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Abstract

We discuss some new simple closed bosonic string solutions in AdSs x S? that may be of interest
in the context of AdS/CFT duality. In the first part of this work we consider solutions with two
spins (S7,52) in AdS5. Starting from the flat-space solutions and using perturbation theory in
the curvature of AdSs space, we construct leading terms in the small two-spin solution. We find
corrections to the leading Regge term in the classical string energy and uncover a discontinuity in
the spectrum for certain type of solutions. We then analyze the connection between small-spin and
large-spin limits of string solutions in AdS5;. We show that the S; = Sy solution in AdS5 found in
earlier papers admits both limits only in the simplest cases of the folded and rigid circular strings.
In the second part of the paper we construct a new class of chiral solutions in R; x S° for which
embedding coordinates of S satisfy the linear Laplace equations. They generalize the previously
studied rigid string solutions. We study in detail a simple non-trivial example.
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1 Introduction

Semiclassical string solutions is a useful tool for probing AdS/CFT correspondence [I, 2, 3, 4]. In
the closed string sector, AdS energy of a closed string expressed in terms of spin and string tension
T = ‘2/—75, ie. E(S;, Jm;\), gives the strong coupling limit of the scaling dimension of the corresponding
gauge-theory operator (see, e.g., [0, [6]). Also, in the open string sector, solutions ending at the
boundary of AdSs describe the strong coupling limit of the associated Wilson loops [7, [§].

In this paper we present some new classical solutions for a closed bosonic string in the AdSs x S°.

We shall first consider strings with two spins in AdSs part of AdSs x S®. A natural ansatz for
describing a rigid “rotating” string solution is [4] (0 < o < 27):

Yo + Y5 = yo(o) e T Y] +iYs = y1 (o) €17, Y3+ 1Yy = ya(0) el (1.1)
K, Wi, wp = const .
Here Yp are embedding coordinates of R*»* with the metric npg = (—1,+1,+1,+1,+1,-1); YpY ¥ =
—1. A general approach to finding such rigid string solutions was developed in [9]. Using the reduction
of the conformal-gauge string sigma model to the 1-d Neumann integrable model, one finds that the
equations for yg, y1, y2 are those of a harmonic oscillator constrained to move on a 2d hyperboloid —
an integrable system with two integrals of motion by, by with by + by = k% + w? + w3. In general, the
solutions are expressed in terms of hyperelliptic functions and thus are not easy to analyze. There are
few special cases when they simplify — when the hyperelliptic surface degenerates into an elliptic one
and y, (o) can be expressed in terms of the standard elliptic functions. Two of such cases, w1 = wa,
corresponding to S; = Ss solution, and its boosted analog with kK = ws # wy were studied in [10]. The
existence of simple but more general solution with two unequal spins is an open question. Recent study
of N =4 SYM states dual to minimal energy spinning string configuration with two spins (S, S2) with
g—; fixed using the asymptotic Bethe ansatz (ABA) [11] suggests that such simple solution might indeed
exist. In the large-spin limit the energy of the S; = Sy solution [I0] matched the strong-coupling ABA
result of [I1].

Aiming at a better understanding of two-spin solutions in AdSs, here we first study the case of small

strings or small-spin limit. Starting from the flat-space case, in which the general two-spin solutions
are [9]

K2 = n%a% + n%a%
y{lat = ay sin(nq0) ygat = agsin[ng(o + 0] (1.2)
w1 = nq, w9 = No, n; = integer

and performing perturbation with respect to the curvature of AdSs, we find the corrections to the
flat-space expression for the classical energy E(S1,.52; A). We uncover a discontinuity in the spectrum
of classical strings with equal and unequal winding numbers in Y;Y5 and Y3Y} planes (n; and ng). It
may indicate that there are deep differences between solutions with ny # ne and more symmetrical
ones with ny = ny. We then investigate the connection between small- (flat-space) and large-spin
limits of two-spin string solutions in AdSs. In the particular cases of wi = wo and kK = w9 # wy the
general solutions in AdSs were found in [I0]. It was discussed there, for k = wy # wy case, that strings
which admit large-spin limit do not have the small-spin one and vice-versa. For w; = ws, we find
that apart from the trivial cases of folded and circular strings, the general rigid solution with S; = .S,

! The generic states of bosonic string in AdSs x S® may be labeled by the values of three SO(2,4) Cartan generators
(E, S1,S2) and three SO(6) Cartan generators (Ji, Jz2, J3). We will be interested in “spinning” string solutions that have
non-zero value of these charges.



in AdSs; admitting the large-spin limit does not have a small-spin limit. For more general two-spin
solutions, having both limits might still be possible.

In the second part of the paper we consider another simple class of string solutions — chiral solutions
in R; x S°. Such solutions obey an additional constraint

0L Xn0_Xp =0, (1.3)

where X); are embedding coordinates of RS with the Euclidean metric dy/n; X Xy = 1 and 04 =

% = % (% + %) , 0+ =7 £+ 0. Then the classical string equations in conformal gauge become

0;0_Xp = 0. (1.4)
The simplest solution of this kind is [12],

Yb + iY5 = eim s X1 + iXQ = aleiml"i s X3 + iX4 = a2eim20i s X5 + iX@ = ageim3U:F N (15)
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where > a; = 1 and m; are integers. It was recently used in [I3] as a model of a quantum string state
i=1
with “small” quantum numbers. We expect that more general chiral solutions may also find useful
applications.

Here we consider the following ansatz
X1 +iXo = a1V Xa 40Xy = ane™ 0 Xo +iXg = azetB-), (1.6)
and obtain the general solution for the functions F;(o4). A particular simple non-trivial case
Fi(oy) = acosnoy , Fy(04) = asinno, Fs(o_) =mo_ (1.7)

we analyze in detail. It reduces to (LG) in the limit n — 0. Note that chiral solutions treat 7 and o
on an equal footing, i.e. non-trivial dependence on 7 implies that the shape of the string is not rigid,
in general, so such solutions are similar to “pulsating” ones.

The rest of the paper is organized as follows. In section 2 we discuss basics of bosonic string solutions
in AdSs x S°: action in the conformal gauge, equations of motion, etc. Section 3 is dedicated to small-
string solutions in AdSs. In section 4 we consider the relation between string solutions admitting
small- and large-spin limits in AdSs. In particular, we discuss small-spin limit of exact solutions with
two equal spins. Section 5 is devoted to the chiral solutions in R; x S°. In Appendix A we give an
overview of circular and folded string solutions in AdSs. In Appendix B curvature corrections to the
folded string solution displaced from the center of AdSs are discussed. In Appendixes C and D we
present technical details of calculation of spins for chiral solutions corresponding to (7).

2 Closed bosonic string in AdS; x S°

We will be interested in the classical bosonic solutions for closed string in AdSs x S°

1 27 R2 \/X
[B:§T/dT/dO'(LAdS+LS), T:ﬁzg, (21)
0



where
Lags = —0,Ypo YT — A(YpYT +1),  Lg= -0, Xy0Xnr + A Xy Xpr — 1). (2.2)

Here Xp;, M =1,...,6 and Yp, P =0, ...,5 are embedding coordinates of R® with the Euclidean metric
Suy in Lg and of R%* with npg = (=1, +1,+1,+1,+1,—1) in Lags, respectively (Yp = npqY?).
A and A are the Lagrange multipliers imposing the two hypersurface conditions YpY* = —1 and
Xy X = 1. The action (Z1)) is to be supplemented with the conformal gauge constraints

YpY P + YEY'P + Xy X + X0y X0, =0, YY" 4+ Xy X, =0 (2.3)
and the closed string periodicity conditions
Yp(r,0 +27) = Yp(1,0), Xn(r0 4 2m) = Xp(7,0). (2.4)
The classical equations of motion following from (21) are

0°0,Yp — AYp =0, A=0Ypd,Y", YpYP=—1,

0%0, Xy + JNXXM =0, A=0"Xp0,Xn, XyXy=1. (2‘5)

The action is invariant under the SO(2,4) and SO(6) rotations with correspondent conserved (on-shell)
charges

21 21
do . . do . .
Spg = \/X/ o (YPYo = YoYe),  Jun = \/X/ o (X Xy — Xy Xu) - (2.6)
0 0
We are interested in finding “spinning” string solutions that have non-zero values of these charges.

It is useful to solve the constraints
YpYP =—1  XyXy=1 (2.7)
by choosing an explicit parametrization of the embedding coordinates Yp and X, for example

Yo5 = Yy + iYs = cosh pe |

Yis = Y; 4 iYs = sinh p cos fe'®! | Y34 = Y3 4 1Y, = sinh psin 0e'*? ; (28)
X190 = X1 + Xy = sin~y cos e’ | X34 = X3+ iX, = sin~ysin ¢e'?? |
Xs6 = X5 + iXg = cosye'¥s . (29)
Then the corresponding metrics take the form
d3,24d35 = —cosh? p dt? + dp?® + sinh? p (d6* + cos® @ dp? + sin” 0 d¢3) (2.10)
ds%s = cos? dgp% + dvy? +sin? (d¢2 + cos? 1) dgo% + sin? ¢ dgo%). (2.11)

The Cartan generators of SO(2,4) corresponding to the three linear isometries of the AdSs metric are
the translations in the AdS time ¢ and two angles ¢, :

So = 505 =F= \/Xg, Sl = 512 = \/XSl, 52 = 534 = \/XSQ. (2.12)



The Cartan generators of SO(6) corresponding to the three linear isometries of the S metric are the
translations in the three angles ¢, :

Ji=J=VAN, J=Js=VAh, J3=Js=V\T. (2.13)

In this paper we also use the other type of embedding coordinates in AdSs:

Yo5 = yo €, Yipg =y €, Yag = yp €97 (2.14)
where
y1 =sinhp cos, ys=sinhp sinf and yo=/1+y?+y32 =coshp. (2.15)

The corresponding AdSs metric takes the form

(yrdy1 + yadys)?

d2 d2 2d 2 2d 2. 2.16
T+ 92+ 42 +dyi + dys + y1doy + y3dds ( )

dsidss = —(14y; +y3)dt* —

Coordinates (28] we call “circular”, coordinates ([2.I4) — “cartesian”.

3 Small rigid strings in AdS;

Aiming at a better understanding of two-spin solutions in AdSs, in this section we study the case of
small strings.

3.1 Rigid string ansatz

Our aim here is to study closed strings with two spins, i.e. rotating in ¢;2. A natural ansatz for
describing such solutions is the “rigid” string ansatz [4] (0 < o < 27):

t=kKT, ¢1=wiT, ¢g=weT K, Wi, Wy = const

vi=wy1(0), y=wyc) or p=plo), 0=20(c). (3.1)

In the “circular” coordinates, the string equations of motion and the conformal constraint for this
ansatz read

(0’ sinh? p)’ = (w} — w3)sinfcos sinh? p (3.2)
p" —coshp sinhp (k% 4 0% — w? cos? § — w3 sin?h) = 0 (3.3)
p? — k% cosh? p + sinh? p (6" + w? cos? 0 + w? sin®6) = 0. (3.4)

Note, that these equations are not independent, for example, (3] is a linear combination of (3.2)) and
B4))’s first derivative.

In the “cartesian” coordinates, the string equations of motion and the conformal constraint read

/! 1! / /\2 12 12
y1y] + Y2y (Y195 — y2¥1)” + y7 + us " 2
Y1 y1 =y + (1 +wi)yr =0 (3.5)
1+y? +u3 (14 y7 +13)?
" " / /1\2 12 12
Ny + 205 (y1ys — y2y1)” +yi° + 3 " 9
Y2 y1— Yo + (1 +w3)ys =0 (3.6)
1443 + y? (1+y?+43)? ? ?

Wh i — 5 w2)? + (W) + (Wh) = L+ yi+93) (k2 (L+98 +93) —wi yf —w3 y3). (3.7)



We may rewrite this system in a more compact form (with only independent equations present):

(W y1 — ¥h v2)' = (Wi —w3) y1 u2 (3.8)
(Why1 — vl ¥2)° + (W)? + (h)* = (L +yi +43) (K* (1445 +v3) — wi ¥ — w3 v3),

where (B.8) is the difference between ([3.5]) and (B.6]).

A general approach to finding such rigid string solutions in AdSs (and S°) was developed in [9
using the reduction of the conformal-gauge string sigma model to the 1-d Neumann integrable model
Starting with the R?>* embedding coordinates (Z.I4]) one finds that the equations for g, y1, y2 are
those of a harmonic oscillator constrained to move on a 2d hyperboloid — an integrable system with
two integrals of motion by, by with by + by = k2 + w% + w%. In general, the solutions are expressed
in terms of hyperelliptic functions and thus are not easy to analyze. There are few special cases
when they simplify — when the hyperelliptic surface degenerates into an elliptic one and y,(o) can
be expressed in terms of the standard elliptic functions. Two of such cases, wy = wy, corresponding
to S1 = S9 solution, and its boosted analog with k = wy # wy were studied in [I0]. The existence of
simple but more general solution with two unequal spins is an open question. Recent study of N' = 4
SYM states dual to minimal energy spinning string configuration with two spins (57, S2) with g—; fixed
using ABA [11] suggests that such simple solution might indeed exist.

Here we study small strings with two-spin solutions in AdSs, starting from the flat-space solutions
and using perturbation theory in the curvature of AdSs.

3.2 Flat-space limit

In this section, we review the flat-space limit for closed strings in AdSs5. Let us start from the expression
for the metric in “circular” coordinates

als?%ls5 = — cosh? (%) dt? + dp® + R? sinh? (%) (d6? + cos? 0 d¢? + sin® 6 de3) . (3.10)

Here R is the radius of curvature of AdSs.
If the size of the string is small p = ¢p < R, € < 1, one can perform an expansion (R = 1):

1
dshas, = € (= d® +dp* + p* ds) + €' <—di2 + g,amg) +0 (P, (3.11)

where t = et, dQ23 = d6? + cos? 0 d¢? + sin? § dg2. The leading term represents the metric of flat R+
Minkowski space.

A similar expansion can be performed in terms of the “cartesian” coordinates. In the limit of small
strings
Y1 = €Y1, Yo = €12, €K1, (3.12)
where e defines the size of the string with respect to the radius of curvature, we have

ds%gs, = € (—dt* + dij; + dijs + 71de7 + §5de3) — €' (75 + 75)dE* + Grdih + G2df2) + O(€?) ,(3.13)

2A more general rigid string ansatz, where in addition to p = p(c), 6 = 6(c) one has ¢1 = wiT + a1(0), ¢2 =
waT + az(o) and where the corresponding 1-d system is the Neumann-Rosochatius one, was considered in [12].



where dt = edt. Again, the leading term is the metric of flat R'* Minkowski space.
In this paper we will mainly work with the expansion (3.13]).

In the flat-space limit the string equations of motion and conformal constraint for the ansatz (3.1))

become ~ ) 3 )
Z//1,+W1y1 =0 yé’—l—wlyg:O

() +wigi —FT =0 (95)* +w3y3 — 5 =0 (3.14)
t=rr,  R? =R+ A3
The solutions of these equations are [9]
t = R, i? =nla? + nia
71 =y = asin(nyo) G2 = yiet = 4y sinfna(o 4 00))] (3.15)
wy = nq, Wy = N2

where n; are integers and og is a constant phase shift. The energy and spins are given by

a2

g:"ia Si:n;Z7

i.e. &= \/2(11181 + 12852)

or, restoring A,

2
E=Vhw, §=VASL  ie  E= V2VA(mS1 + 1985).

To get the states on the leading Regge trajectory (having minimal energy for given values of the spins)
one is to choose n1 = ng = 1.

Note, that in the case n1 = ny and 20(¢ # 7n there are also non-Cartan components of the spin
present. We have not mentioned them above, as such solutions can always be rotated t

ylat — g sin(no), yllat — pcos(no)
e — 2202 12 (3.19)
w1 =ws =n, k*=n"(a* +b%)

i.e. ones without non-Cartan components.

3.3 Curvature corrections to the flat-space solutions in AdS;

Expansions (B.11)) and (3.I3]) suggest the possibility that solutions in full AdSs may be constructed as

yi(o) = ¢ ygat + 6321(0) + 6523(0) + ...
at

ya(0) = e yy " + €2(0) + 24(0) + ... (3.20)

3 Let us set, for simplicity, n1 = n2 = n = 1 and rotate (BI3) by an angle 8 (8 # Fm, m € Z) in Y1Y3 and Y2Ya
planes

( a1 sin(o) ) o ( V/(acos B — bsin B cos 00)2 + (bsin Bsin oo)? sin(o — 1) > (3.16)
az sin(o + o9) V/(asin B + bcos Bcos 00)2 + (bcos Bsinoo)2? cos(o — p2) )’
where
sin oy = bsin B sin og (3.17)
v/(acos B — bsin B cos 00)2 + (bsin Bsin 09)?
sin gy = asin B + bcos 8 cos og (3.18)
V/(asin B+ bcos B cosag)? + (beos Bsin ag)?
When p1 = @2 = ¢o or equivalently tan 28 = —%— the rotated solution is indeed of the form FI9), with ¢ — o — po.

bcosog?



where the first term corresponds to the flat-space solution ([B.I5]), while the others may be found using
perturbation theory in the curvature of AdSs.

Here we will be interested in the first subleading corrections only.

Let us look for a solution of (3.8), (8.9) in the form:

y1(0) = € asin(nio) + €321 (0)

. 3.21
y2(0) = € bsin(ng(o + 09)) + €3 22(0), (3.21)
where n1o € Z and
wi = ny(1+ %), wa = na(1 + o)
o — 3 2_ 2.2 12 2 (3:22)
0=¢€Ko+e€ K, ko = a“ni + b°nj
with @;, k1 are curvature corrections to w;, k.
From (3.8]), (3:9) one obtains the following system of equations
—b sin((o + 09)na) (niz1 + 27) + asin(on;) (’I’L%Zg + 25)
(3.23)
= 2ab sin((o + 0)na) sin(on ) (N3 — n3is)
2a (cos(nio)ni 2y + sin(nyo)nizi) + 2b (cos(nz(o + 0g))nezy + sin(na(o + 0g))n3ze)
1
=2x+ Z(a2n1 sin(2n,0) 4 b*ng sin(2ns (o + 0¢)))? (3.24)

+a? sin®(nio) [a2n% + b?n — 2a2n%<b1] +b? sin®(ni(o + o)) [azn% + b?n3 — 2b2n§<bg] .

Here x? = k?k3. The equations for z; and z; may be separated in the following way. Differentiate
both sides of ([B.24]). The left-hand side reads

(a (cos(nio)ni2} + sin(nio)niz1) + b (cos(na(o + 0g))nezh + sin(na(o + 00))71%22))/

(3.25)
= acos(nio)ny (niz + 27) + beos(na(o + 00))n2 (n322(s] + (22)" [s]) -
Then, compare (3.25]) with the left-hand side of ([B:23)). After some rearrangements we obtain
2| +niz1 = 2asin(ni0) [a®n] cos? (n10) + b*ng cos?(na(o + 09)) — nidn ] (3.26)

24 4+ n3ze = 2bsin(na(o + 00)) [a®ni cos®(n10) + b?na cos®(na(o + 0g)) — njas] . (3.27)

These equations can be readily solved:
e If n; = ng9 = n one finds
z1 = C1sin(no) 4+ Cq cos(no)
1
—eno [(a2 + 2b% — 401) cos(no) — b? cos(no + 2noy)]
_1a_6 [a2 sin(3no) + b%sin(3no + 2nog) + 2b% sin(no + 2noy)
—2sin(no) (a® + 2b° — 4@ )]

3.28

zg = C3cos(no) + Cysin(no) (3.28)

2

1
_Zb no [(b* + 2a* — 4@) cos(no + nog) — a* cos(no — nay)]

~16 [ sin(3no + 3nog) + a® sin(3no + nog) + 2a* sin(no — noy)

—2sin(no + nog) (0> + 24 — 4a»)] .

8



Here C; (i = 1,2,3,4) are integration constants.
The closed string periodicity condition (2.4]) requires z1, z2 being periodic in o, i.e. the linear

terms must vanish:

(a® 4 2b* — 40 cos(no) — b? cos(no + 2nog) =0 (3.29)
(b% 4 2a% — 40) cos(no + noy) — a® cos(no — nog) = 0. .

These equations can be solved for constant values of W1,y only

— in the elliptic string case, when 20g9n = 7 4+ 27mm, m € Z,

1 1
@y = Z(a2 +30%), @y = Z(3a2 +b?). (3.30)

This case is considered in section [B.41

— in the folded string case, when 20gn = 2mm, m € Z

1
= = 24 0%). (3.31)

This case is considered in section

The restriction on oy might first look surprising. One can always rotate (.15 with arbitrary
oo to (B19) (see section [B.2)) and, using the method given above, find the curvature corrections
to any flat-space solution with ny = ns. However, rotating back, we would not remain in the
framework of the rigid string ansatz as the frequencies w; and wy are now different (see (3:30])).

e If ny # ny one finds

z1 = Csin(nyo) + Cy cos(nyo)

ab? . .

+m [— cos(n10) sin(2na (0 + 00))ning + cos(2na(o + 0g)) sm(nla)ng]
ny—ny

3 a’n? + 2b°n3 — 4nio,

2
ny

—% sin(3ni0) — 2sin(n;o)

2,2 2b2 2 4 2~
+4nq0 cos(ny0) amit 22 nlwl]

™" (3.32)
zg = C3cos(na(o + 09)) + Cysin(na(o + 0p))

a2

_4(ng7—n2) (= cos(na(o + 00)) sin(2n10)ning + cos(2n10) sin(nz(o + 00))n})
P

16 [sin(i%ng(a + 00)) — 2sin(na(o + 0p))

b’n3 + 2a?n} — 4nds
n3
b’n3 + 2a’n? — 4ndo,
—4ngo cos(na(o + o0p)) 5 .
n
2

Here C; (i = 1,2,3,4) are integration constants.

The closed string periodicity condition (2.4]) requires the linear terms vanish:

a’n? 4 2b%n3 — dniin = 0, b°nj + 2a°ni — dnjd, = 0. (3.33)



Then (for any value of 0g) we have

~ a?n? + 2b%n? . 2a2n? + b%n?2

_ 1 2 _ 1 2

w1 42 0 w2 T
2

(3.34)
4n%

This case is considered in section

In fact, the restriction on og in the ny = ns case singles out the solutions with zero non-Cartan
components of spin. Indeed, for ny # no there are no such components for any value of og, while for
n1 = ng they vanish only if 209 = wm.

Only flat-space solutions with zero non-Cartan components of spin receive curvature corrections in
the framework of the rigid string ansatz. An attempt to find the corrections to the solutions with
non-vanishing non-Cartan components leads out of the rigid string ansatz.

3.4 The elliptic string solution (n; = ns)

Curvature corrections to the string solution with ny = ng = n and 209n = 7 4 2wm, m € Z are (see

B.23), B.30))

1
z1 = Cy sin(no) + Cy cos(no) — —a (a® — b*) sin(3no)

16 (3.35)
29 = Cy cos(no) + Cysin(no) + 1—66 (b? — a?) cos(3no).

Here vanishing of non-Cartan components of spin requires aCy = —bCs.

Recall that in order to get from the system ([B.23)), (3:24]) to (3.26]), (B:27), we take a derivative from
([3:24)), thus we must check if it is satisfied. Substituting (3.35]) into (3.:24]), one finds

— 16y — 3n% (a®> — b°)” + 1602 (aCy + bCs) =0 . (3.36)

Then the classical energy of the string reads

B 3 1 51859 o
Eni=ny, = V/2n(S1 + S2) [1 + 2 (S1+82) + MS S + O(SZSj)] (3.37)
or, restoring A,
Epy—ny = \/20VA(S1 + S2) [1 + 3 (S1+ S2) + 515 + O()\_l)] . (3.38)
8nv/\ 2nv/A S1+ So

This expression is a generalization of circular and folded string cases (for a review see Appendix [Al
and references therein). In the limit §; = S, Sy = 0, it gives the small-spin expansion of the classical
energy of the folded string (see (A.14]))

E=VmS (1 + z—‘z + 0(52)> ; (3.39)

in the limit §; = Sy = & — the small-spin expansion of the classical energy of the circular string (see

(A.5))
£=2VnS <1 - % + 0(52)> . (3.40)

10



3.5 The folded string solution (n; = ns)

Curvature corrections to the string solution with ny = ng = n and 209n = 7 4 2wm, m € Z are (see

B.28), @3.31)) .
21 = Oy sin(no) + Cy cos(no) — —a (a* 4 b?) sin(3no)
16 (3.41)
29 = Cycos(no) + Cysin(no) — I_Gb (b? + a®) cos(3no).
Here vanishing of non-Cartan components of spin requires aCy = —bCs.
From (3.24)), one obtains the constraint on C; :
— 16y — 3n? (> + %) + 1602 (aC) + bCs) = 0. (3.42)

Then the classical energy of the string reads

£ =S <1 + 8%3 4 0(32)> or E=\/2nvas (1 + Sn?i/X S+ O()\‘l)> , (3.43)

i.e. coincides with the small-spin expansion of the classical energy of the folded string (A-14]).

3.6 nj # no solutions

Curvature corrections to the string solution with ny # ny and arbitrary phase shift oy are (see (3.32]),

B.34))
z1 = Cysin(nyo) + Cy cos(nyio)
b2
+4(n;17nz) [— cos(ny0) sin(2na(o + 0g))ning + cos(2nz(o + op)) sin(nla)ng]
112
at .
T sin(3n10)
(3.44)
z9 = C3sin(na(o + o)) + C4 cos(na(o + 0p))
b 2
—i—ﬁ (= cos(nz(o + 09)) sin(2n10)n1ng + cos(2n10) sin(ns (o + o9))ni)
ng—ny
3
—i)—6 sin(3ng(o + 09)).
From (3.24]), one obtains the constraint on C; :
—16x — 3 (a'ni +b™n3) + 16 (a n} C1 +bn3 C3) = 0. (3.45)

Then the classical energy of the string reads

3 (8] +89)? 1 S8 3

8 n1S1 + naSs 1181 + naSe \ ng ni 2
(3.46)
or, restoring A,
3 (S1+ 32)2
Ep.tny = \/2VA(1018) + noS [14—
102 \/ ( et 2 2) 8\/X nlsl +n282 (3 47)
n 1 85182 o n2 §> —G—O()\_l)} .
2\/X 1181 + naSa \ ngy ny 2 '
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Note, that in the limit n; = ny = n expression (3.47) becomes
ni=n 3 (81 + 82)2 1 5152 1 —
Epiiny =520/ 2VA0(S) + S [1+ - —)+oH,
17z \/ (61452 gnvx S1+S 2nvVA S1+ 82\ 2 (A7)

which differs from (B.38]) by the factor of 1/2 in the third term in the brackets.

This discontinuity may indicate that there are deep differences between solutions with ny # no and
more symmetrical ones with n; = na.

4 Small-string limit of the exact string solutions in AdS;

In this section we investigate the connection between small- (flat-space) and large-spin limits of two-
spin string solutions in AdSs. In the particular cases of wy = wo and kK = wy # wy the general solutions
in AdS;5 were found in [10]. It was discussed there, for Kk = wy # wy case, that strings which admit
large-spin limit do not have the small-spin one and vice-versa. Thus we study only solutions with
w1 = wa, corresponding to S; = Sy case.

When w; = wy = w, string sigma model equations reduce to

c
0 = ——— 4.1
sinh? p (4.1)
2
p? = k2 cosh? p — — ¢ 5 — w?sinh? p | (4.2)
sinh® p

where ¢ is an integration constant. The solution for p is [10]

= (4.3)

cosh p = — .
n[/ar (@ — /o, ]
Here ) )
2 _ + 4 _ 4e2(w2 — K2
0. = w? — K2+ /K 2 (w? — K?) (4.4)
2(w? — K2)
define the size of the string: ,/a— < cosh p < ,/a;. Parameters k, w, c are related to ay as
- =2
& = (ap — D(a_ — 1)(w? — K?), K= w2w (4.5)

ar+a_ —1"°

Solution (4.3]) is valid for \/a— < coshp < /a7 only.

Let us expand (43]) in the small-string limit.
When the size of the string is small with respect to the curvature of AdSs space (R = 1), one has

ay = cosh pmay = 1+ €2 a®> + ¢t A+ 0(66)

a_ = cosh pin =14 €2 b* +¢* B+ 0(66) exl. (4.6)
In what follows we omit orders higher then €.
In that limit the elliptic modulus of dn in ([£3]) is small
—a_ 2 2 _ b2 4 A— B
a, —a :e(a )+ ( )N€2<<1’

a4 1+e2a?+et A

12



so we can perform an expansion

coshp =1+ € %(a2 sin? (We) 4 b? cos?(Wo))
+ € %[ W(a* —b") ¢ sin(2Wo) — i (a® — b*)? sin*(2Wo) (4.7)
— (a* — 44) sin*(Wo) — (b* — 4B) cos*(Wo)] + O(€°) .

Here W2 = w? — k2. To satisfy the closed string periodicity condition, the €2 and €* terms must both
be periodic. There are two options:

e IV is an integer. Then the €2 term is periodic and the linearity in the ¢* term cancels if a = b.

e W has the form W = Wy + €2 Wy. Then from (7)) we have

1
coshp =1+ € §(a2 sin?(Woo) + b? cos®(Wyo))

1 1
+ et g[ (a® — b*)(4Wy +m(a® +b%)) o sin(2Wyo) — 1 (a® — b*)? sin*(2Wyo)
— (a* — 44) sin*(Wyo) — (b* — 4B) cos*(Wyo)].
(4.8)
The €2 term is periodic if Wy is an integer and the linearity in the e* term cancels if a = b or
1
Wl = —62 Z WO (CL2 + b2) . (49)

The case a = b brings us to the trivial limit of the circular string, so we will not discuss it here. Let
us investigate the other option.

Assuming that W has the form (£9]), we get

1
coshp =1+ € §(a2 sin?(Woo) + b? cos?(Woo))
— ¢ % i (a® — b*)? sin*(2Wyo) (4.10)

+ (a* — 44) sin®*(Wyo) + (b* — 4B) cos®(Wyo)] -

Making use of (4.1]) and (4.10]), one obtains the following equation for ¢

g ¢ _ G+ € @
~sinh?p  a2sin?(Woo) + b2 cos2(Wyo) (4.11)
ErS 2Asin?(Wyo) + 2B cos?(Woo) — (a? — b%)2 cos?(Woo) sin?(Wyo) .

2(a? sin?(Wyo) + b2 cos2(Wyo))? ’

where
c=¢d =+t e (4.12)

Its solution is
0(c) = by(c) + €2 01(0), (4.13)



Oo(o) = Wsoab arctan [% tan(Woa)} ;
01(o) = _ G a? +b* — 2é - ZE + 45—1 arctan [ﬁ tan(Woa)} (4.14)
4Wy ab a? b2 Co b '
¢o 9 .9 A B cos(Wyo) sin(Wyo) o
- b -2 42— — tan [tan (W, .
AW, <“ 2t b2> 2 sin?(Woo) + 02 cos?(Woo)  2Wo 0 an [tan(Woo)]

This expression, as well as (@3] and (48), is valid for 0 < Wyo < T only. Within this interval
¢ may change only by a rational value of 7 : 0 < # < 26 and may not gain any small corrections,
otherwise the solution would not satisfy the closed string periodicity condition. We must have that
01(Woo = 0) = 61(Woo = 5). The latter gives the following constraint on ¢&;, A, B

¢1 A B
4~— =2 <— + b—2> — ((1 — b)2 (415)

co a?

So far we have not used the relations given in (£5)). Substitution of (£.9) and (£12) into (LH) gives
C1 A B
4~— =2 <¥ + b_2> — (CL — b)2 + ab. (416)

Comparing this to (£I5]), one finds
ab =0,
which implies a = 0 or b = 0 and brings us to the limit of folded string.

Apart from the trivial cases of folded and circular strings, we find that the general rigid solution
with w; = we (S = S2) in AdS; admitting the large-spin limit does not have a small-spin limit. For
more general two-spin solutions it might still be possible to have both limits.

5 Chiral solutions for a bosonic string in R, x S°

In this section we discuss chiral solutions in R; x S°. Such solutions obey an additional constraint

0+ Xn0_Xpr =0, (5.1)
where X ;s are embedding coordinates of R with the Euclidean metric §3/n; Xy Xar = 1 and
0 1/0 0
=— ==+ — =T7xo.
O doy 2 (87’ 80) ’ oxT TR

We will discuss the string located at the center of AdSs and rotating in S°, trivially embedded in
AdSs as Y5 +iYy = €', with the global AdS time being t = k7 and Y7, ..., Yy = 0 (see (Z.H)).
The classical string equations in conformal gauge becomd]

-0, X =0 (5.4)
O_Xp0y X =0 (5.5)
K2 =401 X0+ Xy (5.6)

4 Chiral solutions may also be considered via Pohlmeyer reduction [14]. For example, let only four of XMog are

14



The simplest solution of this kind is [12],

k=2asms, X;+iXo= a1e™Mo*E , X3+4+1iXy= e+ , X5+1iXg= aze’"3oF ,

3
where > a; = 1 and m; are integers. It was recently used in [I3] as a model of a quantum string state
i=1
with “small” quantum numbers. We expect that more general chiral solutions may also find useful
applications.

Let us consider the ansatz '
X12 = X1 + ng = a1€ZF1(0+)
X3y = X3 +1Xy = ageiFQ(oJr) (57)
X56 = X5 + iXﬁ = ageiFS(U*)

3
where Y a; = 1. To satisfy periodicity condition, F;, F» must have the form
i=1

Fi(oy) =mioy + Z £ cos(noy) + g9 sin(noy) (5.8)

n

with f!, g7 are real and m,; are integers.

From string equations (5.4), (55, (5:6) one finds

K2 =4a2 (0, F))* + 4a3 (0, F»)?, K = 2m3as, (5.9)
F3 = m3o—_. (510)

Let us assume that F} is an arbitrary function of the form (5.8]), then F; is expressed as

1
Py(os) = i/_\/agmg a2 (0, F)2dos. (5.11)
as

Being represented as an integral from the periodic function, F5 possess periodic and linear terms only.
So up to adjusting a;, it has the form (5.8).
The general solution for the ansatz (B.7) is

K = 2mgsag
X2 =a1 eiFl(‘”), Fi(oy) =myoy + Z fncos(noy) + gnsin(noy)
n 5.12)
. 1 (
X3y = ag et2(04), Fy(oy) = ia_g /da+\/a§m§ — a} (04 1)
X56 — ageimga,

non-zero. The reduced model corresponding to the string in R, x S* [15] is the complex sine-Gordon (CSG) model

2
L=0,a0_a+tan’a 0,00_0 + % cos 2a. (5.2)

The variables o and 6 are expressed in terms of the SO(4) invariant combinations of derivatives of the original variables
Xm (m=1,2,3,4)

K2 cos 2o = 0+ Xm0-Xr K2sin?a 0.0 = :F%EMNKLXM(9+XN8,XK81XL . (5.3)

Chiral solutions meet particular case of o = 7.

15



In general, the “phase function F,” resulting from the integration (G5.I1]) is expressed in ellip-
tic functions. There are few cases when it simplify to elementary ones. Two of them Fj(o)) =
myoy, Fy(oy) =meoy and Fi(04) = acosnoy , Fy(oy) = asinnoy are discussed below.

Note that chiral solutions treat 7 and ¢ on an equal footing, i.e. non-trivial dependence on 7 implies
that the shape of the string is not rigid, in general, so such solutions are similar to “pulsating” ones.

5.1 Rigid chiral solutions

The simplest chiral solution from ansatz (5.7) corresponds to

Fi(o4) =myoy, Fy(oy) =maooy . (5.13)
It reads [12]:
k=2a3msg, Xi2=a1e™* X3y =ae™ | Xze = aze’™% (5.14)
where
a?m? + adm3 = aim3 (5.15)

3
with m; are integers, Y a? = 1.
i=1
Comparing that to (3I]), we see that it is a rigid string solution. In fact, it is the the only possible
rigid chiral solution from ansatz (5.7).

For fixed m;, the energy is given by the standard flat-space linear Regge relation

E=V2(m1J1 + maJo + m3Js), m3Js =m1J1 +maJz , (5.16)
where expressions for spins are
Ji=aimy,  Jo=asma,  J3=a3zms. (5.17)

Restoring A\, we get

E = \/2\/X(m1J1 + modo + m3J3), mgJs = miJp + madsy . (5.18)

Note, that the non-Cartan components are zero only for mi # ma. If m; = mo the solution can
always be rotated to a two-spin one (Sz = 0).

5.2 Sine-Cosine solutions

A particularly simple non-trivial solution from ansatz (5.7)) corresponds to

Fi(o4) = acosnoy , Fy(o1) = asinnoy . (5.19)
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It reads
K = 2msin~y

1 m
X1 = —=cos~y sin [ — tan vy cos(no }
1 V2 v n Y (noy)
m
X9 = ——cos~ sin [\/5 — tan~y sin(no }
2 V2 v n v sin(no.)
1
X3 = 7 cosy cos [V2 mtany cos(nour)} (5.20)

3 3

n
X5 = sm’ycos( mo_

1
Xy =— cos*y cos [\/5 — tany sin(na+)}
)
X¢ = sinysin(mo_)

Here n, m are integers, a1 = as = ﬁ cosy # 0, ag = siny # 0. Snap shots of the string at 7 = 0 and

7 = 7 are given on figure[ll One could see how it changes shape: a bended circle at 7 = 0 and folded

(in projection on X1 X3X5) at 7= 7.

Figure 1: Shape of the string forn =1, m=1, vy =7
a bended circle at 7 = 0 and folded (in projection on X1X3X5) =3

The energy and spins are (see Appendix [C]):

E =2msinvy

1
Ji=0Ti2 = §msin(2’y) BesselJy [2% tanfy] (5.21)
Tz = Js6 = msin®y
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For fixed n, m we find

E =2v/mJs3, =/ J3(m — J3)BesselJ; [2— Js ]

m—J3

or, restoring A,

E= 2\/m\/X Js, J = \/m\/X J3 <1 — —\/_>BesselJ1
m

The dependance J;(J3) is presented on figure 2

Figure 2: J1(J3) forn =1, m = 3.

Solution (5.20)) does not admit large-spin limit, as the values of spins are bounded above:

n vV
n2 ’
14+ >

m2

J3 < JMT — /X T < JM 0,6

In the small-spin limit, expanding the Bessel function in the expression for 7, we obtain

/ m 1m? J3 1
E=2 m\/XJg, Jl_J35<1_§Fm—\/X+O(>\ )>

Let us show that in the limit n — 0, certain solutions of type (5.20) reduce to (5.14]).

18
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In that limit from (5.20]) one finds

K = 2msin~y

1 1
X1 = —=cos", X3 = —cos
1 /2 Y 3 5 Y
Xy = i cos~y sin [\/5 mtanyo ] Xy = Lcos cos |V2 mtanyo ] (5.26)
2 NG Y YO+, 4 /2 Y YO+
X5 = sin~y cos(mo_), Xe = sinysin(mo_)
Here we omitted the infinite phases in Xy, X3, coming from %, as they do not contribute into

the consideration.

Relations (5.26) look like ones describing rigid chiral solution with two spins. Indeed one could
rewrite them as

K = 2asm
X1 = a, X3 = a,
Xy = asin(koy), Xy =acos(koy) (5.27)
X5 = ccos(mo_), X¢ = csin(mo-)
where a = Lz cos7, ¢ = sinvy, k = v/2mtany. However k is in general arbitrary, so (5.27)) corresponds

to the rigid chiral solutions only when
k =+2mtan~y is integer.

The expression for the AdSs energy does not changes in n — 0 limit. The spins transform to (use
integral expressions from appendix [C] and restore m,n # 1)

J=Ta2—0, Jo=Tu—0, T=Ts=mc,
2T

sin(no.) (5.28)

2
Jog = 5 m tan y cos? y — ka?

2mn

in exact agreement with (5.17]).

Being expressed, as harmonic functions with the argument (5.8)), solutions (5.7]) are not easy to
analyze in terms of stability. Straight forward analysis may be performed only for the rigid chiral
solutions (5.I4]), which were proved stable in [I2]. Thus one may also expect (5.20) being stable, due
to their relation to (B.14]).

One may hope that generalization of Fj (o) = acosnoy to
Fi(o4) =myoy + Brsin(nioy) (5.29)

would also give a simple solution. However, in this case, from (5.19)) we find that F» is expressed via
elliptic functions F, F' and II all together. Finding anther simple solutions from ansatz (5.20) is an
open question.

19



Summary

In this paper we have discussed several classical solutions for a closed bosonic string in the AdSs x S°.

First, we considered small rigid strings with two spins in AdSs part of AdS5 x S°. Starting from
the flat-space solutions (B.I5]) and using perturbation theory in the curvature of AdSs space, we
constructed leading terms in the small two-spin solution and found corrections to the leading Regge
term in the classical string energy (3.38]) and ([B.47]). We uncovered a discontinuity in the spectrum of
classical strings with equal and unequal winding numbers in the Y7Y> and Y3Y) planes (n; and ng).
In the limit n; = ny the expression for Ej, £p,(S1,52;A) does not coincide with E,, —p,(S1, S2; A).
We then investigated the connection between small-spin (flat-space) and large-spin limits of two-spin
string solutions in AdS5. For the w; = we (i.e. S = S3) case we found that, apart from the trivial
cases of folded and circular strings, the general rigid solution with S; = Sy in AdSs; admitting the
large-spin limit does not have a small-spin limit.

In the second part of the paper we constructed a new class of chiral solutions in R; x S° for which
the embedding coordinates of S satisfy the linear Laplace equations (5.4)). We used the ansatz (5.7))
and obtained the general solution for it in the form (5.12]). These solutions generalize the previously
studied rigid string chiral solutions (5.14]) [12]. We studied in detail a simple non-trivial example of
these solutions (5.20)).

There are a number of open questions that we leave for future investigation. It is of interest to find
solutions in full AdSswhich correspond to more general flat-space solutions than rigid and folded ones.
The relation between small-spin and large-spin limits should be clarified. So far, it looks plausible
that there is no connection between them apart in the trivial limits. The origin of the discontinuity
in the spectrum of small-string solutions with nqy = n; and ny # ny is also not quite clear. Another
direction is to study possible applications of chiral solutions (5.12)).
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A Appendix: Circular and folded strings in AdS;

A.1 The circular string solution

A particular simple solution of equations (2.5]), (Z3]), (2:4]) is the rigid circular rotating string [4 12} 16]:
K ; : K . .
Yio = — wWT+1mo Yoy = — WT—1mo Al
12 om € ) 34 om € ) ( )

where w = vVm? + k2. It can also be rewritten in the form

Yos = V1 + 727, Y1 = 7 cos(ma)e™T, Y34 = 7sin(mo)eT, (A.2)

K

V2m

where w = mv/1 + 2r2 and r = sinh pg = is a radius of the string. This is a consistent closed-string

solution periodic in O < o < 27.
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The two spins of the string are equal S = S3 = S and are related to the energy by

28 K2
- e =—_/m2+k2. A.
E=kK+ ol S o Vm +K (A.3)

In the small-string limit (S — 0) the profile of the string reads
1 . . .
Yo5 &~ (1+§ €2 a?) etv2 € amT Y12 =~ acos(o) eim(1+e?a®) 7 Y34 &~ asin(o) eim(1+e?a®) . (A4)

The expression for the classical energy in this limit is

£ =2vVmS <1 - % - 0(32)> or E= 2\/7\55 (1 - % + O(A‘1)> : (A.5)

Here the classical energy contains a non-trivial curvature corrections which modify the leading-order
flat-space Regge behavior.

A.2 Folded string solution

Another simple solution of equations (2.5]), ([2.3]), (2.4) is the classical solution for the folded string
spinning in the AdS3 part of AdS5

ds® = — cosh® p dt® + dp® + sinh? p d¢?
described by [2], [17]
t=krr, ¢=wr, p=p(o), (A.6)

where

0" = k? cosh? p — w?sinh?p . (A7)

p varies from 0 to its maximal value p,

w? 1
coth? p, = 3= 1+ 2 (A.8)

Thus | measures the length of the string. The solution of the differential equation (A7), i.e.

P = +r\/1—1"2sinh?p , p(0) =0 (A.9)

can be written in terms of the Jacobi function sn
sinhp =l sn(klto, —1?) . (A.10)
The periodicity in o implies the following condition on the parameters [2]

11

k=1 2F1(§7 5;

1;,-1%) . (A.11)
The classical energy E = v/AE and the spin S = v/AS are found to be

11 12 13
E=1 2F1(—§, 5;1;—l2), S = 5\/1 +12 2F1(§,§;2; —1?). (A.12)
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Here we will be interested in the short string limit 0 < € < 1, [ = ae in which
1
Px = QE — 663&3 +O(€) . (A.13)

In the strict limit a = 0 or kK = 0 we get p = p, = 0, so that the string shrinks to a point with £ = 0.
From (A12) in the e < 1 or the small S limit we obtain

3
£=V2S8 (1 +35+ 0(82)> : (A.14)
so the short string limit corresponds to & < 1 and the expansion of the energy looks like

E =1\/2V\S (1 + %5 + O(A‘1)> . (A.15)

Expanding the exact solution (A.I0]) in powers of ¢ we obtain

3

sinhp =€ a sino — € (11—6(sin(30) +sino) + O(e®) (A.16)

or equivalently, changing phase 0 — § — o

3
sinhp=¢€a coso — € (11—6(— cos(30) + cos o) + O(€%). (A.17)
For the frequencies we have
) @ 4 1 4

w=1+e€ Z—l-O(G), ﬂ:ea—e?’za?’—kO(e). (A.18)

B Appendix: Folded string displaced from the AdS; center (n, = 0).

The possibility omitted in section [B.3]is when one of the frequencies of the original flat-space solutions
(n;) is zero, while the “amplitude” y; = const # (. We will look for the solutions of (), @J) in

the form:
y1(0) = € asin(on) + €2, (0)

B.1
yg(a):eb+e322(0), (B.1)
where n € Z and
2 ~ ~
w1 =n(l+¢e @), Wy = € W9
,{_6,{( 3 ) 2 _ 22 (B.2)
=€ Ko + € K1, Ky = a“n”.

It follows from (B.I3]), that expansion of w? must consist of the even powers of €. So if ng = 0 the
leading order of ws is €.

From (3.8]), (3:9) one obtains the set of equations:
—b (n?z + 2}) + asin(no) 2 = 2absin(no)(@; n* — &3) (B.3)

2an [sin(no)nz; + cos(no)zi] = 2x — b3 + a*b’n?

(B.4)
—2a? @ n?sin®(no) 4 2a*n? sin?(no) — a*n? sin*(no).

®One may also consider perturbations under a flat-space solution with n; = ny = 0, i.e. a point-like string displaced
from the center of AdSs. There are no closed string solutions in this limit.
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Here x? = k2k3. These system can be readily solved. The solution of (B.4)) is straight forward:

= Cjcos(no) +an o cos(no) | w1 — 1 2) + sin(no) (2x — b?@3)
1“ 2an? (B.5)
—asin(no) (&1 — %(a2 + b2)> - ia?’ sin(no) cos(no).

Employing the closed string periodicity condition (2.4]), one finds

Then the solution for z9 is
29 =Cy+0C3 — iazb cos(2no) + O'2g (a*n® — @3) . (B.7)
Making use of the closed string periodicity conditions, one finds
= *an, C3=0. (B.8)

There is no additional constraints on the parameters Cy, Cs, Y, so the solution of (B.3]), (B.4) is

1 :
= C} cos(no) + Ea3(3 sin(no) — sin(3no)) + %(na)
1
29 = Coy — Zazb cos(2no) (B.9)
2
wi =n(l+ € az), wo = *€ an, K=¢an+ e K.

It is not hard to see, that due to k ~ w9, non-Cartan components of the spin Sy; do not vanish. This
solution can be rotated by boost to a folded string one.

C Appendix: Spins for the Sine-Cosine solutions

2w X .
In this section we will calculate the components of spin J;; = f g—g[X,-X ; — X;X;] for the Sine-Cosine
0

solutions (5.20]). Set for the simplicity n = ms = 1.
Cartan components of the spin are

2

d
Ji=J12= / U[X1X2 — Xy X4]

27

= —Sln (27) / [sin(T + o + 7/4) sin(2 tan vy sin(7 + o + 7/4))
0

(C.1)
+ sin(7 + o — 7/4) sin

(2tanysin(1T + o — w/4))]
1
2

= %sin(Zy) / % sin(¢) sin(2 tan ysin(¢)) = = sin(27y)BesselJ; (2 tan )
0
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(see Appendix [DI for a proof of the equality on the last line);

d
Jo =T34 = / 0[X3X4 — X4 X;3]

2
= ——sm (27) / [sin(7 + o + 7/4) sin(2 tan vy sin(7 + o + 7/4))

(C.2)
0
—sin(7 4+ 0 — 7/4) sin(2 tan y sin(7 + o — w/4))]
2
= is1n(2’y) / g—C [sin(¢) sin(2 tan  sin(¢)) — sin(¢) sin(2 tan ysin(¢))] = 0 ;
77
0
2
do . . Ly
jg = j56 = %[X5X6 — X6X5] =Ssm- 7y . (03)
0
Non-Cartan components of the spin are
d 1 fd
o . g .
Jis = / o (X1 X3 — X3X1] = o sin(27) / Py sin(t4+0) =0; (C4)
0
27rd 27rd
j24:/ U[X2X4—X4X2] —2%/5 sin(27)/§cos(7’+a) 0 (C.5)
0
d
Jia = / (X1 Xy — XX
0
2
S sin(2) / do [sin(T + o — 7/4) cos(2tan ysin(r + o — w/4))
+ sin(7 + o + 7/4) cos(2 tan y sin(r + o + 7/4))] (C.6)
2
= —sm (27) / ) cos(2 tan v sin(())
27r dC .
— 20+1 -0 -
——Sln2’7 /%Z Lsin?*1(¢) =0 ;
5 1=0
do
T3 = / - (X2 X3 — X3Xo] =
0
2T
S sin(2y) / do [sin(7 + o — 7/4) cos(2 tan vy sin(7 + o — 7/4))
22 7 / 27 7 (C.7)
— sin(7 + o + 7/4) cos(2 tan ysin(r + o + 7/4))]
2T

= %Sin(%) / % [sin(¢) cos(2tan v sin(¢)) — sin(¢) cos(2tanysin(¢))] =0 .

0
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Here we used, that integral over period from odd powers of sine or cosine is zero [18]

2 2

/ d¢sin? 1 ¢ =0, / d¢Ccos?H ¢ =0. (C.8)

0 0

To prove that J5; = Js; = 0, j = 1,2, 3,4, consider the following expansion of Xj; :
e .
Xi9 = Zg zl (o+7) ’ X3y = Zg zl(a-i—‘r Xsg = Z hleZl(U_T). (Cg)
=0

One can show that “cross-spins” (non-Cartan components of spins) between right- and left-chiral
waves always vanish, i.e. for each pair of right- and left-chiral summands in (C.9)):

1+ 1idy = Gem(‘ﬂ”) s+ 12y = Heim("_T), n, m = integer (C.10)

the correspondent contribution (jwz) into Js;, Je5, 7 =1,2,3,4 is zero.
Let us calculate the following values

d )
jf = / 2; (2120 — 2041] = [T — T4) +ilTE + T
0

=1

dO'GH ( )eio(n—m)—i-iﬂ'(n-‘,-m) _ { O, for m=n

2m 0, for m#n
2m (Cll)
do. . : .
77 = [ Flerit = 0] = s+ ) + i7H - T
0
Td 0, f
— ao _ io(n—m)+it(n+m) _ ) or m=n
! 27TGH (m —n)e 0, for m #n.
“Cross-spins” for each left-right chiral pair in the expansion (C.9) vanish. We have
Ts55 = Jej = 0, 7 =1,2,3,4. (C.12)
D Appendix: Bessel functions
In this section we will prove the relation
[do . .
BesselJ; (z) = o sinasin (rsina). (D.1)
T
—T
Two formulas from the theory of the Bessel functions are of use [19]:
e Integral representation of the Bessel functions
dOé —zx sin a+ina
BesselJ,,(z) = 5 . (D.2)
_

—T
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e Recurrent formula

d (Bessel],(x) BesselJ,+1(z)

- = . D.

dx < xv ) xv (D-3)
Let us take a derivative from BesselJo(z) in the integral representation:
d . [ da . iz sine [ da . . . . .
%BesselJo(x) = —z/ 5, sinae = / o [—isinacos (zsina) —sinasin (zsina)].  (D.4)

The Taylor expansion of sin (z sin ) and cos (x sin a) consist of odd and even powers of sin «, respec-
tively. Making use of (C.8)), one finds

d [do .
%BesselJo(x) = — / 5, sinasin (zsin ). (D.5)
Then employing (D.3)):
d
%BesselJo(x) = —BesselJ (z), (D.6)

we end up with (D).
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