,2).

(68)

(69)

(70)

This is the maximally supersymmetric point with (9,1) supersymmetry. The
gauge symmetry is broken down to its maximal compact subgroup SO(9), and

the background isometry is Osp(9]2,R) x Osp(1]2,R).
The second critical point is given by

-1
W= S -t
-0 0 0 0 O O 0 0 O
o -2 0 0 0 0O O O 0 O
o 0 -Z 0 0 0 0 0 0 O
o 0 0 - 0 0 0 0 0 O
o 0 0 0 - 0 0 0 0 O
Al = 2 7
o 0 0 0 0 -2 0 0 0 O
o 0 0 0 0 0 - 0o 0 o0
00 0 0 0 0 0 w ws 0
00 0 0 0 0 0 ws w 0
o 0 0 0 0 0 0 0 0 %
where
1 1 ,
wy = —3 — 3 cos(2ay), wy = 5[—6 + cos(2a1)], w3 = cosay sina; .

The A; tensor can be diagonalized to

G T S O O S O R
1 — g 27 27 27 27 27 27 27 27 27 9 .
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This critical point is a (1,0) point with

C(O) 5
0 _Z 74
w4 (74)
and preserves SO(7) C SO(9) C Fy(_9) symmetry.
In the SU(3) sector, there are eight singlets, but four of them are parts
of the Fy_s0). So, there are four singlets orthogonal to the gauge group. These
are non-compact directions of SU(2,1), and L can be parametrized by

I = €a1034602049€a30526b1Y21 @ 03C52 o —02C49 ,—A1C34 (75)

The potential is given by

2

V= %[—101 — 28 cosh(2v/2by ) + cosh(4v/2b, )] (76)
which is the same as the potential in the GG sector. The non-trivial critical point
is at the same position and cosmological constant, b; = cosh™'2, Vj = —25¢°.
The residual symmetry is SO(7) as in the previous critical point. Although the A,
tensor in this case is more complicated, it is the same as ([73]) after diagonalization.
The explicit form of A; is given in appendix [Bl equation (I08]).

3.2.3 SU(4,2) x SU(2) gauging

This gauging is the most difficult one to find a suitable scalar sector in order to
reveal non trivial critical points and still have a manageable number of scalars.
We start with the SO(4)g4ia scalar sector. The SO(4)giag is formed by taking
the subgroup SU(2) x SU(2) x SU(2) x SU(2) of SU(4,2) x SU(2). The first
two SU(2)’s are subgroups of SU(4) C SU(4,2), the third SU(2) is the SU(2) C
SU(4,2). Our SO(4) g is the diagonal subgroup of (SU(2) x SU(2)) x (SU(2) x
SU(2)) ~ SO(4) x SO(4). There are two singlets in this sector. These are
non-compact directions of SL(2), and L can be parametrized by

I = ea1€15€bﬂ~/e*a1015
Y = Yi+Y = Ys =Y = Yo+ Yig— Yiu+ Yis
+Y17 — Yig — Yoo + Yoz — Yoy + Yog — Yog — V3o (77)
which, unfortunately, gives a constant potential V = —16¢. So, we move to a

smaller residual symmetry to obtain a non trivial structure of the potential.

We now study the potential in the scalar sector parametrizing the SU(3)
invariant manifold. This SU(3) is a subgroup of SU(4) C SU(4,2). The eight sin-
glet scalars in this sector are the non-compact directions of SO(4,2) ~ SU(2,2).
The four directions which are orthogonal to the gauge group are non-compact
directions of SU(2,1) C SU(2,2). The coset representative is given by

L = % (es1+c78) ez (c36+3C53) 43 (cr7—cs52) ebl (Y1—Y23)

e (c77—cs2) e (c36+€53) e (es1+c78) ) (78)
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We find the potential
V = —2¢*(5 + 3 cosh(2b;)) (79)

which, again, does not admit any non trivial critical points.

The next sector we will study is SU(2)giag. This symmetry is a diagonal
subgroup of SU(2) x SU(2) in which the first SU(2) is a subgroup of SU(4) C
SU(4,2), and the second SU(2) is the SU(2) factor in the gauge group. There are
four scalars in this sector. These scalars are non-compact directions of SU(2,1),
and L can be parametrized by

[, = %110 o02C14 ,03C15 ebl Y€*a3015 e 02C14 p,—01C10 (80)

where
Y=Y —Ys— Yo —Yig+ Yir + Yig + Y30 + Va1 (81)

The corresponding potential is

V= %2[—101 — 28 cosh(4v/2b;) + cosh(8v/2b,)] . (82)

We now discuss its trivial critical point at L = I. This point is charac-
terized by

Vo= —16¢%, A =diag(—2,-2,-2,-2,-2,-2,2,2,2.2). (83)

The critical point has (6,4) supersymmetry. The gauge group is broken down
to its maximal compact subgroup SU(4) x SU(2) x U(1) x SU(2). The left
handed supercharges transform as 6 under SU(4) ~ SO(6) while the right handed
supercharges transform as 4 under SU(2) x SU(2) ~ SO(4). So, the background
isometry is given by Osp(6]2,R) x Osp(4]2,R).

The non trivial critical point with SU(2)4iag X SU(2) x SU(2) x U(1)
symmetry is given by

1 3
by = —=cosh™!4/=, Vo = —254°. 84
1 NG 5 0 g (84)

The associated A; tensor is given in appendix [Bl equation (II0) which can be
diagonalized to

11111111 7 7 5 5 5 5
A =di — = =, ==, ==, ==, ==, ——,—= | .
1 1ag<27 27 27 27 27 27 27 27 27 2) (85)
So, this is a (4,0) point with
o _ 9
— = 86
o (36)



4 Conclusions

In this paper, we have studied critical points of N = 10 three dimensional gauged
supergravity with both compact and non-compact gauge groups. Remarkably, all
critical points found in this paper are AdS critical points. This is in contrast to
the results of [20] in which some Minkowski and dS vacua have been found. In
SO(10) x U(1) gauging, there is one non trivial critical point which completely
breaks all the supersymmetries and breaks the gauge group down to SO(7). In
SO(9) x U(1) gauging, we have found two non trivial critical points with (2,1)
and (1,1) supersymmetries. Both of them break the gauge group down to Gs. In
SO(8) x SO(2) x U(1) gauging, there are two non trivial critical points. One of
them completely breaks all of the supersymmetries and preserves SO(7) subgroup
of the gauge group. Another critical point preserves G5 symmetry and (1,1) su-
persymmetry. In SO(7) x SO(3) x U(1) gauging, there is one non trivial critical
point with (0,1) supersymmetry and Gy symmetry. In SO(6) x SO(4) x U(1)
gauging, there is one non trivial SU(3) critical point with (0,2) supersymmetry.
In SO(5) x SO(5) gauging, we have found one nontrivial critical point breaking
the gauge group down to SO(3)g4iae and preserving (3,0) supersymmetry.

Our results in non-compact gaugings are as follows. In Ga_14) x SU(2,1)
gauging, we have found two non trivial critical points. One of them has (0,1)
supersymmetry and preserves SU(3) symmetry of the gauge group. The sec-
ond critical point breaks the gauge group down to SU(2)aiag X U(1) and pre-
serves (2,3) supersymmetry. In Fy_y) gauging, we have found one SO(7) critical
point with (1,0) supersymmetry. Finally, in SU(4,2) x SU(2) gauging, there is
one non trivial (4,0) critical point with SU(2)giag x SU(2) x SU(2) x U(1) ~
SU(2)diag X SO(4) x U(1) symmetry.

The gauge groups considered in this work are only maximal subgroups
of Eg14). It is interesting to study gaugings with other gauge groups which
are not maximal subgroups of Eg_14) along with their scalar potentials and the
corresponding critical points. In particular, non-semisimple gaugings are very
interesting in the sense that they are related to semisimple Yang-Mills gaugings
which arise from dimensional reductions of higher dimensional theories [26]. Fur-
thermore, studies of RG flows between critical points identified in this work are
of particular interest in studying deformations of the two dimensional CFT’s. We
hope to give further results on these issues in future works.

Acknowledgement We gratefully thank the Extreme Condition Physics Re-

search Laboratory at Department of Physics, Faculty of Science, Chulalongkorn
University for computing facilities.
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A Essential formulae

In this appendix, we give all necessary formulae in order to obtain the scalar
potential. We use the 52 generators of the F; subgroup of Eg from [23]. The
remaining 26 generators are given in [24]. The generators are normalized by

TI'(CZ'C]') = —65” (87)

With this normalization, we find that

yelt —éTr(L‘ngLX”) (88)
yod %Tr(LngLYA) (89)
Vil —éTr(L‘lXLX”) (90)
Vi %Tr(L‘lXLYA) (91)

where we have introduced the symbol T§& for gauge group generators as in [I§].
T¢ will be replaced by some appropriate generators of the gauge group being
considered in each gauging.

The following mapping provides the relation between ¢; and X’7, gener-

ators of SO(10),

X12 = C(C, XlB:_CQu X23:C37 X34:C67 X14:C47 X24:_C57
X15 = Cr, X25 = —Cg, X35 = Cy, X45 = —Ci0, X56 = —C15, X16 = C11,
X = g, X¥ =y, X¥=c3, X' =ci5, X" =17, X =—cyo,
37 _ 67 _ 57 _ 78 _ 18 _ 28 __
X = ¢, X' =—co, X' =—cy, X =—c35, X" =1c30, X = —c3,
48 38 68 58 29 19
X = —c33, X7 =c3, X = —c35, X7 = —cyq, X7 = —cy5, X~ = ys,
XY = —C48, X¥ = Ca7, X% = —Cs0, X = —0497X89 = —Cs2, X" = —Cs1,
L0 _ —en 210 _ Cr 310 _ g X410 _ . X510 -
- 9 — 9 — 9 - 9 - 9
6,10 __ 7,10 _ 8,10 _ 9,10 _ =~
X = c6, X" =cp, X0 =g, X7 =Cs3. (92)
The ¢53 and ¢z are defined by [24]
5 1 V3 5 V3 1
Cs53 = 5053 + 5 C70 and Cro = Y Cs53 + 5070- (93)

All the f!/’s components can be obtained from the structure constants of the
[X17,Y4] given in [23] and [24].
Generators of the SO(p) x SO(10 — p) compact gauge group are given by
T = X", IL,J=1,...p,
T = X I,J=p+1,...10. (94)
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The U(1) subgroup is generated by X = 2.
In the non-compact Ga_14) X SU(2, 1) gauging, the generators of Ga(_14)
can be obtained from combinations of SO(7) generators [27]

1 1
771 — _(X36 + X41), T2 — (X31 _ X46),
VG VG
1 1
Ty = —(X®-X"), Ty=—(X"-X*),
V2 V2
1 1
T5 — __<X23 +X47), T6 — (X26 —|—X71),
V2 V2
1 1
T = — X76 _ X21 ’ T, — X16 + X43 _ 2X72 ’
7 \/i( ) 8 \/6( )
1 1
Ty = ——=(X" = X% 4+2X%), Ty = ——=(X* + X1 - 2X°T),
9 \/6( ) 10 \/6< )
1 1
T - X73+X24+2X15 ’ Ty — — X74 —X23—|—2X65 7
. \/6< ) 2 \/6( )
1 1
T3 = %(X% — XM 4 2X), Ty = 7 (X2 4 X0 —2X%), (95)

These generators are essentially the same as those used in [I8], but we repeat
them here for conveniences. The SU(2,1) generators are given by

J1 = —cso, Jy = —Csa, J3 = —crs, Jy = Cro,
1 1
Jy = —=(Y1+Yg), Jo = —=(Yo + Y14),
5 \/5( 1 6) 6 2( 9 14)
1 1
Jr = (Yo + Yau), Jg = —=(Ya5 + Y3) . (96)

We have normalized these generators according to the embedding tensor given in
section
In SU(4,2) x SU(2) gauging, the relevant generators are given by
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e SU(4,2):

Qi = Gy, izl,...,15,

1 1 1
= —=(Cs52 +¢c77), = —(c51 — ¢13), = —=(Cs3 — c36),
Q16 \/5( 52+ cr7), Q17 2( 51 — Crs), Q1s 2( 53 — C36)
- 1 1
Qi9 = Cro, Q20——2(Y1+Y23) Q21=—2(Y2—Y22),
Qn = —=(Ys+Yar), Qo= —=(Ya—Yar), Qas = —= (V5 + Yao)
9 = NG 3 Y2), Qus = —5(Va=Va1), Qo= —5(¥5+ Yao),
1 1 1
(Yo + Yis), Ous = —(Ys— Yis), Qur = — (Y — Yio),
Qa5 \/5( 6+ Yis), Qa6 2( 7 17), Qor 2( 8 19)
1 1 1
(Yo Yar), Quo = —(Yio — Yag), Qso = — (Y31 — Yas),
(Q2s \/5( o+ Yor), Qoo \/5( 10— Ya9), @30 2( 11 25)
1 1 1
= — (Y12 + Ys), = —(Yi3 + Ya4), = — (Y, — Yag),
Q3 \/ﬁ( 12+ Ya0), Qs2 \/5( 13+ Yog), @33 \/ﬁ( 14 — Yog)
1 1
— (Vis — Vi), Oss = —(Yig + Ya1). 97
Q34 \/§< 15— Ya2), Qa5 \/§< 16+ Y31) (97)
o SU(2):
1 1 1 N
K1=§(C51+C78), K2=—§(C52—C77), K3:§(C36+053)- (98)

To find the above generators, we first look at the generators of the compact
subgroup SU(4) x SU(2) x U(1) of the SU(4,2). Using the fact that SU(4) ~
SO(6) and SU(2) x SU(2) ~ SO(4), we can identify SU(4) x SU(2) x SU(2)
with SO(6) x SO(4) € SO(10). The U(1) generator is simply éro.

The final non-compact gauge group is Fy(_z0). Its generators can be easily
identified by ¢1, ..., cs2 in the construction of the Eg given in [24].

We can now compute the T-tensors using

_ 1
TIJKL VIJ,aVKL,BéjﬁO(P)_VIJ,aVKL,B(;jBO(IO p) 3(5 p)VUa VU(1 (99)

_ 1
TILA VIJ,aVAﬁésﬁo(p) _VIJ,aVA,B(;jg(IO Py 3(5 PV 1)VU(1) (100)

for compact gaugings and

TIJ,KL — VIJavKL ﬁnaﬁ vaJavKL ﬁnaﬁ’ (101)
TIJ,A — VIJavA ﬁnaﬁ KvlJOévA Bnaﬁ (102)
for non-compact gaugings with K being % and 6 for G x G2 being Ga_14) X

SU(2,1) and SU(4,2) x SU(2), respectively. As in [I§], we use summation con-
vention over gauge indices o, 3 with the notation §%° and n%° meaning that the
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summation is restricted to the Gy generators. For Fj_g9) gauging, we have the

simpler expressions for the T-tensors namely

IJ KL __ IJ,ay K L,3, Fa(—20)
T = V7V 0,

TIJ,A

IJ,0)A, B, Fa(—20)
ViV in.e

B Explicit forms of the A; tensors

(103)

In this section, we give the explicit forms of the A; tensors mentioned in the main

text. We collect them here due to their lengthly and complicated forms.

e SO(7) x SO(3) x U(1) gauging
G4 sector:

—8T; 0 o [T e s
A1 = (1) M3 my Mo Mg (104)
0 M,
ms Mg M3
The elements of the matrix A/ are given by
1
my = §[21 — cos(2as) — cos(2a;)(1 + 3 cos(2as)) + 4 cos(2ay) sin®(a; ) sin® as

+4sin(2ay) sin as sin(2ag)]

2
my = —g[—ll + cos(2ay) — 2 cos? ay cos(2as)]

1
ms = 5[21 — cos(2as) + cos(2a;)(1 + 3 cos(2a3)) + 4 cos® a; cos(2as) sin” a3

—48in(2ay) sin ay sin(2a3)]

my = g cosap sin az[cos a; cos az — sin ay sin as sin ag]

1
ms = g[[—Q cos? ag + (—3 + cos(2as)) cos(2as)] sin(2a;)
—4 cos(2ay) sin ag sin(2as)]

mg = 3 oS ag sin ag(cos az sin a; + cos a; sin ag sin ag).

o Gy1a) X SU(2,1) gauging
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SU(2)diag sector:

-4 0 0 0 0 0 0 000
0 Moo 0 0 Mso 0 o) 0 00
0 0 -4 0 0 0 0 000
0 0 0 —4 0 0 0 000
0 mso 0 0 mss 0 mrs 0 0O
A=10 0 0 0 0 4 0 000 (106)
0 Mo 0 0 Mrs 0 M7 0 00
0 0 0 0 0 0 0 2 00
0 0 0 O 0 0 0 0 20
0 0 0 O 0 0 0 0 0 2

where

maa

ms2

mra

M55

m7s

mrr

1—12[—30 + cos[2(a; — ag)] + cos[2(a; + az)] — 2 cos(2as)

+ cos(2a1)(2 + 6 cos(2az)) + cos(2as)(2 — 4 cos® a; cos(2az))
+8sin(2ay) sin as sin(2a3)]

1

6[(—2 cos® ay + (—3 + cos(2ay)) cos(2as)) sin(2a;)

+4 cos(2ay) sin ag sin(2as)]

3 COS ag sin az(cos az sin a; — cos a; sin ap sin as)
1

E[_ cos[2(a; — ag)] — cos[2(ay + az2)] — 2 cos(2a1)(1 + 3 cos(2a3))

+ cos(2a5)(2 — 4 cos(2as3) sin® a;) — 2(15 4 cos(2as)
+4 sin(2aq) sin ag sin(2a3) )]

3 COS ag sin ag(cos aj cos az + sin a; sin ag sin ag)

1
g[—7 — cos(2ay) + 2 cos® ay cos(2as)]. (107)

F4(720) gauging
SU(3) sector:

-0 0 0 0 0 0 0 0 0
o -2 0 0 0 0 0 0 0 O
o 0 -2 0 0 0 0 0 0 O
o 0 0 - 0o 0 0 0 0 O
0 0 0 0 Q55 0 0 ags  ags 0
10 0o o 0 0 - 0 0 0 O (108)
o 0 0 0 0 0 - 0 0 0
0 0 0 0 ass 0 0 ags  agg 0
0 0 0 0 ags 0 0 agg Q99 0
o 0 0 0 0 0 0 0 0 #
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where

ass = 116[ 50 — 2 cos(2a;) + 3 cos[2(a; — az)] — 8 cos® a; cos(2as) cos® ag
—2cos(2a3) + 3 cos[2(ay + a3)] + 8sin(2ay) sin as sin(2ag)]

ags = %[[2 cos® ag + (—3 + cos(2as)) cos(2as3)] sin(2a;)
+4 cos(2ay) sin ag sin(2a3)]

ags = ;CO8ay [2 cos a; cos® ag sin ay + sin a; sin(2as3)]

agy = 1—16[008[2(a1 — ag)] + cos[2(a; + as)] + cos(2a1)(2 — 6 cos(2a3))

—2cos(2as)[1 + 2 cos(2as) sin® a;] — 2(25 + cos(2as)
+4sin(2ay) sin as sin(2a3))]

1
gy = Z[—l?) + cos(2as) + 2 cos? ay cos(2as)]

agg = o cos as[—2 cos® as sin a; sin ay + cos a; sin(2as)). (109)

SU(4,2) x SU(2) gauging
SU(2)diag sector:

-5 0 0 0 0 0 0 0 0 0
0 -2 0 0 0 0 0 0 0 0
0 0 -2 0 0 0 0 0 0 0
0 0 0 uwi ug us 0 0 0 O
0 0 0 Ug U2 Ug 0 0 0 0
A=10 0 0 w ugus 0 0 0 0 (110)
0 0 0 0 0 0 Y 0 0 0
00 0 0 0 0 0 % 0 0
0 0 0 0 0 0 0 0 4% 0
0o 0 0 0 0 0 0 0 0 %
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where

Uy = 1—16[—50 — cos[2(a; — ag)] — cos[2(a; + ag)] + 2 cos(2a3)

—2cos(2a;)(1 + 3 cos(2a3)) + cos(2az)(—2 + 4 cos® a; cos(2as3))

—8sin(2a;) sin as sin(2a3)]

Uy = 1—16[—5() +2cos(2ay) + cos[2(a; — ag)] — 2 cos(2as)

+ cos[2(ay + as)] + cos(2as)(2 + 6 cos(2a;) + 4 cos(2a,) sin® a;)
+8sin(2ay) sin as sin(2ag)]

1
us = Z[—13 + cos(2as) — 2 cos® ay cos(2as)]

Uy = %[(2 cos® ay — (—3 + cos(2ay)) cos(2as)) sin(2a;)

—4 cos(2ay) sin ag sin(2as)]
us = COSaysinaz(— cosaszsina; 4 cosa; sin as sin ag)

ug = — Cosag|sinaz(cosa; cosas + sina; sin ag sin ag) (111)
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C Scalar potential for SO(9) x U(1) gauging in G,
sector

V = _3271680926_4\/%1 — 2(4(=1 4 eY?)3(1 + V) cos[2a4] (1 + 3 cos[2as))
FA(=1 4 €2V221)(29 + 6V 4 202V — (=1 + V)2 cos[2as]
+4(=1 + ¥?)2(cos|as]? cos[2as] sinas)? — sin[2a] sinfas] sin[2a3))))?
+20((—=1 + e¥V®1)* (4 cos|as)? cos[2as] + 2 cos[2a1](—2 cos[as)?
+(—3 + cos[2as)) cos[2as]) + 8sin[2a;] sin[as] sin[2as]))?

—2621440¢*V2 cosfa]? cos|ag]?(cos|as] sinfay] + cos|a] sinfas] sinfas))? x

b
sinh[—=]% — 384¢V2" (—1 + ¢V221)%(4 cos[2as] sin[2a;] sinfas]

V2

+(3 cos[2a;] — 2 cos|a;)? cos[2as] — 1) sin[2as])?

—96(—1 4 €2V2P1)2(2(4(3 + 2V + 3e2VP1) + 4(—1 + V)2 cos[ay]? cos[as)?
(=1 + eV®)2((3 + cos[2as] — 2 cos[2a,] sin[as)?) sinfas]?

—2sin[2ay] sinfas] sin[2as])))? — 4(—1 + €2V211)2(2(29 — 26V (=3 + cos[2a))
+ cos[2as] + €221 (29 + cos[2ay]) + (€2 — 1)% cos[2a1](2 cos[ay]?

—(cos[2as] — 3) cos[2as]) — 2(e¥?* — 1)%(cos|as)? cos[2as]

+2sin[2a;] sinfas] sin[2as))))? — 16eV22 (=1 + ¥2)5(12 cos[2a, ] sin[2as]

416 cos[2as] sin[2a;] sinfas] — 4(1 + 2 cos|a;]* cos[2as]) sin[2as])?

—(—4(=1+ eV?)3(1 + V™) cos[2a1](1 + 3 cos[2as])

—4(=1 4 €®V221)(29 + 66V 4 2062V — (—1 + VP12 cos[2as]

+4(=1 + ¥?)2(cos|a1]? cos[2as)] sinfas)? — sin[2a] sinfas] sin[2as))))?|  (112)
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D Scalar potential for SO(6) x SO(4) x U(1) gaug-
ing in SU(3) sector

V o= —44° {é(—ll + cosh|[2b;] — 24 cosh[b;] cosh[bs] + 2 cosh[b;]? cosh[2b,])?
—5(55(—3 + cosh[by] cosh[by])?(sinh[b1]* + cosh[b;]? sinh[by]?)

+ 139505 (5 (35 (—48 cscay] sin[2a4] (— cosh[%](sin[ay] sin[as] sin[as)
+ cos|ay](cos[as] cos|as] sinfas] + cos[a] sin[as] sin[as])) sinh[%
— cosh[%](cos[ag)(cos[ag] sinfa;] — cos[a1] sin[as] sin[as]) sin[a,]

+(cos[as] sin[aq] sin[az] + cos[a;](cos|as] cos[as] sin[as]

— cos[ay] sin[ay] sinfas))) sinfag]) sinh[%])(cosh[2] cosh[2](cos[a]
cos|as] coslag] + (cos|as] sinfa;] — cos|ay] sinfas] sinfas]) sinfas] sin[ag))

+ cos[as)(— cos[as] sin[a] 4 cos[a;] sinfa] sin[as]) sinh[% ] sinh[%2])

+48 csclay] sin[2a4] (cosh[2](sin[ay] sin[as] sin[as)

+ cos[ay](cos[az] cos|as] sin[as] + cosas] sin[as] sinfas))) sinh[2]

+ cosh[%](cos[ag)(cos[az] sinfar] — cos|a1] sin[as] sin[as]) sin[a.]

+(cos[as] sinaq] sin[as] + cos[a](cos|as] cos[as] sin[as)]

— cos[as] sinfa4] sinfas))) sin[ag]) sinh[%])(cosh[% ] cosh[%2](cos[a;] x
cos|as] coslag] + (cos|as] sinfa;] — cos|ay] sinfas] sinfas]) sinfas] sin[ag))

+ cos|as](— cos|ag] sin[a1] 4 cos[a;] sinfa] sinfas]) sinh[%] sinh[2])

—96 cosh[%2] sinh[b; ] cos|a4] cos[as] cosh[2](cos[as] sinfa]

— cos[ay] sinfas] sinfas])(cos[ag|(cos|as] sin[a;] — cos[a;] sinfas] sinfas]) x
sinfay] + (cos[as] sin[aq] sin[as] + cos[a1]|(cos|as] cos[as] sinfas] — cos[az] x
sin[as] sinfas])) sinfag]) — 192 cosh[%]? cosh[%2] cos[as](cos[a1] cos[as] x
cos|ag] + (cos|as] sinfa;] — cos|aq] sinfas] sinfas]) sinfas] sinfag]) x
(cos[ag](— cos[as] sin[a;] + cos[a;] sin[az] sin[as]) sin[a4]

—(cos[as] sinfay] sin[as] 4+ cos[a](cos|as] cos[as] sin[as]

—192 sinh[%]? sinh[%] cos|aa] cos|as] cosh[2](cos|as] sin[a, ]

— cos[as] sinfa4] sinfas))) sin[ag]) sinh[%2] — cos[a;] sinfay] sin[as]) (sin[a;] x
sin[as] sin[as] + cos|a1](cos[as] cos[as] sin[ay] 4 cos[as] sinfas] sin[as]))
+96 sinh[b; | sinh[2] cos|a4] (sin[a;] sin[as] sinfas] 4 cos[a;]x

(cos[as] cos[as] sin[ay] 4 cos[as] sin[as] sinas]))(cos|a1] cos|as] cos[ag]
+(cos[as] sin[a;] — cos[a1] sin[as] sin[as]) sin[as] sinfag]) sinh[%]

+192 cos[as](cosh[%2](cos|as] cos[as] sin[a;] sinfas] 4 (cos[as] sin[a;] sin[as]
— cos[ay] sinfas]) sin[as]) sinh[%] + cosh[%](— cos[as](cos|a1] cos|as)]

+ sinfaq] sinfas] sinfag)) sinfay] + (cos|as](cos[as] sin[a;] sinas]

— cos[ay] sinfas]) — cos[as] sina;] sinfas] sinfas)) sinfag]) sinh[2]) x
(cosh[%] cosh[%2](cos[as] cos|ag] sin[a;] — (cos[a1] cos|as]

+ sin[aq] sinfas] sin[as]) sinfas] sin[ag]) + cos|as](cos|a;] cos[as]
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+ sinfay] sin[as] sinfas]) sinh[%] sinh[2]) + 192 cos[aa](cos|as] cosh[22]x
(cos[a1] cos[as] + sin[a;] sin[as)] sin[ag]) sinh[2] + cosh[%]x

(cos[as] cos[ag] sin[a;] — (cos[ai] cos[as] + sin [al] sm[ag] X

sin[as]) sin[as] sinag)) sinh[%])(— cosh[%] cosh[%2](cos[as](cos[a1] cos|as)]
+ sin[aq] sin[as] sin[as)) sinfay] + (— cos[ag] cos[a5] sin[aq] sin[as]

+ cos[a;] cos[as] sin[az] + cos[az] sin[a4] sin[ay] sin[as]) sin[ag])

+(cos[ag] cos|as] sin[aq] sin[ay] + (cos|as] sin[a] sin]as]

— cos[ay] sin[as]) sin[as]) sinh[%] sinh[%])

+96(sinh[%] cos[as] cos|as] cosh[%] sin[az] — cosh[%](cos|ag sin[as]

+ cos[as] sin[as] sinfas] sinfag]) sinh[%2]) (cosh[%2] cosh[%2](sin[2a4] sin[as] X
sin[as] sin[ag| + cos|as](— sin[2a4] cos|ag] sin]as]

+2 cos[ay] cos|as] cos|as] sinfag))) + (— sin[2a4] cos[as] sinfas]

+2 cos[ay] cos|as] cos[as] sin[as]) sinh[%] sinh[2]))

+1(4 csclay] sin[2a4] (cosh[%2](cos[a1] cos[as] cos|ag]

+(cos[as] sin[a;] — cos[a1] sinfa] sinfas]) sinfas] sinfag]) sinh[% ]

— cos[aq] sinfas] sinfaz)) sinh[2])(— cosh[%] cosh[2](sin[a;] sin[as] sin[as]
+ cos[a;](cos[as] cos|as] sinfay] + cos|as] sinfas] sinfas]))

—(cos[ag)(— cos|az] sin[as] + cos[a;] sin[as] sin[az]) sin[ay]

—(cos[as] sin[aq] sin[as] + cos[a](cos|as] cos[as] sin[as)]

— cos[as] sinfa4] sinfas))) sin[ag]) sinh[%] sinh[%])

+ cos[as] cosh[%](cos[as] sinfa;] — 4 csc[ad] sin[2a4](cosh[2](cos[a] COS[(IQ] X
cos|ag] + (cos[as] sinfa;] — cos[a] sin[as] sinfas)) sinfas] sin[ag)) sinh[2]
+ cos[as] cosh[%2](cos[az] sinfa;] — cos[a1] sin[as] sin[as]) sinh[b;])(cosh[jl]
cosh[%2](sin[a] sin[as] sin[as] + cos[a;](cos[as] cos|as] sin[a]

+ cos[ag] sinfas] sinfas])) + (cos|ag](— cos[as] sinfa;] + cos[a;] sinfaz] x
sinfas]) sinfay] — (cos|as] sinfaq] sinfas] + cos|ay](cos[as] cos[as] sinas]

— cos[as] sinfa4] sinfas))) sin[ag]) sinh[%] sinh[2])

+(8 cosh[%] cosh[%2] sin[2a4] cos[as] cos|as] sin|a;]

+8 sin[2ay] sinh[b—l] sinh[%2] cos|a;] cos[as] cos|ag)

+8 sin[2ay] sinh[%] sinh[%2] cos[ag] sinfa] sin[as] sin|as)]

+16 cos|ay] cosh[;l] cosh[f] coslag] sinfa;] sinfas] sinfas]

—16 cos[ay] sinh[%] smh[f] cosas] cos[as] sin[a;] sinfas] sin[ag]

+8 sin[2a4] smh[b—l] sinh[%] cos[as] sin[a;] sin[as] sin[ag)

—16 cos[ay] cosh[%] cosh[%] cos|aq] sinfas] sinfas]

+16 cosay] sinh[%] sinh[%] cos[a1] cos|as] sin[as] sin[ag]) (cosh[22] x
(— cos|as] coslag] sm[al] + (cos|a4] Cos[ag] + sin|aq] sin|as] sm[ag])
sinas] sin[ag]) sinh[%] + cos|as] cosh[%](c os[al] cos|as] + sinfa]x
sin[as] sin[as]) sinh[2]) 4 16 cos[a4](cosh[ 2](cos|ag|(cos|ay | cos[as)
+ sin[aq] sin[as] sin[ag]) sin[ay] + (— cos [ag] cos|as] sin[aq ] sin[as]

+ cos[a;] cos|as] sinfas] + cos|as] sinfa1] sin[as] sinfas)) sin[ag)) sinh[% ]
+ cosh[%](cos[as] cos[as] sin[a;] sinfay] + (cos|as] sinfa;] sin[as)]

NN
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— cos[ay] sin[as]) sin[as]) sinh[%2])(cosh[%] cosas] cosh[2]x

(cos[a1] cos[as] + sinfa] sinfas] sin[az]) — sinh[%](cos[as] cos|ag) sinfa;]
—(cos[a1] cos[as] + sinfa;] sin[ay] sin[as]) sin[as] sin[ag)) sinh[%])

—16 cos[ay] (cosh[%](cos[ag] (— cos|as] sin[a;] 4 cos[ai] sinfas] sinfas]) x
sinfa4] — (cos|as] sin[a] sinfag] + cos|a](cos[as] cos[as] sinas]

— cos[as] sinfa4] sinfas))) sin[ag]) sinh[2] + cosh[%](sin[a] sin[as] sin[as)

+ cos[a;](cos[as] cos|as] sinfas] + cos|as] sinfas] sin[as])) sinh[2]) x

(cos[as] cosh[%] cosh[%2](cos|as] sin[as] — cos[a] sin[as] sin[as))

+(cos[as] sinfay] sin[as] sin[ag] + cos[a1](cos|as] cos[ag]

— sin[as] sin[as] sinfas] sinfag))) sinh[%] sinh[%]) + 4(cosh[%](cos|ag] sinas]
+ cos|as] sinfaz] sinfas] sinfag)) sinh[2] + cos|as] cos[as] cosh[%] sinfaz] x
sinh[2])(cosh[%] cosh[2](—2 sin[2a4] cos[as] sin[as]

+4 cos[as] cos|as] cos[as] sin[as]) — sinh[%](2 sin[2ay4] sin[as] sin|as] sin[ag)]
+ cos[as](—2 sin[2a4] cos[ag) sin[az] + 4 cos[a,] cos[as] cos[as] sin[ag])) x
sinh[%]) — 8(sinh[% ] cosh[%](sin[2a4] sin|ay] sin[as] sin[ag]

+ cos[as](— sin[2a4] cos[ag) sin[as] + 2 cos[ay] cos[as] cos[as] sinag|))

— cosh[%](— sin[2ay4] cos[as] sin[as] + 2 cos[as] cos[as] cos|as] sin[as]) x
sinh[%2])(cos[as] cosas] cosh[%] cosh[%2] sin[as] + (cos|ag] sin[as]

+ cos[as] sinfas] sinfas] sinfag]) sinh[%] sinh[%2]))))?)

(113)
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E Scalar potential for SO(5) x SO(5) gauging in
SO(3)diag Se€CtOr

V = —4¢° {4(1 + cosh[2b;] cosh[2b5])? — $(—1 + cosh[2b] cosh[20,])? x

(1 + cosh[2b;] cosh[20s])(cos[as]?(cos|2as] + cos[2a4]) cos|as]?

—2sin[as]? sinfas]? + sin[2as,] sin|as] sin[ay] sin[2as))

+ o5 (=1 + cosh[2b;] cosh[2bs])* (cos[az]*(cos[2as]

+ cos[2ay)) cos[as|? — 2 sin[as]? sinfas)? + sin[2as] sinfas] x

s1n[a4] sin[2as))? — 5(£2 (sinh(2b;] + cosh[20:]? sinh[20,]?)
— 555 (—1 4 cosh[2b;] cosh[2b,])(—41 + 23 cosh[4b,]

+2 COSh[2bl] (8 cosh[4by] + cosh[8bs)))(cos[2(ay — ay)]

+ cos[2(as + a4)] + 8 cos|as]? cos|2a3] cos|as]?

+ cos[2a4](2 + 4 cos|as]? cos[2as]) — 16 sin[as)? sinas]?

+8 sin[2as] sinfas] sinfay] sin[2as))

+ 13555 (—1 + cosh[2b;] cosh[2b,])*(1 + cosh[2b;] cosh[2b,]) x

(cos[2(ay — ay)] + cos[2(as + ay)] + 8 cos|as]? cos[2az] x

coslas)? + cos[2a4](2 + 4 cos[as]? cos[2as]) — 16 sin[as)? sin[as]?

+8 s1n[2a2] sinfas] x sin[ay] sin[2as5])?

+ 555 (cos[as)? (5 + cos[2as] + cos[2a4] + (3 + cos[2as]

+ cos[2a4)) cos[2as)) + 8 cos[2as] sin[as]? — 3(—3 + cos[2as]) x

sinfas]? + 4 cosh[2b;] cosh[2by](cos[as]?(— cos|ay)?

+ cos[as]? sinfas]?) + (cos[ay)? + sin[as]? sinfay]?) sinfas]?)

—2(—1 + cosh[2b] cosh[2b2]) sin[2as] sin[az] sinfay] x

sin[2as]) sinh[2b;]? + g5 sinh[201]? (cos[a1]? cos[as]? cos[as]® x

(—1 + cosh[2b;] cosh[2by]) + cos|az)? cos[as)?(—1 + cosh[2b;] x

cosh[2b,]) sina;]? — cos[ay]?(3 + cosh[2b;] cosh[2b,]) sin[as]?

—(3 4 cosh[2b;] cosh[2by])(cos[az] cos[as] sin[as]

— sin[ay] sin[ay] sinfas))? — 2(cos[2as] sinfay)?

+ cos[as)?(cos[2a3] cos[as|* — cos[2a4] sin[as]?)

+ sin[2as] sin[az] sin[a4] sin[2as]))?

+5375(—1 + cosh[201]% cosh([4b,]) (28 + cos[2(az — as)]

+ cos[2(ag + a3)] + 8 cos[as]? cos[2a4] cos|as]* + 4 cos[2as]

+ cos[2a3](2 + 4 cos|as]? cos[2as]) + 8 cos[2as] sin[as]?

+16 cosh|[2b;] cosh[2bs] (cos[as]?(— cos[ay]? + cos[as]? sin[as]?)

+(cos[ay)? + sin[as)? sin[ay]?) sinfas]?) — 8(—1 + cosh[20;] x

cosh[2bs]) sin[2as] sin|as] sin|a4] sin[2as]) 4 35355 (—1 + cosh[2b;] %

cosh[4b,])(28 + cos[2(ay — a3)] + cos[2(ay + a3)] + 8 cos[as]? x

cos|2ay4] cos|as]? + 4 cos[2as] + cos[2as](2 + 4 cos|as]? cos[2as])

+8 cos|2as] sinfas|? + 16 cosh[20,] cosh[20,](cos[as]?(— cos|as)?

+ cosas)? sinaz]?) + (cos|a4)? + sin[as]? sinfay)?) sinfas]?)

—8(—1 + cosh[2b,] cosh[2b,]) sin[2as] sin[as] sin[a4] sin[2as))?
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+ 255 (sinh[261]* 4 cosh[2b;]? sinh[2b,]?) (4 cos[as)? cos[as]

+ cos[ay]?(3 + cosh[2b;] cosh[2b]) sin[az)? + (3 + cosh[20,] x

cosh[2by]) sin[ay]? — (=1 + cosh[2b] cosh[2bs])(cos[as] x

cos|as] sinfa;] — coslay](cos[as] sin[as] sin[az] + cos[as] sin[a4] ¥

sinfas)))? — (=1 + cosh[2b;] cosh[2b,])(cos|a1] cos|as] cos[as]

+ sin[aq](cos|[as] sinfas] sinfas] + cos|as] sinfay] sin[as]))?)?

+55 cos[as]? cos[ag]?(—1 + cosh[2b;] cosh[2b,])? (cos[as]? x

sin[a2]2 + (cos|az] cos|as] sinfay] — sin|ay] sin[as] sin[as])?)

+455(—1 4 cosh|[2b;] cosh[2bs])?(— cos[as)? sin[2as] sin[az] x

sin[a4](cosh[by] sinh[b;] cos[ag] — cosh[b;] sinh|[by] sin[ag))
+(sin[2as] sinfas] sinfa4] sin[as)? + sinas]? sin[2as]) x

(cosh[by] sinh[b;] cos[ag] — cosh[b;] sinh[bs] sin[ag])

— cosag] sin[2as] sin[ay] sinfas](cosh[b; ] sinh[bs] cos[ag]

+ cosh[by] sinh[by] sin[ag]) + cos|asz)? cos|as] x

(cos|ag](cosh[by] sinh[by] sin[2a3] + cosh[by] sinh[b;](cos[2as]

+ cos[2ay4]) sinfas]) + (cosh[by] sinh[b;] sin[2as]

— cosh[by] sinh[by](cos[2as] + cos[2a4]) sin[as]) sin[ag)))?

+ 5255 (—1 4 cosh[2b;] cosh[2b,])?(cos|as] sin[2as] sin|ag) x

sin[as](4 cosh[bs] sinh[b;] cos[ag] — 4 cosh[b] sinh[bs] sin[ag))

— cos|as]? sin[2as] sin[as] sin[ay] (4 cosh[b;] sinh[bs] cos|ag]

+4 cosh|[by] sinh[b;] sinfag]) + (sin[2as] sin[as] sin[as] sin[as]?

+ sin[ay)? sin[2as]) (4 cosh[b;] sinh[bs] cos[ag] + 4 cosh[by] x

sinh[b;] sinfag]) + cos[as]? cos|as](cos|ag)(—4 cosh[bs] x

sinh[b;] sin[2a3] 4 4 cosh[b] sinh[by](cos[2as] + cos[2a4]) X

sinfas]) 4 (4 cosh[by] sinh[by] sin[2as3] + 4 cosh[bs] sinh[b ] x

(cos[2as] + cos[2a4]) sin[as)]) sin[ag]))?

+155(—1 + cosh[2b;] cosh[2b,])?(cosh|[by] (2 cos|as] cos[as] x

cos|ag](cos[as] cos[as] sin[az] — sin[as] sinay] sin[as))

+(cos[2as] sin[2as] sin[as] sinay] — 2 cos|as](cos|as]?

+ sin[as]? sinfas]? — cos|as)? sinfay?) sinfas)) sin[ag)) sinh[b, ]

+ cosh[by](cos[ag](cos[2as] sin[2as] sin|as] sin]ay]

—2 cos|as](cos[az]? + sin[as]? sin[as]? — cos|as]? sinfa,]?) x

sinfas]) + 2 cos|as] cos|as|(— cos[as] cos|as] sin[as)]

+ sin[as] sinfay] sin[as]) sin[ag]) sinh[by])?

+2-(—1 + cosh|[2b;] cosh[2bs])?(cos|aq)? cos[as] sin|as] x

(— cos|ag] cosh[by] sinh[b;] + cosh[b;] sin[ag] sinh[bs])

—(cos[az] cos[as] sin[az] — sin[as] sin[a4] sin[as])(— cosh[bg] x

(cos|as] cos[ag] sinfas] sin[ay] + cos[as] x

(cos|ag] sinfas] sinfas] — cos[as] sinfag))) sinh[b ]

+ cosh[by](cos[as] sin[as] sin[ay] sinfag] + cos[as] x
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(cos[as] cos|ag) + sin[as] sin[as] sin[ag])) sinh[bs]))?
+155(—1 4 cosh[2b;] cosh[2b,])?((cos[as]? cos|as] cos[ay
coslas](cosh[by](cos[as] cos[ag| sin[as] + sin[as] sin[ag]) x
sinh[b;] 4 cosh[b](cos[ag) sin[az] — cos[as] sin[as] sin[ag]) x
sinh[bg]) — (cos[as] cosas] sin[az] sin[ay] — sin[as] sin[as]) x
(cosh[by](cos[as] cos[ag] sin[as] + cos|as] sin[ay] ¥
(cos[ag) sinfas] sin[as] — cos[as] sin[ag])) sinh[b;]
— cosh[by](cos|as] sin[as] sinfag] + cos[as] sinfay] x
(cos|as] cos|ag] + sin[as] sin[as] sin[ag])) sinh[by])))?
+455(—1 + cosh[2b;] cosh[2b,])?(cosh[bo] (cos[ag) x
(— cos[2as] sin[2as] sin[az] sinfay] + 2 cos[as](cos[as]?
+ sinfag)? sinfas]? — cos[as]? sinfa4)?) sinfas]) + 2 cos[as] x
coslas](cos[az] cos[as] sin[az] — sin[as] sin[a4] sin[as]) x
sin|ag]) sinh[b;] 4 cosh[b;](2 cos[as] cos[as] cos[ag] %
(cos[as] cos[as] sin[as] — sin[az] sin[a4] sin[as))
+(cos[2as] sin[2as] sin[as] sinfay] — 2 cos|as](cos[as]
+ sinfag)? sinfas]? — cos[as]? sinfa4)?) sinfas]) sin[ag]) sinh[bs])?
+155(—1 4 cosh[2b;] cosh[2b,])?(cos|ay)? cos[as] sin[as] x
(cosh[by] sinh[by] cos|ag] + cosh[bs] sinh[by] sin[ag])
—(cos[as] cos[as] sin[az] — sin[as] sinay4] sinas])(cos|as] %
sin[az] sinfay](cosh[b;] sinh[by] cos[ag] + cosh[by] x
sinh[by] sin[ag)) + cos|as](cos[as](cosh[by] sinh[b ]
coslag] — cosh[by] sinh[bs] sin[ag]) + sin[as] sm[a5]]
]

I2x

2

(cosh[b] sinh[by] cos|ag] + cosh[by] sinh[b;] sin[ag]))))?

+45 (=1 4 cosh[2b;] cosh[2b,])?(— cos[as)? cos|as] sin[as]

(cosh[by] sinfag] sinh[by] + cos[ag] cosh[b; ] sinh[bs])

+(cos[az] cos|as] sin[ag] — sin|as] sin[ay] sinfas])(cosh[bs] x

(cos[as] sinfas] sinfay] sinag] + cos[az](cos|as] cos|ag]

+ sin[ag] sin[as] sin[ag))) sinh[b;] + cosh[by](cos|as] cos[ag] sinfas] sinfay]
+ cos[as](cos|ag) sinfas] sinas] — cos|as] sin[ag])) sinh[bs]))?

+155 (—1 4 cosh[2b;] cosh[2b,])?((cos[as]? cosas] cos[as]? cos[as] x
(cosh[by](— cos|ag] sinfag] + cos|as] sin[as] sin[ag]) sinh[b ]

+ cosh|[b](cos[as] cos[ag] sin[as] + sin[as] sin[ag]) sinh[bs])
—(cos[as] cos[as] sinas] sin[ay] — sin[as] sin[as])(cosh[by] x

(cos[as] sinfas] sinfag] + cos[as] sinfay](cos|as] cos|ag]

+ sinfas] sinfas] sinfag])) sinh[by| 4 cosh[b;|(cos[as] cos[ag] sin[as]

+ cosas] sin[ay](cos[ag] sinfas] sin[as] — cos|as] sin[ag])) sinh[by])))?
+ 1505 (—1 + cosh[2b1] cosh[20,])?((cosh[bs](cos[ag|(—2 cos[2as] x
sin[2as] sinfas] sinfay] + (1 — cos[2as] + cos[as]?(cos[2as]

+ cos[2a4])) sin[2as]) + 2(cos|asz)? cos|as] sin[2as]
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— cos[ag] sin[2as] sinfay] sinfas)) sinfag)) sinh[b;] + cosh[b;] X
(2 cos|ag](cos|ag]? cos|as] sin[2as] — cos|as] sin[2as] sin[a,] x
sinfas]) + (2 cos|

(cos[2as] + cos[2a4]) + 2sinfas]?)
+— 1 (—1 + cosh[2b;] cosh[2b5])?((cosh[by
[

2a5) sin[2as] sinfas] sin[as] — (cos[ag]? x
sin[2as)) sin[ag]) sinh[bs]))?

1600 (2 coslag] x

]
[ [2a,]

+(—2 cos[2as] sin[2as] sin[as] sin[ay] + (cos[ag)?(cos[2as]

4 cos[2a4]) + 2sinfas]?) sin[2as)) sinag]) sinh[b;] + cosh[b;] x
(cos|ag](—2 cos[2as] sin[2as] sin[as] sin[ay] + (1 — cos[2as)]
+ cos[ag]?(cos|2as] + cos[2a4])) sin[2as)) + 2(cos[as]? x

(— cos[ag]? cos[as] sin[2as] + cos[as] sin[2as)] sinfay] sinfas))

cos[as) sin[2as] — cos|as] sin[2ay] sin[ay] sinfas)) sinfag]) sinh[by]))?)| (114)
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