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Gauge invariant approach to low-spin anomalous conformal currents and shadow fields

R.R. Metsaev∗
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Conformal low-spin anomalous currents and shadow fields in flat space-time of dimension greater than or
equal to four are studied. Gauge invariant formulation for such currents and shadow fields is developed. Gauge
symmetries are realized by involving the Stueckelberg fields. Gauge invariant differential constraints for anoma-
lous currents and shadow fields and realization of global conformal symmetries are obtained. Gauge invariant
two-point vertices for anomalous shadow fields are also obtained. In Stueckelberg gauge frame, these gauge
invariant vertices become the standard two-point verticesof CFT. Light-cone gauge two-point vertices of the
anomalous shadow fields are derived. AdS/CFT correspondence for anomalous currents and shadow fields and
the respective normalizable and non-normalizable solutions of massive low-spin AdS fields is studied. The bulk
fields are considered in modified de Donder gauge that leads todecoupled equations of motion. We demonstrate
that leftover on-shell gauge symmetries of bulk massive fields correspond to gauge symmetries of boundary
anomalous currents and shadow fields, while the modified (Lorentz) de Donder gauge conditions for bulk mas-
sive fields correspond to differential constraints for boundary anomalous currents and shadow fields.

PACS numbers: 11.25.Tq , 11.40.Dw , 11.15.Kc

I. INTRODUCTION

In space-time of dimensiond ≥ 4, fields ofCFT can be
separated into two groups: conformal currents and shadow
fields. Field having Lorentz algebra spins and conformal di-
mension∆ = s + d − 2, is referred to as conformal current
with canonical dimension, while field having Lorentz algebra
spin s and conformal dimension∆ > s + d − 2 is referred
to as anomalous conformal current. Accordingly, field having
Lorentz algebra spins and conformal dimension∆ = 2−s, is
referred to as shadow field with canonical dimension1, while
field having Lorentz algebra spins and conformal dimension
∆ < 2− s is referred to as anomalous shadow field.

In Refs.[8, 9], we developed the gauge invariant (Stueckel-
berg) approach to conformal currents and shadow fields hav-
ing canonical conformal dimensions. The purpose of this pa-
per is to develop gauge invariant approach to anomalous con-
formal currents and shadow fields. The examples of spin-1
and spin-2 conformal fields demonstrate all characteristicfea-
tures of our approach. In this paper, because these examples
are important in their own right, we discuss spin-1 and spin-2
anomalous conformal currents and shadow fields. Arbitrary
spin anomalous conformal currents and shadow fields will be
considered in forthcoming publication. Our approach can be
summarized as follows.
i) Starting with field content of the standard formulation

∗Electronic address: metsaev@lpi.ru
1 It is the shadow fields having canonical dimension that are used to discuss

conformal invariant equations of motion and Lagrangian formulations (see
e.g. Refs.[1–6]. In earlier literature, discussion of shadow field dualities
may be found in Ref.[7].

of anomalous conformal currents (and anomalous shadow
fields), we introduce auxiliary fields, i.e., we extend spaceof
fields entering the standardCFT . We note that these auxiliary
fields are similar to the ones used in gauge invariant formula-
tion of massive fields which involves Stueckelberg fields.
ii ) On the extended space of currents (and shadow fields), we
introduce differential constraints, gauge transformations, and
conformal algebra transformations. These differential con-
straints are invariant under the gauge transformations andthe
conformal algebra transformations.
iii ) The gauge symmetries and the differential constraints
make it possible to match our approach and the standard one,
i.e., by appropriate gauge fixing of the Stueckelberg fields and
by solving differential constraints we obtain standard formu-
lation of anomalous conformal currents and shadow fields.

We apply our approach to the study ofAdS/CFT cor-
respondence between massive AdS fields and corresponding
boundary anomalous conformal currents and shadow fields.
We demonstrate that normalizable modes of massiveAdS

fields are related to anomalous conformal currents, while
non-normalizable modes of massiveAdS fields are related
to anomalous shadow fields. In the earlier literature, the
correspondence between non-normalizable bulk modes and
shadow fields was studied in Ref.[10] (for spin-1 fields) and
in Ref.[11] (for spin-2 fields). To our knowledge, AdS/CFT
correspondence between normalizable massive modes and
anomalous conformal currents has not been considered in the
earlier literature. As compared to the studies in Refs.[10,11],
our approach involves large amount of gauge symmetries.
Therefore results of these references are obtained from ones
in this paper by using some particular gauge condition, which
we refer to as Stueckeleberg gauge fixing. Perhaps, one of the

http://arxiv.org/abs/1011.4261v1
mailto:metsaev@lpi.ru
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main advantage of our approach is that this approach gives
easy access to the study ofAdS/CFT correspondence in
light-cone gauge frame. This is very important for future ap-
plication of our approach to studying string/gauge theory du-
alities because one expects that string theory in AdS/Ramond-
Ramond background can be quantized only in light-cone
gauge.

Our approach to the study ofAdS/CFT correspondence
can be summarized as follows.
i) We use CFT adapted gauge invariant approach toAdS field
dynamics developed in Ref.[12]. For spin-1 and spin-2 mas-
siveAdS fields we use the respective modified Lorentz gauge
and modified de Donder gauges. Remarkable property of
these gauges is that they lead to the simpledecoupledbulk
equations of motion which can be solved in terms of Bessel
function and this simplifies considerably study ofAdS/CFT

correspondence. Also using these gauges, we demonstrate
that the two-point gauge invariant vertex of the anomalous
shadow field does indeed emerge from massiveAdS field ac-
tion when it is evaluated on solution of the Dirichlet problem.
AdS field action evaluated on solution of the Dirichlet prob-
lem will be referred to as effective action in this paper.
ii ) The number of boundary gauge fields involved in our
gauge invariant approach to anomalous conformal current (or
anomalous shadow field) coincides with the number of bulk
massive gaugeAdS fields involved in gauge invariant Stueck-
elberg approach to massive field. Note however that, instead
of standard gauge invariant approach to massive field, we use
CFT adapted formulation of massive spinAdS field theory
developed in Ref.[12]2.
iii ) Our modified Lorentz gauge (for spin-1 massive AdS field)
and modified de Donder gauge (for spin-2 massive AdS field)
turn out to be related to the differential constraints we obtained
in the framework of gauge invariant approach to anomalous
conformal currents and shadow fields.
iv) Leftover on-shellgauge symmetries of massive bulkAdS
fields are related to the gauge symmetries of boundary anoma-
lous conformal currents (or anomalous shadow fields).

The rest of the paper is organized as follows.

In Sec. II, we summarize the notation used in this paper.

In Secs. III and IV, we start with the respective examples
of spin-1 anomalous conformal current and shadow field. We
illustrate our gauge invariant approach to describing anoma-
lous conformal current and shadow field. For spin-1 anoma-

2 We note also that the number of gauge transformation parameters in-
volved in our gauge invariant approach to anomalous current(or anoma-
lous shadow field) coincides with the number of gauge transformation pa-
rameters of bulk massive gaugeAdS field involved in the standard gauge
invariant approach to massive field.

lous shadow field we obtain the gauge invariant two point ver-
tex. Also we discuss how our gauge invariant approach is re-
lated to the standard approach to CFT. Using our gauge invari-
ant approach we obtain light-cone gauge description of spin-1
anomalous conformal current and shadow field.

Secs. V and VI are devoted to spin-2 anomalous conformal
current and spin-2 anomalous shadow field respectively. In
these Sections we generalize results of Secs. III and IV to the
case of spin-2 anomalous conformal current and shadow field.

In Sec. VII, we discuss two-point current-shadow field in-
teraction vertex.

Sec. IX is devoted to the study ofAdS/CFT correspon-
dence for massive spin-1 bulkAdS field and boundary spin-1
anomalous conformal current and shadow field while in Sec.X
we extend results of Sec.IX to the case of spin-2 fields.

We collect various technical details in two appendices. In
Appendices A and B we present details of the derivation of
CFT adapted gauge invariant Lagrangian for the respective
spin-1 and spin-2 massiveAdS fields.

II. PRELIMINARIES

A. Notation

Our conventions are as follows.xa denotes coordinates in
d-dimensional flat space-time, while∂a denotes derivatives
with respect toxa, ∂a ≡ ∂/∂xa. Vector indices of the Lorentz
algebraso(d−1, 1) take the valuesa, b, c, e = 0, 1, . . . , d−1.
We use mostly positive flat metric tensorηab. To simplify
our expressions we dropηab in scalar products, i.e., we use
XaY a ≡ ηabX

aY b. Throughout this paper we use operators
constructed out of the derivatives and coordinates,

2 = ∂a∂a , x∂ ≡ xa∂a , x2 = xaxa . (2.1)

Sometimes we use light-cone frame. In the light-cone
frame, space-time coordinates are decomposed asxa =

x+, x−, xi, where light-cone coordinates in± directions are
defined asx± = (xd−1 ± x0)/

√
2 andx+ is taken to be a

light-cone time.so(d − 2) algebra vector indices take values
i, j = 1, . . . , d− 2. We adopt the conventions:

∂i = ∂i ≡ ∂/∂xi , ∂± = ∂∓ ≡ ∂/∂x∓ . (2.2)

B. Global conformal symmetries

In d-dimensional flat space-time, the conformal algebra
so(d, 2) consists of translation generatorsP a, dilatation gen-
eratorD, conformal boost generatorsKa, and generators of
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theso(d−1, 1) Lorentz algebraJab. We assume the following
normalization for commutators of the conformal algebra:

[D,P a] = −P a , [P a, Jbc] = ηabP c − ηacP b, (2.3)

[D,Ka] = Ka , [Ka, Jbc] = ηabKc − ηacKb, (2.4)

[P a,Kb] = ηabD − Jab , (2.5)

[Jab, Jce] = ηbcJae + 3 terms. (2.6)

Let φ denotes conformal current (or shadow field) in flat
space-time of dimensiond ≥ 4. Under conformal algebra
transformations theφ transforms as

δĜφ = Ĝφ , (2.7)

where realization of the conformal algebra generatorsĜ in
terms of differential operators takes the form

P a = ∂a , (2.8)

Jab = xa∂b − xb∂a +Mab , (2.9)

D = x∂ +∆ , (2.10)

Ka = Ka
∆,M +Ra , (2.11)

and we use the notation

Ka
∆,M ≡ −1

2
x2∂a + xaD +Mabxb . (2.12)

In (2.9)-(2.11),∆ is operator of conformal dimension,Mab is
spin operator of the Lorentz algebra. Action ofMab on fields
of the Lorentz algebra is well known and for rank-2 tensor,
vector, and scalar fields considered in this paper is given by

Mabφce = ηaeφcb + ηacφbe − (a ↔ b) , (2.13)

Mabφc = ηacφb − (a ↔ b) , (2.14)

Mabφ = 0 . (2.15)

These relations implies the following transformations of the
fields,

Ka
∆,Mφbc = Ka

∆φ
bc +Mabfφfc +Macfφbf , (2.16)

Ka
∆,Mφb = Ka

∆φ
b +Mabfφf , (2.17)

Ka
∆,Mφ = Ka

∆φ , (2.18)

where we use the notation

Ka
∆ ≡ −1

2
x2∂a + xa(x∂ +∆) , (2.19)

Mabc ≡ ηabxc − ηacxb . (2.20)

In (2.11),Ra is operator depending, in general, on derivatives
with respect to space-time coordinates3 and not depending on

3 For conformal currents and shadow fields studied in this paper, the opera-
tor Ra does not depend on derivatives. Dependence on derivatives of Ra

appears e.g., in ordinary-derivative approach to conformal fields [13].

space-time coordinatesxa. In standard formulation of con-
formal currents and shadow fields, the operatorRa is equal to
zero, while in gauge invariant approach that we develop in this
paper, the operatorRa is non-trivial. This implies that, in the
framework of gauge invariant approach, complete description
of the conformal currents and shadow fields requires, among
other things, finding the operatorRa.

III. SPIN-1 ANOMALOUS CONFORMAL CURRENT

In this section we develop gauge invariant approach to spin-
1 conformal current. Besides gauge invariant formulation we
discuss two gauge conditions which can be used for studying
the anomalous conformal currents - Stueckelberg gauge and
light-cone gauge. We would like to discuss these gauges be-
cause of the following reasons.
i) It turns out that the Stueckelberg gauge reduces our ap-
proach to the standard formulation ofCFT . Therefore the
use of the Stueckelberg gauge allows us to demonstrate how
the standard approach to anomalous conformal currents is ob-
tained from our gauge invariant approach.
ii ) Motivation for considering the light-cone gauge frame
cames from conjectured duality of the SYM theory and the
theory of the superstring inAdS background [14]. By analogy
with flat space, we expect that a quantization of the Green-
SchwarzAdS superstring [15] will be straightforward only in
the light-cone gauge [16, 17]. Therefore it seems that from the
stringy perspective ofAdS/CFT correspondence, light-cone
approach toCFT is the fruitful direction to go.

A. Gauge invariant formulation

To discuss gauge invariant formulation of spin-1 anomalous
conformal current in flat space of dimensiond ≥ 4 we use one
vector fieldφa

cur,0 and two scalar fieldsφcur,1, φcur,−1:

φa
cur,0 , φcur,−1 , φcur,1 . (3.1)

The fieldsφa
cur,0 andφcur,±1 transform in the respective vec-

tor and scalar irreps of the Lorentz algebraso(d − 1, 1). We
note that fields (3.1) have the conformal dimensions

∆φa
cur,0

=
d

2
+ κ , ∆φcur,±1 =

d

2
+ κ± 1 , (3.2)

where parameterκ is restricted to be positiveκ > 0. In the
framework of AdS/CFT correspondence,κ is related to the
mass parameterm of spin-1AdS massive field as

κ ≡
√

m2 +
(d− 2)2

4
. (3.3)
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We now introduce the following differential constraint:

∂aφa
cur,0 + r00z 2φcur,−1 + r00ζ φcur,1 = 0 , (3.4)

r00z ≡
(2κ+ d− 2

4κ

)1/2

, (3.5)

r00ζ ≡
(2κ− d+ 2

4κ

)1/2

. (3.6)

One can make sure that this constraint is invariant under
gauge transformations

δφa
cur,0 = ∂aξcur,0 (3.7)

δφcur,−1 = −r00z ξcur,0 , (3.8)

δφcur,1 = −r00ζ 2ξcur,0 , (3.9)

whereξcur,0 is a gauge transformation parameter.

To complete our gauge invariant formulation we provide
realization of the operatorRa on space of gauge fields (3.1),

Raφb
cur,0 = −2κr00z ηabφcur,−1 , (3.10)

Raφcur,−1 = 0 , (3.11)

Raφcur,1 = −2κr00ζ φa
cur,0 . (3.12)

Using (3.10)-(3.12), we make sure that constraint (3.4) is in-
variant under transformations of the conformal algebra (2.7).

B. Stueckelberg gauge frame

We now discuss spin-1 anomalous conformal current in the
Stueckelberg gauge frame. From (3.8), we see that the scalar
field φcur,−1 transforms as Stueckelberg field, i.e., this field
can be gauged away via Stueckelberg gauge fixing,

φcur,−1 = 0. (3.13)

Using this gauge in constraint (3.4), we see that the remaining
scalar fieldφcur,1 can be expressed in terms of the vector field
φa
cur,0,

φcur,1 = − 1

r00ζ
∂aφa

cur,0 , (3.14)

i.e., making use of the gauge symmetry and differential con-
straint (3.4) we reduce field content of our approach (3.1) to
the one in the standard approach. In other words, the gauge
symmetry and differential constraint make it possible to match
our approach and the standard one, i.e., by gauge fixing of
the Stueckelberg field (3.13) and by solving differential con-

straint (3.4) we obtain standard formulation of spin-1 anoma-
lous conformal current4.

C. Light-cone gauge frame

For spin-1 anomalous conformal current, the light-cone
gauge frame is achieved through the use of differential con-
straint (3.4) and light-cone gauge condition. Using the gauge
symmetry of the spin-1 anomalous conformal current (3.7),
we impose light-cone gauge on the fieldφa

cur,0,

φ+
cur,0 = 0 . (3.15)

Using this gauge in differential constraint (3.4), we find

φ−
cur,0 = − ∂j

∂+
φj
cur,0 −

r00z
∂+

2φcur,−1 −
r00ζ
∂+

φcur,1 . (3.16)

We see that we are left with vector fieldφi
cur,0 and two scalar

fieldsφcur,±1. These fields constitute the field content of the
light-cone gauge frame.

IV. SPIN-1 ANOMALOUS SHADOW FIELD

A. Gauge invariant formulation

To discuss gauge invariant formulation of spin-1 anomalous
shadow field in space of dimensiond ≥ 4 we use one vector
field φa

sh,0 and two scalar fieldsφsh,−1, φsh,1:

φa
sh,0 , φsh,−1 , φsh,1 . (4.1)

The fieldsφa
sh andφsh,±1 transform in the respective vector

and scalar representations of the Lorentz algebraso(d− 1, 1).
We note that these fields have the conformal dimensions

∆φa
sh,0

=
d

2
− κ , ∆φsh,±1

=
d

2
− κ± 1 , (4.2)

whereκ > 0. In the framework of AdS/CFT correspondence,
theκ is related to the mass parameterm of spin-1AdS mas-
sive field by relation (3.3).

We now introduce the following differential constraint:

∂aφa
sh,0 + r00ζ 2φsh,−1 + r00z φsh,1 = 0 , (4.3)

4 As in standard approach toCFT , our currents can be considered either
as fundamental field degrees of freedom or as composite operators. At the
group theoretical level, we study in this paper, this distinction is immate-
rial. Discussion of interesting methods for building conformal currents as
composite operators may be found in Refs.[18, 19].
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wherer00z , r00ζ are given in (3.5),(3.6). We make sure that
constraint (4.3) is invariant under gauge transformations

δφa
sh,0 = ∂aξsh,0 (4.4)

δφsh,−1 = −r00ζ ξsh,0 . (4.5)

δφsh,1 = −r00z 2ξsh,0 , (4.6)

whereξsh,0 is a gauge transformation parameter.
To complete our gauge invariant formulation of spin-1

anomalous shadow field we provide realization of the oper-
atorRa on space of gauge fields (4.1),

Raφb
sh,0 = 2κr00ζ ηabφsh,−1 , (4.7)

Raφsh,−1 = 0 , (4.8)

Raφsh,1 = 2κr00z φa
sh,0 . (4.9)

We proceed with the discussion of the two-point vertex for
the anomalous spin-1 shadow field. The gauge invariant two-
point vertex we find takes the form

Γ =

∫
ddx1d

dx2Γ12 , (4.10)

Γ12 =
φa
sh,0(x1)φ

a
sh,0(x2)

2|x12|2κ+d

+
∑

λ=±1

ωλ

2|x12|2κ+d−2λ
φsh,λ(x1)φsh,λ(x2) , (4.11)

ω1 =
1

2κ(2κ+ d− 2)
, (4.12)

ω−1 = 2(κ+ 1)(2κ+ d) , (4.13)

|x12|2 ≡ xa
12x

a
12 , xa

12 = xa
1 − xa

2 . (4.14)

One can check that this vertex is invariant under the gauge
transformations of the spin-1 anomalous shadow field given in
(4.4)-(4.6). Also, we check that the vertex is invariant under
the conformal algebra transformations.

The kernel of the vertexΓ is related to a two-point corre-
lation function of the spin-1 anomalous conformal current.In
our approach, the spin-1 anomalous conformal current is de-
scribed by gauge fields given in (3.1). Therefore, in order to
discuss the correlation function of the anomalous conformal
current in a proper way, we should impose a gauge condition
on the gauge fields in (3.1).5 We have considered anomalous

5 We note that, in the gauge invariant approach, correlation functions of
the conformal current can be studied without gauge fixing. Todo that one
needs to construct gauge invariant field strengths for the gauge potentials
φa
cur,0, φcur,±1. Study of field strengths for the conformal currents is

beyond the scope of this paper. Recent interesting discussion of method
for building field strengths may be found in Refs.[20, 21].

conformal current in Stueckelberg gauge frame and light-cone
gauge frame. This is to say that correlation function of anoma-
lous conformal current in Stueckelberg gauge frame and light-
cone gauge frame can be obtained from two-point vertexΓ

taken in the respective Stueckelberg gauge frame and light-
cone gauge frame. To this end we now discuss the anoma-
lous shadow field in Stueckelberg gauge and light-cone gauge
frames.

B. Stueckelberg gauge frame

For spin-1 anomalous shadow field, the Stueckelberg gauge
frame is achieved through the use of differential constraint
(4.3) and the Stueckelberg gauge condition.

From (4.5), we see that the scalar fieldφsh,−1 transforms
as Stueckelberg field, i.e., this field can be gauged away via
Stueckelberg gauge fixing,

φsh,−1 = 0 . (4.15)

Using this gauge in (4.3) we see that the remaining scalar field
φsh,1 can be expressed in terms of the vector fieldφa

sh,0,

φsh,1 = − 1

r00z
∂aφa

sh,0 . (4.16)

Thus, we see that the use of the gauge symmetry and differen-
tial constraint (4.3) makes it possible to match field content of
our approach and the one in the standard approach to spin-1
anomalous conformal current.

We proceed with the discussion of Stueckelberg gauge fixed
two-point vertex of the spin-1 anomalous shadow field, i.e. we
relate our vertex (4.10) with the one in the standard approach
to CFT . To this end we note that vertex of the standard ap-
proach toCFT is obtained from our gauge invariant vertex
(4.10) by using Stueckelberg gauge condition (4.15) and so-
lution to differential constraint (4.16) in (4.10). Doing so and
ignoring the total derivative, we find that two-point density
Γ12 (4.11) takes the following form:

ΓStuck.g.fram
12 = k1Γ

stand
12 , (4.17)

Γstand
12 =

φa
sh(x1)O

ab
12φ

b
sh(x2)

|x12|2κ+d
, (4.18)

Oab
12 ≡ ηab − 2xa

12x
b
12

|x12|2
, (4.19)

k1 ≡ 2κ+ d

2(2κ+ d− 2)
, (4.20)

whereΓstand
12 (4.18) stands for the two-point vertex of the

spin-1 anomalous shadow field in the standard approach to
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CFT . From (4.17), we see that our gauge invariant vertex
taken to be in the Stueckelberg gauge frame coincides, up to
normalization factork1, with the two-point vertex in the stan-
dard approach toCFT .

As we have demonstrated in Sec.III B, in the Stueckelberg
gauge frame, we are left with vector fieldφa

cur,0. Two-point
correlation function of this vector field is given by the kernel
of vertexΓstand (4.18),

〈φa
cur,0(x1), φ

b
cur,0(x2)〉 =

Oab
12

|x12|2κ+d
. (4.21)

C. Light-cone gauge frame

For spin-1 anomalous shadow field, the light-cone gauge
frame is achieved through the use of the light-cone gauge and
differential constraint (4.3). Taking into account the gauge
transformation of the fieldφa

sh,0 (4.4), we impose the light-
cone gauge,

φ+
sh,0 = 0 . (4.22)

Using this gauge in differential constraint (4.3) we obtainso-
lution forφ−

sh,

φ−
sh,0 = − ∂j

∂+
φj
sh,0 −

r00z
∂+

φsh,1 −
r00ζ
∂+

2φsh,−1 . (4.23)

We see that we are left with vector fieldφi
sh,0 and the scalar

fieldsφsh,±1. These fields constitute the field content of the
light-cone gauge frame. Note that, in contrast to the Stueck-
elberg gauge frame, the scalar fieldsφsh,±1 become indepen-
dent field D.o.F in the light-cone gauge frame.

Using (4.22) in (4.11) leads to light-cone gauge fixed vertex

Γ
(l.c.)
12 =

φi
sh,0(x1)φ

i
sh,0(x2)

2|x12|2κ+d

+
∑

λ=±1

ωλ

2|x12|2κ+d−2λ
φsh,λ(x1)φsh,λ(x2) , (4.24)

whereωλ are given in (4.12),(4.13). As in the case of gauge
invariant vertex (4.11), light-cone vertex (4.24) is diagonal
with respect to the fieldsφi

sh,0 andφsh,±1. Note however that,
in contrast to the gauge invariant vertex, the light-cone vertex
is constructed out of the fields which are not subject to any
constraints.

The kernel of the light-cone vertex gives two-point corre-
lation function of spin-1 anomalous conformal current taken
to be in the light-cone gauge. Defining two-point correlation
functions of the fieldsφi

cur,0, φcur,±1 in a usual way,

〈φi
cur,0(x1), φ

j
cur,0(x2)〉 =

δ2Γ(l.c.)

δφi
sh,0(x1)δφ

j
sh,0(x2)

, (4.25)

〈φcur,λ(x1), φcur,λ(x2)〉 =
δ2Γ(l.c.)

δφsh,−λ(x1)δφsh,−λ(x2)
, (4.26)

λ = ±1, and using (4.24), we obtain the two-point light-cone
gauge correlation functions of the spin-1 anomalous confor-
mal current,

〈φi
cur,0(x1), φ

j
cur,0(x2)〉 =

δij

|x12|2κ+d
, (4.27)

〈φcur,λ(x1), φcur,λ(x2)〉 =
ω−λ

|x12|2κ+d+2λ
, (4.28)

λ = ±1, whereωλ are given in (4.12),(4.13).

V. SPIN-2 ANOMALOUS CONFORMAL CURRENT

A. Gauge invariant formulation

To discuss gauge invariant formulation of spin-2 anomalous
conformal current in flat space of dimensiond ≥ 4 we use one
rank-2 tensor field, two vector fields, and three scalar fields,

φab
cur ,

φa
cur,−1 , φa

cur,1 , (5.1)

φcur,−2 , φcur,0 , φcur,2 .

The fieldsφab
cur, φ

a
cur,±1 andφcur,0, φcur,±2 transform in the

respective rank-2 tensor, vector and scalar representations of
the Lorentz algebraso(d − 1, 1). Note that the tensor field
φab
cur,0 is not traceless. We note that fields (5.1) have the con-

formal dimensions

∆φab
cur,0

=
d

2
+ κ ,

∆φa
cur,λ

=
d

2
+ κ+ λ , λ = ±1 , (5.2)

∆φcur,λ
=

d

2
+ κ+ λ , λ = 0,±2 ,

where the parameterκ is considered to be positiveκ > 0. In
the framework of AdS/CFT correspondenceκ is related to the
mass parameterm of spin-2AdS massive field as6

κ =

√
m2 +

d2

4
. (5.3)

We now introduce the following differential constraints:

∂bφab
cur,0 −

1

2
∂aφbb

cur,0 + r00z 2φa
cur,−1 + r00ζ φa

cur,1 = 0 ,

(5.4)

6 Parameterκ for spin-2 field (5.3) should not be confused with the one for
spin-1 field (3.3).
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∂aφa
cur,−1 +

1

2
r00z φaa

cur,0 +
√
2r01z 2φcur,−2 + r01ζ φcur,0 = 0 ,

(5.5)

∂aφa
cur,1 +

1

2
r00ζ 2φaa

cur,0 + r10z 2φcur,0 +
√
2r10ζ φcur,2 = 0 ,

(5.6)

r00z ≡
(2κ+ d

4κ

)1/2

, (5.7)

r10z ≡
((2κ+ d)(κ− 1)d

4κ(κ+ 1)(d− 2)

)1/2

, (5.8)

r01z ≡
(2κ+ d− 2

4(κ− 1)

)1/2

, (5.9)

r00ζ ≡
(2κ− d

4κ

)1/2

, (5.10)

r10ζ ≡
(2κ− d+ 2

4(κ+ 1)

)1/2

, (5.11)

r01ζ ≡
((2κ− d)(κ+ 1)d

4κ(κ− 1)(d− 2)

)1/2

. (5.12)

One can make sure that these differential constraints are in-
variant under the gauge transformations

δφab
cur,0 = ∂aξbcur,0 + ∂bξacur,0

+
2r00z
d− 2

ηab2ξcur,−1 +
2r00ζ
d− 2

ηabξcur,1 , (5.13)

δφa
cur,−1 = ∂aξcur,−1 − r00z ξacur,0 , (5.14)

δφa
cur,1 = ∂aξcur,1 − r00ζ 2ξacur,0 , (5.15)

δφcur,−2 = −
√
2r01z ξcur,−1 , (5.16)

δφcur,0 = −r01ζ 2ξcur,−1 − r10z ξcur,1 , (5.17)

δφcur,2 = −
√
2r10ζ 2ξcur,1 , (5.18)

whereξacur,0, ξcur,±1 are gauge transformation parameters.
To complete our gauge invariant formulation we find real-

ization of the operatorRa on space of gauge fields (5.1),

Raφbc
cur,0 = −2κr00z (ηabφc

cur,−1 + ηacφb
cur,−1)

+
4(κ− 1)r00z

d− 2
ηbcφa

cur,−1 , (5.19)

Raφb
cur,−1 = −2

√
2(κ− 1)r01z ηabφcur,−2 , (5.20)

Raφb
cur,1 = −r00ζ (2κφab

cur,0 + ηabφcc
cur,0)

− 2(κ+ 1)r10z ηabφcur,0 , (5.21)

Raφcur,−2 = 0 , (5.22)

Raφcur,0 = −2(κ− 1)r01ζ φa
cur,−1 , (5.23)

Raφcur,2 = −2
√
2(κ+ 1)r10ζ φa

cur,1 . (5.24)

Using (5.19)-(5.24), we check that constraints (5.4)-(5.6) are
invariant under conformal algebra transformations (2.7).

B. Stueckelberg gauge frame

For spin-2 anomalous conformal current, the Stueckelberg
gauge frame is achieved through the use of differential con-
straints (5.4)-(5.6) and Stueckelberg gauge condition. From
(5.14),(5.16),(5.17), we see that the vector fieldφa

cur,−1 and
the scalar fieldsφcur,−2, φcur,0 transform as Stueckelberg
fields, i.e., these fields can be gauged away via Stueckelberg
gauge fixing,

φa
cur,−1 = 0 , φcur,−2 = 0 , φcur,0 = 0 . (5.25)

Using gauge conditions (5.25) in constraint (5.5) we find that
the fieldφab

cur,0 becomes traceless, while using gauge condi-
tions (5.25) in constraints (5.4),(5.6) we find that the remain-
ing vector fieldφa

cur,1 and the scalar fieldφcur,2 can be ex-
pressed in terms of the rank-2 tensor fieldφab

cur,0,

φaa
cur,0 = 0 , (5.26)

φa
cur,1 = − 1

r00ζ
∂bφab

cur,0 , (5.27)

φcur,2 =
1√

2r00ζ r10ζ
∂a∂bφab

cur,0 . (5.28)

Relations (5.25)-(5.28) provide complete description of the
Stueckelberg gauge frame for the spin-2 anomalous conformal
current. We note that the traceless rank-2 tensorφab

cur,0 can be
identified with the one in the standard approach toCFT .

Thus, we see that the Stueckelberg gauge symmetries and
the differential constraints make it possible to match our ap-
proach and the standard one, i.e., by gauge fixing of the
Stueckelberg fields (5.25) and by solving differential con-
straints (5.4)-(5.6) we obtain the standard formulation ofspin-
1 anomalous conformal current.

C. Light-cone gauge frame

For spin-2 anomalous conformal current, the light-cone
gauge frame is achieved through the use differential con-
straints (5.4)-(5.6) and light-cone gauge condition.

Using the gauge transformations of the fieldsφab
cur,0,

φa
cur,±1 (5.13)-(5.15) we impose the light-cone gauge,

φ+a
cur,0 = 0 , φ+

cur,λ = 0 , λ = ±1 . (5.29)



8

Plugging this gauge in differential constraints (5.4)-(5.6), we
find

φii
cur,0 = 0 , (5.30)

φ−i
cur,0 = − ∂j

∂+
φij
cur,0 −

r00z
∂+

2φi
cur,−1 −

r00ζ
∂+

φi
cur,1 ,

(5.31)

φ−−
cur,0 =

∂i∂j

∂+∂+
φij
cur,0 +

2r00z ∂i

∂+∂+
2φi

cur,−1 +
2r00ζ ∂i

∂+∂+
φi
cur,1

+

√
2r00z r10z
∂+∂+

2
2φcur,−2 +

√
2r00ζ r01ζ
∂+∂+

φcur,2

+
r00z r01ζ + r00ζ r10z

∂+∂+
2φcur,0 , (5.32)

φ−
cur,−1 = − ∂j

∂+
φj
cur,−1 −

√
2r01z
∂+

2φcur,−2 −
r01ζ
∂+

φcur,0 ,

(5.33)

φ−
cur,1 = − ∂j

∂+
φj
cur,1 −

r10z
∂+

2φcur,0 −
√
2r10ζ
∂+

φcur,2 .

(5.34)

We see that we are left withso(d−2) algebra traceless rank-2
tensor field, two vector fields, and three scalar fields,

φij
cur,0 ,

φi
cur,−1 , φi

cur,1 , (5.35)

φcur,−2 , φcur,0 , φcur,2 .

Fields in (5.35) constitute the field content of the light-cone
gauge frame.

VI. SPIN-2 ANOMALOUS SHADOW FIELD

A. Gauge invariant formulation

To discuss gauge invariant formulation of spin-2 anomalous
shadow field in flat space of dimensiond ≥ 4 we use one
rank-2 tensor field, two vector fields, and three scalars fields,

φab
sh,0 ,

φa
sh,−1 , φa

sh,1 , (6.1)

φsh,−2 , φsh,0 , φsh,2 .

The fieldsφab
sh,0, φa

sh,±1 andφsh,0, φsh,±2 transform in the
respective rank-2 tensor, vector and scalar representations of
the Lorentz algebraso(d − 1, 1). Note that the fieldφab

sh,0 is
not traceless. Conformal dimensions of the fields are given by

∆φab
sh,0

=
d

2
− κ ,

∆φa
sh,λ

=
d

2
− κ+ λ , λ = ±1 , (6.2)

∆φsh,λ
=

d

2
− κ+ λ , λ = 0,±2 , (6.3)

whereκ > 0. In the framework of AdS/CFT correspondence,
theκ is related to the mass parameterm of spin-2AdS mas-
sive field by relation (5.3).

We now introduce the following differential constraints:

∂bφab
sh,0 −

1

2
∂aφbb

sh,0 + r00ζ 2φa
sh,−1 + r00z φa

sh,1 = 0 ,

(6.4)

∂aφa
sh,−1 +

1

2
r00ζ φaa

sh,0 +
√
2r10ζ 2φsh,−2 + r10z φsh,0 = 0,

(6.5)

∂aφa
sh,1 +

1

2
r00z 2φaa

sh,0 + r01ζ 2φsh,0 +
√
2r01z φsh,2 = 0 ,

(6.6)

where the parametersrmn
ζ andrmn

z are given in (5.7)-(5.12).
One can make sure that these constraints are invariant under
gauge transformations

δφab
sh,0 = ∂aξbsh,0 + ∂bξash,0

+
2r00z
d− 2

ηabξsh,1 +
2r00ζ
d− 2

ηab2ξsh,−1 , (6.7)

δφa
sh,−1 = ∂aξsh,−1 − r00ζ ξash,0 , (6.8)

δφa
sh,1 = ∂aξsh,1 − r00z 2ξash,0 , (6.9)

δφsh,−2 = −
√
2r10ζ ξsh,−1 , (6.10)

δφsh,0 = −r01ζ ξsh,1 − r10z 2ξsh,−1 , (6.11)

δφsh,2 = −
√
2r01z 2ξsh,1 , (6.12)

whereξash,0, ξsh,±1 are gauge transformation parameters.
We then find that a realization of the operatorRa on fields

(6.1) takes the following form:

Raφbc
sh,0 = 2κr00ζ (ηabφc

sh,−1 + ηacφb
sh,−1)

−
4(κ+ 1)r00ζ

d− 2
ηbcφa

sh,−1 , (6.13)

Raφb
sh,−1 = 2

√
2(κ+ 1)r10ζ ηabφsh,−2 , (6.14)

Raφb
sh,1 = r00z (2κφab

sh,0 − ηabφcc
sh,0)

+ 2(κ− 1)r01ζ ηabφsh,0 , (6.15)

Raφsh,−2 = 0 , (6.16)

Raφsh,0 = 2(κ+ 1)r10z φa
sh,−1 , (6.17)

Raφsh,2 = 2
√
2(κ− 1)r01z φa

sh,1 . (6.18)
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Using (6.13)-(6.18), we check that constraints (6.4)-(6.6) are
invariant under transformations of the conformal algebra.

We proceed with the discussion of two-point vertex for
spin-2 anomalous shadow field. The gauge invariant two-
point vertex we find takes the form given (4.10), where the
two-point densityΓ12 is given by

Γ12 =
1

4|x12|2κ+d

(
φab
sh,0(x1)φ

ab
sh,0(x2)

−1

2
φaa
sh,0(x1)φ

bb
sh,0(x2)

)

+
∑

λ=±1

ωλ

2|x12|2κ+d−2λ
φa
sh,λ(x1)φ

a
sh,λ(x2)

+
∑

λ=0,±2

ωλ

2|x12|2κ+d−2λ
φsh,λ(x1)φsh,λ(x2) , (6.19)

ω1 =
1

2κ(2κ+ d− 2)
, (6.20)

ω−1 = 2(κ+ 1)(2κ+ d) , (6.21)

ω2 =
1

4κ(κ− 1)(2κ+ d− 2)(2κ+ d− 4)
, (6.22)

ω−2 = 4(κ+ 1)(κ+ 2)(2κ+ d)(2κ+ d+ 2) . (6.23)

We check that this vertex is invariant under gauge transforma-
tions of the spin-2 anomalous shadow field (6.7)-(6.12). Also,
we check that the vertex is invariant under conformal algebra
transformations. Remarkable feature of the vertex is its diago-
nal form with respect to the gauge fields entering field content
(6.1).

B. Stueckelberg gauge frame

For spin-2 anomalous shadow field, the Stueckelberg gauge
frame is achieved though the use of differential constraints
(6.4)-(6.6) and Stueckelberg gauge condition.

From gauge transformation given in (6.8),(6.10),(6.11), we
see that the vector fieldφa

sh,−1 and the scalar fieldsφsh,−2,
φsh,0 transform as Stueckelberg fields, i.e., these fields can be
gauged away via Stueckelberg gauge fixing,

φa
sh,−1 = 0 , φsh,−2 = 0 , φsh,0 = 0 . (6.24)

Using gauge conditions (6.24) in constraint (6.5) we find that
the fieldφab

sh,0 becomes traceless, while using gauge condi-
tions (6.24) in constraints (6.4),(6.6) we find that the remain-
ing vector fieldφa

sh,1 and the scalar fieldφsh,2 can be ex-
pressed in terms of the rank-2 tensor fieldφab

sh,0,

φaa
sh,0 = 0, (6.25)

φa
sh,1 = − 1

r00z
∂bφab

sh,0 , (6.26)

φsh,2 =
1√

2r00z r01z
∂a∂bφab

sh,0 . (6.27)

Relations (6.24)-(6.27) provide the complete descriptionof
the Stueckelberg gauge frame for the spin-2 anomalous
shadow field.

Plugging (6.24)-(6.27) in (6.19) and ignoring the total
derivative, we find that our two-point densityΓ12 (6.19) takes
the following form:

ΓStuck.g.fram
12 = k2Γ

stand
12 , (6.28)

Γstand
12 = φa1a2

sh,0 (x1)
Oa1b1

12 Oa2b2
12

|x12|2κ+d
φb1b2
sh,0 (x2) , (6.29)

k2 ≡ 2κ+ d+ 2

4(2κ+ d− 2)
, (6.30)

whereOab
12 is defined in (4.19), whileΓstand

12 (6.29) stands for
the two-point vertex of the spin-2 anomalous shadow field in
the standard approach toCFT . From (6.28), we see that our
gauge invariant vertex taken to be in the Stueckelberg gauge
frame coincides, up to normalization factork2, with the two-
point vertex in the standard approach toCFT .

The kernel of vertexΓstand (6.29) defines two-point cor-
relation function of the spin-2 conformal conformal current
taken to be in the Stueckelberg gauge frame.

C. Light-cone gauge frame

For spin-2 anomalous shadow field, the light-cone gauge
frame is achieved through the use of differential constraints
(6.4)-(6.6) and light-cone gauge. Taking into account the
gauge transformations of the fieldsφab

sh,0, φa
sh,±1 given in

(6.7)-(6.9), we impose the light-cone gauge condition,

φ+a
sh,0 = 0 , φ+

sh,λ = 0 , λ = ±1 . (6.31)

Plugging this gauge condition in constraints (6.4)-(6.6),we
find

φii
sh,0 = 0 , (6.32)

φ−i
sh,0 = − ∂j

∂+
φij
sh,0 −

r00ζ
∂+

2φi
sh,−1 −

r00z
∂+

φi
sh,1 , (6.33)

φ−−
sh,0 =

∂i∂j

∂+∂+
φij
sh,0 +

2r00ζ ∂i

∂+∂+
2φi

sh,−1 +
2r00z ∂i

∂+∂+
φi
sh,1

+

√
2r00ζ r10ζ
∂+∂+

2
2φsh,−2 +

√
2r00z r01z
∂+∂+

φsh,2

+
r00z r01ζ + r00ζ r10z

∂+∂+
2φsh,0 , (6.34)

φ−
sh,−1 = − ∂j

∂+
φj
sh,−1 −

√
2r10ζ
∂+

2φsh,−2 −
r10z
∂+

φsh,0 , (6.35)
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φ−
sh,1 = − ∂j

∂+
φj
sh,1 −

r01ζ
∂+

2φsh,0 −
√
2r01z
∂+

φsh,2 . (6.36)

We see that we are left with theso(d − 2) algebra traceless
rank-2 tensor field, two vector fields and three scalar fields,

φij
sh,0 ,

φi
sh,−1 , φi

sh,1 , (6.37)

φsh,−2 , φsh,0 , φsh,2 .

Fields in (6.37) constitute a field content of the spin-2 anoma-
lous shadow field in light-cone gauge frame. Note that, in con-
trast to the Stueckelberg gauge frame, the vector fields and the
scalar fields become independent field D.o.F in the light-cone
gauge frame.

Using (6.31),(6.32) in (6.19) leads to light-cone gauge fixed
vertex

Γl.c.
12 =

1

4|x12|2κ+d
φij
sh,0(x1)φ

ij
sh,0(x2)

+
∑

λ=±1

ωλ

2|x12|2κ+d−2λ
φi
sh,λ(x1)φ

i
sh,λ(x2)

+
∑

λ=0,±2

ωλ

2|x12|2κ+d−2λ
φsh,λ(x1)φsh,λ(x2) , (6.38)

whereωλ are defined in (6.20)-(6.23). We see that, as in the
case of gauge invariant vertex (6.19), light-cone vertex (6.38)
is diagonal with respect to the fields entering the field con-
tent of light-cone gauge frame (6.37). Note however that, in
contrast to the gauge invariant vertex, the light-cone vertex is
constructed out of the fields (6.37) which are not subject to
any differential constraints.

The kernel of light-cone vertex (6.38) gives two-point cor-
relation function of the spin-2 anomalous conformal current
taken to be in the light-cone gauge. Defining two-point cor-
relation functions of the anomalous conformal currents (5.35)
as the second functional derivative ofΓ with respect to the
anomalous shadow field (6.37)

〈φij
cur,0(x1), φ

kl
cur,0j(x2)〉 ≡

δ2Γ(l.c.)

δφij
sh,0(x1)δφkl

sh,0(x2)
, (6.39)

〈φi
cur,λ(x1), φ

j
cur,λ(x2)〉 ≡

δ2Γ(l.c.)

δφi
sh,−λ(x1)δφ

j
sh,−λ(x2)

, (6.40)

〈φcur,λ(x1), φcur,λ(x2)〉 ≡
δ2Γ(l.c.)

δφsh,−λ(x1)δφsh,−λ(x2)
, (6.41)

we obtain

〈φij
cur,0(x1), φ

kl
cur,0(x2)〉 =

1

|x12|2κ+d
Πij;kl , (6.42)

〈φi
cur,λ(x1), φ

j
cur,λ(x2)〉 =

ω−λ

|x12|2κ+d+2λ
δij , (6.43)

〈φcur,λ(x1), φcur,λ(x2)〉 =
ω−λ

|x12|2κ+d+2λ
, (6.44)

whereωλ are defined in (6.20)-(6.23) and we use the notation

Πij;kl =
1

2

(
δikδjl + δilδjk − 2

d− 2
δijδkl

)
. (6.45)

VII. TWO POINT CURRENT-SHADOW FIELD
INTERACTION VERTEX

We now discuss two-point current-shadow field interaction
vertex. In the gauge invariant approach, interaction vertex is
determined by requiring the vertex to be invariant under both
gauge transformations of currents and shadow fields. Also, the
interaction vertex should be invariant under conformal algebra
transformations.

Spin-1. We begin with spin-1 fields. Let us consider the
following vertex:

L = φa
cur,0φ

a
sh,0 + φcur,−1φsh,1 + φcur,1φsh,−1 . (7.1)

Denoting the left hand side of (4.3) byCsh we find that under
gauge transformations of the current (3.7)-(3.9) the variation
of vertex (7.1) takes the form (up to total derivative)

δξcur,0L = −ξcur,0Csh . (7.2)

From this expression, we see that the vertexL is invariant un-
der gauge transformations of the current provided the shadow
field satisfies differential constraint (4.3). Denoting theleft
hand side of (3.4) byCcur we find that under gauge transfor-
mations of the shadow field (4.4)-(4.6) the variation of vertex
(7.1) takes the form (up to total derivative)

δξshL = −ξsh,0Ccur , (7.3)

i.e., the vertexL is invariant under gauge transformations of
the shadow field provided the current satisfies differentialcon-
straint (3.4).

Making use of the realization of the conformal algebra sym-
metries obtained in the Sections III,IV we check that vertexL
(7.1) is invariant under the conformal algebra transformations.

Spin-2. We proceed with spin-2 fields. One can make sure
that the following vertex

L =
1

2
φab
cur,0φ

ab
sh,0 −

1

4
φaa
cur,0φ

bb
sh,0

+
∑

λ=±1

φa
cur,λφ

a
sh,−λ +

∑

λ=0,±2

φcur,λφsh,−λ (7.4)

is invariant under gauge transformations of the spin-2 shadow
field (6.7)-(6.12) provided the spin-2 current satisfies differen-
tial constraints (5.4)-(5.6). Vertex (7.4) is also invariant under
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gauge transformations of the spin-2 current (5.13)-(5.18)pro-
vided the spin-2 shadow field satisfies differential constraints
(6.4)-(6.6). Using the representation for generators of the con-
formal algebra obtained in the Sections V,VI we check that
vertexL (7.4) is invariant under the conformal algebra trans-
formations.

VIII. ADS/CFT CORRESPONDENCE. PRELIMINARIES

We now apply our results to the study ofAdS/CFT corre-
spondence for free massiveAdS fields and boundary anoma-
lous conformal currents and shadow fields. To this end we
use the gauge invariantCFT adapted description ofAdS
massive fields and modified Lorentz and de Donder gauges
found in Ref.[12]. It is the use of our fields and the modi-
fied Lorentz and de Donder gauges that leads to decoupled
form of gauge fixed equations of motion and surprisingly sim-
ple Lagrangian7. Owing these properties of our fields and
the modified (Lorentz) de Donder gauge, we simplify signifi-
cantly the computation of the effective action8. The modified
(Lorentz) de Donder gauge is invariant under the on-shell left-
over gauge symmetries of bulkAdS fields. Note that, in our
approach, we have gauge symmetries not only atAdS side but
also at the boundaryCFT . Thus, in the framework of our ap-
proach, study of AdS/CFT correspondence implies matching
of:
i) Lorentz (de Donder) gauge condition for bulk massive and
differential constraints for boundary anomalous conformal
currents and shadow fields;
ii ) leftover on-shell gauge symmetries for bulk massive fields
and gauge symmetries of boundary anomalous conformal cur-
rents and shadow fields;
iii ) global symmetries of bulk massive fields and global
symmetries of boundary anomalous conformal currents and
shadow fields;
iv) effective action evaluated on solution of equations of mo-
tion with the Dirichlet problem corresponding to the boundary
anomalous shadow field and boundary two-point gauge invari-
ant vertex for anomalous shadow field.

Global symmetries in CFT adapted approach. Relativis-
tic symmetries of theAdSd+1 field dynamics are described
by theso(d, 2) algebra. Ind-dimensional space, global sym-

7 Our massive gauge fields are obtained from gauge fields used inthe stan-
dard gauge invariant approach to massive fields by the invertible transfor-
mation. Details of the transformation may be found in Appendices A,B.
Discussion of interesting methods for solvingAdS field equations of mo-
tion without gauge fixing may be found in Refs.[22, 23].

8 We remind that the bulk action evaluated on solution of the Dirichlet prob-
lem is referred to as effective action in this paper.

metries of anomalous conformal currents and shadow fields
are also described by theso(d, 2) algebra. To discuss global
symmetries of anomalous conformal currents and shadow
fields we have used conformal basis of theso(d, 2) algebra
(see (2.3)-(2.6)). Therefore for application to the study of
AdS/CFT correspondence, it is convenient to realize the rel-
ativistic bulk so(d, 2) algebra symmetries by using basis of
the conformal algebra. Most convenient way to achieve con-
formal basis realization of bulkso(d, 2) symmetries is to use
Poincaré parametrization ofAdS space9,

ds2 =
1

z2
(dxadxa + dz dz) . (8.1)

In this parametrization, theso(d, 2) algebra transformations
of the massive arbitrary spinAdS fieldφ take the formδĜφ =

Ĝφ, where realization of theso(d, 2) algebra generatorŝG in
terms of differential operators is given by

P a = ∂a , (8.2)

Jab = xa∂b − xb∂a +Mab , (8.3)

D = x∂ +∆ , ∆ = z∂z +
d− 1

2
, (8.4)

Ka = Ka
∆,M +Ra , (8.5)

Ka
∆,M = −1

2
x2∂a + xaD +Mabxb , (8.6)

Ra = Ra
(0)

+Ra
(1)

, (8.7)

Ra
(1) = −1

2
z2∂a . (8.8)

OperatorRa
(0) (8.7) does not depend on boundary coordinates

xa, boundary derivatives∂a, and derivative with respect to
radial coordinate,∂z. OperatorRa

(0)
acting on spin D.o.F. de-

pends only on radial coordinatez. Thus, we see all that is re-
quired to complete description ofAdS field dynamics global
symmetries is to find realization of the operatorRa

(0) on space
of gaugeAdS fields.

AdS/CFT correspondence for spin-0 anomalous current
and normalizable modes of scalar massive AdS field10. Be-
cause use of modified Lorentz (de Donder) gauge makes study
of AdS/CFT correspondence for spin-1 (spin-2) field simi-
lar to the one for scalar field we begin with brief review of the
AdS/CFT correspondence for the scalar field.

Action and Lagrangian for the massive scalar field in
AdSd+1 background take the form11

S =
∫
ddxdz L , (8.9)

9 In our approach onlyso(d−1, 1) symmetries are realized manifestly. The
so(d, 2) symmetries could be realized manifestly by using ambient space
approach (see e.g. [24–26])

10 Also see Refs.[27].
11 From now on we use, unless otherwise specified, the Euclidiansignature.



12

L = 1
2

√
|g|

(
gµν∂µΦ∂νΦ+m2Φ2

)
. (8.10)

In terms of the canonical normalized fieldφ defined by rela-
tion Φ = z

d−1
2 φ the Lagrangian takes the form (up to total

derivative)

L =
1

2
|dφ|2 + 1

2
|Tν− 1

2
φ|2 , (8.11)

Tν ≡ ∂z +
ν

z
, (8.12)

ν =

√
m2 +

d2

4
. (8.13)

Equations of motion obtained from Lagrangian (8.11) take the
form

2νφ = 0 , (8.14)

2ν ≡ 2+ ∂2
z − 1

z2
(ν2 − 1

4
) . (8.15)

Normalizable solution of equation (8.14) is given by

φ(x, z) = U sc
ν φcur(x) , (8.16)

U sc
ν ≡ hν

√
zqJν(zq)q

−(ν+ 1
2 ) , (8.17)

hν ≡ 2νΓ(ν + 1) , q2 ≡ 2 , (8.18)

whereJν stands for the Bessel function. The asymptotic be-
havior of solution (8.16) is given by

φ(x, z)
z→0−→ zν+

1
2φcur(x) , (8.19)

i.e., we see that spin-0 currentφcur is indeed boundary value
of the normalizable solution.

In the case under consideration, we have no gauge sym-
metries and gauge conditions. Therefore all that is required
to complete AdS/CFT is to match bulk global symmetries of
AdS fieldφ(x, z) and boundary global symmetries of the cur-
rentφcur(x). Global symmetries on AdS side and CFT side
are described in (8.2)-(8.8) and (2.8)-(2.11) respectively. We
see that the Poincaré symmetries match automatically. Us-
ing the notationD

AdS
andD

CFT
to indicate the respective

realizations ofD-symmetry on the bulk fields (8.4) and the
conformal currents (2.10) we obtain the relation

D
AdS

φ(x, z) = UνDCFT
φcur(x) , (8.20)

where the expressions forD
CFT

corresponding toφcur can
be obtained from (2.10) by using∆ = d

2 + ν with ν given
in (8.13). Thus,D-symmetries ofφ(x, z) andφcur(x) also
match. To match theKa-symmetries in (2.11) and (8.5) we
note that the respective operatorsRa

(0)
andRa act trivially,

Ra
(0)
φ(x, z) = 0, Raφcur(x) = 0 and make sure thatKa-

symmetries also match.

AdS/CFT correspondence for spin-0 shadow field and
non-normalizable modes of scalar massive AdS field.
Following the procedure in Ref.[28], we note that non-
normalizable solution of equations (8.14) with the Dirich-
let problem corresponding to boundary shadow scalar field
φsh(x) takes the form

φ(x, z) = σ

∫
ddy Gν(x− y, z)φsh(y) , (8.21)

Gν(x, z) =
cνz

ν+ 1
2

(z2 + |x|2)ν+ d
2

, (8.22)

cν ≡ Γ(ν + d
2 )

πd/2Γ(ν)
. (8.23)

To be flexible, we use normalization factorσ in (8.21). For the
case of scalar field, commonly used normalization in (8.21) is
achieved by settingσ = 1. Asymptotic behaviors of Green
function (8.22) and solution (8.21) are well known,

Gν(x, z)
z→0−→ z−ν+ 1

2 δd(x) , (8.24)

φ(x, z)
z→0−→ z−ν+ 1

2 σφsh(x) . (8.25)

From (8.25), we see that our solution has indeed asymptotic
behavior corresponding to the shadow scalar field.

Using equations of motion (8.14) in bulk action (8.9) with
Lagrangian (8.11) we obtain the effective action given by12

− Seff =

∫
ddxLeff

∣∣∣
z→0

, (8.26)

Leff =
1

2
φTν− 1

2
φ . (8.27)

Plugging solution of the Dirichlet problem (8.21) into
(8.26), (8.27), we obtain the effective action

− Seff = νcνσ
2

∫
ddx1d

dx2
φsh(x1)φsh(x2)

|x12|2ν+d
. (8.28)

Using the commonly used value ofσ, σ = 1, in (8.28),
we obtain the properly normalized effective action found in
Refs.[29, 30]. Interesting novelty of our computation ofSeff

is that we use Fourier transform of the Green function. Details
of our computation may be found in Appendix C in Ref.[9].

IX. ADS/CFT CORRESPONDENCE FOR SPIN-1 FIELDS

We now discussAdS/CFT correspondence for bulk mas-
sive spin-1AdS field and boundary spin-1 anomalous con-
formal current and shadow field. To this end we are going to

12 Following commonly used setup, we consider solution of the Dirichlet
problem which tends to zero asz → ∞. Therefore, in (8.26), we ignore
contribution toSeff whenz = ∞.
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useCFT adapted gauge invariant Lagrangian and the modi-
fied Lorentz gauge condition [12]13. Because our approach is
closely related with gauge invariant approach to massive field
we start with brief review of the latter approach.

Gauge invariant approach to spin-1 massive field in
AdSd+1 space. In gauge invariant approach, spin-1 massive
field is described by fields

ΦA , Φ , (9.1)

which transform in the respective vector and scalar representa-
tions ofso(d, 1) algebra. In Lorentzian signature, Lagrangian
given by

e−1L = −1

4
FABFAB − 1

2
FAFA , (9.2)

FAB ≡ DAΦB −DBΦA , (9.3)

FA ≡ DAΦ +mΦA , (9.4)

is invariant under gauge transformations

δΦA = DAΞ , δΦ = −mΞ . (9.5)

Details of our notation may be found in Appendix A. La-
grangian (9.2) can be cast into the form which is more conve-
nient for our purposes,

e−1L =
1

2
ΦA(D2 −m2 + d)ΦA

+
1

2
Φ(D2 −m2)Φ +

1

2
C2

st , (9.6)

Cst ≡ DCΦC +mΦ . (9.7)

A. CFT adapted gauge invariant approach to massive spin-1
field in AdSd+1

In our approach, the massive spin-1AdS field is described
by fields

φa , φ−1 , φ1 (9.8)

which are the respective vector and scalar fields of theso(d)

algebra. Fields in (9.8) are related by invertible transformation
with fields in (9.1) (see Appendix A).CFT adapted gauge
invariant action and Lagrangian for field (9.8) take the form,

S =

∫
ddxdz L , (9.9)

13 For spin-1 massless field modified Lorentz gauge was found in Ref.[31],
while for massless arbitrary spin field the modified de Dondergauge was
discovered in Ref.[32].

L =
1

2
|dφa|2 + 1

2
|Tκ− 1

2
φa|2

+
1

2

∑

λ=±1

(
|dφλ|2 + |Tκ− 1

2+λφλ|2
)
− 1

2
C2 , (9.10)

C ≡ ∂aφa + r00ζ Tκ+ 1
2
φ1 + r00z T−κ+ 1

2
φ−1 , (9.11)

whereTν is given in (8.12), whileκ andr00z , r00ζ are defined
in (3.3) and (3.5),(3.6) respectively. Lagrangian (9.10) is in-
variant under gauge transformations

δφa = ∂aξ , (9.12)

δφ−1 = r00z Tκ− 1
2
ξ , (9.13)

δφ1 = r00ζ T−κ− 1
2
ξ , (9.14)

whereξ is a gauge transformation parameter. Details of the
derivation of Lagrangian (9.10) from the one in (9.6) may be
found in Appendix A.

Gauge invariant equations of motion obtained from La-
grangian (9.10) take the form

2κφ
a − ∂aC = 0 , (9.15)

2κ−1φ−1 − r00z Tκ− 1
2
C = 0 , (9.16)

2κ+1φ1 − r00ζ T−κ− 1
2
C = 0 , (9.17)

where the operator2ν is given in (8.15).
Global symmetries in CFT adapted approach. General

form of realization of global symmetries for arbitrary spin
AdS field was given in (8.2)-(8.5). All that is required to com-
plete description of the global symmetries is to find realization
of the operatorRa

(0)
on space of gauge fields. For the case of

massive spin-1 field, realization of the operatorRa
(0)

on space
of gauge fields (9.8) is given by

Ra
(0)
φb = zηabr00ζ φ1 + zηabr00z φ−1 , (9.18)

Ra
(0)
φ−1 = −zr00z φa , (9.19)

Ra
(0)φ1 = −zr00ζ φa . (9.20)

Modified Lorentz gauge. Modified Lorentz gauge is de-
fined to be

C = 0 , modified Lorentz gauge, (9.21)

whereC is given in (9.11). Using this gauge condition in
equations of motion (9.15)-(9.17) gives simple gauge fixed
equations of motion,

2κφ
a = 0 , (9.22)

2κ+λφλ = 0 , λ = ±1 . (9.23)
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Thus, we see that the gauge fixed equations of motion are de-
coupled.

We note that modified Lorentz gauge and gauge-fixed equa-
tions have leftover on-shell gauge symmetry. Namely, modi-
fied Lorentz gauge (9.21) and gauge-fixed equations (9.22),
(9.23) are invariant under gauge transformations given in
(9.12)-(9.14) provided the gauge transformation parameter
satisfies the equation

2κξ = 0 . (9.24)

B. AdS/CFT correspondence for anomalous current and
normalizable modes of massive AdS field

We now ready to discuss AdS/CFT correspondence for
spin-1 massiveAdS field and spin-1 anomalous conformal
current. We begin with analysis of normalizable solution of
equations (9.22),(9.23). The normalizable solution of equa-
tions (9.22),(9.23) takes the form

φa(x, z) = Uκφ
a
cur,0(x) , (9.25)

φ−1(x, z) = −Uκ−1φcur,−1(x) , (9.26)

φ1(x, z) = Uκ+1φcur,1(x) , (9.27)

Uν ≡ hκ
√
zqJν(zq)q

−(ν+ 1
2 ) , (9.28)

hκ ≡ 2κΓ(κ+ 1) , q2 ≡ 2 . (9.29)

The asymptotic behavior of solution (9.25)-(9.27) is givenby

φa(x, z)
z→0−→ zκ+

1
2φa

cur,0(x) , (9.30)

φ−1(x, z)
z→0−→ −2κzκ−

1
2φcur,−1(x) , (9.31)

φ1(x, z)
z→0−→ zκ+

3
2

2(κ+ 1)
φcur,1(x) . (9.32)

From (9.30)-(9.32), we see thatφa
cur,0, φcur,±1 are indeed

boundary values of the normalizable solution.
In the r.h.s. (9.25)-(9.27) we use the notationφa

cur,0,
φcur,±1 since we are going to demonstrate that these boundary
values are indeed the anomalous conformal currents entering
our gauge invariant formulation in the Sec.III. Namely one
can prove the following statements:
i) For normalizable solution (9.25)-(9.27) modified Lorentz
gauge condition (9.21) leads to differential constraint (3.4) of
the spin-1 anomalous conformal current.
ii ) Leftover on-shellgauge transformations (9.12)-(9.14) of
normalizable solution (9.25)-(9.27) lead to gauge transforma-
tions (3.7)-(3.9) of the spin-1 anomalous conformal current.
iii ) Global so(d, 2) symmetries of the normalizable massive
spin-1 modes inAdSd+1 become globalso(d, 2) conformal
symmetries of the anomalous conformal spin-1 current.

These statements can easily be proved by using the follow-
ing relations for the operatorUν :

Tν− 1
2
Uν = Uν−1 , (9.33)

T−ν− 1
2
Uν = −Uν+12 , (9.34)

T−ν+ 1
2
(zUν) = −zUν+12+ 2Uν , (9.35)

which, in turn, can be obtained by using the following well-
known identities for the Bessel function:

TνJν = Jν−1 , T−νJν = −Jν+1 . (9.36)

Matching of bulk modified Lorentz gauge and bound-
ary constraint. As an illustration we demonstrate how con-
straint for the anomalous conformal current (3.4) can be ob-
tained from modified Lorentz gauge condition (9.21). To this
end, adapting relations (9.33) and (9.34) for the respective
ν = κ+ 1 andν = κ− 1 we obtain the relations

Tκ+ 1
2
Uκ+1 = Uκ , T−κ+ 1

2
Uκ−1 = −Uκ2 . (9.37)

Plugging solutionsφa, φ±1 (9.25)-(9.27) inC (9.11) and us-
ing (9.37) we obtain the relation

C = UκCcur , (9.38)

whereCcur stands for left hand side of (3.4). From (9.38) we
see that our modified Lorentz gauge conditionC = 0 (9.21)
leads indeed to differential constraint for the anomalous con-
formal current (3.4).

Matching of bulk and boundary gauge symmetries. As
second illustration, we demonstrate how gauge transforma-
tions of the anomalous conformal current (3.7)-(3.9) can be
obtained from leftover on-shell gauge transformations of mas-
siveAdS field (9.12)-(9.14)14. To this end we note that the
respective normalizable solution of equation for gauge trans-
formation parameter (9.24) takes the form

ξ(x, z) = Uκξcur,0(x) . (9.39)

Plugging (9.25) and (9.39) in (9.12) we see that (9.12) leads
indeed to (3.7). To match boundary gauge transformations
(3.8) and bulk gauge transformation (9.13) we plug solution
for ξ (9.39) in bulk gauge transformation (9.13) and adapt re-
lation (9.33) forν = κ to obtain

δφ−1(x, z) = r00z Tκ− 1
2
Uκξcur,0(x)

14 Transformations given in (9.12)-(9.14) are off-shell gauge transformations.
Leftover on-shell gauge transformation are obtained from (9.12)-(9.14) by
using gauge transformation parameter which satisfies equation (9.24).
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= Uκ−1r
00
z ξcur,0(x) (9.40)

on the one hand. On the other hand relation (9.26) implies

δφ−1(x, z) = −Uκ−1δφcur,−1(x) . (9.41)

Comparing (9.40) and (9.41) we see that the boundary gauge
transformations (3.8) and bulk gauge transformation (9.13)
match. In the same way, using (9.34), one can make sure that
the remaining boundary gauge transformation (3.9) and bulk
gauge transformation (9.14) also match.

Matching of bulk and boundary global symmetries. We
proceed to comparison of bulk and boundary global symme-
tries. To this end we note that representation for generators
given in (8.2)-(8.5) is valid for gauge invariant theory ofAdS

field. This to say that our modified Lorentz gauge respects the
Poicaré and dilatation symmetries, but breakKa-symmetries.
In other words, expressions for generatorsP a, Jab andD

given in (8.2)-(8.4) are still valid for the gauge-fixedAdS
fields, while expression for the generatorKa (8.5) should be
modified to restore conformal boost symmetries for the gauge-
fixedAdS fields. Therefore let us first to demonstrate match-
ing of the Poincaré and dilatation symmetries. What is re-
quired is to demonstrate matching of theso(d, 2) algebra gen-
erators for bulkAdS fields given in (8.2)-(8.4) and ones for
boundary anomalous conformal current given in (2.8)-(2.10).
As for generators of the Poincaré algebra,P a, Jab, they al-
ready coincide on both sides (see formulas (2.8), (2.9) and
the respective formulas (8.2),(8.3)). Next, consider the dilata-
tion generatorD. Here we need explicit form of solution to
bulk theory equations of motion given in (9.25)-(9.27). Using
the notationD

AdS
andD

CFT
to indicate the respective real-

izations of the dilatation generatorD on bulk fields (8.4) and
bulk currents (2.10) we obtain the relations

D
AdS

φab(x, z) = UκDCFT
φab
cur,0(x) , (9.42)

D
AdS

φ−1(x, z) = −Uκ−1DCFT
φcur,−1(x) , (9.43)

D
AdS

φ1(x, z) = Uκ+1DCFT
φcur,1(x) , (9.44)

where the expressions forD
CFT

corresponding toφab
cur,0,

φcur,−1, φcur,1 can be obtained from (2.10) and the respec-
tive conformal dimensions given in (3.2). Thus, the generators
D

AdS
andD

CFT
also match.

We now turn to matching of the conformal boostKa-
symmetries. Matching of theKa-symmetries requires anal-
ysis of some subtleties of our gauge fixing forAdS field. We
now discuss these subtleties.

As we have already said our modified Lorentz gauge breaks
the Ka-symmetries. To demonstrate this we note thatKa

transformations of gauge fields are given by

Kaφb = Ka
∆φ

b +Mabeφe

+ zηabr00ζ φ1 + zηabr00z φ−1 −
1

2
z2∂aφb , (9.45)

Kaφ1 = Ka
∆φ1 − zr00ζ φa − 1

2
z2∂aφ1 , (9.46)

Kaφ−1 = Ka
∆φ−1 − zr00z φa − 1

2
z2∂aφ−1 , (9.47)

whereKa
∆ andMabc are defined in (2.19),(2.20), while∆ is

given in (8.4). Using these transformation rules we find that
C (9.11) transforms as

KaC = Ka
∆+1C − 1

2
z2∂aC − 2φa , (9.48)

i.e., we see that the modified Lorentz gauge conditionC = 0

is not invariant w.r.t.Ka transformations,

KaC
∣∣
C=0 = −2φa . (9.49)

This implies that generatorKa given in (8.5) should be mod-
ified to restore the conformal boost symmetries (Ka symme-
tries) of the gauge-fixedAdS field theory. In order to restore
these brokenKa symmetries we should, following standard
procedure, add compensating gauge transformations to main-
tain theKa symmetries. Thus, in order to find improvedKa

transformations of the gauge-fixedAdS fields (9.8) we start
with the generic globalKa transformations (9.45)-(9.47) sup-
plemented by the appropriate compensating gauge transfor-
mation

Ka
imprφ

b = Kaφb + ∂bξK
a

, (9.50)

Ka
imprφ−1 = Kaφ−1 + r00z Tκ− 1

2
ξK

a

, (9.51)

Ka
imprφ1 = Kaφ1 + r00ζ T−κ− 1

2
ξK

a

, (9.52)

whereξK
a

stands for parameter of compensating gauge trans-
formation. ComputingKa

impr transformation ofC

Ka
imprC = Ka

∆+1C − 1

2
z2∂aC − 2φa +2κξ

Ka

, (9.53)

and requiring theKa
impr-transformation to maintain the gauge

conditionC = 0,

Ka
imprC

∣∣
C=0 = 0 , (9.54)

we get equation forξK
a

2κξ
Ka − 2φa = 0 . (9.55)

Thus, we obtain the non-homogeneous second-order differen-
tial equation for the compensating gauge transformation pa-
rameterξK

a

. Plugging normalizable solution solution (9.25)
in (9.55) we obtain the equation

2κξ
Ka

(x, z) = 2Uκφ
a
cur,0(x) . (9.56)
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Solution to this equations is found to be

ξK
a

(x, z) = zUκ+1φ
a
cur,0(x) . (9.57)

Plugging this solution in (9.50)-(9.52), we obtain theKa
impr-

transformations of gauge fixed fields. We then make sure
that theseKa

impr-transformations lead to the conformal boost
transformations for the anomalous conformal current givenin
(2.7),(2.11) with operatorRa defined in (3.10)-(3.12).

C. AdS/CFT correspondence for anomalous shadow field and
non-normalizable mode of massive AdS field.

We proceed to discussion ofAdS/CFT correspondence
for bulk massive spin-1AdS field and boundary spin-1
anomalous shadow field.

Matching of effective action and boundary two-point
vertex. In order to find bulk effective actionSeff we should,
following standard strategy, solve bulk equations of motion
with the Dirichlet problem corresponding to the boundary
anomalous shadow field and plug the solution into bulk ac-
tion. Using gauge invariant equations of motion (9.15)-(9.17)
in bulk action (9.9), we obtain the following effective action:

Seff = −
∫

ddxLeff

∣∣∣
z→0

, (9.58)

Leff =
1

2
φaTκ− 1

2
φa +

1

2

∑

λ=±1

φλTκ− 1
2+λφλ

− 1

2
(r00z φ−1 + r00ζ φ1)C . (9.59)

As we have already seen, use of modified Lorentz gauge
considerably simplify equations of motion. Now, using mod-
ified Lorentz gauge (9.21) in (9.59), we obtain

Leff

∣∣∣
C=0

=
1

2
φaTκ− 1

2
φa +

1

2

∑

λ=±1

φλTκ− 1
2+λφλ , (9.60)

i.e. we see thatLeff is also simplified. In order to findSeff

we should solve gauge fixed equations of motion (9.22),(9.23)
with the Dirichlet problem corresponding to the boundary
anomalous shadow field and plug the solution into (9.60). We
now discuss solution of equations of motion (9.22),(9.23).

Because gauge fixed equations of motion (9.22),(9.23) are
similar to the ones for scalarAdS field (8.14) we can simply
apply result in Sec. VIII. This is to say that solution of equa-
tions (9.22),(9.23) with the Dirichlet problem corresponding
to the spin-1 anomalous shadow field takes the form

φa(x, z) = σ1,0

∫
ddy Gκ(x− y, z)φa

sh,0(y) , (9.61)

φ−1(x, z) = σ0,−1

∫
ddy Gκ−1(x− y, z)φsh,1(y) , (9.62)

φ1(x, z) = σ0,1

∫
ddy Gκ+1(x− y, z)φsh,−1(y) , (9.63)

σ1,0 = 1 , (9.64)

σ0,−1 = − 1

2(κ− 1)
, (9.65)

σ0,1 = 2κ , (9.66)

where the Green function is given in (8.22).
Using asymptotic behavior of the Green functionGν given

in (8.24), we find the asymptotic behavior of our solution

φa(x, z)
z→0−→ z−κ+ 1

2φa
sh,0(x) , (9.67)

φ−1(x, z)
z→0−→ − z−κ+ 3

2

2(κ− 1)
φsh,1(x) , (9.68)

φ1(x, z)
z→0−→ 2κz−κ− 1

2φsh,−1(x) . (9.69)

From these expressions, we see that our solution has in-
deed asymptotic behavior corresponding to the spin-1 anoma-
lous shadow field. Note that because the solution has non-
integrable asymptotic behavior (9.67)-(9.69), such solution is
referred to as the non-normalizable solution in the literature.

We now explain the choice of the normalization factors
σ1,0, σ0,±1 in (9.64)-(9.66). The choice ofσ1,0 is a mat-
ter of convention. Following commonly used convention, we
set this normalization factor to be equal to 1. The remaining
normalization factorsσ0,±1 are then determined uniquely by
requiring that the modified Lorentz gauge condition for the
massive spin-1AdS field (9.21) be amount to the differential
constraint for the spin-1 anomalous shadow field (4.3). With
the choice made in (9.64)-(9.66) we find the relations

∂aφa =

∫
ddy Gκ(x− y, z)∂aφa

sh,0(y) , (9.70)

T−κ+ 1
2
φ−1 =

∫
ddy Gκ(x − y, z)φsh,1(y), (9.71)

Tκ+ 1
2
φ1 =

∫
ddy Gκ(x− y, z)2φsh,−1(y) . (9.72)

From these relations and (9.11), we see that our choice of
σ1,0, σ1,±1 (9.64)-(9.66), allows us to match modified Lorentz
gauge for the spin-1AdS field (9.21) and differential con-
straint for the spin-1 anomalous shadow field given in (4.3).
We note the helpful relations for the Green function which we
use for the derivation of relations (9.71),(9.72),

T−κ+ 1
2
Gκ−1 = −2(κ− 1)Gκ, , (9.73)

Tκ+ 1
2
Gκ+1 =

1

2κ
2Gκ , (9.74)

whereGν ≡ Gν(x− y, z).
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All that remains to obtainSeff is to plug solution of the
Dirichlet problem forAdS fields, (9.61)-(9.63) into (9.58),
(9.60). Using general formula given in (8.28), we obtain

− Seff = 2κcκΓ , (9.75)

whereκ andcκ are defined in (3.3),(8.23) respectively andΓ

is gauge invariant two-point vertex of the spin-1 anomalous
shadow field given in (4.10),(4.11).

Thus we see thatimposing the modified Lorentz gauge on
the massive spin-1AdS field and computing the bulk action
on the solution of equations of motion with the Dirichlet prob-
lem corresponding to the boundary anomalous shadow field
we obtain the gauge invariant two-point vertex of the spin-1
anomalous shadow field.

Because in the literatureSeff is expressed in terms of two-
point vertex taken in the Stueckelberg gauge frame,Γstand

(4.18), we use (4.17) and represent our result (9.75) as

− Seff =
κ(2κ+ d)

2κ+ d− 2
cκΓ

stand . (9.76)

This relation was obtained in Ref.[10]. Note that we have
obtained more general relation given in (9.75), while relation
(9.76) is obtained from (9.75) by using the Stueckelberg gauge
frame. We note that for the systematical study ofAdS/CFT

correspondence it is important to know the normalization fac-
tor in front of Γstand (9.76). Our normalization factor coin-
cides with the one found in Ref.[10]15.

Matching of bulk and boundary gauge symmetries.
Modified Lorentz gauge (9.21) and gauge-fixed equations
(9.22),(9.23) are invariant under gauge transformations given
in (9.12)-(9.14) provided the gauge transformation parame-
ter satisfies the equation (9.24). Non-normalizable solution to
this equation is given by

ξ(x, z) =

∫
ddy Gκ(x− y, z)ξsh(y) . (9.77)

We now note that, on the one hand, plugging (9.77) in (9.12)-
(9.14) and using relations (9.73),(9.74) we represent on-shell
gauge transformations ofφa(x, z), φ−1(x, z) andφ1(x, z) as

δφa =

∫
ddy Gκ(x− y, z)∂aξsh(y) , (9.78)

δφ−1 =
r00z

2(κ− 1)

∫
ddy Gκ−1(x − y, z)2ξsh(y) , (9.79)

δφ1 = −2κr00ζ

∫
ddy Gκ+1(x− y, z)ξsh(y) . (9.80)

15 Computation ofSeff for spin-1 massless field may be found in Ref.[30]
and, in the framework of our approach, in Ref.[9].

On the other hand, relations (9.61)-(9.63) imply

δφa(x, z) = σ1,0

∫
ddy Gκ(x− y, z)δφa

sh,0(y) , (9.81)

δφ−1(x, z) = σ1,−1

∫
ddy Gκ−1(x− y, z)δφsh,1(y) , (9.82)

δφ1(x, z) = σ1,1

∫
ddy Gκ+1(x − y, z)δφsh,−1(y) . (9.83)

Comparing (9.78)-(9.80) with (9.81)-(9.83) we see that the
on-shell leftover gauge symmetries of solution of the Dirich-
let problem forAdS spin-1 massive field amount to the gauge
symmetries of the spin-1 anomalous shadow field.

Following procedure in Sec.IX B one can make sure that
global bulk and boundary symmetries match. It is thismatch-
ing of the bulk on-shell leftover gauge symmetries of the so-
lution to Dirichlet problem and bulk global symmetries and
the respective boundary gauge symmetries of the anomalous
shadow field and boundary global symmetries that explains
why the effective action coincides with the gauge invariant
two-point vertex for the boundary anomalous shadow field
(see (9.75)).

X. ADS/CFT CORRESPONDENCE FOR SPIN-2 FIELDS.

Before discussingAdS/CFT correspondence for massive
spin-2AdS field and spin-2 anomalous conformal current and
shadow field we present ourCFT adapted gauge invariant
approach to spin-2 massive AdS field. Because our approach
is closely related with gauge invariant approach to massive
field we start with brief review of the latter approach.

Gauge invariant approach to spin-2 massive field in
AdSd+1 space. In gauge invariant approach, spin-2 massive
field is described by gauge fields

ΦAB , ΦA , Φ , (10.1)

which transform in the respective rank-2 tensor, vector and
scalar representations ofso(d, 1) algebra. In Lorentzian sig-
nature, Lagrangian found in Ref.[33] takes the form16

1

e
L =

1

4
ΦABE

EH
ΦAB +

1

2
ΦAE

Max
ΦA +

1

2
ΦD2Φ

+ mΦA(DBΦBA −DAΦBB) + fΦDAΦA

− m2 − 2

4
ΦABΦAB +

m2 + d− 2

4
ΦAAΦBB

+
fm

2
ΦAAΦ− d

2
ΦAΦA +

(d+ 1)m2

2(d− 1)
Φ2 , (10.2)

16 Recent interesting discussion of massive AdS fields may be found in [34].
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f ≡
(

2d

d− 1
m2 + 2d

)1/2

, (10.3)

where the respective second-derivative Einstein-Hilbertand
Maxwell operatorsE

EH
, E

Max
are given by

E
EH

ΦAB = D2ΦAB −DADCΦCB −DBDCΦCA

+DADBΦCC + ηAB(DCDEΦCE −D2ΦCC) , (10.4)

E
Max

ΦA = D2ΦA −DADBΦB . (10.5)

Lagrangian (10.2) is invariant under gauge transformations

δΦAB = DAΞB +DBΞA +
2m

d− 1
ηABΞ , (10.6)

δΦA = DAΞ−mΞA , (10.7)

δΦ = −fΞ , (10.8)

where ΞA, Ξ are gauge transformation parameters. In
Ref.[12], we found new representation for Lagrangian (10.2),

1

e
L =

1

4
ΦAB(D2 −m2 + 2)ΦAB

− 1

8
ΦAA(D2 −m2 − 2d+ 4)ΦBB

+
1

2
ΦA(D2 −m2 − d)ΦA +

1

2
Φ(D2 −m2 − 2d)Φ

+
1

2
CA

stC
A
st +

1

2
C2

st , (10.9)

CA
st = DBΦBA − 1

2
DAΦBB +mΦA , (10.10)

Cst = DAΦA +
m

2
ΦAA + fΦ . (10.11)

From (10.9), we see that it is the use of quantitiesCA
st andCst

that simplifies the structure of the gauge invariant Lagrangian.
We note also that the relationsCA

st = 0, Cst = 0 define stan-
dard de Donder gauge condition for massive spin-2 field17.

Interrelation of gauge invariant Lagrangian and Pauli-
Fierz Lagrangian. As is well know spin-2 field can be de-
scribed by the Pauli-Fierz Lagrangian given by

1

e
L

PF
=

1

4
ΦAB

PF
(E

EH
Φ

PF
)AB − m2 − 2

4
ΦAB

PF
ΦAB

PF

+
m2 + d− 2

4
ΦAA

PF
ΦBB

PF
, (10.12)

17 Recent discussion of thestandardde Donder-Feynman gauge for massless
fields may be found in Refs.[35–37]. To our knowledge explicit form of
CA

st , Cst (10.10),(10.11) has not been discussed in the earlier literature.

whereΦAB
PF

is rank-2 tensor field ofso(d, 1) algebra. Pauli-
Fierz Lagrangian can be obtained from gauge invariant La-
grangian (10.2) in obvious way. Namely, gauge transforma-
tions (10.7),(10.8) allow us to gauge away the fieldsΦA and
Φ. Doing so and identifying rank-2 tensor field in (10.2) with
ΦAB

PF
we get the Pauli-Fierz Lagrangian from gauge invariant

Lagrangian (10.2),

L
PF

= L|ΦAB≡ΦAB
PF

,ΦA=0,Φ=0 . (10.13)

For the case of flat space, it is well known that the gauge
invariant Lagrangian can be obtained from Pauli-Fierz La-
grangian. It turns out that this interrelation is still to bevalid
in AdS space too. Namely, inserting the following represen-
tation of Pauli-Fierz field in terms of the gauge fields (10.1)

ΦAB
PF

= ΦAB +
1

m
(DAΦB +DBΦA)

+
2

mf
DADBΦ+

2m

(d− 1)f
ηABΦ , (10.14)

into Pauli-Fierz Lagrangian (10.9) we obtain gauge invariant
Lagrangian (10.2)18.

A. CFT adapted gauge invariant approach to spin-2 massive
field in AdSd+1

We now discuss ourCFT adapted approach to massive
spin-2 AdS field. For details of the derivation of theCFT

adapted gauge invariant Lagrangian see Appendix B.
In our approach, the massive spin-2 field is described by

gauge fields

φab ,

φa
−1 , φa

1 , (10.15)

φ−2 , φ0 , φ2 .

The fieldsφab, φa
±1 andφ0, φ±2 are the respective rank-2

tensor, vector and scalar fields of theso(d) algebra. TheCFT

adapted gauge invariant Lagrangian for these fields takes the
form [12]

L =
1

4
|dφab|2 − 1

8
|dφaa|2 + 1

4
|Tκ− 1

2
φab|2 − 1

8
|Tκ− 1

2
φaa|2

+
1

2

∑

λ=±1

(
|dφa

λ|2 + |Tκ− 1
2+λφ

a
λ|2

)

18 To our knowledge formula (10.14) is new and has not been discussed in the
earlier literature. For4d flat space formula (10.14) was given in Ref.[38],
while for flat space withd > 4 was given in Ref.[8].
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+
1

2

∑

λ=0,±2

(
|dφλ|2 + |Tκ− 1

2+λφλ|2
)

− 1

2
CaCa − 1

2
C1C1 −

1

2
C−1C−1 , (10.16)

where we use the notation

Ca ≡ ∂bφab − 1

2
∂aφbb

+ r00z T−κ+ 1
2
φa
−1 + r00ζ Tκ+ 1

2
φa
1 , (10.17)

C1 ≡ ∂aφa
1 −

1

2
r00ζ T−κ− 1

2
φaa

+ r10z T−κ− 1
2
φ0 +

√
2r10ζ Tκ+ 3

2
φ2 , (10.18)

C−1 ≡ ∂aφa
−1 −

1

2
r00z Tκ− 1

2
φaa

+
√
2r01z T−κ+ 3

2
φ−2 + r01ζ Tκ− 1

2
φ0 , (10.19)

andTν is given in (8.12), whileκ andrmn
z , rmn

ζ are defined
in (5.3) and (5.7)-(5.12) respectively. Lagrangian (10.16) is
invariant under the gauge transformations

δφab = ∂aξb + ∂bξa (10.20)

+
2r00ζ
d− 2

ηabTκ+ 1
2
ξ1 +

2r00z
d− 2

ηabT−κ+ 1
2
ξ−1 ,

δφa
−1 = ∂aξ−1 + r00z Tκ− 1

2
ξa , (10.21)

δφa
1 = ∂aξ1 + r00ζ T−κ− 1

2
ξa , (10.22)

δφ−2 =
√
2r01z Tκ− 3

2
ξ−1 , (10.23)

δφ0 = r10z Tκ+ 1
2
ξ1 + r01ζ T−κ+ 1

2
ξ−1 , (10.24)

δφ2 =
√
2r10ζ T−κ− 3

2
ξ1 , (10.25)

whereξa, ξ±1 are gauge transformation parameters.
Gauge invariant equations of motion obtained from La-

grangian (10.16) take the form

2κφ
ab − ∂aCb − ∂bCa

−2r00z ηab

d− 2
T−κ+ 1

2
C−1 −

2r00ζ ηab

d− 2
Tκ+ 1

2
C1 = 0 , (10.26)

2κ−1φ
a
−1 − ∂aC−1 − r00z Tκ− 1

2
Ca = 0 , (10.27)

2κ+1φ
a
1 − ∂aC1 − r00ζ T−κ− 1

2
Ca = 0 , (10.28)

2κ−2φ−2 −
√
2r01z Tκ− 3

2
C−1 = 0 , (10.29)

2κφ0 − r01ζ T−κ+ 1
2
C−1 − r10z Tκ+ 1

2
C1 = 0 , (10.30)

2κ+2φ2 −
√
2r10ζ T−κ− 3

2
C1 = 0 , (10.31)

where2ν is defined in (8.15). We see that the gauge invariant
equations of motion are coupled.

Global symmetries. We now discuss realization of global
symmetries on space of gauge fields (10.15). The realization
of the of global symmetries in terms of differential operators
is already given in (8.2)-(8.8). All that remains to complete
description of global symmetries is to find realization of the
operatorRa

(0)
on space of gauge fields (10.15). Action of the

operatorRa
(0)

on space of gauge fields (10.15) is found to be,

Ra
(0)φ

bc = zr00ζ (ηabφc
1 + ηacφb

1 −
2ηbc

d− 2
φa
1)

+ zr00z (ηabφc
−1 + ηacφb

−1 −
2ηbc

d− 2
φa
−1), (10.32)

Ra
(0)φ

b
1 = −zr00ζ φab + zηab(

√
2r10ζ φ2 + r10z φ0), (10.33)

Ra
(0)
φb
−1 = −zr00z φab + zηab(

√
2r01z φ−2 + r01ζ φ0),

(10.34)

Ra
(0)φ2 = −z

√
2r10ζ φa

1 , (10.35)

Ra
(0)
φ0 = −zr10z φa

1 − zr01ζ φa
−1 , (10.36)

Ra
(0)φ−2 = −z

√
2r01z φa

−1 . (10.37)

Modified de Donder gauge. Modified de Donder gauge is
defined to be

Ca = 0, C−1 = 0, C1 = 0, modified de Donder gauge.
(10.38)

Using this gauge in equations of motion (10.26)-(10.31) gives
the surprisingly simple gauge fixed equations of motion,

2κφ
ab = 0 , (10.39)

2κ+λφ
a
λ = 0 , λ = ±1 , (10.40)

2κ+λφλ = 0 , λ = 0,±2 . (10.41)

We see that the gauge fixed equations are decoupled.
Modified de Donder gauge and gauge-fixed equations have

leftover on-shell gauge symmetry. Namely, modified de Don-
der gauge (10.38) and gauge-fixed equations (10.39)-(10.41)
are invariant under gauge transformations given in (10.20)-
(10.25) provided the gauge transformation parameters satisfy
the equations

2κξ
a = 0 , 2κ+λξλ = 0 , λ = ±1 . (10.42)

B. AdS/CFT correspondence for anomalous current and
normalizable modes of massive AdS field

We now ready to discussAdS/CFT correspondence for
bulk massive spin-2AdS field and boundary spin-2 anoma-
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lous conformal current19. To this end we use, as before, our
CFT adapted approach toAdS field dynamics and modified
de Donder gauge.

First of all we note that the normalizable solution of equa-
tions of motion (10.39)-(10.41) is given by

φab(x, z) = Uκφ
ab
cur,0(x) , (10.43)

φa
−1(x, z) = −Uκ−1φ

a
cur,−1(x) , (10.44)

φa
1(x, z) = Uκ+1φ

a
cur,1(x) , (10.45)

φ−2(x, z) = Uκ−2φcur,−2(x) , (10.46)

φ0(x, z) = −Uκφcur,0(x) , (10.47)

φ2(x, z) = Uκ+2φcur,2(x) , (10.48)

whereUν is defined in (9.28). From these relations, we find
the asymptotic behavior of the normalizable solution

φab(x, z)
z→0−→ zκ+

1
2φab

cur,0(x) , (10.49)

φa
−1(x, z)

z→0−→ −2κzκ−
1
2φa

cur,−1(x) , (10.50)

φa
1(x, z) =

z→0−→ zκ+
3
2

2(κ+ 1)
φa
cur,1(x) , (10.51)

φ−2(x, z) =
z→0−→ 4κ(κ+ 1)zκ−

3
2φcur,−2(x) , (10.52)

φ0(x, z) =
z→0−→ −zκ+

1
2φcur,0(x) , (10.53)

φ2(x, z) =
z→0−→ zκ+

5
2

4κ(κ− 1)
φcur,2(x) . (10.54)

From (10.49)-(10.54), we see that the fieldsφab
cur,0, φa

cur,±1,
φcur,0, φcur,±2 are indeed boundary values of the normaliz-
able solution.

In the r.h.s. (10.43)-(10.48), we use the notationφab
cur,0,

φa
cur,±1, φcur,0, φcur,±2 because these boundary values turn

out to be the gauge fields entering our gauge invariant formu-
lation of spin-2 anomalous conformal currents in the Sec.V A.
Namely, one can prove the following statements:
i) Leftover on-shellgauge transformations (10.20)-(10.25) of
normalizable solution (10.43)-(10.48) lead to gauge transfor-
mations (5.13)-(5.18) of the anomalous conformal current.
ii ) For normalizable solution (10.43)-(10.48), modified de
Donder gauge condition (10.38) leads to differential con-
straints (5.4)-(5.6) of the anomalous conformal current.
iii ) Globalso(d, 2) bulk symmetries of the normalizable mas-

19 To our knowledgeAdS/CFT correspondence for bulk massive spin-2
AdS field and boundary spin-2 anomalous conformal current has not stud-
ied in the literature.

sive spin-2 modes inAdSd+1 become globalso(d, 2) bound-
ary conformal symmetries of the spin-2 anomalous conformal
current.

These statements can be proved following procedure we
demonstrated for the case of spin-1 fields in Sec.IX B. There-
fore to avoid repetitions we briefly discuss some necessary
details.

Matching of bulk and boundary gauge symmetries. To
much gauge symmetries we analyze leftover on-shell gauge
symmetries which are described by solutions of equations
given in (10.42). Normalizable solution to these equations
takes the form,

ξa(x, z) = Uκξ
a
cur,0(x) , (10.55)

ξ−1(x, z) = −Uκ−1ξcur,−1(x) , (10.56)

ξ1(x, z) = Uκ+1ξcur,1(x) . (10.57)

Plugging these solutions and solution for equations of motion
for AdS fields (10.43)-(10.48) into bulk gauge transformations
(10.20)-(10.25) one can make sure that these leftover on-shell
bulk gauge transformations amount to boundary gauge trans-
formations of the spin-2 anomalous conformal current given
in (5.13)-(5.18).

Matching of bulk de Donder gauge and boundary dif-
ferential constraints. All that is required is to plug solution
for equations of motion of AdS fields (10.43)-(10.48) into the
modified de Donder gauge and use relations for the operator
Uν given in (9.33),(9.34). Doing so, we make sure that mod-
ified de Donder gauge (10.38) amounts to differential con-
strains (5.4)-(5.6).

Matching of bilk and boundary global symmetries.
Matching of bulk and boundary Poincaé symmetries is obvi-
ous. Using conformal dimensions for spin-2 anomalous cur-
rent given in (5.2), solution for bulk fields in (10.43)-(10.48),
and bulk dilatation operator (8.4) we make sure that dilatation
bulk and boundary symmetries also match. What is no-trivial
is to match conformal boost symmetries (Ka-symmetries).
The reason for this is that the modified de Donder gauge
breaks bulkKa-symmetries. In order to restore these bro-
kenKa-symmetries we should, following standard procedure,
add compensating gauge transformations to maintain theKa-
symmetries,

Ka
impr = Ka + δξKa . (10.58)

The compensating gauge transformation parameters can as
usually be found by requiring improved transformation
(10.58) to maintain the modified de Donder gauge (10.38),

Ka
imprC

b = 0, Ka
imprC−1 = 0, Ka

imprC1 = 0 . (10.59)

One can make sure that equations (10.59) amount to the fol-
lowing equations for the compensating gauge transformation
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parameters,

2κξ
bKa

= 2φab − ηabφcc , (10.60)

2κ−1ξ
Ka

−1 = 2φa
−1 , (10.61)

2κ+1ξ
Ka

1 = 2φa
1 . (10.62)

Using (10.43)-(10.45) we find solution for the compensating
gauge transformation parameters,

ξbK
a

(x, z) = zUκ+1(φ
ab
cur,0(x)−

1

2
ηabφcc

cur,0) , (10.63)

ξK
a

−1 (x, z) = −zUκφ
a
cur,−1(x) , (10.64)

ξa1 (x, z) = zUκ+2φ
a
cur,1(x) . (10.65)

where operatorUν is given in (9.28). Using these com-
pensating gauge transformation parameters in improved bulk
Kimpr-symmetries (10.58) we make sure that theseKa

impr-
symmetries amount toKa-symmetries of spin-2 anomalous
conformal current given in (2.11) and (5.19)-(5.24).

C. AdS/CFT correspondence for anomalous shadow field and
non-normalizable mode of massive AdS field.

We proceed to discussion ofAdS/CFT correspondence
for bulk massive spin-2AdS field and boundary spin-2
anomalous shadow field.

Matching of effective action and boundary two-point
vertex. In order to findSeff we should solve equations of mo-
tion with the Dirichlet problem corresponding to the boundary
anomalous shadow field and plug the solution into action. Us-
ing equations of motion (10.26)-(10.31) in bulk action (9.9)
with Lagrangian (10.16), we obtain boundary effective action
(9.58) withLeff given by

Leff =
1

4
φabTκ− 1

2
φab − 1

8
φaaTκ− 1

2
φbb

+
1

2

∑

λ=±1

φa
λTκ+λ− 1

2
φa
λ

+
1

2

∑

λ=0,±2

φλTκ+λ− 1
2
φλ ,

− 1

2
(r00z φa

−1 + r00ζ φa
1)C

a

+ (
r00z
4

φaa − r01z√
2
φ−2 −

r01ζ
2

φ0)C−1

+ (
r00ζ
4

φaa − r10z
2

φ0 −
r10ζ√
2
φ2)C1 . (10.66)

As we have demonstrated use of the modified de Donder
gauge considerable simplifies the equations of motion. Now

using modified de Donder gauge (10.38) in (10.66), we obtain

Leff

∣∣∣
Ca=0

C±1=0

=
1

4
φabTκ− 1

2
φab − 1

8
φaaTκ− 1

2
φbb

+
1

2

∑

λ=±1

φa
λTκ− 1

2+λφ
a
λ

+
1

2

∑

λ=0,±2

φλTκ− 1
2+λφλ , (10.67)

i.e. we see thatLeff is also considerably simplified. In order to
findSeff we should solve equations of motion (10.39)-(10.41)
with the Dirichlet problem corresponding to the boundary
anomalous shadow field and plug the solution intoLeff . To
this end we discuss solution of equations of motion (10.39)-
(10.41).

As before our equations of motion take decoupled form
and similar to the equations of motion for the massive scalar
AdS field. Therefore we can apply the procedure described in
Sec. VIII. Doing so, we obtain solution of equation (10.39)-
(10.41) with the Dirichlet problem corresponding to the spin-2
anomalous shadow field,

φab(x, z) = σ2,0

∫
ddy Gκ(x− y, z)φab

sh,0(y) , (10.68)

φa
λ(x, z) = σ1,λ

∫
ddy Gκ+λ(x− y, z)φa

sh,−λ(y) ,

λ = ±1 , (10.69)

φλ(x, z) = σ0,λ

∫
ddy Gκ+λ(x− y, z)φsh,−λ(y) ,

λ = 0,±2 , (10.70)

σ2,0 = 1 , (10.71)

σ1,−1 = − 1

2(κ− 1)
, (10.72)

σ1,1 = 2κ , (10.73)

σ0,−2 =
1

4(κ− 1)(κ− 2)
, (10.74)

σ0,0 = −1 , (10.75)

σ0,2 = 4κ(κ+ 1) , (10.76)

where the Green functionGν is given in (8.22), whileκ is de-
fined in (5.3). Choice of normalization factorσ2,0 (10.71) is
a matter of convention. The remaining normalization factors
given in (10.72)-(10.76) are uniquely determined by requir-
ing that modified de Donder gauge (10.38) be amount to the
differential constraints for the spin-2 anomalous shadow field.

Using asymptotic behavior of the Green function given in
(8.24), we find the asymptotic behavior of our solution

φab(x, z)
z→0−→ z−κ+ 1

2φab
sh,0(x) , (10.77)
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φa
−1(x, z)

z→0−→ − z−κ+ 3
2

2(κ− 1)
φa
sh,1(x) , (10.78)

φa
1(x, z)

z→0−→ 2κz−κ−1
2φa

sh,−1(x) , (10.79)

φ−2(x, z)
z→0−→ z−κ+ 5

2

4(κ− 1)(κ− 2)
φsh,2(x) , (10.80)

φ0(x, z)
z→0−→ −z−κ+ 1

2φsh,0(x) , (10.81)

φ2(x, z)
z→0−→ 4κ(κ+ 1)z−κ− 3

2φsh,−2(x) . (10.82)

From these expressions, we see that our solution (10.68)-
(10.70) has indeed asymptotic behavior corresponding to the
spin-2 anomalous shadow field.

Finally, to obtain the effective action we plug solution of the
Dirichlet problem forAdS fields, (10.68)-(10.70) into (9.58),
(10.67). Using general formula given in (8.28), we obtain

− Seff = 2κcκΓ , (10.83)

whereκ andcκ are defined in (5.3) and (8.23) respectively and
Γ is gauge invariant two-point vertex of the spin-2 anomalous
shadow field given in (4.10),(6.19).

Thus,using modified de Donder gauge for massive spin-2
AdS field and computing the bulk action on solution of equa-
tions of motion with the Dirichlet problem corresponding to
the boundary anomalous shadow field we obtain the gauge
invariant two-point vertex of spin-2 anomalous shadow field.

Because in the literatureSeff is expressed in terms of two-
point vertex taken in the Stueckelberg gauge frame,Γstand

12

(6.29), we use (6.28) to represent our result (10.83) as

− Seff =
κ(2κ+ d+ 2)

2(2κ+ d− 2)
cκΓ

stand . (10.84)

This relation was obtained in Ref.[11]. Note that we have
obtained more general relation given in (10.83), while rela-
tion (10.84) is obtained from (10.83) by using the Stueckel-
berg gauge frame. The fact thatSeff is related toΓstand is
expected because of the conformal symmetry. What is im-
portant for the systematical study ofAdS/CFT correspon-
dence is the computation of the normalization factor in front
of Γstand (10.84). We note that our normalization factor in
(10.84) coincides with the one found in Ref.[11]20.

Matching of bulk and boundary gauge symmetries.
Modified de Donder gauge (10.38) and gauge-fixed equations
(10.39)-(10.41) are invariant under gauge transformations
given in (10.20)-(10.25) provided the gauge transformation

20 Computation ofSeff for spin-2 massless field may be found in Refs.[39–
41]. In the framework of our approach,Seff was studied in Ref.[12].

parameters satisfy the equations (10.42). Non-normalizable
solution to equations (10.42) is given by

ξa(x, z) =

∫
ddy Gκ(x− y, z)ξsh,0(y) , (10.85)

ξλ(x, z) = σ1,λ

∫
ddy Gκ+λ(x− y, z)ξsh,−λ(y) , (10.86)

λ = ±1, whereσ1,±1 are given in (10.72),(10.73). Using
solution in (10.85),(10.86) and following procedure described
for spin-1 field in Sec.IX C one can prove that the on-shell
leftover gauge symmetries of solution of the Dirichlet problem
for AdS spin-2 massive field amount to the gauge symmetries
of the spin-2 anomalous shadow field.

Following procedure in Sec.IX B one can make sure that
global bulk and boundary symmetries match. It is thismatch-
ing of the bulk on-shell leftover gauge symmetries of the so-
lution to Dirichlet problem and bulk global symmetries and
the respective boundary gauge symmetries of the anomalous
shadow field and boundary global symmetries that explains
why the effective action coincides with the gauge invariant
two-point vertex for the boundary anomalous shadow field
(see (10.83)).

Comparing our results for spin-1 and spin-2 fields given
in (9.75) and (10.83) respectively we see that our approach
gives uniform description of the interrelation between theef-
fective action of massive fields and two-point gauge invariant
vertex of shadow field. Note however that value ofκ for spin-
1 field (3.3) should not be confused with the one for spin-2
field (5.3). For the case of arbitrary spin-s field, theκ was
found in Refs.[12, 42],

κ =

√
m2 +

(
s+

d− 4

2

)2
. (10.87)

All that is required to generalize the relation (10.83) to the
case of arbitrary spin-s fields is to plugκ (10.87) in (10.83).
Detailed study of arbitrary spin fields will be given in forth-
coming publication.

XI. CONCLUSIONS

In this paper, we extend the gauge invariant Stueckel-
berg approach toCFT initiated in Refs.[8, 9] to the study
of anomalous conformal currents and shadow fields. In
the framework ofAdS/CFT correspondence the anomalous
conformal currents and shadow fields are related with mas-
sive fields of AdS string. It is well known that all Lorentz co-
variant approaches to string field theory involve large amount
of Stueckelberg fields and the corresponding gauge symme-
tries (see e.g. [43]). Because our approach to anomalous con-
formal currents and shadow fields also involves Stueckelberg
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fields we believe that our approach will be helpful to under-
stand string/gauge theory duality better. Note also that weob-
tain gauge invariant vertex for anomalous shadow fields which
provides quick and easy access to light-cone gauge vertex. In
the framework ofAdS/CFT correspondence this vertex is re-
lated toAdS field action evaluated on solution of the Dirichlet
problem. Because on expects that quantization ofAdS super-
string is straightforward only in light-cone gauge we believe
that our light-cone gauge vertex will also be helpful in vari-
ous studies of AdS/CFT duality. The results obtained should
have a number of the following interesting applications and
generalizations.

(i) In this paper we considered the gauge invariant ap-
proach for spin-1 and spin-2 anomalous conformal currents
and shadow fields. It would be interesting to generalize our
approach to the case of arbitrary spin anomalous conformal
currents and shadow fields.

(ii) In this paper we studied the two-point gauge invariant
vertex of anomalous shadow fields. Generalization of our ap-
proach to the case of 3-point and 4-point gauge invariant ver-
tices will give us the possibility to the study of various appli-
cations of our approach along the lines of Refs.[44–46]

(iii) Because our modified de Donder gauge leads to consid-
erably simplified analysis of AdS field dynamics we believe
that this gauge might also be useful for better understanding
of various aspects of AdS/QCD correspondence which are dis-
cussed e.g. in Refs.[47, 48].

iv) BRST approach is one of powerful approaches to anal-
ysis of various aspects of relativistic dynamics (see e.g.
Refs.[49]-[54]. We think that extension of this approach tothe
case anomalous conformal currents and shadow field should
be relatively straightforward.

v) In the last years, there were interesting developments
in studying the mixed symmetry fields [55]-[59]. It would
be interesting to apply methods developed in these references
to studying anomalous conformal currents and shadow field.
There are other various interesting approaches in the literature
which could be used to discuss gauge invariant formulation of
anomalous conformal currents and shadow fields. This is to
say that various recently developed interesting formulations
in terms of unconstrained fields in flat space may be found in
Refs.[60]-[62] .
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Appendix A: Derivation of CFT adapted Lagrangian for
massive spin-1 field inAdSd+1

In this Appendix, we explain some details of the derivation
of theCFT adapted gauge invariant Lagrangian for massive
spin-1 fields given in (9.10). Presentation in this Appendix
is given by using Lorentzian signature. Euclidean signature
Lagrangian in Sec.IX A, is obtained from the Lorentzian sig-
nature Lagrangian by simple substitutionL → −L.

Spin-1 massive field. We use fieldΦA carrying flat Lorentz
algebraso(d, 1) vector indicesA,B = 0, 1, . . . , d− 1, d. The
field ΦA is related with field carrying the base manifold in-
dicesΦµ, µ = 0, 1, . . . , d, in a standard wayΦA = eAµΦ

µ,
where eAµ is vielbein of AdSd+1 space. For the Poincaré
parametrization ofAdSd+1 space (8.1), vielbeineA = eAµ dx

µ

and Lorentz connection,deA + ωAB ∧ eB = 0, are given by

eAµ =
1

z
δAµ , ωAB

µ =
1

z
(δAz δ

B
µ − δBz δAµ ) , (A1)

whereδAµ is Kronecker delta symbol. We use a covariant
derivative with the flat indicesDA,

DA ≡ eµADµ , DA = ηABDB , (A2)

whereeµA is inverse ofAdS vielbein,eAµ e
µ
B = δAB andηAB

is flat metric tensor. With choice made in (A1), the covariant
derivative takes the form

DAΦB = ∂̂AΦB + δBz ΦA − ηABΦz , ∂̂A ≡ z∂A , (A3)

where we adopt the following conventions for the derivatives
and coordinates:∂A = ηAB∂B, ∂A = ∂/∂xA, xA ≡ δAµ x

µ,
xA = xa, xd, xd ≡ z.

In arbitrary parametrization ofAdS, Lagrangian of the
massive spin-1 field is given in (9.6). We now use the Poincar´e
parametrization ofAdS and introduce the following quantity:

C ≡ DCΦC +mΦ+ 2Φz . (A4)

We note that it is the relationC = 0 that defines the modified
Lorentz gauge. Using the relations (up to total derivative)

eΦAD2ΦA = e
(
ΦA(2

0AdS
− 1)ΦA

+ 4Φz
C+ (d− 7)ΦzΦz − 4mΦΦz

)
, (A5)

eΦD2Φ = eΦ2
0AdS

Φ (A6)

C2
st = C

2 − 4Φz
C+ 4ΦzΦz , (A7)

2
0AdS

≡ z2(2+ ∂2
z ) + (1 − d)z∂z , (A8)

we represent Lagrangian (9.6) andC (A4) as

e−1L =
1

2
ΦA(2

0 AdS
−m2 + d− 1)ΦA
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+
1

2
Φ(2

0 AdS
−m2)Φ

+
d− 3

2
ΦzΦz − 2mΦΦz +

1

2
C

2 , (A9)

C = ∂̂AΦA + (2− d)Φz +mΦ . (A10)

Using canonically normalized fields̃ΦA, Φ̃ andC defined by

ΦA = z
d−1
2 Φ̃A , Φ = z

d−1
2 Φ̃ , C = z

d+1
2 C ,

(A11)
we obtain

L =
1

2
Φ̃A

(
2+ ∂2

z − 1

z2
(m2 +

d2 − 1

4
+ 1− d)

)
Φ̃A

+
1

2
Φ̃
(
2+ ∂2

z − 1

z2
(m2 +

d2 − 1

4
)
)
Φ̃

+
d− 3

2z2
Φ̃zΦ̃z − 2m

z2
Φ̃zΦ̃ +

1

2
C2 , (A12)

C = ∂AΦ̃A +
3− d

2z
Φ̃z +

m

z
Φ̃ . (A13)

In terms ofso(d − 1, 1) tensorial components of the fieldΦA

given byΦa,Φz, Lagrangian (A12) andC (A13) take the form

L = L1 + L0 +
1

2
C2 , (A14)

L1 =
1

2
Φ̃aK̂0Φ̃

a (A15)

L0 =
1

2
Φ̃zK̂3−dΦ̃

z +
1

2
Φ̃K̂d−1Φ̃− 2m

z2
Φ̃zΦ̃ , (A16)

C = ∂aΦ̃a + T 3−d
2
Φ̃z +

m

z
Φ̃ , (A17)

K̂ω = 2+ ∂2
z − 1

z2
(κ2 − 1

4
+ ω) , (A18)

whereκ andTν are defined in (3.3) and (8.12) respectively. In
terms of fields (9.8) defined by

Φ̃a = φa , (A19)

Φ̃z = r00z φ−1 + r00ζ φ1 , (A20)

Φ̃ = −r00ζ φ−1 + r00z φ1 , (A21)

where r00z , r00ζ are defined in (3.5),(3.6), we castL1, L0

(A15),(A16) into the form

L1 =
1

2
φa

2κφ
a , (A22)

L0 =
1

2

∑

λ=±1

φλ2κ+λφλ , (A23)

while C (A17) takes desired form given in (9.11). Noticing
the relation

T †

ν− 1
2

Tν− 1
2
= −∂2

z +
1

z2
(ν2 − 1

4
) , (A24)

and taking into account expressions forL1 (A22), L0 (A23),
we see that Lagrangian (A14) takes the form of theCFT

adapted gauge invariant Lagrangian (9.10).
Lagrangian (9.6) is invariant under gauge transformations

(9.5). Making the rescalingΞ = z(d−3)/2ξ, we check that
these gauge transformations lead to the ones given in (9.12)-
(9.14).

Appendix B: Derivation of CFT adapted Lagrangian for
massive spin-2 field inAdSd+1

We now present some details of the derivation of theCFT

adapted gauge invariant Lagrangian and the respective gauge
transformations of massive spin-2 fields given in (10.16) and
(10.20)-(10.25).

In arbitrary parametrization ofAdS, Lagrangian for the
massive spin-2 field is given in (10.9). We now use the
Poincaré parametrization ofAdS and introduce the following
quantities

C
A ≡ CA

st + 2ΦzA − δAz Φ
BB , (B1)

C ≡ Cst + 2Φz . (B2)

We note that it is the relationsCA = 0, C = 0 that define
the modified de Donder gauge. Using the relations (up to total
derivative)

1

4
eΦABD2ΦAB = e

(1
4
ΦAB(2

0 AdS
− 2)ΦAB

+
d− 5

2
ΦzAΦzA + 2ΦzzΦAA − d

4
ΦAAΦBB

+2ΦzA
C

A − ΦAA
C

z − 2mΦzAΦA +mΦAAΦz
)
, (B3)

1

2
CA

stC
A
st =

1

2
C

A
C

A − 2ΦzA
C

A +ΦAA
C

z

+2ΦzAΦzA − 2ΦzzΦAA +
1

2
ΦAAΦBB , (B4)

eΦAD2ΦA = e
(
ΦA(2

0 AdS
− 1)ΦA

+4Φz
C+ (d− 7)ΦzΦz − 2mΦAAΦz − 4fΦΦz

)
, (B5)

C2
st = C

2 − 4Φz
C+ 4ΦzΦz , (B6)

where2
0 AdS

is given in (A8), we represent Lagrangian (10.9)
andCA, C (B1),(B2) as

e−1L =
1

4
ΦAB(2

0AdS
−m2)ΦAB

− 1

8
ΦAA(2

0 AdS
−m2)ΦBB
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+
d− 1

2
ΦzAΦzA − 2mΦzAΦA

+
1

2
ΦA(2

0AdS
−m2 − d− 1)ΦA

+
d− 3

2
ΦzΦz − 2fΦΦz

+
1

2
Φ(2

0AdS
−m2 − 2d)Φ

+
1

2
C

A
C

A +
1

2
CC , (B7)

C
A = ∂̂BΦAB − 1

2
∂̂AΦBB + (1 − d)ΦzA +mΦA , (B8)

C = ∂̂AΦA + (2− d)Φz +
m

2
ΦAA + fΦ . (B9)

Using canonically normalized fields and quantitiesC̃
A, C̃,

ΦAB = z
d−1
2 Φ̃AB , ΦA = z

d−1
2 Φ̃A , Φ = z

d−1
2 Φ̃ ,

(B10)

C
A = z

d+1
2 C̃

A , C = z
d+1
2 C̃ , (B11)

we obtain

L =
1

4
Φ̃ABK̂0Φ̃

AB − 1

8
Φ̃AAK̂0Φ̃

BB

+
1

2
Φ̃AK̂d+1Φ̃

A +
1

2
Φ̃K̂2dΦ̃

+
d− 1

2z2
Φ̃zAΦ̃zA − 2m

z2
Φ̃zAΦ̃A +

d− 3

2z2
Φ̃zΦ̃z

− 2f

z2
Φ̃zΦ̃ +

1

2
C̃

A
C̃

A +
1

2
C̃C̃ , (B12)

C̃
a = ∂bΦ̃ab − 1

2
∂aΦ̃BB + T− d−1

2
Φ̃za +

m

z
Φ̃a , (B13)

C̃
z = ∂aΦ̃za − 1

2
T d−1

2
Φ̃BB + T− d−1

2z
Φ̃zz +

m

z
Φ̃z , (B14)

C̃ = ∂aΦ̃a + T− d−3
2
Φ̃z +

m

2z
Φ̃AA +

f

z
Φ̃ , (B15)

whereκ andK̂ω are defined in (5.3) and (A18) respectively.
In terms of new fields defined by the relations

φab = Φ̃ab +
1

d− 2
ηabΦ̃zz , (B16)

φza = Φ̃za , φa = Φ̃a , (B17)

φzz =
u

2
Φ̃zz , φz = Φ̃z , φ = Φ̃ , (B18)

LagrangianL (B12) andC̃A, C̃ (B13)-(B15) take the form

L = L2 + L1 + L0 +
1

2
C̃

A
C̃

A +
1

2
C̃C̃ , (B19)

L2 =
1

4
φabK̂0φ

ab − 1

8
φaaK̂0φ

bb , (B20)

L1 =
1

2
φzaK̂1−dφ

za +
1

2
φaK̂1+dφ

a − 2m

z2
φzaφa , (B21)

L0 =
1

2
φzzK̂4−2dφ

zz +
1

2
φzK̂4φ

z +
1

2
φK̂2dφ

− 2g

z2
φzzφz − 2f

z2
φzφ , (B22)

C̃
a = ∂bφab − 1

2
∂aφbb + T 1−d

2
φza +

m

z
φa , (B23)

C̃
z = ∂aφza − 1

2
T d−1

2
φaa + uT 3−d

2
φzz +

m

z
φz , (B24)

C̃ = ∂aφa + T 3−d
2
φz +

m

2z
φaa − g

(d− 2)z
φzz +

f

z
φ ,

(B25)

g ≡ m
(
2
d− 2

d− 1

)1/2

, u ≡
(
2
d− 1

d− 2

)1/2

, (B26)

wheref is defined in (10.3). We proceed as follows.
i) First, we note thatL2 (B20) can be represented as

L2 =
1

4
φab

2κφ
ab − 1

8
φaa

2κφ
bb , (B27)

whereκ and2κ are given in (5.3) and (8.15) respectively.
ii ) Introducing vector fieldsφa

±1 by the orthogonal transfor-
mation

φza = r00z φa
−1 + r00ζ φa

1 , (B28)

φa = −r00ζ φa
−1 + r00z φa

1 , (B29)

wherer00z , r00ζ are given in (5.7),(5.10) we castL1 (B21) into
the form

L1 =
1

2

∑

λ=±1

φa
λ2κ+λφ

a
λ . (B30)

We note that inverse of the transformation (B28),(B29) is
given by

φa
−1 = r00z φza − r00ζ φa , (B31)

φa
1 = r00ζ φza + r00z φa . (B32)

iii ) Introducing scalar fieldsφ0, φ±2 by the orthogonal trans-
formation

φzz = s11φ−2 + s12φ0 + s13φ2 , (B33)

φz = s21φ−2 + s22φ0 + s23φ2 , (B34)

φ = s31φ−2 + s32φ0 + s33φ2 , (B35)

s11 =
( (2κ+ d)(2κ+ d− 2)(d− 2)

16κ(κ− 1)(d− 1)

)1/2

, (B36)
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s12 =
((2κ+ d)(2κ− d)d

8(κ2 − 1)(d− 1)

)1/2

, (B37)

s13 =
((2κ− d)(2κ− d+ 2)(d− 2)

16κ(κ+ 1)(d− 1)

)1/2

, (B38)

s21 = −
((2κ− d)(2κ+ d− 2)

8κ(κ− 1)

)1/2

, (B39)

s22 =
( d(d− 2)

4(κ2 − 1)

)1/2

, (B40)

s23 =
((2κ+ d)(2κ− d+ 2)

8κ(κ+ 1)

)1/2

, (B41)

s31 =
((2κ− d)(2κ− d+ 2)d

16κ(κ− 1)(d− 1)

)1/2

, (B42)

s32 = −
((2κ+ d− 2)(2κ− d+ 2)(d− 2)

8(κ2 − 1)(d− 1)

)1/2

, (B43)

s33 =
((2κ+ d)(2κ+ d− 2)d

16κ(κ+ 1)(d− 1)

)1/2

, (B44)

we castL0 (B22) into the form

L0 =
1

2

∑

λ=−2,0,2

φλ2κ+λφλ . (B45)

For the readers convenience, we note that inverse of the trans-
formation (B33)-(B35) is given by

φ−2 = s11φ
zz + s21φ

z + s31φ , (B46)

φ0 = s12φ
zz + s22φ

z + s32φ , (B47)

φ2 = s13φ
zz + s23φ

z + s33φ . (B48)

iv) Representing̃Ca, C̃z , C̃ in terms of the vector fieldsφa
±1

and the scalar fieldsφ0, φ±2 and introducingCa, C±1 by re-
lations

Ca = C̃
a , (B49)

C1 = r00ζ C̃
z + r00z C̃ , (B50)

C−1 = r00z C̃
z − r00ζ C̃ , (B51)

we find that theseCa, C±1 take the form given in (10.17)-
(10.19). We note the helpful relation

C̃
A
C̃

A + C̃C̃ = CaCa + C−1C−1 + C1C1 . (B52)

v) Making use of relation (A24) and taking into account ex-
pressions forL2 (B27), L1 (B30), L0 (B45) and formula

(B52), we see that Lagrangian (B19) takes the form of the
CFT adapted gauge invariant Lagrangian (10.16).

We now present some details of the derivation of gauge
transformation given in (10.20)-(10.25). Lagrangian (10.9) is
invariant under gauge transformations given in (10.6)-(10.8).
In terms of canonically normalized fields (B10) these gauge
transformations take the form

δΦ̃ab = ∂aξb + ∂bξa − 2

z
ηabξz +

2mηab

(d− 1)z
ξ , (B53)

δΦ̃za = ∂aξz + T d−1
2
ξa , (B54)

δΦ̃zz = 2T d−3
2
ξz +

2m

(d− 1)z
ξ , (B55)

δΦ̃a = ∂aξ − m

z
ξa , (B56)

δΦ̃z = T d−3
2
ξ − m

z
ξz , (B57)

δΦ̃ = −f

z
ξ . (B58)

In terms of fields defined in (B16)-(B18), gauge transforma-
tions (B53)-(B58) take the form

δφab = ∂aξb + ∂bξa +
2ηab

d− 2
T− d−1

2
ξz +

2mηab

d− 2
ξ, (B59)

δφza = ∂aξz + T d−1
2
ξa , (B60)

δφzz = uT d−3
2
ξz +

mu

(d− 1)z
ξ , (B61)

δφa = ∂aξ − m

z
ξa , (B62)

δφz = T d−3
2
ξ − m

z
ξz , (B63)

δφ = −f

z
ξ . (B64)

Introducing new gauge transformation parameters by the or-
thogonal transformation

ξz = r00z ξ−1 + r00ζ ξ1 , (B65)

ξ = −r00ζ ξ−1 + r00z ξ1 , (B66)

and using the vector fieldsφa
±1 and the scalar fieldsφ0, φ±2,

we find that gauge transformations (B59)-(B64) take desired
form given in (10.20)-(10.25).
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