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We investigate renormalization effects on the low energy mass spectrum of the minimal super-
symmetric standard model (MSSM), using a calculable model of strongly coupled hidden sector.
We model the hidden sector by N = 2 supersymmetric quantum chromodynamics with gauge group
SU(2) × U(1) and Nf = 2 matter hypermultiplets, perturbed by a Fayet-Iliopoulos term which
breaks the supersymmetry down to N = 0 on a meta-stable vacuum. The hidden sector Kähler
metric is renormalized, contributing to the MSSM renormalization group flows via gauge mediation.
In contrast to perturbative examples of hidden sector renormalization studied in the literature, we
find that our strongly coupled model exhibits rather intricate effects on the MSSM soft scalar mass
spectrum, depending sensitively on how the hidden sector fields are coupled to the messenger fields.
This model provides a concrete example in which the low energy spectrum of MSSM particles that
are expected to be accessible in collider experiments can be directly computed using strongly coupled
hidden sector dynamics.

I. INTRODUCTION

In the near future high energy collider experiments
such as in the Large Hadron Collider are expected to
yield a wealth of data that help us understand physics
beyond the Standard Model. If the idea of supersymme-
try (SUSY) is correct, we should detect superparticles.
Major theoretical challenges are then to understand the
mediation mechanism of SUSY breaking and the struc-
ture of a hidden sector, from a set of information given
in the form of low energy spectrum of superparticles.

The low energy mass spectrum of a particle theory
model is computed by solving renormalization group
(RG) equations. Recently it was pointed out that the
hidden sector dynamics affects RG flows in the visible sec-
tor [1, 2], and thus the hidden sector can be made visible
through carefully analyzing the low energy mass spec-
trum of new particles. Based on this, RG analysis was
performed for the constrained minimal supersymmetric
standard model (cMSSM) [3] and the gauge-mediated
supersymmetry breaking (GMSB) [4] scenario, both con-
sidering a simple toy model of hidden sector described by
superpotential,

W =
λ

3
X3, (1)

whereX is the hidden sector field and λ the self coupling.
In particular, it was found that the hidden sector effects
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can be crucial in determination of the next-lightest super-
particle (NLSP) [4], with exciting implications in future
collider experiments.

The simple model of hidden sector (1) employed in
these analyses [3, 4] is a mere toy, in the sense that
the SUSY is assumed to be broken via some unknown
mechanism that gives rise to a non-vanishing expecta-
tion value of the hidden sector field; in a more com-
plete theory a hidden sector with a spontaneous SUSY
breaking mechanism needs to be implemented. In fact,
a natural mechanism of SUSY breaking is believed to
be a dynamical one [5], where SUSY is broken by non-
perturbative effects (such as instanton corrections) as the
non-renormalization theorem protects SUSY perturba-
tively. It is thus important to study non-perturbative ef-
fects in the hidden sector that may affect the RG flow of
the minimal supersymmetric Standard Model (MSSM).
The present paper is intended to provide a first step in
this direction. As it is not easy to devise a full dynamical
model, we shall focus on a spontaneous SUSY breaking
model that can be incorporated in the RG analysis of the
low energy mass spectrum. We shall use a hidden sector
of perturbed Seiberg-Witten theory type where the du-
ality and holomorphicity allow us to relate the strongly
coupled dynamics of the hidden sector to the RG flow in
MSSM. Concretely, we shall study a hidden sector having
N = 2 SUSY and SU(2)×U(1) gauge group, withNf = 2
matter hypermultiplets perturbed by a Fayet-Iliopoulos
(FI) term. This theory is certainly not UV complete due
to the U(1) part; we assume that the theory is embedded
in some UV complete theory and our description of the
hidden sector is valid below the scale of the Landau pole.
The effect of the FI term is to break the SUSY while
the duality is maintained. We shall focus on the GMSB
scenario [6] that is favored due to the natural suppres-
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sion of flavor-changing neutral currents. In GMSB the
hidden sector fields that couple to the messengers need
to be MSSM gauge singlets. It turns out that our model
is sufficiently non-trivial and has various intriguing fea-
tures. For example, as we will see, the hidden sector
contribution to the MSSM RG equations can be positive
or negative, depending on possible couplings between the
hidden sector and the messenger fields; this is in contrast
to the toy model studied in [3, 4] where the hidden sector
effects always render the soft scalar particles lighter.
The plan of the present paper is as follows. In the next

section we start by describing the model of the hidden
sector. In Section 3 we discuss the RG flow in GMSB and
in particular the contribution from the hidden sector. We
present our numerical results in Section 4, and conclude
in Section 5 with comments. Technical details of the
hidden sector computations based on the N = 2 dualities
are collected in the Appendix.

II. STRUCTURE OF THE HIDDEN SECTOR

We describe in this section the hidden sector which is
responsible for the SUSY breaking. The model we shall
consider is the N = 2 supersymmetric SU(2) × U(1)

gauge theory with two matter hypermultiplets Q and Q̃,
perturbed by a FI term. The model exhibits a metastable
vacuum in the Coulomb branch; we use this as the SUSY
breaking sector that couples to the MSSM sector via
gauge mediation. This type of SUSY breaking scenario is
particularly appealing for phenomenological applications;
the R-symmetry is spontaneously broken and the gaugi-
nos can obtain masses. Also, such a local minimum in a
landscape is expected to be quite ubiquitous in a larger
theoretical set up such as string theory. An essential fea-
ture of the model is that the strongly coupled dynamics
can be calculable due to the N = 2 dualities. We shall
heavily rely on the machinery developed by Seiberg and
Witten [7, 8]. This particular type of theory has been
studied extensively in [9–13].

A. Classical theory

We first define our classical hidden sector Lagrangian
and analyze its classical vacuum. The classical theory of
the N = 2 SU(2)× U(1) model was originally analyzed
in [14]. We shall use index i = 1, 2 for the U(1) and
the SU(2) gauge groups. The SU(2) and U(1) N = 2
vector multiplets can be written using the N = 1 vector
superfields Vi and the adjoint chiral superfields Ai, as
(V2, A2) and (V1, A1). Similarly, the matter hypermulti-
plets are written in terms of the N = 1 chiral superfields
as (Qr

I , Q̃
I
r), where r = 1, 2 and I = 1, 2 are the flavor and

the SU(2) color indices (the latter suppressed below).

The superfield strengths are Wiα = − 1
4D

2
(e−ViDαe

Vi),
with α the spinor index. The classical Lagrangian of the

hidden sector is given by

Lhid = LVM + LHM + LFI , (2)

where

LVM =
1

4π
Im

[

Tr

{

τ22

(∫

d4θA†
2e

2V2A2e
−2V2

+
1

2

∫

d2θW 2
2

)}]

(3)

+
1

8π
Im

[

τ11

(∫

d4θA†
1A1 +

1

2

∫

d2θW 2
1

)]

,

LHM =

∫

d4θ
(

Q†
re

2V2+2V1Qr + Q̃re
−2V2−2V1Q̃†r

)

+
√
2

(∫

d2θQ̃r (A2 +A1)Q
r + h.c.

)

, (4)

and

LFI = λ

∫

d2θA1 + h.c. (5)

Our convention here is Tr(T aT b) = 1
2δ

ab for the SU(2)
generators T a. The complex gauge couplings of the
SU(2) and the U(1) gauge interactions are

τ22 =
θ

π
+

8πi

g2
, τ11 =

8πi

e2
. (6)

When the FI term (5) is absent, the theory has a global
symmetry SU(2)left × SU(2)right × SU(2)R × U(1). The
U(1) charges of the hypermultiplets are normalized to be
unity. Using the SU(2)R symmetry we have chosen a
frame in which the FI term appears only as an F-term.
The FI term coefficient λ is a complex number with mass
dimension two, and is assumed to be small compared to
the SU(2) dynamical scale Λ; thus the exact low energy
effective action from the N = 2 part is unaffected by
the additional term. The FI term breaks the SU(2)R
symmetry down to an abelian subgroup U(1)R′ , and ac-
cordingly the global symmetry of the theory is broken to
SU(2)left × SU(2)right × U(1)R′ × U(1)R.
It is straightforward to find the classical potential from

the above Lagrangian,

Vcl =
1

g2
Tr[A2, A

†
2]

2 +
g2

2
(q†rT

aqr − q̃rT
aq̃†r)2

+ q†r [A2, A
†
2]q

r − q̃r[A2, A
†
2]q̃

†r + 2g2|q̃rT aqr|2

+
e2

2

(

q†rq
r − q̃rq̃

†r)2 + e2|
√
2q̃rq

r + λ|2

+ 2
(

q†r |A2 +A1|2qr + q̃r|A2 +A1|2q̃†r
)

, (7)

where A2, A1, q
r and q̃r are the scalar components of

the corresponding chiral superfields. The minima of the
potential are obtained by the stationarity condition of
the potential. In the Higgs branch the SU(2) × U(1)
symmetry is completely broken and the moduli is along

A1 = A2 = 0, q1 =

(

v
0

)

, q2 =

(

0
v

)

,

q̃1 =
(

ṽ 0
)

, q̃2 =
(

0 ṽ
)

. (8)
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The components refer to the SU(2) color, and v, ṽ ∈
C satisfy vṽ = − λ

2
√
2
from the stationarity condition.

In this branch the classical scalar potential Vcl vanishes.
Hence the SUSY is preserved in the Higgs branch.
In the presence of the FI term the Coulomb branch is

lifted and the vacuum is not supersymmetric anymore.
A vacuum in this branch is parametrized as

A1 = a1, A2 =
1

2

(

a2 0
0 −a2

)

,

q1 = q̃1 =

(

v
0

)

, q2 = q̃2 = 0, (9)

where a1, a2, v ∈ C. One possible branch is parametrized
by z ∈ C, such that

A2 +A1 =

(

a2

2 0
0 −a2

2

)

+

(

a1 0
0 a1

)

≡
(

0 0
0 z

)

.

In this case

v2 = − 2
√
2e2λ

4e2 + g2
, (10)

from the stationarity conditions and the potential min-
ima become

V =
|λ|2e2g2
4e2 + g2

. (11)

The SUSY is seen to be broken at tree-level by the non-
zero FI parameter λ. The SUSY breaking scales are
found to be

F1 = − e2g2λ†

4e2 + g2
,

F2 =
4e2g2λ†

4e2 + g2
. (12)

B. Qunatum theory

The low energy dynamics including the quantum ef-
fects is described by the Wilsonian effective action Leff .
While obtaining such an effective action by direct path
integral is an arduous task, in the N = 2 supersymmetric
theory it is possible to determine the exact form exploit-
ing the duality and holomorphicity [7, 8]. Our strategy
here is to make a full use of the N = 2 technology by
treating the FI term as perturbation. Accordingly, the
perturbative parameter of mass dimension 2 is assumed
to be small compared to the SU(2) dynamical scale Λ, i.e.
λ ≪ Λ2. Then it is possible to expand the low energy
effective action of our theory around the N = 2 result
[12, 13],

Leff = LSUSY + Lsoft +O(
(

λ/Λ2
)2
). (13)

Ignoring the FI term the classical SU(2) × U(1) gauge
symmetry is broken to U(1)c × U(1) in the Coulomb

branch except at the origin of the moduli (a1, a2) = (0, 0).
This U(1)c is the remnant of the SU(2). The U(1) part
is not asymptotically free and we restrict our moduli to
be below the Landau pole, |a1| ≤ ΛL. Since the U(1)
and SU(2) interact through coupling to the hypermulti-
plets, we also impose |a2| ≤ ΛL. We shall consider ΛL to
be much larger than the SU(2) dynamical scale Λ, and
regard ΛL as a cut off scale of our theory.

The N = 2 part, discussed also in [12, 13] in detail,
consists of the vector multiplets and the hypermultiplets,
LSUSY = LVM + LHM. The former contains the super-
field A1 for the U(1) and A2 for the unbroken abelian
subgroup U(1)c of SU(2). The Lagrangian is

LVM =
1

8π
Im

[∫

d4θ
∂F
∂Ai

A†
i +

1

2

∫

d2θτijW
αiW j

α

]

,

(14)
where F is the N = 2 prepotential depending on A1, A2,
Λ, ΛL, and

τij =
∂2F

∂Ai∂Aj
. (15)

The repeated i, j = {1, 2} are summed over. The effective
Lagrangian for the hypermultiplets is

LHM =

∫

d4θ
(

M †
r e

2nmV2D+2neV2+2nV1M r

+M̃re
−2nmV2D−2neV2−2nV1M̃ r†

)

(16)

+
√
2
{

∫

d2θM̃r(nmA2D + neA2 + nA1)M
r + h.c.

}

,

where V2D and A2D are the dual variables of V2 and
A2, and M r, M̃r are the chiral superfields representing
quarks, monopoles and dyons that become light in the
vicinity of the singular points. These BPS states have
quantum numbers (ne, nm)n, with ne and nm the electric
and magnetic U(1)c charges, and n represents the U(1)
charge. Denoting the dual variables of a1 and a2 as

a1D ≡ ∂F
∂a1

, a2D ≡ ∂F
∂a2

, (17)

the masses of the BPS states are

MBPS =
√
2|nma2D + nea2 + na1|. (18)

This coincides with the spectrum of the N = 2 super-
symmetric QCD with gauge group SU(2) and Nf = 2,

with the two hypermultiplet masses m1 = m2 =
√
2a1.

The equivalence is further justified and utilized in the
Appendix. The soft term takes the same form as the
classical FI term,

Lsoft = λ

∫

d2θA1 + h.c. (19)
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FIG. 1: The position of the singular points u1, u2, u3 in the u-a1 plane (u ∈ R, a1 ∈ R here and throughout the paper). We
call u1 the left dyon singular point, and u2 the right dyon singular point. u3 on the left panel is a monopole singular point,
while on the right panel it is a quark singular point. The panel in the middle shows the Argyres-Douglas (AD) point where u2

and u3 coincide. Flows are shown as a1 is increased. We have set Λ = 2
√
2.

C. The effective potential

The effective potential obtained from the effective La-
grangian (13) is

Veff =
1

2
bijDiDj + bijFiF

†
j + |FM |2 + |FM̃ |2, (20)

where

bij =
1

8π
Imτij (21)

is the Kähler metric (computed for appropriate local vari-
ables) and Di, Fi, FM , FM̃ are the auxiliary fields for the

superfields Vi, Ai,M , M̃ . The effective potential depends
on a1 and a2 as well as on the correct light degrees of free-
dom M and M̃ . By solving the equations of motion the
effective potential is written as,

Veff = S
{

(M rM †
r − M̃rM̃

r†)2 + 4|M rM̃r|2
}

+2T (M rM †
r + M̃rM̃

r†) + U

−
√
2b12

det b

{

λM †
r M̃

r† + h.c.
}

, (22)

with

S =
b11

2 det b
,

T = |nma2D + nea2 + na1|2,

U =
b22|λ|2
det b

. (23)

The minima of the potential are found by solving the

stationarity conditions for the fields M and M̃ ,

∂Veff

∂M †
r

= S
{

2(|M |2 − |M̃ |2)M r + 4M sM̃sM̃
r†
}

+2TM r −
√
2λ

b12
det b

M̃ r† = 0, (24)

∂Veff

∂M̃ r†
= S

{

2(|M̃ |2 − |M |2)M̃r + 4M sM̃sM
†
r

}

+2TM̃r −
√
2λ

b12
det b

M †
r = 0, (25)

where |M |2 = M rM †
r and |M̃ |2 = M̃rM̃

r†. From (24)
and (25),

(|M |2 − |M̃ |2)
[

S(|M |2 + |M̃ |2) + T
]

= 0, (26)

which implies

|M |2 = |M̃ |2, (27)

as T > 0 except right at the singular points, and S > 0.
Substituting this back into (24) and (25), the effective
potential at the stationary points is found to be

Vmin = U − 4S|M |4. (28)

The second term on the RHS represents condensation of
the light BPS degrees of freedom that lower the potential
from Vmin = U (note that S > 0). The expectation value
of the chiral fields is also found to be

|M |2 = |M̃ |2 =
1

2S

{∣

∣

∣

∣

λb12√
2 det b

∣

∣

∣

∣

− T

}

. (29)

The minima of the potential (28) is a functional of the

BPS fieldsM, M̃ as well as the Kähler metric (21), which
is found by an exact method detailed in the Appendix.
As it turns out the theory is equivalent to N = 2 super-
symmetric quantum chromodynamics (QCD) with gauge
group SU(2) and Nf = 2 matter hypermultiplets having
a common mass fixed by the U(1) moduli parameter as
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m =
√
2a1. Potential minima appear at singular points

where the light BPS degrees of freedom condensate. The
location of the singular points are determined by a cubic
curve [8]. There are 3 singular points apart from the one
at the infinity, and they are parametrized by the U(1)
and SU(2) moduli parameters a1 and u = Tr(A2

2). The
3 singular points u = u1,2,3 as functions of a1 and Λ are
given by

u1 = −
√
2a1Λ−Λ2

8
, u2 =

√
2a1Λ−Λ2

8
, u3 = 2a21+

Λ2

8
.

(30)
If u and a1 go off the real axes, Veff starts to increase,
moving away from the minima. As we are interested in
physics near minima of the potential we shall be con-
cerned with real values of u and a1. Numerical study
shows the following structure of singularities and the cor-
responding vacua for u, a1 ∈ R (Figs.1 and 2; see also
Fig.2 of [11]):

(1) 0 ≤ Re(a1) <
Λ

2
√
2

– There are two dyon (u1, u2),

and one monopole (u3) singular points. The two
dyon points give local potential minima (V 1

min and
V 2
min), while the point u3 does not correspond to

a minimum of the potential. At a1 = 0, u1 (the
left dyon) and u2 (the right dyon) are degenerate
and this type of vacua are analyzed in [15]. Note
that the effective theory breaks down at the a1 = 0
point and a direct analysis is difficult. Neverthe-
less, we know that U > 0 and it is unlikely that the
instanton effects (the second term of (28)) cancel
U exactly. Also, SUSY is broken at the tree level
and it is unlikely that it is recovered by quantum
effects. For these reasons it is natural to suppose
that the potential minimum at coincident u1 and u2
is a SUSY breaking metastable vacuum. By dimen-
sional analysis we assume Vmin ∼ λ2 at this point,
which is small but non-zero. As a1 is increased, the
two potential minima increase but continue to be
V 1
min = V 2

min (Fig.2).

(2) Re(a1) =
Λ

2
√
2

– This is the Argyres-Douglas (AD)

point where u2 and u3 coincide. The effective the-
ory description breaks down at this point.

(3) Re(a1) >
Λ

2
√
2

– There are again 3 singular points.

u1 and u2 are dyons, while u3 is now a quark singu-
lar point. The minimum V 1

min continues to increase,
while the minimum at the quark singular point V 3

min

starts to decrease, giving a runaway vacuum at a1,
u → ∞. u2 does not correspond to a potential
minimum in this region.

There are two possible SUSY vacua in the model: the
first one is on the Higgs branch, and the other is the
runaway vacuum on the Coulomb branch (although it is
somewhat questionable to call the latter a SUSY vacuum
since the theory is not well defined beyond the Landau
pole). Clearly, V 3

min is almost zero in the runaway vacuum

1 2 3 4

0.00965

0.00970

0.00975

0.00980

0.00985

0.00990

0.00995

V

AD point

a1Re(   )

FIG. 2: The local minima of the scalar potential plotted
against the flows of the singular points, for a1 ∈ R. The solid
curve shows the minima of the potential along the two dyon
singular points u1 and u2, which coincide for 0 ≤ a1 ≤ Λ

2
√

2
.

a1 = Λ

2
√

2
corresponds to the AD point. When a1 > Λ

2
√

2

the potential minimum for u2 cease to exist, while u1 (the
dotted curve) continues to be a minimum with V 1

min increas-
ing. The other branch (the dashed curve) is a potential mini-
mum around the quark singular point u3, which shows up for
a1 > Λ

2
√

2
and corresponds to a runaway vacuum. Here we set

λ = 0.1 and Λ = 2
√
2.

as ΛL is taken to be sufficiently large. We approximate
the runaway vacuum to be at a1 ∼ ΛL. The decay rate of
the local potential minimum at u1 = u2 = −Λ2/8, a1 = 0
into these SUSY vacua is computed in [13]. The bounce
action corresponding to the decay from the local mini-
mum to the runaway vacuum is computed with triangle
approximation [16–18], as

B ∼ Λ4
L

λ2
. (31)

This is extremely large as the potential barrier is very
wide. The bounce action to the Higgs vacuum at a1 =
a2 = 0 and q, q̃ ∼

√
λ is estimated similarly. For Λ = 2

√
2

and λ = 0.1 we have B ∼ O(106). In both decay channels
the decay rate e−B is extremely small, and hence the
lifetime of the false vacuum is very large. Thus it is
regarded as a metastable vacuum.

III. HIDDEN SECTOR RENORMALIZATION

EFFECTS ON MSSM

The spontaneous SUSY breaking in the hidden sector
is communicated to the visible sector via messenger fields,
which, in the GMSB scenario we consider, couple to the
MSSM fields through the standard gauge and gaugino
interactions. After integrating out the messenger fields
(i.e. below the messenger scale Mm), the interaction be-
tween the hidden and the visible sectors is described by
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the Lagrangian,

Lint = ki

∫

d4θ
X†X

M2
m

Φ†
iΦi

+

(

wa

∫

d2θ
X

Mm
W aαW a

α + h.c.

)

. (32)

Here, X is an MSSM gauge singlet field in the hidden
sector, Φi and W a the MSSM superfields (the indices
i = {Q,U,D,L,E,Hu, Hd} and a = {1, 2, 3} denote the
MSSM chiral multiplets and the MSSM gauge groups
U(1), SU(2), SU(3), respectively). The coupling ki is
subject to wave function renormalizatoin of the hidden
sector fields, while the non-renormalization theorem for-
bids wa to be renormalized. In our model of the hidden
sector there are multiple candidates for such X . Below
we shall see that different choices of X lead to different
types of contribution to the MSSM RG equations. Here
and below we assume the minimal GMSB, with messen-
ger fields belonging to 5 + 5̄ of an SU(5) with the sum
of the Dynkin indices N5 = 1.

A. Gauge-mediated SUSY breaking

Let us first describe generic features of hidden sector
contributions to the MSSM RG flow [2, 3], focusing on the
GMSB scenario [4]. As SUSY is broken in the hidden sec-
tor the gauginos and scalars in the MSSM acquire masses
through 1- and 2-loop corrections respectively (the 2nd
and 1st terms in (32)). The gaugino masses at the mes-
senger scale µ =Mm are

Ma(t = 0) =
αa

4π

〈FX〉
Mm

, (33)

where t = ln(µ/Mm), FX is the F-term for the hidden
sector field X , αa = g2a/4π and ga (a = 1, 2, 3) are the
gauge couplings of U(1), SU(2), SU(3). The soft scalar
masses at the messenger scale are given by

m2
i (t = 0) = 2

(〈FX〉
Mm

)2 3
∑

a=1

Ca
2 (Ri)

(αa

4π

)2

, (34)

where Ca
2 (Ri) are the quadratic Casimir for the mat-

ter fields in representation Ri of the a-th MSSM gauge
group. These masses generated at the messenger scale
set boundary conditions of the RG flow. The A-terms at
the messenger scale are set to be zero.
The coefficients ki of (32) are renormalized by the

MSSM gauge interactions and the wave function renor-

malization of the hidden sector fields, X → Z
− 1

2

X X . The
flow is described by the RG equaions,

d

dt
ki(t) = γ(t)ki(t)−

1

16π2

3
∑

a=1

8Ca
2 (Ri)g

6
a(t)Ga, (35)

where

Ga ≡ waw
†
a. (36)

In the first term γ(t) is the anomalous dimension at
t = ln(µ/Mm) arising from the hidden sector interaction
(32), and the second term is the leading visible sector
contribution. The RG equations are solved as

ki(t) = ki(0) exp

(

−
∫ 0

t

dt′γ(t′)

)

(37)

+
1

16π2

3
∑

a=1

8Ca
2 (Ri)

∫ 0

t

dsg6a(s) exp

(

−
∫ s

t

dt′γ(t′)

)

Ga.

The evolution of the MSSM scalar masses now includes
hidden sector contributions. In the leading order these
masses are

m2
i (t) = ki(t)

( 〈FX〉
Mm

)2

, (38)

with

ki(0) = 2

3
∑

a=1

Ca
2 (Ri)

(

αa(Mm)

4π

)2

. (39)

The gauge couplings run according to the standard 1-loop
formula,

1

αa(µ)

=















1

αa(MZ)
− ba

2π
ln
MS

MZ
− bSa

2π
ln

µ

MS
, (µ > MS)

1

αa(MZ)
− ba

2π
ln

µ

MZ
, (µ ≤MS)

(40)

where (bS1 , b
S
2 , b

S
3 ) = (−3, 1, 33/5) for the MSSM and

(b1, b2, b3) = (−7,−19/6, 41/10) for the Standard Model
gauge couplings. MZ and MS are the Z-boson mass and
a typical soft mass scale, respectively.

The first term in (35) implies that the hidden sector
renormalization contributes to the RG equations for the
MSSM soft scalar masses as

dm2
i

dt
=
dm2

i

dt

∣

∣

∣

∣

MSSM

+ γ(t)m2
i . (41)

Explicitly, the RG equations are
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8π2
dm2

Q

dt
= ξt + ξb −

16

3
g23M

2
3 − 3g22M

2
2 − 1

15
g21M

2
1 +

1

5
g21ξ1 + 8π2γm2

Q, (42)

8π2 dm
2
U

dt
= 2ξt −

16

3
g23M

2
3 − 16

15
g21M

2
1 − 4

5
g21ξ1 + 8π2γm2

U , (43)

8π2 dm
2
D

dt
= 2ξb −

16

3
g23M

2
3 − 4

15
g21M

2
1 +

2

5
g21ξ1 + 8π2γm2

D, (44)

8π2 dm
2
L

dt
= ξτ − 3g22M

2
2 − 3

5
g21M

2
1 − 3

5
g21ξ1 + 8π2γm2

L, (45)

8π2 dm
2
E

dt
= 2ξτ − 12

5
g21M

2
1 +

6

5
g21ξ1 + 8π2γm2

E , (46)

8π2 dm
2
Hu

dt
= 3ξt − 3g22M

2
2 − 3

5
g21M

2
1 +

3

5
g21ξ1 + 8π2γm2

Hu
, (47)

8π2
dm2

Hd

dt
= 3ξb + ξτ − 3g22M

2
2 − 3

5
g21M

2
1 − 3

5
g21ξ1 + 8π2γm2

Hd
, (48)

where

ξt = y2t (m
2
Hu

+m2
Q +m2

U +A2
t ), (49)

ξb = y2b (m
2
Hd

+m2
Q +m2

D +A2
b), (50)

ξτ = y2τ (m
2
Hd

+m2
L +m2

E +A2
τ ), (51)

and

ξ1 =
1

2

{

m2
Hu

−m2
Hd

+ Tr(m2
Q − 2m2

U +m2
D +m2

E −m2
L)
}

. (52)

The trace here means sum over the generations. Within
our approximation only the (3, 3) family component of
the three Yukawa matrices, yt, yb, yτ , are set to be non-
zero. The corresponding non-zero components of the
three trilinear A-term matrices are At, Ab, Aτ .
The above equations for the squarks and sleptons ap-

ply to the 3rd family; the equations for the 1st and the
2nd families are obtained from above by discarding the
Yukawa and the A-term contributions (i.e. setting the ξt,
ξb, ξτ terms to be zero). All the other RG equations (the
gauge couplings, the gaugino masses, the Yukawa cou-
plings and the A-terms) are not affected by the hidden
sector and are given e.g. in [19].

B. The models of hidden-visible couplings

In the preceding section we described the N = 2 su-
persymmetric SU(2) × U(1) gauge theory with Nf = 2
matter hypermultiplets. Now let us use this as the hid-
den sector and discuss how it can affect the RG flow of
the MSSM sector within the GMSB scenario. There are
3 singular points in the hidden sector as shown in Fig.1.
Their positions in the a1-u moduli space are given by
(30). As energy scale changes the singular points move
on the a1-u plane. The RG flow in the hidden sector is

-4 -2 0 2 4

0.5

1.0

1.5

AD point

a1

u

u1

u3

u2

FIG. 3: Flows of potential minima along the two dyon singular
points.

understood as a flow in the a1-u plane. A natural choice
of RG flow in a multidimensional moduli space is along a
trough of potential [20, 21]. In our model there are two
possible troughs: one along the left dyon singularity, and
the other along the quark singularity connected to the
right dyon singularity below the AD point. We shall an-
alyze RG flows along the singular points u1 and u2 from
UV (Fig.3), as both u1 and u2 flow to the SUSY break-
ing vacuum in the IR. Along these flows, u1 and u2 are
related to a1 by (30) and renormalized quantities such as
the gauge coupling constant are all functions of a1. We
will choose a1 as the renormalization scale and identify
it with µ in the RG analysis, with appropriate rescaling.

The messenger fields Ψ and Ψ̃ charged under the
MSSM gauge groups may couple to the hidden sector
fields in various ways. We consider the following 2 cases:

(1) Coupling to A1 – We choose the superpotential of
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the messenger fields Ψ, Ψ̃ as

Wmess = A1ΨΨ̃ +MmΨΨ̃. (53)

Here, Mm is the messenger mass which is taken to
be 1013 GeV in the numerics. The hidden sector
field X is A1 and its boundary condition at the
SUSY breaking vacuum is 〈X〉 = 〈A1〉 = 0. The
breaking scale is 〈F1〉 ∼ λ.

(2) Coupling to A2 – The messenger superpotential is

Wmess =
u

Mc
ΨΨ̃ +MmΨΨ̃, (54)

where Mm is the messenger mass as above, and
u = Tr(A2

2). The mass scale Mc has been in-
troduced since u is a higher dimensional opera-
tor. The hidden sector field is X = u/Mc. The
boundary condition at the SUSY breaking vacuum
is 〈u〉 = −Λ2/8. The breaking scale is 〈F2〉 ∼ λ.

Note that 〈X〉 is much smaller than Mm and does not
affect the GMSB boundary conditions (33), (34). The
hidden sector field X undergoes wave function renormal-

ization as X → Z
−1/2
X X . The anomalous dimension is

written using the coefficient ZX as

γ(t) = −nXµ
d

dµ
lnZX = −nX

d

dt
lnZX , (55)

where nX is the scaling dimension of the operator coupled
to the messenger field (nX = 1 for X = A1 and nX = 2
for X = u/Mc). Using this in (37) we obtain,

ki(t) = ki(0)

(

ZX(0)

ZX(t)

)nX

+
1

16π2

3
∑

a=1

8Ca
2 (Rl)

∫ 0

t

dsg6a(s)

(

ZX(s)

ZX(t)

)nX

Ga.(56)

The wave function renormalization is induced by change
of the Kähler metric in the hidden sector. The coefficient
ZX is identified with bij of (21). In the A1-coupled case
for example,

ZA1
=

∂2K

∂A1∂A
†
1

=
1

8π
Im

∂2

∂A1∂A
†
1

( ∂F
∂A1

A†
1

)

= b11.

(57)
Similarly, in the A2-coupled case we have ZA2

= b22.
While the semiclassical picture is only applicable in the
UV regions, we can follow the RG flow down to IR since
b11 and b22 are globally solved using the exact method.

IV. NUMERICAL RESULTS

In this section we analyze the RG flows of the MSSM
scalar masses for the models (53) and (54). We solve the
RG equations (42)-(48) numerically along the two possi-
ble flows u1 and u2 of Fig.3. The coupling to the hidden

sector affects the MSSM RG flows between the messen-
ger scale µ =Mm and the hidden sector scale µ =Mhid,
through the anomalous dimension γ(t). We first evalu-
ate the anomalous dimension (55) and the wave function
renormalization scale (57). We follow the conventions of

Sec. II C and set the dynamical scale to be Λ = 2
√
2,

and then rescale it in order to suit the minimal GMSB
scenario with high messenger scale.
In our numerical calculations we made following ap-

proximations that are standard in the GMSB RG analy-
sis: only the (3, 3) family component of the three Yukawa
matrices, and only the (3, 3) family component of the tri-
linear A-term matrices, are set to be non-zero. The latter
are assumed to vanish at the messenger scale. We use fol-
lowing values: tanβ = 10, the soft mass scale MS = 500
GeV, and the messenger scale Mm = 1013 GeV. The
hidden sector scale is Mhid = 〈FX〉1/2 = 109 GeV, above
which the hidden sector degrees of freedom are integrated
out.

A. A1-coupled messenger

1. Flow along the left dyon singularity

Along the flow u1, the wave function renormalization
scale and the anomalous dimension are

ZA1
= b11(u1(a1), a1)

∣

∣

∣

a1=µ
, (58)

γA1
= −a1

d

da1
ZA1

(u1(a1), a1)
∣

∣

∣

a1=µ
. (59)

In Fig.4 we show numerical plots of (58) and (59) along

the renormalization scale µ, with Λ = 2
√
2. In the

phenomenological setting we rescale µ → (109/M̃hid)µ,

where M̃hid = 0.2 is the hidden scale before rescaling1.
The RG equations (42)-(48) are then solved numerically,
using the anomalous dimension (59) with the rescaled µ.
The results are shown in Fig.5 for the slepton and squark
masses, with and without the hidden sector effects. For
both sleptons and quarks, the hidden sector effects are
seen to decrease the masses, as the scale goes down from
the messenger to the hidden scale. This behavior is un-
derstood by looking at Eqn. (56). The effects of the
hidden sector come in ZX(0)/ZX(t) and ZX(s)/ZX(t).
The contribution from the latter (the 2nd term of (56))
is suppressed by the gauge coupling constants, and thus
the dominant contribution is from the former (the 1st
term). We see from Fig.4 that ZA1

(0)/ZA1
(t) < 1, lead-

ing to the smaller masses of Fig.5.

1 For M̃hid . 0.2 the condensations (29) around the left and
right dyon points overlap, signaling the breakdown of the local
low energy effective theory description. For this reason we shall
adopt M̃hid = 0.2 when analyzing the left dyon singularity, also
in the A2-coupled model below.
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FIG. 4: The wave function renormalization coefficient Z = b11 (left) and the anomalous dimension γ (right) along the flow u1

in the A1-coupled model.
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FIG. 5: The mass RG flows for the 1st and 3rd generation sleptons (the left panel) and squarks (right panel), with (γ 6= 0) and
without (γ = 0) hidden sector effects. Here, the messenger is coupled to A1, and γ is the anomalous dimension for A1 shown

in Fig.4. The flow is taken along the u1 (left dyon) singularity. We have rescaled µ → (109/M̃hid)µ, where M̃hid = 0.2 is the
hidden scale before rescaling. We have chosen Mhid = 109 GeV (the vertical dashed line), Mm = 1013 GeV, and tan β = 10.

0.5 1.0 1.5 2.0

1.00

1.01

1.02

1.03

10log µ

Z

0.5 1.0 1.5 2.0

0.004

0.006

0.008

0.010

0.012

10log µ

γ

FIG. 6: The wave function renormalization coefficient Z = b11 (left) and the anomalous dimension γ (right) along the flow u2

in the A1-coupled model.
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FIG. 7: The mass RG flows for the 1st and 3rd generation sleptons (the left panel) and squarks (right panel), with (γ 6= 0) and
without (γ = 0) hidden sector effects. The vertical dashed line indicates the hidden scale Mhid = 109 GeV. The messenger is

coupled to A1 and the flow is taken along the u2 (right dyon) singularity. We have rescaled µ → (109/M̃hid)µ, where M̃hid = 1.2.
We have chosen Mm = 1013 GeV and tan β = 10.

2. Flow along the right dyon singularity

We next consider the RG flows of the MSSM scalar
masses along u2. In this case, the flow is somewhat com-
plicated as it contains the AD point. At the AD point
(µ = a1 = 1 in our scale Λ = 2

√
2) the theory becomes

superconformal and the local effective theory description
breaks down. In our analysis we set the hidden scale
to be M̃hid = 1.2, i.e. above the AD point so that the
hidden sector dynamics at the AD point does not con-
tribute to the RG flow. In this case the wave function
renormalization coefficient and the anomalous dimension
are

ZA1
= b11(u2(a1), a1)

∣

∣

∣

a1=µ
, (60)

γA1
= −a1

d

da1
ZA1

(u2(a1), a1)
∣

∣

∣

a1=µ
. (61)

These are shown in Fig.6. Numerical solutions to the RG
equations (42)-(48), with rescaling µ→ (109/M̃hid)µ, are
shown in Fig.7. We see from the messenger scale down
to the hidden scale the hidden sector effects render both
slepton and squark masses smaller. Like in the u1 case,
this is due to ZA1

(0)/ZA1
(t) < 1 in Eqn. (56).

B. A2-coupled messenger

1. Flow along the left dyon singularity

Let us discuss the A2-coupled mass RG flow (54). We
first consider the flow along u1. In this model, the wave
function renormalization coefficient and the anomalous

dimension are

ZA2
= b22(u1(a1), a1)

∣

∣

∣

a1=µ
, (62)

γA2
= −2a1

d

da1
ZA2

(u1(a1), a1)
∣

∣

∣

a1=µ
. (63)

These are shown in Fig.8. In contrast to the previous
examples we see that ZA2

increases as the scale goes up
to µ = 1 and monotonically decreases above that scale.
Accordingly, γA2

changes its sign at µ = 1. Fig.9 shows
the mass RG flows of the sleptons and the squarks, ob-
tained by setting µ → (109/M̃hid)µ and M̃hid = 0.2. In
this setting, we see that the hidden sector gives rise to
different effects on the MSSM mass spectrum for µ > M ′

and µ < M ′, whereM ′ = 5×109 GeV is the energy scale
corresponding to µ = 1 before rescaling. When M ′ <
µ < Mm, the effect of the hidden sector is to decrease
the scalar masses, which is understood from (56) with
ZA2

(0)/ZA2
(tM ′) < 1 (where tµ ≡ ln(µ/Mm)), the same

effect as in the A1-coupled model. For M̃hid < µ < M ′

the effect of the hidden sector increases the soft scalar
masses, resulting from Z(tM ′)/Z(tMhid

) > 1. In fact,
the scale M ′ is considered to be a boundary between the
weak and strong coupling regions. The messenger fields
are coupled to u/Mc, where u = Tr(A2

2) semiclassically
and A2 is a good variable in the weak coupling region.
We have extrapolated ZA2

= b22 down to the strong cou-
pling region using the exact solution. Below the scale
M ′ the nature of the coupling changes, leading to the
increasing effect of the MSSM scalar masses.

2. Flow along the right dyon singularity

Finally we consider the A2-coupled model along the
flow u2. As in the A1-coupled case along u2, we take
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FIG. 8: The wave function renormalization coefficient Z = b22 (left) and the anomalous dimension γ (right) along the flow u1

in the A2-coupled model.
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scale before rescaling M̃hid = 0.2. We have chosen Mm = 1013 GeV and tan β = 10.
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FIG. 11: The mass RG flows for the 1st and 3rd generation sleptons (the left panel) and squarks (right panel), with (γ 6= 0)
and without (γ = 0) hidden sector effects. The vertical dashed line indicates the hidden scale Mhid = 109 GeV. The messenger

is coupled to A2 and the flow is taken along the u2 (right dyon) singularity. We have rescaled µ → (109/M̃hid)µ, with the

hidden scale before rescaling M̃hid = 1.2. We have chosen Mm = 1013 GeV and tan β = 10.

the hidden scale to be M̃hid = 1.2 so that the dynam-
ics around the AD point µ = 1 does not contribute to
the mass RG flow. The wave function renormalization
coefficient and the anomalous dimension,

ZA2
= b22(u2(a1), a1)

∣

∣

∣

a1=µ
, (64)

γA2
= −2a1

d

da1
ZA2

(u2(a1), a1)
∣

∣

∣

a1=µ
, (65)

above M̃hid = 1.2 are shown in Fig.10. In this case,
the anomalous dimension rapidly increases as the scale
approaches M̃hid from a higher scale. Numerical so-
lutions to the RG equations (42)-(48), with rescaling

µ→ (109/M̃hid)µ, are shown in Fig.11. We see that both
slepton and squark masses are decreased as the scale goes
down fromMm to M̃hid. We observe sharp decline of the
mass RG flow near M̃hid, which is expected from the be-
havior of the anomalous dimension.
In the numerical study we chose M̃hid = 1.2 in order

to avoid the AD point where the local effective theory
description becomes unreliable. If we nevertheless take
M̃hid close to the AD point and take the results at face
value, we have extremely large anomalous dimension and
very steep decline of the mass RG flow. If this is indeed
the case it is phenomenologically very interesting, since
the lightest scalar tau (stau) can easily be lighter than
the bino, leading to rich implications in collider physics
[4]. Furthermore, with the large anomalous dimension
one may possibly solve the µ problem of the GMSB sce-
nario [22, 23]. While a reliable effective theory at the
AD point is lacking at the moment, it would certainly be
worthwhile investigating these possibilities further.
In the present setting with M̃hid = 1.2 and tanβ =

10, we have the stau mass mτ̃ = 167.8 GeV and the
bino mass M1 = 134.9 GeV at the low energy. We find
that the stau can be lighter than the bino with moderate

values of tanβ: with tanβ = 25, for example, we have
stau mass mτ̃ = 132.9 GeV and bino mass M1 = 134.9
GeV.

V. SUMMARY AND DISCUSSIONS

In this paper we discussed how a strongly coupled hid-
den sector dynamics may affect the MSSM low energy
mass spectrum, using a calculable model of hidden sec-
tor and the minimal GMSB scenario as a concrete ex-
ample. We found that the effects on the RG flow are
qualitatively different from the perturbative toy model
cases discussed in [3, 4]. In our strongly coupled exam-
ple the hidden sector effects can make the scalar masses
larger or smaller, depending sensitively on the coupling
of the messenger fields to the hidden sector fields, as well
as on the dynamics of the hidden sector itself; this is in a
stark contrast to the perturbative case where the scalar
masses can only be smaller. In fact, this feature is not
quite surprising since non-abelian gauge fields have dif-
ferent RG behavior than scalar fields or abelian gauge
fields. We expect our finding to be generic in strongly
coupled hidden sector models.
Let us touch upon some phenomenological implications

of the A1- and A2-coupled examples given in Sec.III B.
These two models are actually quite different. In the
A1-coupled model (53) the gravitino mass is

m3/2 ∼ 〈FA1
〉√

3MPl

, (66)

which is m3/2 ∼ 1 GeV with our parameter values

(MPl = 2.4 × 1018 GeV is the reduced Planck mass).
The gravitino of this mass is the lightest superparticle
(LSP) and it is a good candidate of cold dark matter.
For typical neutralino mass range of a few hundred GeV,
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this gravitino mass is marginally compatible with the
Big-Bang nucleosynthesis (BBN) bound [24]. In the A2-
coupled model (54) on the other hand, the gravitino mass
is evaluated as

m3/2 ∼ 〈FA2
〉√

3MPl

=
Mc

Λ

〈FX〉√
3MPl

∼ Mc

Λ
× (1 GeV), (67)

where
√

〈FX〉 ∼ 109 GeV is assumed. IfMc/Λ & O(100),
the gravitino cannot be the LSP anymore and in this case,
the usual neutralino LSP scenario is applicable. For the
parameter set in Fig.10, we have m3/2 ∼ 1 TeV.
Finally, the RG analysis presented in this paper is also

possible for other models of strongly coupled hidden sec-
tor, as long as they are of perturbed Seiberg-Witten type
and the Kähler metric is calculable. The hidden sector
RG provides a test bed for studying dynamics of the hid-
den sector and the mechanism of SUSY breaking on ob-
servational basis, and it is certainly very interesting to
discuss phenomenological implications of various hidden
sector models.
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Appendix A: N = 2 technicalities

In this Appendix we give technical details of the N = 2
supersymmetric QCD that are used in actual computa-
tions of the hidden sector [12, 13]. A basic assumption
on our hidden sector model described in Sec.II C is that
the FI term parameter λ is much smaller than the SU(2)
dynamical scale Λ and the Landau pole ΛL is much larger
than the SU(2) dynamical scale, namely,

λ2 ≪ Λ ≪ ΛL. (A1)

This implies that the FI term is treated as perturbation,
and that the U(1) gauge coupling is always weak in scales
below the Landau pole a1 < ΛL so the SU(2) coupling
is not affected by the U(1) dynamics. Then the analytic
properties of theN = 2 SU(2) gauge theory is not spoiled
by the FI term nor by the U(1) part.
Below we consider only the supersymmetric part of the

action LSUSY = LVM+LHM, assuming that the FI term is
negligible. We shall focus on the Coulomb branch. The

vector multiplet scalars a2, a1 and their dual variables
a2D, a1D undergo Sp(4,R) duality transformation [8].
The subgroup of Sp(4,R) that leaves the action invariant
is in the form [9, 10]:






a2D
a2
a1D
a1






7→







α β 0 p
γ δ 0 q

pγ − qα pδ − qβ 1 −pq
0 0 0 1













a2D
a2
a1D
a1






,

(A2)
where

(

α β
γ δ

)

∈ SL(2,Z) (A3)

and p, q ∈ Q. A crucial observation here is that the
(a2D, a2, a1) part of the monodromy transformations is
identical to that of the N = 2 supersymmetric QCD
with gauge group SU(2) and two massive hypermulti-

plets, where the masses are taken to bem1 = m2 =
√
2a1.

This is consistent with our assumption that the SU(2)
gauge dynamics is intact. The prepotential implied by
the monodromy transformation naturally contains the
prepotential of the N = 2 supersymmetric QCD [8] with
Nf = 2 massive hypermultiplets and gauge group SU(2),

F(A2, A1,Λ,ΛL)

= FSW
SU(2)(A2,m1,m2,Λ)

∣

∣

∣

m1=m2=
√
2A1

+
1

2
CA2

1. (A4)

The first term is the supersymmetric QCD part, and the
second is a U(1) contribution where the parameter C is
determined by the relative scale between ΛL and Λ.
The periods a2 and a2D are obtained from the ellip-

tic curve of the N = 2 supersymmetric QCD with two
massive hypermultiplets,

y2 =

(

x2 − Λ4

64

)

(x− u) +
1

4
m1m2Λ

2x− Λ4

64
(m2

1 +m2
2),

(A5)

where u = TrA2
2, and m1 = m2 =

√
2a1 now. The

Seiberg-Witten differential is

λSW = −
√
2

4π

ydx

x2 − 1
64Λ

4
, (A6)

and the periods are given by the contour integrals,

a2D =

∮

γ1

λSW, a2 =

∮

γ2

λSW. (A7)

The cycles γ1, γ2 are to be specified below. It is conve-
nient to change the variables as x = 4X+ 1

3u and y = 4Y
so that the curve (A5) is uniformized in the Weierstrass
form,

Y 2 = 4X3−g2X−g3 = 4(X−e1)(X−e2)(X−e3), (A8)
with

g2 =
1

16

(

4

3
u2 +

Λ4

16
− 2a21Λ

2

)

,

g3 =
1

16

(

a21Λ
4

16
− a21Λ

2

6
u− Λ4

96
u+

2

27
u3
)

, (A9)
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and the three roots are

e1 =
u

24
− Λ2

64
− 1

8

√

(u+
Λ2

8
)2 − 2a21Λ

2,

e2 =
u

24
− Λ2

64
+

1

8

√

(u+
Λ2

8
)2 − 2a21Λ

2,

e3 = − u

12
+

Λ2

32
. (A10)

The three singular points (30) arise when two of these
roots coincide. With the change of variables the Seiberg-
Witten differential becomes

λSW =

√
2

4π

dX

Y

(

2

3
u− 4X − 1

8

a21Λ
2

X − c

)

, (A11)

with

c = − u

12
− Λ2

32
. (A12)

The contours of the integrals (A7) are fixed by the asymp-
totic behavior of the periods,

a2D ∼ i

2π

√
2u ln

u

Λ2
, a2 ∼

√
2u

2
, (A13)

in the region u→ ∞; the correct contours turn out to be
that γ1 encircles {e2, e3} and γ2 encircles {e1, e3}. The
periods are now expressed as

a2D =

√
2

4π

(

4

3
uI

(1)
1 − 8I

(1)
2 − a21Λ

2

4
I
(1)
3 (c)

)

, (A14)

a2 =

√
2

4π

(

4

3
uI

(2)
1 − 8I

(2)
2 − a21Λ

2

4
I
(2)
3 (c)

)

+ a1, (A15)

using integrals

I
(i)
1 =

1

2

∮

γi

dX

Y
, I

(i)
2 =

1

2

∮

γi

XdX

Y
,

I
(i)
3 (c) =

1

2

∮

γi

dX

Y (X − c)
. (A16)

It is convenient to express the integrals using the Weier-
strass functions through the Abel-Jacobi map:

(℘(z), ℘′(z)) 7→ (X,Y ). (A17)

This is a map from C/Γ to the curve (A8), where Γ is the
lattice spanned by periods ω1 and ω2. The Weierstrass
σ, ζ, and ℘ functions are

σ(z) = z
∏

w∈Γ∗

(

1− z

w

)

exp

{

z

w
+

1

2

( z

w

)2
}

,

ζ(z) =
d lnσ(z)

dz
, ℘(z) = −dζ(z)

dz
, (A18)

where Γ∗ = Γ− {0}. The function ℘(z) is even whereas
ζ(z) and σ(z) are odd. Introducing ω3 = −ω1 − ω2,

the half periods are related to the three roots (A10) as
ei = ℘(ωi/2), i = 1, 2, 3. Denoting also ηi = ζ(ωi

2 ), the
following relations are well known:

e1 + e2 + e3 = 0, (A19)

η1 + η2 + η3 = 0, (A20)

ω1η2 − ω2η1 = ω2η3 − ω3η2 = ω3η1 − ω1η3 = πi. (A21)

The last identities are known as Legendre’s relations.
Following relations are also well known:

℘′(z0)

℘(z)− ℘(z0)
= 2ζ(z0)− ζ(z + z0)− ζ(z − z0), (A22)

σ(z + ωi) = −σ(z) exp[ηi(2z + ωi)]. (A23)

The inverse of (A17) is

z =

∫ p

∞

dX

Y
= − 1√

e2 − e1
F (φ, k), (A24)

where F (φ, k) is the incomplete elliptic integral of the
first kind and k2 = (e3 − e1)/(e2 − e1), sin

2 φ = (e2 −
e1)/(p−e1). The integrals (A16) are expressed using the
Weierstrass functions as (i = 1, 2)

I
(i)
1 =

∫ −ω3
2

ω3−i

2

dz =
1

2
ωi, (A25)

I
(i)
2 =

∫ −ω3
2

ω3−i

2

℘(z)dz = −ηi, (A26)

I
(i)
3 (c) =

∫ −ω3
2

ω3−i

2

dz

℘(z)− ℘(z0)
=
ωiζ(z0)− 2ηiz0

℘′(z0)
,(A27)

where z0 is the point on C/Γ such that X = ℘(±z0) = c,

Y = ℘′(±z0) = ±ia1Λ2/8
√
2.

Below we describe a way of computing the matrix [9,
12, 13],

τij =
∂2F
∂ai∂aj

=
∂aiD
∂aj

. (A28)

The computation of τ22 is straightforward. We have

τ22 =
∂a2D
∂a2

∣

∣

∣

∣

a1

=
∂a2D
∂u

∣

∣

∣

∣

a1

∂u

∂a2

∣

∣

∣

∣

a1

=
I
(1)
1

I
(2)
1

=
ω1

ω2
. (A29)

Similarly,

τ21 =
∂a2D
∂a1

∣

∣

∣

∣

a2

=
∂a2D
∂a1

∣

∣

∣

∣

u

− τ22
∂a2
∂a1

∣

∣

∣

∣

u

= −
√
2Λ2a1
16π

(

I
(1)
3 (c)− ω1

ω2
I
(2)
3 (c)

)

− τ22

= −2z0
ω2

− τ22, (A30)

where (A21) and (A27) have been used. For computing
τ11 we start with the Euler relation,

2F = a1a1D + a2a2D + Λ
∂F
∂Λ

, (A31)
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which follows from the fact that the N = 2 prepotential
is a homogeneous function of degree 2. The last term is
proportional to the 1-loop beta function [25–28] and in
our case of color Nc = 2 and flavor Nf = 2,

Λ
∂F
∂Λ

=
2Nc −Nf

4πi
u =

u

2πi
. (A32)

Differentiating (A31) with respect to a1 one obtains,

a1D = a1τ11 + a2τ21 −
1

2πi

∂u

∂a2

∣

∣

∣

∣

a1

∂a2
∂a1

∣

∣

∣

∣

u

. (A33)

On the RHS,

∂u

∂a2

∣

∣

∣

∣

a1

=

(

∂a2
∂u

∣

∣

∣

∣

a1

)−1

=
8π√
2ω2

, (A34)

∂a2
∂a1

∣

∣

∣

∣

u

= −
√
2a1Λ

2

16π
I
(2)
3 (c) + 1, (A35)

and a2 is (A15) with the integrals given by (A25), (A26),
(A27). In order to evaluate a1D on the LHS, we use the
reciprocity law [29] for differentials of the first kind (a
holomorphic 1-form) χ, and the third kind (a meromor-
phic form with single poles) ψ, on a genus one Riemann
surface,

∮

γ2

χ

∮

γ1

ψ −
∮

γ1

χ

∮

γ2

ψ = 2πi
∑

n

(

Resx+
n
ψ
)

∫ x+
n

x−

n

χ,

(A36)
where x+n and x−n are the poles on the positive and nega-
tive Riemann sheets. Applying this to χ = ∂λSW/∂a2|a1

and ψ = ∂λSW/∂a1|u, we have

∂a1D
∂a2

∣

∣

∣

∣

a1

=
∂a2D
∂a1

∣

∣

∣

∣

u

− ∂a2D
∂a2

∣

∣

∣

∣

a1

∂a2
∂a1

∣

∣

∣

∣

u

= −
∫ x+

0

x−

0

∂λSW

∂a2

∣

∣

∣

∣

a1

, (A37)

where x±0 = ℘(±z0) on the two Riemann sheets for the
point X = c. Integrating, we obtain

a1D = −
∫ x+

0

x−

0

λSW + C̃(a1), (A38)

with C̃(a1) the constant of integration. The integral can
be expressed using the Weierstrass functions as

∫ x+

0

x−

0

dX

Y
=

∫ z0

−z0

dz = 2z0, (A39)

∫ x+

0

x−

0

XdX

Y
=

∫ z0

−z0

℘(z)dz = −2ζ(z0), (A40)

∫ x+

0

x−

0

dX

Y (X − c)
=

∫ z0+ǫ

−z0−ǫ

dz

℘(z)− ℘(z0)

=
2

℘′(z0)
[2z0ζ(z0)− lnσ(2z0) + lnσ(ǫ)] , (A41)

where the last integral is divergent and the regulator ǫ has
been introduced. It is possible to pass on the divergence
to the integration constant and C̃(a) is now related to

C of (A4) as C̃(a1) = a1(C + i
π lnσ(ǫ)). Inserting these

expressions into (A33) we finally obtain,

τ11 =
i

π

(

lnσ(2z0)− 4z20
η2
ω2

)

− 2τ21 − τ22 + C.(A42)

In the numerical computations we have set C = 8πi
which corresponds to ΛL/Λ ∼ 1017−18.
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