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We study the evolution of matter density perturbations in Galileon cosmology where the late-time
cosmic acceleration can be realized by a field kinetic energy. We obtain full perturbation equations
at linear order in the presence of five covariant Lagrangians £; (i = 1,--- ,5) satisfying the Galilean
symmetry O,¢ — 0,¢ + by in the flat space-time. The equations for a matter perturbation as well
as an effective gravitational potential are derived under a quasi-static approximation on sub-horizon
scales. This approximation can reproduce full numerical solutions with high accuracy for the wave-
lengths relevant to large-scale structures. For the model parameters constrained by the background
expansion history of the Universe the growth rate of matter perturbations is larger than that in the
ACDM model, with the growth index v today typically smaller than 0.4. We also find that, even
on very large scales associated with the Integrated-Sachs-Wolfe (ISW) effect in Cosmic Microwave
Background (CMB) temperature anisotropies, the effective gravitational potential exhibits a tem-
poral growth during the transition from the matter era to the epoch of cosmic acceleration. These
properties are useful to distinguish the Galileon model from the ACDM in future high-precision
observations.

I. INTRODUCTION

The large-distance modification of gravity has received much attention as a possible explanation for the cosmic
acceleration today @] Many modified gravitational models of dark energy have been already proposed-including
those based on f(R) gravity ﬂ], scalar-tensor theories B], Gauss-Bonnet gravity and its generalizations M], Dvali-
Gabadazde-Porrati (DGP) braneworld [5], and Galileon gravity [6]. In f(R) gravity, for example, the viable models
[7] are designed to have a large mass of a scalar gravitational degree of freedom (“scalaron” [§]) in the regions of
high density for the compatibility with local gravity experiments. In this case, as long as the so-called chameleon
mechanism [9] is at work, the interaction between the scalaron and baryons can be suppressed to satisfy local gravity
constraints [10].

There is another mechanism to decouple the fifth force from baryons at short distances even in the absence of the
scalar-field potential. Nonlinear effects of field self-interactions can allow the recovery of General Relativity (GR)
inside a so-called Vainshtein radius ﬂﬂ] In the DGP model a longitudinal graviton (i.e. a brane-bending mode ¢)
gives rise to the self-interaction of the form (r2/mp) O¢(0"$d,¢) through the mixing with a transverse graviton,
where 7. is a cross-over scale of the order of the Hubble radius H ! today and mp1 is the Planck mass ﬂﬁ] In the
local region where the energy density p is much larger than r_ 2m§1 the nonlinear self-interaction can lead to the
decoupling of the field from matter. However the DGP model suffers from a ghost problem ﬂﬁ], in addition to the
difficulty for consistency with the combined data analysis of Supernovae Ia (SN Ia) and Baryon Acoustic Oscillations
(BAO) [L4].

The self-interacting Lagrangian O¢(0" ¢0,¢) appearing in the DGP model satisfies the Galilean symmetry 9,,¢ —
Ou® + by, in the Minkowski background. Imposing the Galilean symmetry in the flat space-time one can show that the
field Lagrangian consists of five terms Ly, - - , L5, where the term T¢(9¢d,¢) corresponds to L3 [6]. In Refs. [15]
these terms were extended to covariant forms in the curved space-time. Moreover one can keep the equations of
motion up to the second-order, while recovering the Galileon Lagrangian in the Minkowski space-time. This property
is welcome to avoid the appearance of an extra degree of freedom associated with ghosts.

In Refs. ﬂE, ] two of the present authors studied the cosmological dynamics of covariant Galileon theory in the
presence of the terms up to L5 (see Refs. [18]-[39] for related works). There exist de Sitter (dS) solutions responsible
for dark energy driven by the field kinetic energy. Refs. ﬂE, |ﬂ] also clarified the viable model parameter space in
which the appearance of ghosts and instabilities of scalar and tensor perturbations can be avoided.

In the covariant Galileon cosmology the solutions finally converge to a common trajectory (tracker), which is
characterized by the evolution ¢ o H~' (H is the Hubble parameter) [16]. The epoch at which the solutions
approach the tracker depends on the initial conditions of the variable 1 = ¢qsHas / ((bH ), where the subscript “dS”
represents the values at the dS point. For smaller initial values of r; the approach to the tracker, characterized by
r1 = 1, occurs later. In Ref. @] it was shown that the combined data analysis of SN Ia, BAO, and the CMB shift
parameter tends to favor a late-time tracking behavior around the present epoch. This comes from the fact that the
dark energy equation of state wpg ~ —2, which corresponds to the one for the tracker during the deep matter era
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ﬂﬁ], is difficult to be compatible with a number of observations.

In order to constrain the Galileon model further, it is important to know the evolution of cosmological perturbations
from the matter era to the epoch of cosmic acceleration. In particular, the modified growth of matter perturbations
O, affects the matter power spectrum as well as the weak lensing spectrum M] Moreover the modification of gravity
manifests itself for the evolution of the effective gravitational potential ®.¢ related with the ISW effect in CMB
anisotropies. In this paper we shall derive the equations of cosmological perturbations in the presence of the five
Galileon terms £; (i = 1,---,5) and numerically integrate them to find observational signatures of the Galileon
model. We also obtain convenient forms of the effective gravitational coupling G.g and the anisotropic parameter 7
between two gravitational potentials, under a quasi-static approximation for the modes deep inside the Hubble radius.

This paper is organized as follows. In Sec. [[Il we review the Galileon cosmology in the flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) background. In Sec. [[IIl the equations of cosmological perturbations in the Galileon model
are derived in the presence of non-relativistic matter. In Sec. [¥] we obtain the equations for 4,, and ®.g under
a quasi-static approximation on sub-horizon scales. In Sec. [V] we present numerical results for the evolution of
perturbations by integrating the full equations of motion for the wave numbers relevant to large-scale structures and
CMB anisotropies. Sec. [Vlis devoted to conclusions.

II. BACKGROUND GALILEON COSMOLOGY

Let us consider the following action

S:/d4x\/—_g
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where g is a determinant of the space-time metric g,,,, My = (87G)~'/2 is the reduced Planck mass (with G being
gravitational constant), R is a Ricci scalar, and ¢; are constants. The five covariant Lagrangians £; (i = 1,---,5) are
given by [15]

Li=M¢, Ly=(V¢)?, Lz=(0¢)(Ve)/M°,
Ly = (V¢)2 [2(D¢)2 - 2¢;HV¢WJ - R(V¢)2/2] /Mﬁv
Ls= (V¢)2[(D¢)3 - 3(D¢) ¢;MV¢WU + 2¢;uy¢;1’p¢;p# - 6¢;u¢;w¢;pGVp]/M9 ’ (2)

where M is a constant having a dimension of mass, and G, is the Einstein tensor. These Lagrangians respect the
Galilean symmetry in the Minkowski space-time. Moreover the field equations are kept up to the second-order in time
derivatives. The last term, p,,, represents the pressure of a perfect fluid whose energy density and equation of state
are pp, and w = py, /pm, respectively. The pressure depends on a chemical potential i = (o + pm)/n (n is a number
density) and an entropy per particle s.

Since we are interested in the evolution of matter density perturbations long after the radiation-domination, we
take into account a non-relativistic fluid (w ~ 0) only in the following discussion. In the FLRW space-time with the
scale factor a(t), the variation of the action () leads to the background equations [1d, [17):

3MMH? = pow + P (3)
3M2H? +2M2AH = —ppE (4)
where H = a/a is the Hubble parameter (a dot represents a derivative with respect to cosmic time ¢), and
ppE = —c1M3$/2 — c30%)2 + 3csHP? /M> — 45¢4a H2 9 | (2MO) + 21e5 H3$° /M°, (5)
poE = aAM3¢)2 — c20? )2 — 302G/ M + 3¢40°[8HG + (3H? 4+ 2H) ]/ (2M®) — 3cs HO* [5H + 2(H? + H)p) /M (6)

The non-relativistic fluid satisfies the continuity equation p,,, + 3Hp,, = 0.

We shall consider the case in which the late-time cosmic acceleration is realized by the field kinetic terms, i.e.
¢1 = 0. There is a de Sitter (dS) solution characterized by H = Hgg = constant and ¢ = ¢gg = constant. From
Eqgs. @) and (@) it then follows that

coxig =6+ 9a — 123, (7)
ca3xhg =2+ 9a — 93, (8)



where 245 = q'SdS/(HdSMpl) and

a = cyrly, B=csals- 9)

We normalize the mass M to be M3 = Mlegs. Since Hgs is of the order of the present Hubble parameter (Hy =
10750M,), we have that M ~ 10740M,,).
In order to discuss the cosmological dynamics, it is convenient to introduce the following variables
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At the dS point we have r1 = 1 and ro = 1. The Friedmann equation (B can be written as Qpg + Q,, = 1, where
Qn = pm/(3MZH?) and

PDE 1 15
Qpg = W = —5(2 +3a — 4B)riry + (2 + 9a — 98)riry — 5 OT1T2 + 7Bry. (11)

We also obtain the autonomous equations

o= % (ri = 1) [r1 (M (=3a+46 — 2) + 6 — 55) — 50]
x [18 + 3ra (r}(—3a+ 48 — 2) +2rf (9a — 98 + 2) — 15r1a + 148)] | (12)
rh o= —%[m(m%(m(%a? — 49+ 2)B 4 368%) + T(9a — 98 + 2)) + 13 (—66(3a — 48 + 2)

—3ry(—2(201cr + 89)8 + 15a(9a + 2) + 3565%)) — 3r1(12372 8 4 36) + 103(21753 — 3)
+3rtry (9% — 300(48 4 1) +2(2 — 96)?) + 397 (3 — 48 + 2)2 + 3r372 (9 — 98 + 2) (3 — 46 + 2))], (13)

where a prime represents a derivative with respect to NV = Ina, and

A = 2rira[720% + 30a(1 — 58) + (2 — 98)?] + 4r7[9r2(5a* + 9aB + (2 — 98)B) + 2(9a — 98 + 2)]
+4r3[=3ry (—2(15a0+ 1) + 3a(9a + 2) + 48%) — 3o+ 48 — 2] — 2411016728 + 3) + 105(21r23 + 8) . (14)

The Hubble parameter obeys the following equation
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We define the dark energy equation of state wpg and the effective equation of state weg, as
PDE 20’
=—, =-1- . 16
wop =" Weft 77 (16)

Using the continuity equation ppg + 3H (ppr + por) = 0, we obtain the relation wpr = weg — R/ (30DE).

There are three distinct fixed points: (A) (r1,72) = (0,0), (B) (r1,72) = (1,0), and (C) (r1,r2) = (1,1). As we see
from the definition in Eq. (I0) the point (C) corresponds to the dS solution, which is always classically stable [17].
The point (B) is a tracker solution found in Ref. [16], along which the field velocity evolves as ¢ o 1/H. The fixed
point (B) is followed by the stable dS solution once 73 grows to the order of 1. Depending on the initial conditions of
r1, the epoch at which the solutions approach the tracker is different.

In the following we summarize the background evolution in two regimes: (i) 71 < 1,7y < 1 and (ii) 7, = 1 [16,17].

e (Him<«lmkl
This is the regime in which the term L5 gives the dominant contribution in Eq. (), i.e.
QDE ~ 767‘2 . (17)
Since r] ~ 9r1/8 and 75 ~ 3r2/8 from Eqs. (I2)) and (I3)), the two variables 71 and 79 evolve as

r o a®®, o o a®/® (18)



During the matter era we have
wpg ~ —1/8, Weg =~ 0. (19)
If Bre > 0, then the scalar ghosts do not appear ﬂE, ] For the initial conditions with ro > 0 we require that
5>0. (20)
The conditions for the avoidance of Laplacian instabilities are automatically satisfied ﬂE, |ﬂ]

[ (11) T1 =1

Along the tracker characterized by r; = 1, there is a simple relation
QDE =T92. (21)

In the regime ro < 1 one has rf ~ 614 from Eq. ([I3)), so that the evolution of 5 during the deep matter era is
given by

o o ab. (22)

Along the tracker the evolution of the Hubble parameter can be analytically known as HE]

2
(Hb(rj)) N %Qmoﬂ +2)°+ \/1 — g + L2 22)6 (Qmo)? (23)

where z = ag/a — 1 is the redshift (ag is the scale factor today), and €20 is the density parameter of non-
relativistic matter today. Even in the presence of radiation and the cosmic curvature there exists an analytic

form of H(z) [40].
Since ppg = 3M%/H? and ppg = —3M®(2 + weg)/H?, it follows that

9 2 27”2
WDE = —2 — Wef = ————, Weff = — .
bE S e T

(24)

In the deep matter era (ro < 1) we have wpg = —2 and weg = 0, whereas at the dS solution wpg = weg = —1.
The conditions for the avoidance of ghosts and Laplacian 1nstab1htles have been derived in Refs. ﬂE ﬂ The
allowed parameter space in the (a, 3) plane is summarized in figure 1 of Ref. [16].

It should be pointed out that the tracker solution and the L5-dominant solution can be distinguished also by means
of the following physical quantity. When ¢; = 0 one has 9L/9¢ = 0, where L = \/—gL is the Lagrangian including the
volume factor /—g in Eq. ([{l). Then the conjugate momentum to the field ¢ is conserved, so that dL/d¢$ = constant.
This constraint can be written as

rot/4qd (1—71) (27"12 +3ar?—48r?2—6ar +58rm + 5[3)

P, = R = constant . (25)

On the tracker P; exactly vanishes', whereas for the Ls-dominant solution Py ~ 53a® (ro/ri')}/4 # 0. Although
Eq. [29) is not independent of the others, we will use it later on in order to check the good convergence of numerical
solutions.

III. COSMOLOGICAL PERTURBATIONS

Let us consider scalar metric perturbations ¥, ®, and y about the flat FLRW background @]

ds? = —(1 4 20)dt* — 2a(t)d;xdtdz’ + a*(t)(1 + 2®)8;;dz'da? (26)

1 The tracker can then be seen as the zero momentum solutions.



where we have chosen the spatial gauge such that the spatial metric is diagonal. There is still a freedom to fix the
temporal part £y of a vector associated with a scalar gauge transformation. Later on we will discuss this gauge degree
of freedom in more detail. ~

The field ¢ is decomposed into the background and inhomogeneous parts, as ¢(t,x) = ¢(t) + 0¢(t, ). In the
following we omit the tilde for the background quantity. For the perfect fluid, we cannot set w = 0 in Eq. (I
identically from the beginning as its action would vanish. However, we can consider a fluid whose equation of state
parameter w is different from zero, and only after we obtain the equations of motion for the perturbation variables, we
will take the limit w — 0. Since we are interested in the scalar perturbations of a cold fluid (temperature T = 0) with
a barotropic equation of state of the form p,,, = wp,, (in the limit w — 0), the action approach of linear perturbation
theory for a perfect fluid introduced in Refs. @] can be simplified as follows.

Let us define a 4-velocity of the perfect fluid, as u, = = 9of. The normalization of the 4-velocity (uau® = —1)
implies that p = \/—g*P9,0050. Then at linear level we have 6y = —0¢ — p®. Now the quantity \/—g pm (1, ) can
be expanded at second order in the gravitational fields and in §¢ and és. However, since the fluid is cold (T' = 0),
the first principle of thermodynamics, dp,, = ndy —nT'ds, imposes that (Op,,/0s),, (02pm/0s%),, and (9*py,/0sOw)
vanish?. In turn this implies that p,, depends on x alone, and we do not need to expand the action in terms of ds, the
entropy perturbation field®. Furthermore, since p,, = ny — pu,, it follows that dp,, = pdn +nTds = pdn = pn du/i
at linear level. Using the field redefinition 6¢ = —puw, where v is a velocity potential for the perfect fluid, after some
algebra, we find

o —3Hwo =0+ —2 5, (27)
14w

where § = 0p,,/pm is the density contrast.
In Fourier space the density contrast obeys the following equation of motion @]

. . k2 k2

where k is a comoving wave number. This equation follows from the first-order part of the continuity equation
V, T} = 0. In the following we derive other perturbation equations from the second-order action for perturbations.
In Appendix [A] we will show how to obtain Eq. 28] from the action approach.

Let us consider non-relativistic matter with w = 0. We introduce the gauge-invariant matter perturbation d,,, as

[42]
6m =0+ 3Hv. (29)

Using Egs. (28) and 27), it follows that

.. . 2 . .
S 4+ 2HS,, + %\1/ =3(Q +2HQ), (30)

where Q = Hv — 9.
Let us now derive the coupled equations for metric/field/matter perturbations. Expansion of the action () at
second order gives

[V=9£]® = L(T,®,x,56,0). (31)

If we vary the Lagrangian (BI) with respect to ¥, then we find a term p,,(¥ — ©)/w that leads to an apparent
singularity for w — 0. However, Eq. ([271) allows to reduce this term to —p,,[6/(1 4+ w) +3Hv]. Taking the limit w — 0
at the end, we obtain the equation of motion

. . k2 k2 1 k?

where the coefficients A; are given in Appendix [Bl

2 This also implies that n = n(u). For example, 1 o< n¥ is enough to give pm = wpm.
3 In the equations of motion approach, this result corresponds to the fact that, once py, = wpm, no entropy perturbations appear in the
dynamical equations.



Variations of the second-order Lagrangian L with respect to @, x, and d¢ result in the following equations

.. . . . . k2 k2 3
E<I> = qu) + B25¢+ Bg(I) =+ B45¢ + B5\IJ + BGE(I) =+ <B7a—2 + 501M3> 5¢)

k2 k2 k2
+<B8—2 +B9)\P+B10—2X+B11—2X+3pmi)—0, (33)
a a a

Ey = C1® + Co6¢p + O30 + Cydp + pv =0, (34)
Es¢ = D1® + D20¢ + D3® + Dy + D5 + Dﬁa—2>'<

k2 k? k? k?
+ <D7—2 + D8> ® + Dg—0¢ + (D10—2 + D11> ¥+ Dip—5x=0, (35)
a a a a

where the coefficients B;, C;, and D; are given in Appendix [Bl Varying the Lagrangian L in terms of v gives rise to
Eq. 1), i.e. © =V for w = 0.

Another constraint equation can be found by introducing the perturbation + in the metric 28], as dg;; = 2a?9;0;7.
Its equation of motion is given by

1

E, 3

(B1® + B20¢ + B3® 4 Bydp + BsV + By¥) + 5c11\435¢ + pm® =0, (36)

which does not contain 7 explicitly (as the quadratic terms in v in the action can be integrated out). Evaluating
Ego — 3, leads to the following equation

E,=Bs®+ B; 3¢+ BV + Bygx + B11x =0. (37)

The same relation can be derived by using the Bianchi identities, see Appendix [Al
In what follows we choose the longitudinal gauge with y = 0. This choice, together with imposing v = 0, completely
fixes the gauge. We also set ¢; = 0 to discuss the evolution of cosmological perturbations.

IV. QUASI-STATIC APPROXIMATION ON SUB-HORIZON SCALES

Let us consider the evolution of perturbations for the modes deep inside the Hubble radius. We derive the equations
of matter perturbations and gravitational potentials under the quasi-static approximation on sub-horizon scales (k >
aH). This corresponds to the approximation under which the dominant contributions to the perturbation equations
are those including k?/a? and § @, ] In the longitudinal gauge we obtain the following approximate equations

from Eqs. (32)), 37), and (B3):

]{52
—5 (A3® + A609) = pid, (38)
Be® + Brd¢+ BgU =0, (39)

From Eqs. (39) and ({0) one can express ® and d¢ in terms of U, i.e.

A3D9 — A6B7
b~ ——————— 41
B2 — Bs Dy (41)
AGBG — AgB7
~ 2676~ A357 42
59 B2 — BsDy (42)

where we have used Bg = A3, D7 = By, and Dyg = Ag. Substituting Eqs. (@) and {2)) into Eq. (38)), it follows that

k2
E\IJ ~ —A7Gegr pm (43)

where

_ 2M3(B} - BsDy)
= 243A¢B; — AZDy — AZBq

Got G. (44)



Since |0| is at most of the order of |H4| in Eq. (28), one has |(k?/a?)v| < |H6|. This means that |[Hv /| < (aH/k)? < 1
for sub-horizon modes, which leads to d,, ~ ¢ in Eq. (Z9). Since the r.h.s. of Eq. (30) can be neglected relative to
the Lh.s., we obtain the equation for the gauge-invariant matter perturbation for the modes deep inside the Hubble
radius:

Om + 2H by — AT G ot prm0m ~ 0, (45)

where we have used the Poisson equation ([3).
From Eqs. (#2) and {@3]) the field perturbation is given by

3M?%(AsB; — AgB H\?
S ~ (43 i 62 Y1) Q.6 (46)
2A3A6B7 — A5Dg — AgBs \ k
We introduce the following quantity to describe the difference between the two gravitational potentials:
®  A3Dg — AgBr
nN=—— ~ 370 6 (47)

U BgDg— B2’
where we have used Eq. () in the last approximate equality. We also define the effective gravitational potential
Do = (V—9D)/2, (48)

which is related with the deviation of the light rays in CMB and weak lensing observations ﬂA_JJ] From the Poisson
equation ([@3) it follows that

& 1
Y Dot~ —AnGlog !
a

5 Pm0- (49)

Using the density parameter €2, = 87Gp,,/(3H?) and the relation §,, ~ &, we have

3Ger1+7 aH\?>
Dog ~ — —— 00 | — .
=5 g < k) (50)

The matter perturbation equation ([@H) can be written as

!
3+ (2 v ﬂ) 5~ 3Cetg 5 ~0. (51)

2 G

In the limit that (;5 — 0 and (;5 — 0, the effective gravitational coupling Geg reduces to GG. Hence, in the early cosmo-
logical epoch, the General Relativistic behavior is recovered. If Geg ~ G, then the evolution of matter perturbations
during the deep matter era (H'/H ~ —3/2 and Q,, ~ 1) is given by 6,, o a o t>/3.

As the field velocity grows in time, Geg is subject to change. This leads to the modified growth rate of matter
perturbations compared to the ACDM model. Unlike f(R) gravity _ and Brans-Dicke theory ﬂﬂ the effective
grav1tat10nal coupling is independent of the wave number k. The quantity n defined in Eq. (1) reduces to 1 for (b —0
and ¢ — 0, but it deviates from 1 with the growth of ¢ and ¢. In three different regimes characterized by (i)r <1,
ro K 1, (11) r1 =1, 7 < 1, and (iii) 7 = 1, ro = 1, one can estimate Geg and 7 as follows.

.(i)’l”1<<1,’l”2<<1

In this case we expand Geg and n about r1 = 0,72 = 0. Together with the use of the background equations (2
and (I3), we obtain

Ge 255 211
GH =1+ (—ﬁ + 16 arl) ry +O(r3), (52)
129 589
n =1+ (—ﬁ—F 16 % )TQ—FO(Tg). (53)

In this epoch the cosmological dynamics is dominated by the term L5. Since § > 0 to avoid ghosts, we have
that Geg > G and 1 > 1 in this regime. Hence the growth rates of d,, and ®.g are larger than those in the
ACDM model.



° (ii) rn=1r<1
Expanding G.g¢ and 1 about o = 0, it follows that

Gesi - 291 + 70282 — 9338 + 20a — 845 + 4
G 2(10ac — 95 + 8)
3(126a2 + 3065% — 40503 + 4o — 3003)

2(10cc — 98 + 8)

T2 + O(T%) ) (54)

Ty + O(r3). (55)

n=1-

The evolution of Geg and 7 depends on both o and 5. If @« = 1.4 and f = 0.4, for example, we have
Ger/G ~ 14 4.31r9 and n ~ 1 — 5.11r9, respectively. In this case Geg > G, but 7 is smaller than 1.

o (iii)ry =1, =1
At the dS point we have

Get 1
G 3(a-28)’ (56)

n=1. (57)

This means that 7 is not subject to change compared to the ACDM model. In Refs. ﬂE, ﬂ] it was shown
that the viable parameter space consistent with the absence of ghosts and instabilities is confined in the region
28 < a <284 2/3. From Eq. (B0) the effective gravitational coupling is constrained to be Geg/G > 1/2. On
the line o = 28, Gogr goes to infinity (this includes the case in which only the terms up to L3 are present, i.e.
a = =0). On the line o« — 23 = 1/3, the effective gravitational coupling is equivalent to G.

The above approximate formulas are useful to discuss the evolution of perturbations on the scales relevant to
large-scale structures.

V. NUMERICAL RESULTS

In this section we present numerical results for the evolution of perturbations without employing the quasi-static
approximation on sub-horizon scales. The accuracy of the quasi-static approximation will be confirmed for the modes
k> aH.

Among the six equations ([B2))- (1), three of them are independent. For the numerical purpose we solve Egs. (32]),
B4), and @B1) together with Eqs. 7)) and (28). We have also confirmed that P defined in Eq. (25) remains constant
up to the accuracy of 108 during the whole evolution. It is convenient to introduce the following dimensionless
variables

V = Hv, do =00/ (xasMp), (58)

with Ay = Ay /(HM?), {iz = zasAa/(HMy), As = Az/M%, Ay = Ay/(H?M?), A = zasAs/Mp1, Bs = Bs/M3,
B; = x4sBr7/Mp1, and Cy = 24sCy/(HM,)). In the longitudinal gauge we obtain the following equations from
Eqs. (32), B4), B1), 28), and 21):
U = —(Bs® + Bréy)/As, (59)
®' = [(344AsBs + Ay Ay Bs — 3A2Ask?/(aH)? — 9AsBsQ,,)®
+(343A3C, + 3A4A¢ By + A1 Ay By — 9A6B7 0y, — 3A3A2K% /(aH)*)5p + 9A3A6Q0 + 945430, V]
x[3A43(A1As — A2 A3)] 71, (60)
6’ = —[(A2Bgs + 3A3A4Bs — 3A3k?/(aH)? — 9A3B6Q,,)®
+(A2B; + 3A3 A, B + 3A1 AsCy — 3A2A6k? J(aH)? — 9A3B7Q00 )00 4+ 9A20,,6 + 9A1 A3, V]

X[3A3(A1A6 — /12/13)]_1 s (61)
§ = -3 —k*/(aH)*V, (62)
V' =(H'/H)V + ¥, (63)

where we have used Bs = Az, C; = As, Cy = Ag, and C3 = —/~11/3. The time-dependent coefficients A,, Bg, e.t.c.
can be expressed by using the variables «, 8, r1, and r2. Solving the perturbation equations (B9)-(G3]) together with
the background equations (I2]) and (I3]), we find the evolution of ¥, &, dip, §, and V.
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Figure 1: The equation of state wpg versus the redshift z for the model parameters a« = 1.37 and 8 = 0.44 with two different
initial conditions: (A) r1 = 0.03, 72 = 0.003, and (B) 71 = 0.999, ro = 7.0 x 10~"'. The case (B) corresponds to the tracker
solution, whereas in the case (A) the solution approaches the tracker around today. The present epoch (z = 0) is shown as a
dotted line (we also draw the dotted line in other figures).

During the deep matter era in which the field perturbation is negligibly small, the evolution of ¥, ®, §, and V'
is similar to that in GR. The initial conditions are chosen to satisfy ® = 0 and d¢’ = 0. From Egs. (60) and (GI))
this gives two constraints on the variables ®, V', dp, and 6. For given dp and 4, the initial conditions of ® and V'
are determined accordingly. For the modes deep inside the Hubble radius, Eq. (@) provides a relation between d¢
and §. We choose the initial condition § = 1075, but this can be chosen to be any value (as long as the amplitudes
of perturbations do not matter). We note that the relation (@) cannot be used for the wavelengths larger than the
Hubble radius. Apart from the modes deep inside the Hubble radius at the onset of integration, we adopt the initial
condition d¢p = 0. Provided that d¢ is small initially, the dynamics of perturbations is similar to that in the case
0w = 0. For large initial values of d¢p, the field perturbation tends to oscillate for small-scales modes (associated with
large wave numbers k). This situation is similar to what happens in the generalized Galileon model [20].

We identify the present epoch (the redshift z = 0) to be Qpg = 0.72. In order to find the evolution of the quantity
k/(aH), we also integrate the following equation

W =b(l+H/H), (64)

where b = aH. The scales relevant to the linear regime of the galaxy power spectrum are 30 < k/(agHp) < 600, where
the subscript “0” represents present values. Note that the above upper limit corresponds to & = 0.2 hMpc~!, where
h = 0.7240.08 [4§]. For the scales k/(aoHy) = 600 the nonlinear effect becomes crucially important. Meanwhile, the
wave numbers relevant to the ISW effect in CMB anisotropies correspond to the large-scale modes with k/(aoHp) =
O(1).

In Ref. @] two of the present authors placed observational constraints on the Galileon model ([l from the back-
ground expansion history of the Universe. The combined data analysis of the type Ia supernovae (Constitution and
Union?2 sets), the CMB shift parameters (WMAPT), and the baryon acoustic oscillations (BAO) show that the tracker
solution described by Eq. (23] is not favored, but the solutions that approach the tracker at late times can be compat-
ible with the background observational constraints. As illustrated in Fig. [l the equation of state wpg for the tracker
[case (B)] evolves from —2 (deep matter era) to —1 (dS epoch). The solution (A) in Fig. [l starts to evolve from the
value wpg = —1/8 and then it enters the tracking regime around the present epoch. In the flat FLRW background
the best-fit model parameters are a = 1.411 £ 0.056, 5 = 0.422 + 0.022 (Constitution+CMB+BAO, 68 % CL), and
a =1.404+0.057, 8 = 0.419 4 0.023 (Union2+CMB+BAO, 68 % CL).
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Figure 2: Evolution of the perturbations for o = 1.37 and S = 0.44 with the background initial conditions 1 = 0.03 and
ro = 0.003 (corresponding to the case (A) of Fig. M. (Left) d,n/a versus z for the wave numbers (a) k = 300aoHo, (b)
k = 30aoHo, and (c) k = 5aoHo. (Right) ®cg versus z for the wave numbers (a) k = 300aoHo, (b) k = 10agHo, and (c)
k = 5apHy. Note that §,,/a and ®eg are divided by their initial amplitudes dpm, (¢:)/a(t;) and Peg (ts), respectively, so that their
initial values are normalized to be 1. The bold dotted lines show the results obtained under the quasi-static approximation on
sub-horizon scales. The choice of initial conditions for perturbations is explained in the text.

A. Case of late-time tracking solutions

Let us consider the evolution of perturbations for the late-time tracking solutions. In Fig. Bl we plot §,,/a and ®eg
versus the redshift z with the model parameters and initial conditions corresponding to the case (A) of Fig. [l For
the mode k& = 300a¢H, we find that the full numerical result shows excellent agreement with that obtained under the
quasi-static approximation on sub-horizon scales. The difference starts to appear for the modes k/(agHy) < O(10).
The left panel of Fig. [2 shows that, on larger scales, the growth of §,, tends to be less significant. For the modes
k > aogHy the matter perturbation evolves faster than a during the matter era (i.e. faster than in the case of GR,
dm < a). The growth of §,,/a turns into decrease after the Universe enters the epoch of cosmic acceleration.

In Fig. Blwe show the evolution of the growth index ~ defined by [49]

8 Jom = () - (65)

The case (A) in Fig. Blcorresponds to the same model parameters and initial conditions as those given in the numerical
simulations of Fig. Bl Unlike the ACDM model in which v is nearly constant (=~ 0.55 [50]) in the low redshift regime
0 < z < 1, the variation of v is significant for the solutions that approach the tracker at late times. Moreover the
growth index today for the mode k = 300a¢Hj is 7o = 0.35, which is quite different from that in the ACDM. For the
wave lengths relevant to large-scale structures we find that the growth index today exhibits almost no dispersion with
respect to k. This property is different from viable f(R) dark energy models in which ~yy can be dispersed B] If we
choose smaller initial values of 1 (i.e. the later tracking), we find that ¢ tends to be smaller, e.g., 7o = 0.23 for the
initial conditions r; = 0.01, 75 = 0.003 with the model parameters o = 1.37, 3 = 0.44.%

The right panel of Fig. 2 shows that, unlike the ACDM model, the effective gravitational potential ®.g changes in
time even during the matter era for the modes k > aH. This can be understood as follows. For the initial conditions
corresponding to the late-time tracking solutions the effective gravitational coupling Geg and the anisotropic parameter
7 are given by Eqs. (B2) and (B3], respectively, before reaching the tracker. Since Geg/G ~ 14 255573/8 > 1 and

4 For the dark energy models with constant wpg and +, the current observations still allow the large parameter space of v ranging from
0.2 to 0.6. [53].
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Figure 3: Variation of the growth index  of matter perturbations for & = 1.37 and 8 = 0.44 with the mode k& = 300a¢Ho. The
initial conditions of r1 and ra for the cases (A) and (B) are the same as those given in the caption of Fig. [

n ~ 1+ 1298ry/8 > 1 in this regime, we have the larger growth rates of ®e¢ and 4, relative to those in GR. In
particular the term (Geg/G)(1 4+ 1)/2 in Eq. is larger than 1, which leads to the additional growth of ®.g to
that coming from &,,. Note that in f(R) gravi%] and in Brans-Dicke theory [47] one has (Geg/G)(1+17)/2 = 1,
so that the evolution of J,, is directly related with the variation of ®.g. In Galileon gravity the unusual behavior of
the anisotropic parameter 77 leads to the non-trivial evolution of perturbations. For the model parameters a = 1.37
and 8 = 0.44, Eq. (B6]) gives Gog ~ 0.68G at the dS fixed point. As we see in Fig. 2] ®.g begins to decrease at some
point after the matter era.

For the large-scale modes relevant to the ISW effect in CMB anisotropies, i.e. k/(aoHp) < 10, the effective
gravitational potential is nearly constant in the early matter-dominated epoch, see the cases (b) and (c) in the right
panel of Fig. However, ®.g exhibits temporal growth during the transition from the matter era to the epoch of
cosmic acceleration. Note that in the ACDM model ®.g decays without the temporal growth after the matter era.
The characteristic variation of ®.g in the Galileon model should leave observational signatures in CMB anisotropies
as the ISW effect.

The above numerical results correspond to the fixed values of a and 8 (o = 1.37, 8 = 0.44). If we use the bounds
a = 1.40440.057, = 0.419+0.023 constrained by Union2+CMB+BAO data sets, the effective gravitational coupling
at the dS point is restricted in the range 0.5G < Geg < 0.72G. The bounds coming from Constitution+CMB+BAO
data give the similar constraint, i.e. 0.5G < Geg < 0.71G. For the model parameters close to the upper limit
a = 203+ 2/3 of the allowed parameter space (i.e. Gog is close to 0.5G at the dS point), the parameter 7 tends to
show a divergence during the transition from the matter era to the dS epoch. If Geg is larger than 0.66G, we find
that such divergent behavior can be typically avoided.

For the parameters o and [ constrained observationally, the values of vy are usually less than 0.4 for the late-time
tracking with the minimum values of wpg larger than —1.3. In addition the later tracking leads to smaller values
of vy with larger variations of 7. This property of the Galileon model can be clearly distinguished from the ACDM
model.

B. Case of early-time tracking solutions

If the solutions are already close to the tracker in the early matter-dominated epoch, the evolution of perturbations
is different from that discussed above. For the tracker one has 7 o< a® during the matter dominance, which is much
faster than the evolution ry oc a®/® in the regime r; < 1 and ro < 1. This means that 7 is very much smaller than
1 for the redshift z > 1. Then the second terms on the r.h.s. of Egs. (54]) and (53] are suppressed relative to the first
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Figure 4: Evolution of (i) dm/a and (ii) ®es versus z for & = 1.37 and S = 0.44 with the initial conditions r; = 0.999 and
ro = 7.0 x 107" (corresponding to the case (B) of Fig. ). Both ,,/a and ®eg are divided by their initial amplitudes. In this
case the background cosmological solution is on the tracker from the onset of integration. The solid line shows the evolution
of perturbations for the mode k = 5a¢Ho, whereas the bold dotted line represents the result derived under the quasi-static
approximation on sub-horizon scales.

terms until recently. In Fig. ll we plot the variation of d,,/a and ®.g for « = 1.37 and 3 = 0.44 with the background
initial conditions corresponding to the case (B) in Fig.[Il The solid line shows the evolution of perturbations for the
mode k = 5agHy, whereas the dotted line corresponds to the result derived under the quasi-static approximation on
sub-horizon scales. In this case the evolution of the large-scale mode with k = 5agHy is similar to that for the modes
deep inside the Hubble radius.

Figure M shows that the growth of matter perturbations in the deep matter era is almost identical to that in the
ACDM model. In the regime r1 ~ 1 and 79 < 1 one has Geg/G ~ 1 4 3.2r5 and n ~ 1 — 3.7ry, both of which are
very close to 1. Recall that at the dS point Geg/G ~ 0.68 and n = 1. Since 7 is very close to 1 and Geg is different
from G only around the dS solution, the evolution of perturbations is milder than that corresponding to the late-time
tracking solutions. The case (B) of Fig. B shows v versus z for the mode k = 300a¢H, with the initial condition
corresponding to the tracker solution. In this case the growth index today is found to be vy ~ 0.47 with the variation
of v in the low-redshift regime. In Fig. dl we also find the small temporal growth of ®.g from the end of the matter
era to the epoch of cosmic acceleration. This can also give rise to a non-negligible contribution to the ISW effect in
CMB anisotropies. We recall, however, that the tracker solution is not favored at the background level by the joint
analysis of observational data.

C. Caseofa=p=0

Let us finally consider the model in which only the terms up to L3 are present, i.e. « = = 0. Although such a
model is disfavored observationally, it is of interest to study what happens for the evolution of perturbations due to
the peculiar divergence of Geg at the dS point (which occurs along the line av = 213).

First of all we have numerically found that the late-time tracking behavior as in the case (A) of Fig. [ is not easy
to be realized even by choosing many different initial conditions. This is the main reason why the combined data
analysis at the background level do not favor such model parameters. For & = § = 0 one has = 1 independent of
the values of r1 and 7o, whereas Gegg ~ G for 1 < 1,79 < 1 and Gegg ~ 1+ 1ro/4d for r1 = 1,7y < 1.

In Fig. Bl we plot the variation of d,,/a and g with the initial conditions r1 = 0.05 and ro = 0.001 for two different
wave numbers: k = 300apH, and k = 5agHy. In this simulation the solution reaches the tracker region (r; ~ 1)
around the redshift z = 5, e.g., 1 = 0.99 and 75 = 4.14 x 10~* at z = 5.34. Hence the evolution of perturbations for
z 2 5 is similar to that in the ACDM model. The effective gravitational coupling Geg increases with the growth of 7o
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Figure 5: Evolution of perturbations for « = 0 and S = 0 with the initial conditions r1 = 0.05 and r2 = 0.001. Each line
corresponds to (A1) 6 /a for the mode k = 300aoHo, (A2) ®cg for the mode k = 300aoHo, (B1) dm/a for the mode k = 5ao Ho,
and (B2) ®.g for the mode k = 5agHo. Both d,»/a and Peg are divided by their initial amplitudes. The bold dotted lines
correspond to the results obtained under the quasi-static approximation on sub-horizon scales.

for z < 5. In this case the numerical value of Geg today is Geg ~ 1.94G with r9 ~ 0.72. For the mode k = 300aqH)
the growth index today is found to be vy =~ 0.43, which is smaller than the value in the ACDM model.

In Fig. Bl the effective gravitational potential for the mode k& = 300a¢H, grows around the present epoch in spite
of the decrease of d,,/a. This can be understood by the fact that the term (Geg/G)(1 4 n)/2, which is equivalent to
Ger/G for a« = B = 0, continues to grow toward the dS solution. While the decrease of the density parameter €,
overwhelms the increase of Geg/G in Eq. (1)) for matter perturbations, the presence of the additional term (aH/k)?
in Eq. (B0) stimulates the growth of ®.g around today. Numerically we find that the growth of ®.g eventually turns
into the decrease in future as d,, decays sufficiently (which is not shown in Fig. [)). For k = 5agHy the growth of ®.g
around today is milder relative to the modes deep inside the Hubble radius.

The anti-correlation between d,,/a and ®eg seen in Fig. [ is similar to the one found in the generalized Galileon
model [20]. This anti-correlation mainly comes from the fact that Geg/G continues to grow toward the dS point and
that the parameter 7 does not become smaller than 1 to compensate the growth of Geg/G (unlike f(R) gravity and
Brans-Dicke theory). In the numerical simulations of Fig. 2] the effective gravitational coupling is larger than G in
the regime m < 1 and 79 < 1, but it finally approaches the asymptotic value Geg ~ 0.68G. In this case both d,,/a
and ®.g start to decay by today, whose property is different from that in the case a = § = 0. Since the observational
constraints on « and 8 do not allow the region close to the line o« = 2, the anti-correlation between 6,,/a and P
does not typically occur for the viable model parameters.

VI. CONCLUSIONS

We have studied the dynamics of cosmological perturbations in the Galileon model whose Lagrangian satisfies
the Galilean symmetry d,¢ — 0,¢ + b, in the flat space-time. In this theory there exists stable dS solutions with
(ﬁ = constant. In the deep matter era the General Relativistic behavior can be recovered because of a small field
velocity, but the Universe finally enters the epoch of cosmic acceleration after the growth of ¢. )

Before reaching the dS attractor, the solutions approach a tracker characterized by r1 = 1 (i.e. the evolution ¢
H~'). The tracking epoch depends on the initial conditions of the background cosmological variables. The combined
data analysis based on the background expansion history of the Universe (SN Ia+CMB shift parameters+BAQO) favor
the late-time tracking around today. This corresponds to the initial conditions r < 1 and ro < 1 in the deep matter
era, so that r; approaches 1 in the low-redshift regime (z < 1).

The study about the evolution of cosmological perturbations can allow us to distinguish the Galileon model from the
ACDM model further. In the presence of a non-relativistic perfect fluid, we have derived full perturbation equations
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for the model described by the action (Il). In spite of their complexities it is possible to obtain simpler equations
for the matter perturbation d,, and the effective gravitational potential ®.g under a quasi-static approximation on
sub-horizon scales.

The two important quantities associated with the growth of §,, and ®.g are the effective gravitational coupling Geg
and the anisotropic parameter n = —®/W. In three distinct regimes we have approximately derived the expressions
of Gegr and 1, see Eqgs. (B2))-(21). For the initial conditions that lead to the late-time tracking behavior, the solutions
start from the regime r < 1, ro < 1 with positive 8 (which is required to avoid ghosts). In this regime Egs. (52))
and (B3) show that Geg/G ~ 14 2558r3/8 > 1 and n ~ 14 1295r3/8 > 1. This gives rise to the larger growth rates
of §,, and ®.g relative to those in the ACDM model.

In f(R) gravity and Brans-Dicke theory the anisotropic parameter 7 is less than 1, so that the combination
(Gerr/G)(1 4+ 1)/2 remains to be 1. In the Galileon model the fact that n > 1 in the regime r < 1, ro < 1
leads to the further growth of ®.¢ for sub-horizon modes. At the dS fixed point we have that Geg/G = 1/[3(a — 23)]
and n = 1. For the parameters of o and [ observationally constrained at the background level M],the effective
gravitational coupling Geg is smaller than 0.72G. Then the perturbations d,,/a and @ turn into decrease around
today, as we see in the numerical simulation of Fig.

For the solutions that approach the tracker at the early epoch of the matter era, Gog and 7 are approximately given
by Eqs. (54) and (B5), respectively, in the regime 71 = 1,72 < 1. Since the evolution of r5 in the tracking regime is
very fast (ry o< a%), the correction term fBry to Geg and 1 becomes important around the present epoch in which 7o
grows to the order of 1. Hence the deviation from the ACDM model for the evolution of ¢§,, and ®.g appears only at
late times, as we see in Fig.dl The early tracking behavior is however disfavored from joint observational constraints
at the background level.

For the late-time tracking solutions we have found that the growth index v of matter perturbations rapidly changes
in the low-redshift regime [as in the case (A) of Fig. B]. The values of v today on the scales relevant to large-scale
structures are typically smaller than 0.4 for the model parameters constrained by the observations at the background
level. As the tracking occurs at a later epoch, the presents values of v tend to be smaller. On large scales relevant
to the ISW effect in CMB anisotropies the effective gravitational potential ®eg exhibits a temporal growth around
the present epoch. It will be of interest to constrain the Galileon model further from the combined data analysis of
large-scale structures, CMB, and weak lensing.
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Appendix A: Bianchi identities

We confirm the consistency of perturbation equations by using the Bianchi identities. We write the action () in
the form

§— /d4x\/—_g£, (A1)

where L is the total Lagrangian. Variation of the action (AJ)) with respect to gnp gives

08 = /d4x\/—g Y5 Gas - (A2)
Then the Bianchi identities lead to
Vpu? = 055 + 15,5 + 77,5 =0, (A3)

where I'{4 is the Christoffel symbol.
We perturb Eq. (A3)) at first order. Then we find

905 + 19505 +TX 65 =0, (A4)
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where we have used the fact that the background equation satisfies ¥*% = 0. For the case a = 0 we have
0065 + 0;05% + T 305 + Tpaox% +T,65% = 0. (A5)
Using the relations Tg, = 0, T9; = 0, TY; = a®Hdy5, Thy = 0, Ty; = Hdyj, T, = 0, Eq. (AF) reduces to

0065 + 0;05% + a®H Y " 65" + 3HL® = 0. (A6)
In our Galileon model the condition ([Af]) leads to the following relation
. 12
By = By +3HEy — HEy — — B\ =0, (A7)

where Fy corresponds to Eq. (32), Eg to Eq. (33), and E, to Eq. (34). Combining Eq. (B5) with Eq. (A7) and
inserting the background equations of motion, we find
) 2 . k2 )
E1—¢E6¢:Pm<a—2>(—3‘1’—§v—5)207 (A8)
which matches with Eq. [28) for w = 0.
Equation &) can be also derived from the spatial part of the Bianchi identities. It follows that

. 1 1k -
EX+3HEX_§E‘I>:§§EV:07 (Ag)
where E., corresponds to Eq. (3T).

Appendix B: Coefficients of perturbation equations

In this Appendix we show the coefficients of the perturbation equations (32), B3), (34)), and ([B3).
Eq. (32)

Ay = 6HM — 3c3d® /M + 45¢, HY* /MC — 635 H?$° /M, (B1)
Ag = cap — 9es Hp? /MP + 90cs H?$® /MC — 105¢5 H2¢* /M? (B2)
As = 2M2 + 3c4¢* /MO — 6cs He® /M (B3)
Ay =2pm — 9H? M2 — ci MP?$/2 — 3c2¢% /2 + 15¢s H® /M® — 315¢4H?$* [ (2M) + 189c5 H?¢° /M°,  (B4)
As = —2HM?2 + c3¢° /M® — 15c,Ho* /MC + 21es H2° /M (B5)
Ag = —c3¢? /M? + 12¢4 H$® /MO — 15¢5 H?¢* /M . (B6)
Eq. (33)
By = 3As, (BT)
By = 346, (B8)

By = 18HMp + 27cs Ho* /MO + 36¢4¢°p/MC — 545 H?¢° /M? — 90cs H* /M — 18cs H$® /M?,  (BY)
By = —3¢2¢ — 6c3d/M> + 36c4 H® /MO + 108, H > ¢/ MO + 54c4 H?$* /M6

—90¢s H3¢* /M — 180¢5s H?¢> /M — 90cs HH * /M, (B10)
Bs = — Ay, (B11)
Bg = 2M2 — cs¢* /IMC — 6e59 6 /M? (B12)
By = 12¢4¢%¢/ MO 4 4y HG> /MO — 65 Hp* /M® — 65 H2 9 /M® — 24cs HP /M (B13)
Bs = As, (B14)

By = —9H*M2% — 6HM?2 — 3p, + 3c1 M3¢/2 + 3c20° /2 + 9e3¢°§/M? — 135¢, H* ¢ /(2M°)
—180c, HP> ¢/ M® — 45¢4 Hp* /MO + 315¢5 H2 ¢ ¢/ MO + 1265 H¢° /M + 126¢s HHG® /M®,  (B15)

Bio = —As, (B16)

Bii = —2HMZ — 3cs Ho* /M® — 1240 §/M® + 6¢5s H® /M° + 30cs Hd ¢ /M® + 6¢s H2 G /M° . (B17)
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Eq. 32
Cr=A43, Cy=2As, Cz=-A/3, (B18)
Cy = —Co¢p+ 3csHP? IM® — 18¢4 H?? /MO + 155 H3§* /MP . (B19)
Eq. (3)
Dy = 34, (B20)
Dy = ¢y — 6es H/M? + 54c4 H?$? /MO — 60cs H3¢% /M (B21)
D3 = 3¢ — 18c3 H? /M> — 6¢3¢0/M> + 108¢4 Hd? ¢ /MO + 162¢4H? > /MC + 36¢4H® /MO
—90cs(HH G /M® + 2H3¢* /M® 4+ 2H?$ /M), (B22)
Dy = 3coH — 6c3H/M? — 18¢c3 H?$/M? — 6¢3 Hd/M? + 1624 H>¢? /MO + 108¢4, H H? /MO
+108c4 H2pp/MO® — 180c5(H?2p/M® + H>*HG® /M® + H*$3 /M?) (B23)
Ds = —Ay, (B24)
D¢ = —Ag, (B25)
D7 = Bz, (B26)

Dg = 3c1 M3 /2 4 3cap 4+ 9ca Hp — 2Tcs H2 2 /M3 — 18¢c3s H o /M?> — 9es HP? /M + 162¢4 H? ¢ ¢/ MO
+162c4H>¢? /MC + 108¢c, HH ¢ /MO — 180¢s H>¢> ¢ /M® — 135¢5(H2H$* /M? + H*$* /M®),  (B27)
Dy = ¢o — 4esHo/M? — 2¢3¢ /M> + 26c4 H2$? /MO + 12¢4H $? /MC + 24, H /M6

—36c5s H2 2/ M — 24¢5(H?$® JM® + HHG® /M) (B28)
Dy = Ag, (B29)
Dy = i M?)2 — 3coH — co¢p + 2Tcs H2 2 /M3 + 183 H o/ M> + 9cz HP? /M> — 180c, H H$® /MO

—270c4(H?¢? /MO + H3G? /MO + 420cs H3 53 d/ M + 315¢5(HAp* /M® + H2H* /M), (B30)
D1y = —co¢p+ des HP? /MP + 2c3¢d/M> — 30c, H?¢? /MO — 36c4 HH?> /M — 12¢4H > /MO

+30cs(HHO* /M® + H3¢*/M® + 2H?$3 )/ M?) . (B31)
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