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Character Expansions in Physics

A.B. Balantekin

Physics Department, University of Wisconsin, Madison WI 53706 USA

Expanding products of invariant functions of a group element as a series in the basis of characters
of the irreducible representations of a group is widely used in many areas of physics and related
fields. In this contribution a formula to generate such expansions and its various applications are
briefly reviewed.
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I. INTRODUCTION

The problem of integrating functions of group elements over the entire group manifold shows up in many branches
of physics in attempts as diverse as exploring various aspects of QCD and other gauge theories [1–6], quantum
transport in stochastic cavities [7], multiple input and multiple output systems in communications [8], statistical
theory of nuclear reactions [9], various aspects of statistical physics [10–12], matrix models [13, 14], lattice gauge
theory [15, 16], functional integral approaches to gauge theories [17], random matrix models [18, 19], as well as in
astronomy [20] and in the study of cognitive radios [21]. In the following, one approach to calculating such integrals
is presented.
Characters are defined as the traces of the representation matrices. For example representations of the U(N)

group are labeled by a partition into N parts: (n1, n2, · · · , nN ) where n1 ≥ n2 ≥ · · · ≥ nN are visualized as the
number of rows in Young Tableaux. The character of the irreducible representation corresponding to the partition
(n1, n2, · · · , nN ) of non-negative integers is given by Weyl’s formula:

χ(n1,n2,···,nN )(U) =
det(t

nj+N−j

i )

∆(t1, · · · , tN )
, (1)

where ti, i = 1, · · · , N , are the eigenvalues of the group element U in the fundamental representation and the quantity
∆(t1, · · · , tN ) is the Vandermonde determinant in the arguments t1, · · · , tN :

∆(t1, · · · , tN ) = det(tN−j
i ). (2)

In these equations the arguments of the determinants indicate the (ij)-th element of the matrix the determinant of
which is calculated. An alternative form for the character formula is given by

χ(n1,n2,···,nN )(U) = det(hnj+i−j), (3)

where hn is the complete symmetric function in the arguments t1, · · · , tN of degree n. (The precise definition of the
complete symmetric functions is given in the last section below).
In most applications the quantity that is integrated over the group manifold can be written as products of functions

that are invariant under the group transformations, e.g.:
∫

dUf(U †)g(U). (4)

Sometimes these functions can be expanded in terms of the characters of the group:

f(U) =
∑

r

frχr(U), (5)

where the sum is over all irreducible representations, r. In such cases group integration can be easily carried out using
the orthogonality of the characters:

∫

dUχ∗
r(U)χs(U) = δrs. (6)

The question addressed here is how to determine the expansion coefficients in Eq. (5).
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II. A CHARACTER EXPANSION FORMULA

Let us, for example, consider the quantity exp(xTrU). The usual Taylor expansion of the exponential includes terms
with (TrU)n. For the group U(N), (TrU)n can be written as a sum of the characters of all the U(N) representations
satisfying the condition n1+n2+ · · ·+nN = n (n-boxes in the corresponding Young tableaux) [9, 15] and the ordinary
Taylor expansion can be considered a character expansion. One can use similar tricks for writing down other character
expansions, however such a procedure quickly becomes too tedious and one may ask if there is a better approach.
Indeed such an approach exits and starts with the power series expansion

G(x, t) =
∑

n

An(x)t
n, (7)

where the range of n in the sum is not yet specified. In Eq. (7), x stands for all the parameters needed to specify
the coefficients An. We assume that this series is convergent for |t| = 1. After some manipulations one obtains the
following character expansion formula [1]:

(

N
∏

i=1

G(x, ti)

)

=
∑

m1=0

∑

m2=0

· · ·
∑

mN−1=0

∑

nN

det(Anj+i−j) (detU)
nN χ(ℓ1,ℓ2,···,ℓN)(U). (8)

In Eq. (8), ti, i = 1, · · · , N are the eigenvalues of the fundamental representation U , the integers mi, i = 1, · · · , N − 1
are all non-negative,

ni = mi +mi+1 + · · ·+mN−1 + nN , (9)

and the integers

ℓi =

N−1
∑

j=i

mj , i = 1, · · · , N − 1, (10)

ℓN = 0 (11)

label the irreducible representations of U(N). If, in addition, all the An in Eq. (7) are non-negative, then Eq. (8)
takes a particularly simple form [22]:

(

N
∏

i=1

G(x, ti)

)

=
∑

n1=0

∑

n2=0

· · ·
∑

nN=0

det(Anj+i−j)χ(n1,n2,···,nN )(U). (12)

It is also possible to generalize Eqs. (8) and (12) to orthogonal and symplectic groups [23].
The characters of the covariant class I representations of the supergroup U(N/M) are given by a formula similar to

Eq. (3) except that the complete symmetric functions are replaced by the graded homogeneous symmetric functions
[24]. The complete symmetric functions can be written in terms of the traces of the fundamental representation.
The graded homogenous symmetric functions are given by similar expressions except that traces are replaced by
supertraces [24, 25]. Since the character expansion formula above is basically combinatorial in nature, it is also
applicable in principle to the covariant representations of the supergroup U(N/M). For recent work using character
expansions for supergroups, see, example, Ref. [26]. Physics literature also contains many recent applications of the
invariant integration over groups and supergroups (see, for example, Refs. [27], [28], [29], [30], and [31]).

III. EXAMPLES

The complete homogeneous symmetric function, hn(x), of degree n in the arguments xi, i = 1, · · · , N , is defined as
the sum of the products of the variables xi, taking n of them at a time. Its generating function is

1
∏N

i=1(1− xiz)
=
∑

n

hn(x)z
n. (13)

Taking xi to be eigenvalues of the fundamental representation U of the group SU(N), and using Eq. (12), Eq. (13)
can be written as a character expansion formula:

1

det(1− zU)
=
∑

n

χ(n,0,0,···)z
n. (14)
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What if we need (for example in a non-linear theory) to include higher powers of U , i.e. we want to expand the
quantity det(1 − 2xU + U2), or its inverse, in terms of characters? Taking G(x, t) of Eq. (7) to be 1 − 2xt + t2

(i.e. A0 = 1, A1 = −2x, A2 = 1, and An = 0 for n ≥ 3), one can immediately write a character expansion for
det(1 − 2xU + U2). Although such an expansion may look complicated, further inspection reveals that characters
corresponding to Young tableaux with more than two boxes at each row do not appear in it. For the inverse quantity,
one can start with the generating function for Chebyshev polynomials of the second kind, un(x):

1

1− 2tx+ x2
=

∞
∑

n=0

un(x)t
n. (15)

From Eq. (12), one then gets

1

det(1 − 2xU + U2)
=
∑

n1=0

∑

n2=0

· · ·
∑

nN=0

det(unj+i−j)χ(n1,n2,···,nN )(U). (16)

This expression is again simpler than it looks. For example characters corresponding to single column Young tableaux
with more than two boxes do not appear. (This can be proved by noting that the quantity 1 − 2xt + t2 and the
generating function of the Chebyshev polynomials of the second kind are inverses of each other and, as such, there are
relations between coefficients of tn in each expansion. These relationships can be expressed as determinants). Further
examples of character expansions in physics applications are given in Ref. [1]
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