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Abstract

Invariance of the AdS4×CP
3 superstring under D = 3 N = 6 superconformal sym-

metry is discussed in the sector described by the OSp(4|6)/(SO(1, 3)×U(3)) supercoset
sigma-model action presented in the conformal basis for the osp(4|6)/(so(1, 3) × u(3))
Cartan forms. Transformation rules under D = 3 N = 6 superconformal symmetry for
the (10|24)−dimensional ’reduced’ AdS4 × CP

3 superspace coordinates are obtained
and used to derive corresponding world-sheet currents.

1 Introduction

The first explicit example of the gauge/string duality [1], [2], [3] allowed to probe analyti-
cally previously unaccessible nonperturbative regime of N = 4 super-Yang-Mills theory via
the IIB superstring on AdS5 × S5 background. It is in a sense the simplest instance of the
AdS/CFT correspondence due to the maximal supersymmetry described by PSU(2, 2|4) su-
pergroup both of the AdS5×S5 superbackground and D = 4 SCFT on the boundary of AdS5

space. Another higher supersymmetric explicit example of the AdS/CFT correspondence
that was put forward not long ago by Aharony, Bergman, Jafferis and Maldacena (ABJM)
[4] provides description of the SCFT in the space-time of one lower dimension in terms
of M−theory on AdS4 × (S7/Zk) background. In spite of the fact that lower dimensional
theories basically have simpler dynamics compared to 4d ones the ABJM correspondence
appears to be harder to verify since on both sides of the duality the isometry supergroup
OSp(4|6) isomorphic to D = 3 N = 6 superconformal symmetry is lower than the maxi-
mally allowed one. Difficulties manifest itself already at the level of constructing the classical
action for IIA superstring on AdS4 ×CP

3 superbackground that describes ’t Hooft limit of
the D = 3 SCFT proposed by ABJM [4]. Group-theoretic supercoset approach [5], [6], [7],
[8] elaborated to describe IIB superstring on AdS5 × S5 background when applied to the
AdS4 × CP

3 superstring gives only partial answer [9], [10] because AdS4 × CP
3 background

preserves only 3/4 space-time supersymmetries. The OSp(4|6)/(SO(1, 3)×U(3)) supercoset
action [9], [10] corresponds to fixing part of the gauge freedom related to κ−symmetry of
the complete action [11] that is obtained via the double dimensional reduction [12] of the
D = 11 supermembrane action on maximally supersymmetric AdS4 × S7 background [13]
due to the Hopf fibration realization of the 7-sphere S7 = CP

3 × U(1) [14], [15]. Although
OSp(4|6)/(SO(1, 3)×U(3)) supercoset sigma-model fails to describe all possible AdS4×CP

3

superstring configurations [9], [11] it has clear group-theoretical structure and is classically
integrable allowing one to utilize for its investigation many of the results obtained for the
”elder brother” example of AdS5/CFT4 correspondence relying on the intregrable structures
exhibited there [16], [17] (for the collection of recent reviews see, e.g., [18])2.

1E-mail: d uvarov@hotmail.com, uvarov@kipt.kharkov.ua
2The issue of seeking possible integrable structures for the AdS4 × CP

3 superstring beyond the
OSp(4|6)/(SO(1, 3)× U(3)) sigma-model has been recently addressed in Ref.[19].
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In Ref. [20] we have found explicit form of the OSp(4|6)/(SO(1, 3)× U(3)) supercoset
sigma-model action in the conformal basis for osp(4|6) Cartan forms based on the supercoset
representative parametrized by Poincare coordinates for AdS4 space with 24 fermionic co-
ordinates split into two sets of 12 related to Poincare and conformal supersymmetries from
the AdS boundary superspace perspective3. Such choice of the supercoset representative
allows to formulate the stringy side of the duality in terms of the variables that contain
those parametrizing D = 3 N = 6 boundary superspace, where the ABJM theory could be
formulated off-shell [25]-[27] aiming at getting new insights into the relation between both
theories.

The goal of this paper is to establish transformation properties underD = 3N = 6 super-
conformal symmetry of the OSp(4|6)/(SO(1, 3)×U(3)) supercoset coordinates introduced in
Ref. [20], as well as to derive Noether currents associated with the D = 3 N = 6 supercon-
formal invariance of the OSp(4|6)/(SO(1, 3)×U(3)) superstring action. Similar problem of
deriving D = 4 N = 4 superconformal transformations for the AdS5×S5 superspace coordi-
nates relevant to the AdS5/CFT4 correspondence was addressed in [28], [29]. We start with
reviewing the AdS4 × CP

3 superstring action in conformal basis, then examine the action
of left D = 3 N = 6 superconformal transformations on the OSp(4|6)/(SO(1, 3)× U(3))
supercoset element and proceed to the derivation of osp(4|6) Cartan forms transformation
rules and Noether current densities for each of the individual transformations from the D = 3
N = 6 superconformal symmetry.

2 OSp(4|6)/(SO(1, 3)×U(3)) superstring in conformal ba-

sis

The sigma-model action on the (10|24)−dimensional OSp(4|6)/(SO(1, 3)×U(3)) superspace
was found in [9], [10] following the general prescription [5], [6], [7], [8] for constructing the
sigma-model-type actions on supercoset spaces that admit 4-dimensional automorphism Z4

of the underlying isometry superalgebra. It relies on identifying (10|24)−dimensional super-
vielbein components with the Cartan forms associated with the osp(4|6)/(so(1, 3) × u(3))
supercoset 10 bosonic and 24 fermionic generators. Resulting action is invariant under global
OSp(4|6) supersymmetry, as well as gauge SO(1, 3)×U(3) and κ−symmetries, describes the
requisite number of the physical degrees of freedom, has correct bosonic limit and is classi-
cally integrable.

In [20] we have considered the OSp(4|6)/(SO(1, 3)× U(3)) supercoset element

G = ex
mPm+θ

µ
aQ

a
µ+θ̄µaQ̄µaeηµaS

µa+η̄aµS̄
µ
a ez

aVa
4+z̄aV4

a

eϕD (1)

parametrized byD = 3N = 6 super-Poincare coordinates (xm, θµa , θ̄
µa), AdS4 radial direction

coordinate ϕ related to the boundary-space dilatations, 3 complex coordinates (za, z̄a) of the
CP

3 manifold, and 12 fermionic coordinates (ηµa, η̄aµ) corresponding to D = 3 N = 6
conformal supersymmetry. Associated current 1-form in the conformal basis can be cast
into the form

C (d) = G −1dG = Gmn(d)Mmn + ω̂m(d)Pm + ĉm(d)Km +∆(d)D

+ Ωa
b(d)Vb

a + Ωa
4(d)V4

a + Ω4
a(d)Va

4 + Ω4
4(d)V4

4

+ ω̂µ
a (d)Q

a
µ + ˆ̄ωµa(d)Q̄µa + χ̂µa(d)S

µa + ˆ̄χa
µ(d)S̄

µ
a

(2)

3Previously such conformal-type parametrizations were used to examine the string/brane models involved
into the higher-dimensional counterparts of AdS/CFT correspondence [21], [22], [23], [24].
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or manifesting the Z4−grading

C (d) = C0(d) + C2(d) + C1(d) + C3(d), (3)

where

C0(d) = Gmn(d)M
mn + 1

2
(ω̂m(d)− ĉm(d))(Pm −Km) + Ωa

b(d)Vb
a + Ω4

4(d)V4
4,

C2(d) =
1
2
(ω̂m(d) + ĉm(d))(Pm +Km) + Ωa

4(d)V4
a + Ω4

a(d)Va
4,

C1(d) = ω̂µ
a (d)Q

a
µ + χ̂µa(d)S

µa, C3(d) = ˆ̄ωµa(d)Q̄µa + ˆ̄χa
µ(d)S̄

µ
a .

(4)

Then the Z4−invariant OSp(4|6)/(SO(1, 3)×U(3)) superstring action in the conformal basis
for Cartan forms (2) acquires the form

S = −1
2

∫
d2ξ

√−ggij
[
1
4
(ω̂m

i + ĉmi )(ω̂mj + ĉmj) + ∆i∆j +
1
2
(Ωia

4Ωj4
a + Ωja

4Ωi4
a)
]

− 1
2
εij
∫
d2ξ
(
ω̂µ
iaεµν ˆ̄ω

νa
j + χ̂iµaε

µν ˆ̄χa
jν

)
.

(5)

The first two summands in the kinetic part of the action (5) include Cartan forms associated
with the generators Pm of the space-time translations on the D = 3 Minkowski boundary of
the AdS4 space

ω̂m(d) = e−2ϕωm(d), ωm(d) = dxm − idθµaσ
m
µν θ̄

νa + iθµaσ
m
µνdθ̄

νa, (6)

conformal boost generators Km

ĉm(d) = e2ϕcm(d), cm(d) = −idηµaσ̃
mµν η̄aν + iηµaσ̃

mµνdη̄aν

+ 2
[
ηµaσ̃

mµν(dθ̄aν +
1
4
ζ̄aν (d))− (dθµa +

1
4
ζµa(d))σ̃

mµν η̄aν
]
(η̄η), η̄η ≡ η̄bρη

ρ
b ,

(7)

where

ζµa (d) = −σ̃mµνωm(d)ηνa = −ω̃µν(d)ηνa, ζ̄µa(d) = −σ̃mµνωm(d)η̄
a
ν = −ω̃µν(d)η̄aν , (8)

and dilatations
∆(d) = dϕ+ i(dθµa η̄

a
µ + dθ̄µaηµa) (9)

with the corresponding generatorD. Note that the generators (D,Pm+Km) can be identified
as the so(2, 3)/so(1, 3) coset generators4 and the corresponding Cartan forms represent the
AdS part of the (10|24)−supervielbein bosonic components.

Supervielbein components in the directions tangent to the CP
3 manifold are identified

with the su(4)/u(3) Cartan forms (Ωa
4(d),Ω4

a(d)) that are the off-diagonal components of
the traceless Hermitean matrix of su(4) Cartan forms

ΩA
B(d) =

(
Ωa

b Ωa
4

Ω4
b Ω4

4

)
, Ω4

4 = −Ωa
a. (10)

Using the isomorphism SU(4) ∼ SO(6) it is possible to accommodate su(4) Cartan forms
into the 6× 6 matrix

Ωâ
b̂(d) =

(
Ωba

b − δbaΩbc
c εacbΩb4

c

−εacbΩbc
4 −Ωbb

a + δabΩbc
c

)
(11)

4(Anti)commutation relations of the D = 3 N = 6 superalgebra can be found in Ref.[20].

3



antisymmetric w.r.t the metric

Hâb̂ =

(
0 δba
δab 0

)
(12)

following the decomposition of the D = 6 vector representation as 3⊕ 3̄ of SU(3) 5. For the
considered choice of the OSp(4|6)/(SO(1, 3)×U(3)) supercoset element su(4) Cartan forms
are given by the sum of two contributions

Ωâ
b̂(d) = Ωbâ

b̂(d) + Ωf â
b̂(d) (13)

coming from bosons and fermions. Bosonic contribution

Ωbâ
b̂(d) = iTâ

ĉdT̄ĉ
b̂ (14)

is the su(4) Catran form matrix associated with the SU(4)/U(3) coset element

Tâ
b̂ =

(
Ta

b Tab

T ab T b
a

)
= exp

(
0 iεacbz

c

−εacbz̄c 0

)
. (15)

Explicit expressions for the purely bosonic part of CP
3 vielbein can be found in [20].

Fermionic contribution to (13)

Ωf â
b̂(d) = (TΨ(d)T̄ )â

b̂ (16)

is obtained by the T−transformation of the matrix

Ψâ
b̂(d) = 2(dθµâη

b̂
µ − dθµb̂ηµâ − ηµâω̃

µν(d)ηb̂ν), (17)

where the fermionic coordinates have been written as the D = 6 vectors in 3⊕ 3̄ basis

θµâ =

(
θµa
θ̄µa

)
, ηµâ =

(
ηµa
η̄aµ

)
(18)

and θµâ = H âb̂θµ
b̂
, ηâµ = H âb̂ηµb̂. The T−transformed 3⊕ 3̄ vectors will be endowed with hats

θ̂µâ = Tâ
b̂θµ

b̂
, θ̂µâ = H âb̂θ̂µ

b̂
etc. Using that Hâĉ(T̄

T )ĉd̂H
d̂b̂ = Tâ

b̂ for the chosen realization of
the matrix T the fermionic part of su(4) Cartan form matrix can be cast into the form

Ωf â
b̂(d) = 2(d̂θµâ η̂

b̂
µ − d̂θµb̂η̂µâ − η̂µâω̃

µν(d)η̂b̂ν). (19)

The Wess-Zumino (WZ) term of the action (5) in the 3⊕ 3̄ basis can be written in the
form

SWZ = − i
8
εijJâ

b̂

∫
d2ξ
(
ω̂µâ
i εµνω̂

ν

jb̂
+ χ̂â

iµε
µνχ̂jνb̂

)
, (20)

5The metric H
âb̂

is the conventional unit D = 6 metric δIJ written in the 3 ⊕ 3̄ basis. Both bases are
connected by the transformation matrices

M Iâ =
1

2
(ρ̃Ia4, ρIa4), M−1

âI =

(
ρI4a
ρ̃I4a

)
: MM−1 = I,

where ρI
AB

and ρ̃IAB are D = 6 chiral γ−matrices, such that the components of a D = 6 vector OI in these
bases can be transformed into one another OI = M IâOâ and Oâ = M−1

âIO
I . In particular, for the D = 6

metric we find that δIJ = −2M IâH
âb̂
MJb̂.
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where Jâ
b̂ is the CP

3 Kahler form written in the 3⊕ 3̄ basis6

Jâ
b̂ = 2i

(
δba 0
0 −δab

)
. (21)

It contains the world-sheet projections of fermionic 1-forms

ω̂µ
â = e−ϕTâ

b̂ωµ

b̂
, ωµ

b̂
(d) = dθµ

b̂
+ ζµ

b̂
(d) (22)

related to Poincare supersymmetry generators (Qa
µ, Q̄µa), and

χ̂µâ = eϕTâ
b̂χµb̂, χµâ(d) = dηµâ + 2iηb̂µdθ

ν

b̂
ηνâ − i(η̄η)(dθµâ + ζµâ(d)) (23)

related to conformal supersymmetry generators (Sµa, S̄µ
a ).

3 D = 3 N = 6 superconformal symmetry of the

OSp(4|6)/(SO(1, 3) × U(3)) superstring: general prop-

erties and coordinate transformations

Global OSp(4|6) transformations act on the OSp(4|6)/(SO(1, 3)×U(3)) coset representative
from which the left-invariant Cartan forms (2) are constructed in the following way7

G
′H = GG , G ∈ OSp(4|6) (24)

with H being the compensating SO(1, 3)× U(3) transformation or passing to infinitesimal
transformations

δG = gG − G h, g ∈ osp(4|6), h ∈ so(1, 3)⊕ u(3). (25)

Substituting above relations into (2) yields

C (δ) = G
−1δG = G

−1gG − h. (26)

Consider the osp(4|6) superalgebra valued transformation parameter in the conformal basis

g = amPm + bmK
m + fD + 1

2
lmnMmn + yaVa

4 + ȳaV4
a + wa

bVb
a + wa

aVb
b

+ εµaQ
a
µ + ε̄µaQ̄µa + ξµaS

µa + ξ̄aµS̄
µ
a .

(27)

It includes the parameters of D = 3 Minkowski space-time translations am, conformal
boosts bm, dilatations f and Lorentz rotations lmn, as well as anticommuting parameters
of D = 3 N = 6 Poincare supersymmetry (εµa , ε̄

µa) and conformal supersymmetry (ξµa, ξ̄
a
µ)

6In conventional D = 6 vector basis it is given by the expression JIJ = i

2
(ρI4aρ̃

J4a − ρJ4aρ̃
I4a). It takes

simple diagonal form when contracted with the 6D rotation generators

JA
B = JIJρIJA

B =

(
−2i 0
0 6i

)
.

The matrix JA
B can be shown to satisfy the following equation JA

CJC
B − 4iJA

B + 12δB
A
= 0.

7Since the supercoset string action is built out of the Cartan forms it is exactly invariant under the
global symmetry in distinction with the original Green-Schwarz action [30] that is quasi-invariant because
its WZ term cannot be presented as a 2-form in supercurrents. For detailed discussion on that point and
the properties of WZ term on AdS backgrounds see, e.g., [31].
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supplemented by SU(4) R−symmetry parameters (wa
b, ya, ȳa). Then the substitution of

OSp(4|6)/(SO(1, 3)× U(3)) coset representative (1) into (26) yields

C (δ) = (ω̂m(δ)− b̂m)Pm + (ĉm(δ) + b̂m)Km +∆(δ)D + 1
2
(Gmn(δ) + l̂mn)Mmn

+ Ω4
a(δ)Va

4 + Ωa
4(δ)V4

a + (Ωa
b(δ) + ŵa

b)Vb
a + (Ωa

a(δ) + ŵa
a)Vb

b

+ ω̂µ
a (δ)Q

a
µ + ˆ̄ωµa(δ)Qµa + χ̂µa(δ)S

µa + ˆ̄χa
µ(δ)S̄

µ
a .

(28)

The quantities that cannot be accommodated into individual Cartan form variations like e.g.,
ω̂m(δ) = iδω̂

m(d) represent parameters of the compensating transformations. In particular,
vector parameter

b̂m = e2ϕA−1bm(θ), A = 1− e4ϕ(η̄η)2 (29)

where
bm(θ) = bm − i(ξa(θ)σ̃

mη̄a + ξ̄a(θ)σ̃mηa), ξµa(θ) = ξµa + bµνθ
ν
a , (30)

describes SO(1, 3)/SO(1, 2) transformations, while the tensor one

l̂mn = lmn(θ) + ie2ϕ(ηa
ˆ̃bσmnη̄a + η̄aˆ̃bσmnηa) (31)

with

lmn(θ) = lmn + 2(bmxn − bnxm) + 2i(θ̄aσmnξa + θaσ
mnξ̄a) + i(θ̄aσmnbθa + θaσ

mnbθ̄a) (32)

SO(1, 2) Lorentz rotations. Parameters of the compensating U(3) rotations

ŵa
b = w̃a

b + i(1−cos |z|)
|z| sin |z|

(z̄aỹ
b − ˜̄yazb) + i(1−cos |z|)2

2|z|3 cos |z| sin |z|
((ỹz̄)− (z˜̄y))z̄azb (33)

have been presented in the form exhibiting explicit dependence on the entries

w̃a
b = wa

b(θ)− e2ϕ(2ηa
ˆ̃
bη̄b − δbaηc

ˆ̃
bη̄c),

ỹa = ya(θ) + e2ϕεabcηb
ˆ̃
bηc, ˜̄ya = ȳa(θ)− e2ϕεabcη̄

bˆ̃bη̄c,
(34)

where

wa
b(θ) = wa

b − 2(ξµaθ̄
µb + θµa ξ̄

b
µ) + δba(ξµcθ̄

µc − ξ̄cµθ
µ
c )− 2θabθ̄

b + δbaθcbθ̄
c,

ya(θ) = ya + 2εabcξµbθ
µ
c + εabcθbbθc, ȳa(θ) = ȳa − 2εabcξ̄

b
µθ̄

µc − εabcθ̄
bbθ̄c,

(35)

of the su(4) matrix

W̃â
b̂ =

(
w̃a

b − δbaw̃c
c εacbỹ

c

−εacb˜̄yc −w̃b
a + δab w̃c

c

)
(36)

that, as will be shown below, enters the transformation laws (41) of the SU(4)/U(3) coset
element T (15) under the D = 3 N = 6 superconformal symmetry.

D = 3 N = 6 superconformal transformations of the OSp(4|6)/(SO(1, 3) × U(3)) su-
perspace coordinates that parametrize (1) include also the contributions proportional to the
parameters of the compensating transformations (29), (31), (33). D = 3 N = 6 Boundary
superspace coordinates obey the following transformation rules8

δxm = am + lmnx
n + 2fxm + bm(x2 + (θ̄θ)2)− 2xmbnx

n

− i(εaσ
mθ̄a + ε̄aσmθa)− i(ξa ˆ̃xσ

mθ̄a + ξ̄a ˆ̃xσmθa)

+ e2ϕ(b̂m + iηa
ˆ̃bσmθ̄a − iθaσ

mˆ̃bη̄a),

(37)

8Observe vanishing of the terms proportional to SO(1, 3)/SO(1, 2) rotation parameters b̂ in the boundary
limit ϕ → −∞.
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δθµa = εµa +
1
4
lmnθνaσmnν

µ + fθµa + iwb
bθµa − iwa

bθµb − iεabcy
bθ̄µc + ˆ̃x

µν
bνλθ

λ
a

+ ˆ̃x
µν
ξνa − 2i(θµb ξ̄

b
ν + θ̄µbξνb)θ

ν
a + e2ϕˆ̃bµνηνa

(38)

and c.c., where ˆ̃xµν = x̃µν − iεµν(θ̄θ), while that for the coordinate ϕ related to the AdS4

space radial direction read

δϕ = f(θ) = f − bmx
m + i(ξµaθ̄

µa + ξ̄aµθ
µ
a ). (39)

Transformation properties of the CP
3 complex coordinates

δza = izbw̃b
a + iw̃b

bza + |z| cos |z|
sin |z|

ỹa + 1
2|z|2

(
1− |z|

cos |z| sin |z|

)
(ỹz̄)za

+ 1
2|z|2

(1 + |z|(tan |z| − cot |z|))(z˜̄y)za
(40)

can be summarized in the form of SU(4)/U(3) coset representative (15) transformations

δTâ
b̂ = iTâ

ĉW̃ĉ
b̂ − iŴâ

ĉTĉ
b̂, δT̄â

b̂ = −iW̃â
ĉT̄ĉ

b̂ + iT̄â
ĉŴĉ

b̂, (41)

where the SU(4) transformation parameter matrix W̃â
b̂ has been introduced above (36) and

Ŵâ
b̂ =

(
ŵa

b − δbaŵc
c 0

0 −ŵb
a + δab ŵc

c

)
(42)

represents U(3) compensating transformation matrix. Finally Grassmann coordinates asso-
ciated with the conformal supersymmetry generators transform as follows

δηµa = ξµa(θ)− 1
4
lmn(θ)σmnµ

νηνa − f(θ)ηµa + iwb
b(θ)ηµa − iwa

b(θ)ηµb − iεabcy
b(θ)η̄cµ

+ 2ie2ϕεµλ
ˆ̃
bλνηνa(η̄η)

= −1
4
lmnσmnµ

νηνa − fηµa + iwb
bηµa − iwa

bηµb − iεabcy
bη̄cµ + bµνθ

ν
a − ηνa ˜̂x

νλbλµ

+ 2i
[
(θabθb)η̄

b
µ + (θabθ̄

b)ηµb
]
+ ξµa − 2i(ξ̄bµθ

ν
b + ξµbθ̄

νb)ηνa

− 2i(ηµbξ̄
b
ν + η̄bµξνb)θ

ν
a + 2iξνa(θ

ν
b η̄

b
µ + θ̄νbηµb) + 2ie2ϕεµλ

ˆ̃
bλνηνa(η̄η)

(43)
and c.c.

osp(4|6) Cartan forms associated with the numerator generators of osp(4|6)/(so(1, 3)×
u(3)) are left-invariant under the above derived global transformations up to the compen-
sating ones associated with the denominator generators that in its turn transform in a
connection-type way. Bosonic 1-forms that are identified with the AdS4 part of the super-
vielbein in general transform as

δω̂m(d) + δĉm(d) = l̂mn(ω̂n(d) + ĉn(d)) + 4b̂m∆(d), δ∆(d) = b̂m(ω̂
m(d) + ĉm(d)), (44)

while e.g. so(1, 2) Cartan forms in the spinor realization Gµν(d) = εµλσmnλ
νGmn(d) obey

the following rule

δGµν(d) = 1
4
(Gµλ(d)l̂λ

ν +Gνλ(d)l̂λ
µ)+ b̂µλ(ˆ̃ω(d)− ˆ̃c(d))λν + b̂νλ(ˆ̃ω(d)− ˆ̃c(d))λµ− 1

2
dl̂µν . (45)

su(4) Cartan forms are OSp(4|6) left-invariant up to the U(3) rotation

δΩâ
b̂(d) = i(Ωâ

ĉ(d)Ŵĉ
b̂ − Ŵâ

ĉΩĉ
b̂(d))− dŴâ

b̂ (46)
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with su(4)/u(3) 1-forms identified with the CP
3 part of the supervielbein transforming as

δΩa
4(d) = iŵb

bΩa
4(d)− iŵa

bΩb
4(d), δΩ4

a(d) = −iŵb
bΩ4

a(d) + iΩ4
b(d)ŵb

a (47)

and u(3) 1-forms exhibiting connection-type transformation properties

δΩa
b(d) = i(Ωa

c(d)ŵc
b − ŵa

cΩc
b(d))− dŵa

b. (48)

Cartan forms that are identified with the supervielbein fermionic components transform in
the following way

δω̂ν

b̂
(d) =

1

4
ω̂λ

b̂
(d)l̂mnσmnλ

ν + ˆ̃bνλχ̂λb̂(d)− iŴb̂
ĉω̂ν

ĉ (d) (49)

and

δχ̂νb̂(d) = −1

4
l̂mnσmnν

λχ̂λb̂(d) + b̂νλω̂
λ

b̂
(d)− iŴb̂

ĉχ̂νĉ(d). (50)

For individual transformations from the D = 3 N = 6 superconformal symmetry to be
discussed below these expressions simplify by properly restricting the parameters of com-
pensating transformations that will be indicated by the vertical line at the corresponding
transformation parameters.

General structure of the Noether currents corresponding to D = 3 N = 6 superconformal
invariance of the superstring action can be formally presented in the following form

J i
Σ(τ, σ) = JAdS

i
Σ + JCP

i
Σ + JWZ

i
Σ, (51)

where Σ is a transformation parameter9,

JAdS
i
Σ = −√−ggij

(
1
4
(ω̂jm + ĉjm)

∂
∂Σ

(ω̂m(δΣ) + ĉm(δΣ)) + ∆j
∂
∂Σ

∆(δΣ)
)

(52)

is the contribution of the AdS4 and

JCP
i
Σ = −1

2

√−ggij
(
Ωja

4 ∂
∂Σ

Ω4
a(δΣ) + Ωj4

a ∂
∂Σ

Ωa
4(δΣ)

)
(53)

CP
3 parts of the kinetic term of the action (5), as well as that of the Wess-Zumino term

JWZ
i
Σ = i

4
εijJâ

b̂
(
ω̂µâ
j εµν

∂
∂Σ

ω̂ν

b̂
(δΣ) + χ̂â

µε
µν ∂

∂Σ
χ̂νb̂(δΣ)

)
. (54)

Below we specialize to discussion of the individual transformations from the D = 3 N = 6
superconformal symmetry and present corresponding expressions for the Noether currents.

4 D = 3 N = 6 superconformal symmetry of the

OSp(4|6)/(SO(1, 3) × U(3)) superstring: Noether cur-

rents

4.1 Noether currents associated with D = 3 conformal symmetry

4.1.1 Space-time translations

osp(4|6) Cartan forms are obviously invariant under the global translations of D = 3
Minkowski boundary coordinates. Their variation is hence governed by the corresponding

9We assume the right derivative for fermions.
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current contributions related to the coordinate dependence of transformation parameters to
be used below for the construction of the current density. In particular, Eq.(44) represent-
ing variation of the Cartan forms identified with the AdS part of the supervielbein, when
restricted to the boundary space-time translations, reduces to

δaω̂
m(d) + δaĉ

m(d) = jmnda
n, δa∆(d) = 0, (55)

where the current contribution tensor equals

jmn =
∂(ω̂m + ĉm)(δa)

∂an
= e−2ϕAδmn . (56)

su(4) Cartan forms are also invariant under 3d translations

δaΩâ
b̂(d) = Jâ

b̂
mda

m (57)

modulo the current contribution matrix

Jâ
b̂
m =

∂

∂am
Ωâ

b̂(δa) =

(
ja

b
m jabm

−j̄abm −jb
a
m

)
= −2(η̂âσmη̂

b̂). (58)

As a result variation of the CP
3 components of the supervielbein acquires the form

δaΩa
4(d) = −1

2
εabcj̄

bc
mda

m, δaΩ4
a(d) = −1

2
εabcjbcmda

m. (59)

Variation of the fermionic supervielbein components associated with the Poincare supersym-
metry under the localized boundary space-time translations reads

δaω̂
µ
â (d) = jµâ mda

m (60)

with the current contribution

jµâ m =
∂ω̂µ

â (δa)

∂am
= −e−ϕσ̃µν

m η̂νâ. (61)

Then for the variation of remaining fermionic supervielbein components associated with the
conformal supersymmetry we obtain

δaχ̂µâ(d) = Jµâmda
m, (62)

where

Jµâm =
∂χ̂µâ(δa)

∂am
= −ie2ϕ(η̄η)εµνj

ν
âm (63)

is the current contribution. So that the current density related to the superstring action (5)
invariance under D = 3 Minkowski space-time translations has the form

J i
m(τ, σ) = J i

AdSm + J i
CPm + J i

WZm. (64)

The AdS part of the current density

J i
AdSm = −1

4

√−ggij(ω̂jn + ĉjn)j
n
m (65)

is determined by the current contribution (56), the CP
3 part

J i
CPm =

1

4

√−ggij
(
Ωja

4εabcjbcm + Ωj4
aεabcj̄

bc
m

)
(66)

is contributed by Eq.(59), and the current contributions (61), (63) determine the WZ part
of the current density

J i
WZm =

i

4
εijJâ

b̂
(
ω̂µâ
j εµνj

ν

b̂ m
+ χ̂â

jµε
µνJνb̂m

)
. (67)
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4.1.2 Conformal boosts

Transformation properties of the Cartan forms that enter the AdS−part of the
OSp(4|6)/(SO(1, 3) × U(3)) superstring action (5) under the localized conformal boosts
follow from the expressions (44) appropriately restricted

δb ω̂
m(d) + δbĉ

m(d) = jmndbn + (l̂|b)mn(ω̂n(d) + ĉn(d)) + 4(b̂|b)m∆(d),

δb∆(d) = jmdbm − (b̂|b)m(ω̂m(d) + ĉm(d))
(68)

modulo the current contributions

jmn = ∂(ω̂m+ĉm)(δb)
∂bn

= e−2ϕA
{
(x2 + (θ̄θ)2)ηmn − 2xmxn + i

[
(θ̄aσm ˆ̃xσnθa) + (θaσ

m ˆ̃xσnθ̄a)
]}

+ A∂b̂m

∂bn
+ ie2ϕ

[
(η̄a ˆ̃xσnσ̃mηa) + (ηa ˆ̃xσ

nσ̃mη̄a)
]
+ ie2ϕ

[
(η̄aσ̃mΛ−σ

nθa) + (ηaσ̃
mΛ−σ

nθ̄a)
]

+ 2e2ϕ(η̄η)
[
(η̄aσm ˆ̃xσnθa) + (ηaσ

m ˆ̃xσnθ̄a)
]
,

(69)

jm =
∂∆(δb)

∂bm
= −xm − i

[
(η̄aˆ̃xσmθa) + (ηa ˆ̃xσ

mθ̄a)
]
. (70)

Transformation properties of the su(4) Cartan forms follow from Eq.(46) by specializing to
the conformal boost parameter dependence

δbΩâ
b̂(d) = Ĵâ

b̂mdbm + i
(
Ωâ

ĉ(d)(Ŵ |b)ĉb̂ − (Ŵ |b)âb̂Ωb̂
ĉ(d)

)
− d(Ŵ |b)âb̂. (71)

The current contribution matrix

Ĵâ
b̂m =

∂

∂bm
Ωâ

b̂(δb) =

(
ĵa

bm ĵab
m

−ˆ̄jabm −ĵb
am

)
(72)

is obtained by T−transforming the matrix

Jâ
b̂m = ∂

∂bm
(W̃â

b̂ +Ψâ
b̂(δb)) = −2

[
(θâσ

mθb̂) + (x2 + (θ̄θ)2)(ηâσ̃
mηb̂)

− 2xm(ηâx̃η
b̂)− (ηâ ˆ̃xσ

mZ b̂) + (ηb̂ ˆ̃xσmZâ)
]
,

(73)

where Zµ
a = θµa − i(θ̄θ)ηµa , Z̄

µa = θ̄µa − i(θ̄θ)η̄µa. The final form of the current contribution
matrix (72) is

Ĵâ
b̂ = (TJmT̄ )â

b̂ = −2
[
(θ̂âσ

mθ̂b̂) + (x2 + (θ̄θ)2)(η̂âσ̃
mη̂b̂)

− 2xm(η̂âx̃η̂
b̂)− (η̂â ˆ̃xσ

mẐ b̂) + (η̂b̂ˆ̃xσmẐâ)
]
.

(74)

Thus variation of the supervielbein components tangent to the CP
3 manifold is brought to

the form
δbΩa

4(d) = −1
2
εabc

ˆ̄jbcmdbm + i(ŵ|b)bbΩa
4(d)− i(ŵ|b)abΩb

4(d),

δbΩ4
a(d) = −1

2
εabcĵbc

mdbm − i(ŵ|b)bbΩ4
a(d) + iΩ4

b(d)(ŵ|b)ba.
(75)

The expressions for variation of the fermionic 1-forms follows from (49) and (50). Namely,
for Cartan forms related to Poincare supersymmetry one derives that

δbω̂
µ
â (d) = jµmâ dbm +

1

4
ω̂ν
â(d)(l̂|b)mnσmnν

µ + (
ˆ̃
b|b)µνχ̂νâ(d)− i(Ŵ |b)âb̂ω̂µ

b̂
(d), (76)
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where the current contributions read

jµmâ =
∂ω̂µ

â (δb)

∂bm
= e−ϕ

[
ˆ̃xµνσm

νλẐ
λ
â − (x2 + (θ̄θ)2)σ̃mµν η̂νâ + 2xmx̃µν η̂νâ + i(θ̄θ)εµν η̂ρâ ˆ̃x

ρλσm
λν

]
.

(77)
Correspondingly for Cartan forms related to conformal supersymmetry we find

δbχ̂µâ(d) = Jµâ
mdbm − 1

4
(l̂|b)mnσmnµ

νχ̂νâ(d) + (b̂|b)µν ω̂ν
â(d)− i(Ŵ |b)âb̂χ̂µb̂(d) (78)

with the current contributions

Jµâ
m =

∂χ̂µâ(δb)

∂bm
= eϕ

(
Λ−µ

νσm
νλθ̂

λ
â − η̂νâ ˆ̃x

νλσm
λρΛ−µ

ρ − ieϕ(η̄η)εµνj
ν
â
m
)
, (79)

where we have introduced the following 3d tensors Λ±µ
ν = δνµ ± 2i(η̄aµθ

ν
a + ηµaθ̄

νa) that
will appear to be useful below. The substitution of Eqs.(68), (75), (76) and (78) into the
superstring action variation under D = 3 conformal boosts yields the current density

J im(τ, σ) = J i
AdS

m + J i
CP

m + J i
WZ

m, (80)

where
J i

AdS
m = −√−ggij

(
1
4
(ω̂jn + ĉjn)j

nm +∆jj
m
)
,

J i
CP

m = 1
4

√−ggij
(
Ωja

4εabcĵbc
m + Ωj4

aεabc
ˆ̄jbcm

)
,

J i
WZ

m = i
4
εijJâ

b̂
(
ω̂µâ
j εµνj

νm

b̂
+ χ̂â

jµε
µνJνb̂

m
)
.

(81)

4.1.3 Dilatations

osp(4|6)/(so(1, 3)×u(3)) Cartan forms identified with the (10|24)−supervielbein components
are invariant under the global scale transformations due to the presence of appropriate
exponents of the AdS4 bulk coordinate ϕ. Hence their variation under the localized scale
transformations is determined by the current contributions. In particular, for the components
of the supervielbein tangent to the AdS4 space we obtain that

δf ω̂
m(d) + δf ĉ

m(d) = jmdf, δf∆(d) = jdf, (82)

where
jm =

∂(ω̂m+ĉm)(δf )

∂f
= 2e−2ϕAxm + 2e2ϕ(η̄η)

[
(η̄σmθ) + (ησmθ̄)

]
,

j =
∂∆(δf )

∂f
= 1 + i(θµa η̄

a
µ + θ̄µaηµa).

(83)

su(4) Cartan forms are also scale-invariant

δfΩâ
b̂ = Jâ

b̂df (84)

modulo the current contributions

Jâ
b̂ =

∂

∂f
Ωâ

b̂(δf ) =

(
ja

b jab

−j̄ab −jb
a

)
= 2

(
Θ̂µ

â η̂
b̂
µ − Θ̂µb̂η̂µâ

)
, (85)

where Θµ
b = θµb − ηνb ˆ̃x

νµ and Θ̄µb = θ̄µb − η̄bν ˆ̃x
νµ. So that the variation of CP3 part of the

supervielbein is governed by the appropriate components of the current contribution matrix
(85)

δfΩa
4(d) = −1

2
εabcj̄

bcdf, δfΩ4
a(d) = −1

2
εabcjbcdf. (86)
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Fermionic supervielbein components related to Poincare supersymmetry obey the transfor-
mation rules

δf ω̂
µ
â (d) = jµâdf (87)

with the current contributions

jµâ =
∂ω̂µ

â (δf )

∂f
= e−ϕ(Θ̂µ

â − 2x̃µν η̂νâ), (88)

while those related to conformal supersymmetry transform as

δf χ̂µâ(d) = Jµâdf (89)

with the corresponding current contributions given by

Jµâ =
∂χ̂µâ(δf )

∂f
= −eϕΛ−µ

ν η̂νâ − ie2ϕ(η̄η)εµνj
ν
â . (90)

Above presented current contributions determine Noether current density related to the scale
invariance of the superstring action (5)

J i(τ, σ) = J i
AdS + J i

CP + J i
WZ . (91)

Namely, the AdS part of the current density

J i
AdS = −√−ggij

(
1

4
(ω̂jm + ĉjm)j

m +∆jj

)
(92)

is contributed by Eq.(83), the CP
3 part

J i
CP

m =
1

4

√−ggij
(
Ωja

4εabcjbc + Ωj4
aεabcj̄

bc
)

(93)

is determined by the current contributions that enter (86), and the WZ part

J i
WZ =

i

4
εijJâ

b̂
(
ω̂µâ
j εµνj

ν

b̂
+ χ̂â

jµε
µνJνb̂

)
(94)

receives contributions from (88) and (90).

4.1.4 Lorentz rotations

Under the localized SO(1, 2) Lorentz rotations with parameters lmn Cartan forms identified
with the supervielbein components tangent to AdS4 space exhibit the following transforma-
tion properties

δlω̂
m(d) + δlĉ

m(d) = jmkndl
kn + lmn(ω̂n(d) + ĉn(d)),

δl∆(d) = jmndl
mn (95)

with the current contributions

jmkn = ∂(ω̂m+ĉm)(δl)
∂lkn

= 1
2
e−2ϕA(δmk xn − δmn xk) +

i
2
e−2ϕA(θ̄θ)εmkn

+ 1
2
e2ϕ(η̄η)εmkn

[
i+ (η̄θ) + (θ̄η)

]
+ 1

2
e2ϕ(η̄η)

{
δmk
[
(ησnθ̄) + (η̄σnθ)

]
− (k ↔ n)

}
,

jmn = ∂∆(δl)
∂lmn = i

4

[
(θaσmnη̄

a) + (θ̄aσmnηa)
]
.

(96)
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The su(4) Cartan forms are obviously D = 3 Lorentz invariant

δlΩâ
b̂(d) = Jâ

b̂
mndl

mn (97)

modulo the current contribution matrix

Jâ
b̂
mn = ∂

∂lmnΩâ
b̂(δl) =

(
ja

b
mn jabmn

−j̄abmn −jb
a
mn

)
= 1

2

[
(Θ̂âσmnη̂

b̂)− (Θ̂b̂σmnη̂â)
]
. (98)

Hence variation of the supervielbein components tangent to CP
3 manifold is extracted from

(98)

δlΩa
4(d) = −1

2
εabcj̄

bc
mndl

mn, δlΩ4
a(d) = −1

2
εabcjbcmndl

mn. (99)

Variation of the supervielbein fermionic components that are identified with the Cartan
forms related to Poincare supersymmetry follows by restricting the general expressions (49)

δlω̂
µ
â (d) = jµâmndl

mn +
1

4
ω̂ν
â(d)l

mnσmnν
µ, (100)

where the current contributions read

jµâmn =
∂ω̂µ

â (δl)

∂lmn
=

1

4
e−ϕ

(
Θ̂ν

âσmnν
µ − ˆ̃xµλσmnλ

ν η̂νâ

)
. (101)

Transformation properties of the Cartan forms related to conformal supersymmetry identified
with another half supervielbein fermionic components follow from (50)

δlχ̂µâ(d) = Jµâmndl
mn − 1

4
lmnσmnµ

νχ̂νâ(d) (102)

with the current contributions

Jµâmn =
∂χ̂µâ(δl)

∂lmn
= −1

4
eϕΛ−µ

νσmnν
λη̂νâ − ie2ϕ(η̄η)εµνj

ν
âmn. (103)

Then one is able to derive the current density related to global SO(1, 2) symmetry of the
superstring action (5)

J i
mn(τ, σ) = J i

AdSmn + J i
CPmn + J i

WZmn. (104)

The contribution of the AdS part of the action

J i
AdSmn = −√−ggij

(
1

4
(ω̂jk + ĉjk)j

k
mn +∆jjmn

)
, (105)

is determined by Eq.(96), that of the CP
3 part

J i
CPmn =

1

4

√−ggij
(
Ωjc

4εcdejdemn + Ωj4
cεcdej̄

de
mn

)
(106)

by Eq.(99), and the WZ part of the current density

J i
WZmn =

i

4
εijJâ

b̂
(
ω̂µâ
j εµνj

ν

b̂ mn + χ̂â
jµε

µνJνb̂mn

)
(107)

is contributed by (101), (103).
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4.2 Noether currents associated with SU(4) R−symmetry

4.2.1 U(3) Rotations

Global U(3) rotations represent an obvious symmetry of theAdS4 part of (10|24)−supervielbein
thus the nontrivial part of its variation under the coordinate-dependent U(3) rotations

δwω̂
m(d) + δw ĉ

m(d) = jma
bdwb

a, δw∆ = ja
bdwb

a (108)

is concentrated in the current contributions

jma
b = ∂(ω̂m+ĉm)(δw)

∂wb
a = 2e−2ϕA

[
δba(θcσ

mθ̄c)− (θaσ
mθ̄b)

]
+ 2e2ϕδba {(ηcσ̃mη̄c)

− i(η̄η)
[
(θcσ

mη̄c) + (ηcσ
mθ̄c)

]}
− 2e2ϕ

{
(ηaσ

mη̄b)− i(η̄η)
[
(θaσ

mη̄b) + (ηaσ
mθ̄b)

]}
,

ja
b = ∂∆(δw)

∂wb
a = δba(θ̄

µcηµc + η̄cµθ
µ
c ) + θµa η̄

b
µ + ηµaθ̄

µb.

(109)
Transformation properties of su(4) Cartan forms under U(3) rotations are derived from (46)

δwΩĉ
d̂(d) = Ĵĉ

d̂
a
bdwb

a + i(Ωĉ
ê(d)(Ŵ |w)êd̂ − (Ŵ |w)ĉêΩê

d̂(d))− d(Ŵ |w)ĉd̂. (110)

The current contribution matrix

Ĵĉ
d̂
a
b =

∂

∂wb
a
Ωĉ

d̂(δw) = (TJa
bT̄ )ĉ

d̂ (111)

is obtained by the T−transformation of the matrix

Jĉ
d̂
a
b = ∂

∂wb
a (Wĉ

d̂ +Ψĉ
d̂(δw)) = δĉ

bδa
d̂ − δĉaδ

bd̂ + 4ηµĉ(θ
µ
a θ̄

νb + θνa θ̄
µb)ηd̂ν

+ δba

[
i
2
Jĉ

d̂ + (Jθµ)ĉη
d̂
µ − (Jθµ)d̂ηµĉ − 4ηµĉ(θ

µ
e θ̄

νe + θνe θ̄
µe)ηd̂ν

]

+ 2i
[
θµa

(
ηµĉδ

bd̂ − ηd̂µδĉ
b
)
+ θ̄µb

(
ηd̂µδĉa − ηµĉδa

d̂
)]

,

(112)

where the following objects have been introduced

δĉ
b =

(
δbc
0

)
, δĉa =

(
0
δca

)
, δa

d̂ =
(
δda 0

)
, δbd̂ =

(
0 δbd

)
. (113)

So that explicit form of the current contribution matrix is

Ĵĉ
d̂
a
b = Tĉ

bT d̂
a − TĉaT d̂b +

i

2
δba(T JT̄ )ĉ

d̂. (114)

The matrix Tâ
b̂ equal

Tâ
b̂ =

(
Ta

b Tab

T ab T a
b

)
= Tâ

b̂ + 2iη̂νâθ
νb̂ (115)

will also be used below. From (110) and (114) one derives the transformation properties of
the CP

3 part of the bosonic supervielbein

δwΩc
4(d) = −1

2
εcde

ˆ̄Jde
a
bdwb

a + i(ŵ|w)ddΩc
4(d)− i(ŵ|w)cdΩd

4(d),

δwΩ4
c(d) = −1

2
εcdeĴcda

bdwb
a − i(ŵ|w)ddΩ4

c(d) + iΩ4
d(d)(ŵ|w)dc.

(116)

Fermionic supervielbein components associated with the Poincare supersymmetry trans-
form under U(3) rotations as follows

δwω̂
µ
ĉ (d) = jµĉ a

bdwb
a − i(Ŵ |w)ĉd̂ ω̂µ

d̂
(d), (117)
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where

jµĉ a
b =

∂ω̂µ
ĉ (δw)

∂wb
a

= e−ϕ
[
1
2
δba(T Jθµ)ĉ − iθµaTĉ

b + iθ̄µbTĉa

]
(118)

are the current contributions. Analogously fermionic supervielbein components related to
conformal supersymmetry have the transformation properties

δwχ̂µĉ(d) = Jµĉa
bdwb

a − i(Ŵ |w)ĉd̂χ̂µd̂(d) (119)

with the current contributions

Jµĉa
b =

∂χ̂µĉ(δw)

∂wb
a

= eϕ
[
1
2
δba(T Jηµ)ĉ − iηµaTĉ

b + iη̄bµTĉa

]
. (120)

In summary the current density associated with U(3) global invariance of the superstring
action (5)

J i
a
b(τ, σ) = J i

AdSa
b + J i

CP a
b + J i

WZa
b (121)

consists of three summands

J i
AdSa

b = −√−ggij
(
1

4
(ω̂jm + ĉjm)j

m
a
b +∆jja

b

)
, (122)

J i
CP a

b =
1

4

√−ggij
(
Ωjc

4εcdeĵdea
b + Ωj4

cεcde
ˆ̄jdea

b
)
, (123)

and

J i
WZa

b =
i

4
εijJĉ

d̂
(
ω̂µĉ
j εµνj

ν

d̂ a
b + χ̂ĉ

jµε
µνJνd̂a

b
)

(124)

that are determined by the current contributions of the osp(4|6)/(so(1, 3) × u(3)) Cartan
forms (109), (116), (118) and (120).

4.2.2 SU(4)/U(3) transformations

As in the case of U(3) rotations Cartan forms from the AdS4 sector are invariant under the
SU(4)/U(3) transformations

δyω̂
m(d) + δyĉ

m(d) = jmady
a + j̄madȳa, δy∆ = jady

a + j̄adȳa (125)

modulo the current contributions

jma =
∂(ω̂m+ĉm)(δy)

∂ya
= −εabc

{
e−2ϕA(θ̄bσmθ̄c) + eϕ

[
(η̄bσ̃mη̄c)− 2i(η̄η)(θ̄bσ̃mη̄c)

]}
,

j̄ma = ∂(ω̂m+ĉm)(δy)

∂ȳa
= εabc {e−2ϕA(θbσ

mθc) + eϕ [(ηbσ̃
mηc)− 2i(η̄η)(θbσ̃

mηc)]} ,
ja =

∂∆(δy)

∂ya
= εabcθ̄

µbη̄cµ, j̄a = ∂∆(δy)

∂ȳa
= −εabcθµb ηµc.

(126)

Transformation properties of su(4) Cartan forms follow from the general formula (46) by
specializing to SU(4)/U(3) rotations

δyΩb̂
ĉ(d) = Jb̂

ĉ
ady

a + J̄b̂
ĉadȳa + i

(
Ωb̂

d̂(d)(Ŵ |y)d̂ĉ − (Ŵ |y)b̂d̂Ωd̂
ĉ(d)

)
− d(Ŵ |y)ĉd̂. (127)

Corresponding current contribution matrices equal

Jb̂
ĉ
a =

∂
∂ya

Ωb̂
ĉ(δy) =

(
jb

c
a jbca

jbca −jc
b
a

)
= −εadeTb̂

dT ĉe (128)
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and

J̄b̂
ĉa = ∂

∂ȳa
Ωb̂

ĉ(δy) =

(
j̄b

ca −j̄bc
a

−j̄bca −j̄c
ba

)
= εadeTb̂dT ĉ

e. (129)

So that one extracts from the above expressions the transformation rules for the supervielbein
bosonic components tangent to the CP

3 manifold

δyΩb
4(d) = 1

2
εbcd(j

cd
ady

a − j̄cdadȳa) + i(ŵ|y)ccΩb
4(d)− i(ŵ|y)bcΩc

4(d),

δyΩ4
b(d) = −1

2
εbcd(jcdady

a − j̄cd
adȳa)− i(ŵ|y)ccΩ4

b(d) + iΩ4
c(d)(ŵ|y)cb.

(130)

Cartan forms associated with Poincare supersymmetry have the following properties under
the SU(4)/U(3) transformations

δyω̂
µ

b̂
(d) = jµ

b̂a
dya + jµ

b̂

adȳa − i(Ŵ |y)b̂ĉ ω̂µ
ĉ (d) (131)

with the current contributions

jµ
b̂a
=

∂ω̂
µ

b̂
(δy)

∂ya
= ie−ϕεacdTb̂

cθ̄µd,

jµ
b̂

a =
∂ω̂

µ

b̂
(δy)

∂ȳa
= −ie−ϕεacdTb̂cθ

µ
d ,

(132)

while Cartan forms related to conformal supersymmetry transform as

δyχ̂µb̂(d) = Jµb̂ady
a + Jµb̂

adȳa − i(Ŵ |y)b̂ĉχ̂µĉ(d), (133)

where the current contributions can be brought to the form

Jµb̂a =
∂χ̂

µb̂
(δy)

∂ya
= ieϕ(εacdTb̂

cη̄dµ + (η̄η)εµνj
ν

b̂ a
),

Jµb̂
a =

∂χ̂
µb̂

(δy)

∂ȳa
= −ieϕ(εacdTb̂cηµd − (η̄η)εµνj

ν

b̂

a).
(134)

Above derived current contributions of the supervielbein components define the current
density associated with SU(4)/U(3) global invariance of the superstring action

J i
a(τ, σ) = J i

AdSa + J i
CP a + J i

WZa. (135)

Each summand being contributed by Eqs.(126), (130), (132) and (134) respectively takes
the form

J i
AdSa = −√−ggij

(
1

4
(ω̂jm + ĉjm)j

m
a +∆jja

)
, (136)

J i
CP a =

1

4

√−ggij
(
Ωjc

4εcdejdea − Ωj4
cεcdej̄

de
a

)
, (137)

and

J i
WZa =

i

4
εijJb̂

ĉ
(
ω̂µb̂
j εµνj

ν
ĉ a + χ̂b̂

jµε
µνJνĉa

)
. (138)

The expression for c.c. current density corresponding to SU(4)/U(3) transformations with
ȳa parameters equals

J̄ ia(τ, σ) = J̄ i
AdS

a + J̄ i
CP

a + J̄ i
WZ

a, (139)

where

J̄ i
AdS

a = −√−ggij
(
1

4
(ω̂jm + ĉjm)j̄

ma +∆j j̄
a

)
, (140)

J̄ i
CP

a = −1

4

√−ggij
(
Ωjc

4εcdej̄de
a − Ωj4

cεcdej̄
dea
)
, (141)

and

J̄ i
WZ

a =
i

4
εijJb̂

ĉ
(
ω̂µb̂
j εµνj

ν
ĉ
a + χ̂b̂

jµε
µνJνĉ

a
)
. (142)
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4.3 D = 3 N = 6 Poincare supersymmetry

The superstring action (5) is manifestly invariant under Poincare supersymmetry as D =
3 N = 6 supercoordinates (xm, θµa , θ̄

µa) that are the only non-trivially transforming ones
enter through the supersymmetric Volkov-Akulov 1-forms [32]. Hence the non-invariance
of the AdS4 part of the supervielbein bosonic components is solely because of the current
contributions

δεω̂
m(d) + δεĉ

m(d) = jma
µdε

µ
a − j̄mµadε̄

µa, δε∆(d) = jaµdε
µ
a − j̄µadε̄

µa, (143)

which explicit form is

jma
µ = ∂(ω̂m+ĉm)(δε)

∂ε
µ
a

= 2σm
µν

[
ie−2ϕAθ̄νa + e2ϕ(η̄η)η̄νa

]
,

j̄mµa = −∂(ω̂m+ĉm)(δε)
∂ε̄µa

= −2σm
µν [ie

−2ϕAθνa + e2ϕ(η̄η)ηνa ] ,

jaµ = ∂∆(δε)
∂ε

µ
a

= −iη̄aµ, j̄µa = −∂∆(δε)
∂ε̄µa

= iηµa.

(144)

su(4) Cartan forms are also D = 3 N = 6 super-Poincare invariant

δεΩâ
b̂(d) = Jâ

b̂a
µdε

µ
a − J̄â

b̂
µadε̄

µa (145)

modulo the current contribution matrices

Jb̂
ĉa
µ = ∂

∂ε
µ
a
Ωb̂

ĉ(δε) =

(
jb

ca
µ jbc

a
µ

jbcaµ −jc
ba
µ

)
= 2(η̂µb̂T ĉa − Tb̂

aη̂ĉµ) (146)

and

J̄b̂
ĉ
µa = − ∂

∂ε̄µa
Ωb̂

ĉ(δε) =

(
j̄b

c
µa −j̄bcµa

−j̄bcµa −j̄c
b
µa

)
= 2(η̂ĉµTb̂a − η̂µb̂T ĉ

a) (147)

so that the CP
3 part of the bosonic supervielbein transforms as

δεΩb
4(d) =

1

2
εbcd(j

cda
µdε

µ
a + j̄cdµadε̄

µa), δεΩ4
b(d) = −1

2
εbcd(jcd

a
µdε

µ
a + j̄cdµadε̄

µa). (148)

Cartan forms associated with the Poincare supersymmetry are manifestly D = 3 N = 6
super-Poincare invariant

δεω̂
ν

b̂
(d) = jν

b̂

a
µdε

µ
a + jν

b̂ µa
dε̄µa (149)

up to the current contributions

jν
b̂

a
µ =

∂ω̂ν

b̂
(δε)

∂ε
µ
a

= e−ϕ
(
δνµTb̂

a + 2iη̂µb̂θ̄
νa
)
,

jν
b̂ µa

=
∂ω̂ν

b̂
(δε)

∂ε̄µa
= e−ϕ

(
δνµTb̂a + 2iη̂µb̂θ

ν
a

)
,

(150)

as well as Cartan forms associated with the conformal supersymmetry

δεχ̂νb̂(d) = Jνb̂
a
µdε

µ
a + Jνb̂µadε̄

µa (151)

with the corresponding current contributions given by

Jνb̂
a
µ =

∂χ̂
νb̂
(δε)

∂ε
µ
a

= ieϕ
[
2η̂µb̂η̄

a
ν − eϕ(η̄η)ενλj

λ

b̂

a
µ

]
,

Jνb̂µa =
∂χ̂

νb̂
(δε)

∂ε̄µa
= ieϕ

[
2η̂µb̂ηνa − eϕ(η̄η)ενλj

λ

b̂ µa

]
.

(152)
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Putting all together contributions (144), (148), (150), (152) allows to determine the
current density related to D = 3 N = 6 supersymmetry invariance of the superstring action
(5)

J ia
µ(τ, σ) = J i

AdS
a
µ + J i

CP
a
µ + J i

WZ
a
µ (153)

and the c.c. one
J̄ i

µa(τ, σ) = J̄ i
AdSµa + J̄ i

CP µa + J̄ i
WZµa. (154)

The individual summands entering the current density (153) equal

J i
AdS

a
µ = −√−ggij

(
1

4
(ω̂jm + ĉjm)j

ma
µ +∆jj

a
µ

)
, (155)

J i
CP

a
µ =

1

4

√−ggij
(
Ωjb

4εbcdjcd
a
µ − Ωj4

bεbcdj
cda

µ

)
(156)

and

J i
WZ

a
µ =

i

4
εijJb̂

ĉ
(
ω̂µb̂
j εµνj

ν
ĉ
a
µ + χ̂b̂

jµε
µνJνĉ

a
µ

)
. (157)

Analogously for the c.c. current density (154) one obtains

J̄ i
AdSµa =

√−ggij
(
1

4
(ω̂jm + ĉjm)j̄

m
µa +∆j j̄µa

)
, (158)

J̄ i
CP µa =

1

4

√−ggij
(
Ωjb

4εbcdj̄cdµa − Ωj4
bεbcdj̄

cd
µa

)
(159)

and

J̄ i
WZµa =

i

4
εijJb̂

ĉ
(
ω̂µb̂
j εµνj

ν
ĉ µa + χ̂b̂

jµε
µνJνĉµa

)
. (160)

4.4 D = 3 N = 6 conformal supersymmetry

Transformation properties of the AdS part of supervielbein bosonic components can be read
off from the general expressions (44) by appropriately restricting the parameters of SO(1, 3)
compensating rotations

δξω̂
m(d) + δξ ĉ

m(d) = jmµadξµa − j̄mµ
adξ̄

a
µ + (l̂|ξ)mn(ω̂n(d) + ĉn(d)) + 4(b̂|ξ)m∆(d),

δξ∆(d) = jµadξµa − j̄µadξ̄
a
µ − (b̂|ξ)m(ω̂m(d) + ĉm(d))

(161)

and adding the current contribution terms

jmµa =
∂(ω̂m+ĉm)(δξ)

∂ξµa
= 2ie−2ϕAθ̄λaσm

λν
ˆ̃xνµ + 2ie2ϕη̄aλσ̃

mλνΛ−ν
µ

+ 2e2ϕ(η̄η)
(
η̄λaσm

λν
ˆ̃xνµ − θ̄aλσ̃

mλνΛ+ν
µ
)
,

j̄mµ
a = −∂(ω̂m+ĉm)(δξ)

∂ξ̄aµ
= −2ie−2ϕAθλaσ

m
λν
ˆ̃xνµ − 2ie2ϕηλaσ̃

mλνΛ−ν
µ

− 2e2ϕ(η̄η)
(
ηλaσ

m
λν
ˆ̃xνµ − θλaσ̃

mλνΛ+ν
µ
)
,

jµa =
∂∆(δξ)

∂ξµa
= −iθ̄νaΛ−ν

µ − iη̄aν ˆ̃x
νµ, j̄µa = −∂∆(δξ)

∂ξ̄aµ
= iθνaΛ−ν

µ + iηνa ˆ̃x
νµ.

(162)

Variation of the matrix of su(4) Cartan forms under the coordinate-dependent conformal
supersymmetry transformations is presented in the following form

δξΩb̂
ĉ(d) = Ĵb̂

ĉµadξµa − ˆ̄J b̂
ĉµ
adξ̄

a
µ + i

(
Ωb̂

d̂(d)(Ŵ |ξ)d̂ĉ − (Ŵ |ξ)b̂d̂Ωd̂
ĉ(d)

)
− d(Ŵ |ξ)b̂ĉ, (163)
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where the current contributions

Ĵb̂
ĉµa = ∂

∂ξµa
Ωb̂

ĉ(δξ) = (TJµaT̄ )b̂
ĉ =

(
ĵb

cµa ĵbc
µa

ĵbcµa −ĵc
bµa

)
(164)

and

ˆ̄j b̂
ĉµ
a = − ∂

∂ξ̄aµ
Ωb̂

ĉ(δξ) = (T J̄µ
a T̄ )b̂

ĉ =

(
ˆ̄jb

cµ
a −ˆ̄jbc

µ
a

−ˆ̄jbcµa −ˆ̄jc
bµ
a

)
(165)

are obtained by the T−transformation of the matrices

Jb̂
ĉµa = ∂

∂ξµa
(Wb̂

ĉ +Ψb̂
ĉ(δξ)) = 2(δb̂

aΘµĉ − δaĉΘµ

b̂
)− 4iθ̄νa(ηνb̂Θ

µĉ +Θµ

b̂
ηĉν),

J̄b̂
ĉµ
a = − ∂

∂ξ̄aµ
(Wb̂

ĉ +Ψb̂
ĉ(δξ)) = 2(δa

ĉΘµ

b̂
− δb̂

aΘµĉ) + 4iθνa(Θ
µ

b̂
ηĉν + ηνb̂Θ

µĉ).
(166)

So that the current contribution matrices (164) and (165) acquire the form

Ĵb̂
ĉµa = 2(Tb̂

aΘ̂µĉ − Θ̂µ

b̂
T ĉa) (167)

and
ˆ̄J b̂

ĉµ
a = 2(Θ̂µ

b̂
T ĉ

a − Tb̂aΘ̂
µĉ). (168)

Then the variation under conformal supersymmetry transformations of the CP3 components
of the supervielbein is brought to the form

δξΩb
4(d) = 1

2
εbcd(ĵ

cdµadξµa +
ˆ̄jcdµadξ̄

a
µ) + i(ŵ|ξ)ccΩb

4(d)− i(ŵ|ξ)bcΩc
4(d),

δξΩ4
b(d) = −1

2
εbcd(ĵcd

µadξµa +
ˆ̄jcd

µ
adξ̄

a
µ)− i(ŵ|ξ)ccΩ4

b(d) + iΩ4
c(d)(ŵ|ξ)cb.

(169)

The variation of Cartan forms associated with the super-Poincare generators can be
extracted from the general expression (49)

δξω̂
ν

b̂
(d) = jν

b̂

µadξµa + jν
b̂

µ
adξ̄

a
µ +

1

4
ω̂λ

b̂
(d)(l̂|ξ)mnσmnλ

ν + (
ˆ̃
b|ξ)νλχ̂λb̂(d)− i(Ŵ |ξ)b̂ĉω̂ν

ĉ (d) (170)

with the current contributions given by

jν
b̂

µa =
∂ω̂ν

b̂
(δξ)

∂ξµa
= e−ϕ(Tb̂

a ˆ̃xνµ + 2iθ̄νaΘ̂µ

b̂
), jν

b̂

µ
a =

∂ω̂ν

b̂
(δξ)

∂ξ̄aµ
= e−ϕ(Tb̂a

ˆ̃xνµ + 2iθνaΘ̂
µ

b̂
). (171)

Similarly the variation of Cartan forms associated with conformal supersymmetry generators
reads

δξχ̂νb̂(d) = Jνb̂
µadξµa+Jνb̂

µ
adξ̄

a
µ−

1

4
(l̂|ξ)mnσmnν

λχ̂λb̂(d)+ (b̂|ξ)νλω̂λ

b̂
(d)− i(Ŵ |ξ)b̂ĉχ̂νĉ(d) (172)

with the corresponding current contributions

Jνb̂
µa =

∂χ̂
νb̂
(δξ)

∂ξµa
= eϕ(Λ−ν

µTb̂
a + 2iη̄aνΘ̂

µ

b̂
− ieϕ(η̄η)ενλj

λ

b̂

µa),

Jνb̂
µ
a =

∂χ̂
νb̂
(δξ)

∂ξ̄aµ
= eϕ(Λ−ν

µTb̂a + 2iηνaΘ̂
µ

b̂
− ieϕ(η̄η)ενλj

λ

b̂

µ
a).

(173)

Finally the current density associated with the superstring action (5) invariance under
conformal supersymmetry takes the form

J iµa(τ, σ) = J i
AdS

µa + J i
CP

µa + J i
WZ

µa. (174)
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Current contributions (162) enter the AdS part of the current density

J i
AdS

µa = −√−ggij
(
1

4
(ω̂jm + ĉjm)j

mµa +∆jj
µa

)
, (175)

while those entering Eq.(169) determine the CP3 part of the superconformal current density

J i
CP

µa =
1

4

√−ggij(Ωjb
4εbcdĵcd

µa − Ωj4
bεbcdĵ

cdµa), (176)

The form of WZ term contribution to the conformal supersymmetry current is determined
by Eqs.(171) and (173)

J i
WZ

µa =
i

4
εijJb̂

ĉ(ω̂λb̂
j ελνj

ν
ĉ
µa + χ̂b̂

jλε
λνJνĉ

µa). (177)

The expression for the current density related to c.c. transformation parameters ξ̄aµ is

J̄ iµ
a (τ, σ) = J̄ i

AdS
µ
a + J̄ i

CP
µ
a + J̄ i

WZ
µ
a . (178)

Corresponding summands that enter c.c. current density equal

J̄ i
AdS

µ
a =

√−ggij
(
1

4
(ω̂jm + ĉjm)j̄

mµ
a +∆j j̄

µ
a

)
, (179)

J̄ i
CP

µ
a =

1

4

√−ggij(Ωjb
4εbcdˆ̄jcd

µ
a − Ωj4

bεbcd
ˆ̄jcdµa), (180)

J̄WZ
iµ
a =

i

4
εijJb̂

ĉ(ω̂λb̂
j ελνj

ν
ĉ
µ
a + χ̂b̂

jλε
λνJνĉ

µ
a). (181)

5 Conclusion

The OSp(4|6)/(SO(1, 3)×U(3)) supercoset sigma-model [9], [10] describes manifestly classi-
cally integrable part of the AdS4×CP

3 superstring action [11]. By virtue of the isomorphism
between the osp(4|6) superalgebra and D = 3 N = 6 superconformal algebra it can be pre-
sented in the conformal basis for osp(4|6)/(so(1, 3)× u(3)) Cartan forms [20] that are iden-
tified with the ’reduced’ (10|24)−dimensional D = 10 N = 2A superspace vielbein obtained
from the full one [11] by setting to zero 8 fermionic coordinates related to space-time super-
symmetries broken by the AdS4 × CP

3 superbackground. The OSp(4|6)/(SO(1, 3)× U(3))
supercoset sigma-model action is by construction invariant under global OSp(4|6) super-
group transformations and hence is also invariant under D = 3 N = 6 superconformal
symmetry that is global symmetry of the ABJM gauge theory [33]. In this paper we have
derived explicit expressions for the corresponding world-sheet current densities associated
with each type of the transformations from D = 3 N = 6 superconformal symmetry. Con-
sidering the OSp(4|6)/(SO(1, 3)× U(3)) supercoset element parametrized by D = 3 N = 6
super-Poincare coordinates supplemented by those related to the generators of 3d dilatations
and conformal supersymmetry we have also derived their full transformations under D = 3
N = 6 superconformal symmetry. So that passing to the canonical formulation it should
possible to calculate the algebra of associated supercharges.

Among the potential applications of the obtained results one could mention the semi-
classical quantization around the solutions to the OSp(4|6)/(SO(1, 3)× U(3)) superstring
equations of motion [34]. They are also the starting point to examine residual symmetry
algebras surviving fixing the gauge symmetries of OSp(4|6)/(SO(1, 3)× U(3)) superstring
action (see, e.g. [35]).
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