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JUCYS-MURPHY ELEMENTS FOR PARTITION ALGEBRAS

JOHN ENYANG

ABSTRACT. An inductive formula is given for a family of elements which are shown to play
a role in the partition algebras which is analogous to that played by classical Jucys-Murphy
elements in the group algebra of the symmetric group. Using Schur—Weyl duality it is shown
that the aforementioned inductive definition is equivalent to the combinatorial definition given
by Halverson and Ram for Jucys-Murphy elements of partition algebras. As a consequence of
the inductive formula for Jucys—Murphy elements, a new presentation for partition algebras in
terms of certain involutions is also derived.
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1. INTRODUCTION

Partition algebras arose in the work of Martin [Ma] and Jones [Jo] as a generalisation of
the Temperley—Lieb algebra and the Potts model in statistical mechanics. From the point
of view of Schur-Weyl duality, the partition algebras occur as centralisers for the action of
the symmetric group on tensor space when the the symmetric group acts diagonally as the
subgroup of permutation matrices in the complex general linear group [Jo]. Given their role
as centraliser algebras arising from Schur—Weyl duality, several authors have worked to extend
classical results from the representation theory of the symmetric group to the partition algebras
([Mal,[Jo],[Xi],[HR],[GG]).  Using Schur-Weyl duality to prove conjectures by Owens [Ow],
Halverson and Ram [HR] provided a combinatorial definition of Jucys—Murphy elements for the
partition algebras which play an exactly analogous role to the classical Jucys—Murphy elements
in the symmetric group. The purpose of this note is to revisit the construction of [HR], by
providing a recursion for the Jucys—Murphy elements for partition algebras and establishing
directly the basic properties of the Jucys—Murphy elements using only the presentation for the
partition algebras given in [HR]. We also derive a new presentation for the partition algebras in
terms of certain involutions that arise naturally from our recursive definition of Jucys—Murphy
elements. The contents of this note are presented as follows:

(1) In §2 we recall the presentation of the partition algebras given by [HR].
(2) In §3 we state a recursion defining a family of operators

(1.1) (LZ',LZ-+% :i:0,1,...)
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in terms of the presentation for the partition algebras given by [HR]. By direct cal-
culation with generators and relations, we establish that the operators (1.1) form a
commuting family with properties analogous to the Jucys—Murphy elements that arise
in the representation theory of the symmetric group. Simultaneously, we establish some
basic commutativity results for certain operators denoted

(1.2) (Ui,0i+% i=1,2,...)

which arose in the recursive definition of the Jucys—-Murphy elements (1.1).

(3) In §4 we show that the elements of (1.2) are involutions which are related to the Coxeter
generators for the symmetric group in a precise way. Using the relation between the
involutions (1.2) and the Coxeter generators for the symmetric group, and the properties
established in §3, we derive a new presentation for the partition algebras.

(4) In §5 we describe precisely the action of the Jucys—Murphy elements (1.1) and the
involutions (1.2) on tensor space. The action of the elements (1.1) on tensor space is
then used show that the recursive definition of Jucys—Murphy elements given in §2 is
equivalent to the definition of Jucys—-Murphy elements in [HR].

Given that the partition algebras are cellular [Xi] and have branching rules for induction and
restriction that are described by a multiplicity—free Bratteli diagram, it is natural to expect that
the partition algebras also have an integral Murphy—type basis [MS] with respect to which the
Jucys-Murphy elements act triangularly. Using a framework for cellularity of algebras related
to the Jones basic construction, Goodman and Graber [GG], [GG1] have demonstrated the
existence of Murphy bases for the partition algebras, indexed by paths in the Bratteli diagram
and compatible with restriction and induction. However, the approach of Goodman and Graber
describes the action of Jucys—Murphy elements on the cell modules in terms of the action of
certain central elements whose eigenvalues are not explicitly derived. In a separate note in
preparation [[:n] we will provide an explicit construction of Murphy bases for the partition alge-
bras, compute the action of the Jucys—Murphy elements on the cell modules, and use Nazarov’s
method [Na] of computing generating functions for central elements to write down a seminormal
form for the partition algebras.

Acknowledgements. The author is indebted to Arun Ram for numerous stimulating ques-
tions, comments and suggestions, and for the invitation to Melbourne where this research was
completed. The author is also grateful to Fred Goodman and Susanna Fishel for several con-
versations during the course of this work.

2. THE PARTITION ALGEBRAS

The material of this section follows the exposition given by Halverson and Ram in [HR]. For
k=1,2,..., let

Ay = {set partitions of {1,2,...,k,1",2' ... kK'}},
and

Ak—% = {d € Ay |k and k" are in the same block of d}.

For convenience, any element p € A may be represented as a graph with k vertices in the top
row, labelled from left to right, by 1,2,...,k and k vertices in the bottom row, labelled, from
left to right by 1/,2,..., k', with vertex ¢ joined to vertex j if ¢ and j belong to the same block
of p. The representation of a partition by a diagram is not unique; for example the partition

p=1{{1,1,3,4,5,6},{2,2/,3,4,56}}
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can be represented by the diagrams:
1 2 3 4 5 6 1 2 3 4 5 6
1 2/ 3 4’ 5/ 6’ 1 2/ 3 4’ 5 6’
If p1, p2 € Ag, then the composition p; o py is the partition obtained by placing p; above ps
and identifying each vertex in the bottom row of p; with the corresponding vertex in the top row

of po and deleting any components of the resulting diagram which contains only elements from
the middle row. The composition product makes A into an associative monoid with identity

1:1 I I

Let z be an indeterminate and R = Z[z]. The partition algebra Aj(z) is the R—-module freely
generated by Ay, equipped with the product

p1p2 = 2'p1 0 pa, for p1, po € Ay,

where ¢ is the number of blocks removed from the middle row in constructing the composition

p1 o pa2. Let A, _1(z) denote the subalgebra of Aj(z) generated by A, 1. A presentation for
2 2

A (2) has been given by Halverson and Ram.

Theorem 2.1 (Theorem 1.11 of [HR]). If k =1,2,..., then the partition algebra Ay(z) is the
unital associative R—algebra presented by the generators

p1,P2,- .- apk‘ap1+%7p2+%’ s ;pk,%;SI,SQ,- <oy Sk—1,

and the relations

(1) (Cozxeter relations)
(i) s2=1, fori=1,....k—1.
(ii) 8iSj = S;S, if j #£i+ 1.
(’L’L’L) SiSi4+158i = Si+1S5iSi+1, fOT 1= 1, PN k— 2.
(2) (Idempotent relations)
(i) p? = zp;, fori=1,... k.
(i1) pir% :pi+%,f0ri:1,...,k:—1.
(iii) SiPiy 1 :pH%si:pH%,fori:1,...,k—1.
(iv) sipiPit1 = PiPit18i = PiPit1, fori=1,...,k—1.
(3) (Commutation relations)
(1) pipj = pjpi, fori=1,.. .k and j=1,... k.
(1) piy1pjy1 =p;ap1, fori=1,...k—landj=1,....k—1
2 2 2 2
(i) pipj 1 = pjyipis for j #i,i+1.
() sipj = pjsi, for j #i,i+ 1.
(v) SiDjpl = Pjy18is forj#i—1i+1.
(vi) sipisi = piy1, fori=1,... k—1.
(vii) SiPi_18i = Si-1D;y 15i-1, fori=2 ... k—1.
(4) (Contraction relations)
(i) Piy1PiPiyl = Piy L, forj=i,i+1.
(i) pip;_1pi = pi, for j =i,i+ 1.



The above relations also imply that:
Pip18ix1Pip 1 = Piq 1Pix Ly
PisiPi = PiPi+1 = Pi+15iPi+1,
PiPiy 1Pi+1 = PiSi;
Pi+1Piq 1Pi = Pi+18i-

In Theorem 2.1, Halverson and Ram have made the following identifications:

i i+l J
L]
[ ]
and
i 1+1
s ] ] ]
We also let & denote the symmetric group on k letters which is generated by si,...,s5_1. If

u € S C Ar(z), and p € Ap(2), we will sometimes write p* = upu~!. It will be useful to note
that R-linear map * : Ag(z) — Ag(z) defined on generators by

uwt=ut (for u € &)
and
p; = pi (fori=1,...,k) and p;_%:pﬂ_% (forj=1,...,k—1),

is an algebra anti-involution of A;(z). Restricting the map * from Ay(z) to A, _1(2), gives an
2

algebra anti involution of A4, 1(z) which we also denote by *.
2

3. Jucys—MURPHY ELEMENTS

The purpose of this section is to give a recursion for Jucys-Murphy elements in Ag(z) and
A4 1(2). It will be shown in §4 that this recursion is equivalent to the combinatorial definition
2

of Jucys—Murphy elements given [HR]. Let (o;:¢=1,2,...) and (L; : : = 0,1,...) be given by
Lo =0, L1 =py, o1 =1, and, 02 = S1,

and, fori=1,2,...,

(3.1) Livy = =silip; 1 =i 1 Lisi +pi 1 Lipiyapi 1 + siLisi + oiga,

where, for i =2,3,...,

(32) 0iy1 = 8i-18i0:8i8i-1 + $iP_tLi—18ip;_18i+p; 1Li—1sip; 1

— SiP;1 L; $i—1P; 4 1PiP;—1 — P 1PiPii 1 si—1Li—1p,_ 185,

Define (O'H_% ti=1,2,...) and (LH-% :1=0,1,...) by

L%:(), 0%:1, and, O'1+%:1,
and, fori=1,2,...,
(3.3) Lisiy=—Lipiy —piyili+p i Lipip 1+ sily_1si+ 0,1,
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where, for i =2,3,...,

(34) o, 1 =5;18i0;_18;8;1+p;_1Li 15p;_18;+sip;_1L; 18:p;_1
2 2 2 2 2 2

=Pt Lic1sioap 1Py 1 = sip; 1PiP;y 18i-1Lim1p; 18i.

Rewriting the last summand in (3.4) as
SiPj—1PiPiy L Sz‘f1Li71Pi,% $i = Si—1P;} 18i-18iPiP; L Szele'qSiSzelpH% Si—1
= $i—1D; 1 18i-18iPit 1Py 1 Si-18iLio18i-1P; 4 18i-1
= 8i—1D;1 18i-1Pi+18i-18iP; 1 Li—18i-1P;, 18i-1
= Szflpi%pz’pi,%Lz‘qszelpi% Si—1,

the expression (3.4) becomes

(3.5) i1 = 8i-18i0;_18i8i-1 + D 1Li—18i-1D;y 18i-1 + $i-1D;y 18i-1Lim1p; 1
=P 1tLicisicapi 1piv 1 = sicap 1pip; 1 Lic1si-1p;y 18i-1-
Using induction, it follows that if ¢ = 0,1,..., then Tip1 € .AZ-JF%(Z'), and Li+§ € .AZ-JF%(Z').
Observe that if i = 0,1,..., then (L;)* = L; and (041)* = 0441. The fact that (L, 1)* =L
2

and (0;,1)" = 0;
2

.1
z+2

1 will be shown in Proposition 3.2.
2

Example 3.1. In terms of the diagram presentation for A3(z), we have expressions for Ly and
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The relations given in the next proposition are fundamental for subsequent calculations.

Proposition 3.1. Fori:=1,2,..., the following statements hold:
(1) Gix1Pip1 = Piy L,
(2) $it10i41P;4 3 = Pig 1 Sit10i41,
(3) Oirapipipy = siLlip;y 1,
(4) OivapirPiyy = Lipiy 1,



(5) PH%LWH% =DPitl-

Proof. (1) We consider each of the terms on the right hand side of the definition

Oit1Piy ] = $i-18i038iSi—1P; 1 + Sz‘pi,%LiflsiPi,%SiPH% + pi,%LiflsiPi,%pH%

= 8iP; 1 Lim18i-1p; 1D 1Dy 1 — Py 1PiPi 1Si—1Lioap; 18ipi 1,
beginning with the argument by induction:
Siflsiaisisiflpﬂ_% = Siflsiaipi_%sisifl = Siflsipi_%sisifl = pi+%-

From the fact that P;4 1 commutes with L;_1, sipi_lLi_lsipi_lsile = pi_lLi_lpi_lpH; and
2 . 2 2 2 2 2 2
pi_%Li—lsipi_%pi_;_% = pi_%Li_mi_%pH%, while

$iP 1 Li-18i-1P; 1PiP;_1Piy 1 = Sip 1 Licasiapiap 1 =P 1Liap; 1P,

and, from the relation Pi 1PiPiy 18i-1 = P;_1PiSi—18iP;_18i, We obtain

P 1PiPiy 1 Si—1Lio1p; 18D 1 = P 1pisi-18ip;18iLioap; 1sip; 1
= Pi_%Szf1pz‘f18ip,‘_%SiLiflpi_%SipH%
= Pi,%piqsz‘pi,%SszAPi,%SzPH%
=P 1Pi—1P; 1 Liap; 11
= pi_%Li—lpi_%pH_%-

Substituting the terms obtained above into the definition of o;11p; 1, we observe that all terms
2

vanish except for p;, 1, which completes the proof of (1).
2
(2) The definition (3.2) gives

3i+10'i+1p2‘+% = 3i+13i—13i0i3i3i—1pi+% + 3i+1sipi_%Li—13ipi_%Sipi+%
+siv1P 1 Lic1sipi 1Py s — Siv18iP; 1 Lic18i-1p 10D 1D 3

- S¢+1pi,%pzpi+%8z71Lz71pi,%5zPi+g-
Now consider each of the terms on the right hand side of the above equality. Firstly,

8i+15i-15i0i8iSi—1P;1 3 = Si4+18i-18i8i+10i8i+18i5i-1P;1
= Si-15i+15i8i4+10i8i+18iP;1 3 Si—1
= Si-15i8i+15i0iP;1 1 Si+15iSi—1
= 8i-18i8i41D;_18i0i8i+18i8i-1 (by induction)
= Sz‘—lsipi_%3i+13i0i3i+13i3i—1
= Piy 15i-15i8i+15i0iSi+15i8i—1
= Pig 1 5i-15i418i8i4+10i8i+18iSi—1
= Pit 15i415i-18i0i8i5i—1-
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Next, use the fact that s;p,, 3s; and p,_1 commute to observe that
2 2

Si+18iP;1Li-18ip; 18P 3 = Si—f—lsipi_%Li—lsipi_%(Sipi+%3i)3i
= sit18iP;_ 1 Li1si(sip;y 351)p;_15i
= Sit18iP; L Licap;, 38ip; 18
= 8i+18ipi+%pi_%Li—18ipi_%Sz‘

= Piy L Si+18iD; 1 qusz’pi,% Siy
and that

Si+1P; 1 Lim18ip; 1Py 3 = siv1p; 1 Li1sipy3p; 1
= Si+1pi,%Lz‘f1(8z‘pi+%sz‘)8zpi,%
= Si+1P;-1 (Sz‘pHgSz)LiqSiPi,%
= sit1(sipyy 3801 Lic18ip;_1

= Dy 1Si+18iSiD;_1 Lif1SiPi,%

=D 1Sit1p;_1Li—1sip; 1.
2 2 2
Since p;, 3 commutes with A, 1(2), we see that
2 2

Si+18iP; 1 Li18i-1p; 1Pip; 1Py 3 = Siv18iP;y 3Py 1 Li—18i-1P; 1pip; 1

= Pig i Sit18ipi 1 Lic18iap; 1pip; 1

For the last term, we use the fact that (s;p,, ss;) and p,_1 commute to see that
2 2

Sit1P; 1PiPiy 18i-1Lio1p;_18ip;y s = Sivap; 1Pip;y1si-1Liap; 1 (Sz‘pH% 5i)S;
= Sit1P;_ 1PiPiy 1 Si-1Li1(sip;y 35i)p;_15i
= Sit1D; 1PiDiy 18i-1 (sipH_% Si)Li—lpi_%si
= Si41D;_1PiP;y 1 (si-1 $iP;1.3SiSi—1 VLi—1p;_ 18
= Si41D;-1 (Sz‘f18z‘piflpi,%pi+g 5i8i—1)Li—1p;_ 18
= Sz‘+1pi_% (Si—18ip,~+% Sisi—l)PipiJr% Li—lpi_%si
= Sit1P; 18iD;y 38iSi-1PiPyy 1 Li-1p; 18
= D;—1Si+18iP; 4 38iSi-1DiD;1 1 Li 1p;_ 18
= Si11528; ; L; S;
= pz;%pijL% i+15; zflpzpzur% zflpi,% i

= Piy L Si+1P; 1 8i-1Piliy 1 Lim1p; 18-
Putting the above together, we have
Si+10i41D;4 3 = Py 18i+18i-18i0i8iSi—1 + Py 18i418iP; 1 L¢718ipi,% Si

TPt Sz‘+1P¢,%Li—1Sz‘p¢,% — PitLSit1 Sz‘pi,%Lz‘—lsi—1pi+%Pipi,%

— Diy 18i41P;18i-1PiPiy 1 Limap;_18i,



which completes the proof of (2).
(3) We consider the terms on the right hand side of the equality
Oit1PiPiy 1 = 8i—18i0i8i8i—1PiP;y L + 8iP;_1 Lim18ip; _18iPip;y 1
o1 Licisip 1Py — sip; 1 Lic1Siapi 1Pip; 1PiPi 1
- pi_%pipiJr%Si_1Li_1pi_%8ipipi+%,
beginning with
$i-18i0i8i8i—1PiP;y 1 =5i-15i0iPi-15ii—1P; 1
= 8i—15i0iPi—1P; 4 15iSi—1
= 8i—18i8i-1Li—1p; _18isi—1
— 8:6: 18:L: 18:8: 1D,
5i8i—15i1i—15;S; 1p,+%
= 8;8i_1L; 18 1p; 1.
§i8i—1444—154 1p,+%
For the second term, we have
Sz‘pi_%Li—1sz‘pi_%8mz‘pi+% = Sipi_%Li—18ipi_%pz‘+18ipi+%
= Sipi_%Lz‘—lpiSipi_%SipH%
= Sipi,%LiflpipZ-,%PH%,
and for the third,
pi,%quSz‘pi,%piﬂpH% = pi,%quPiSiPF%PH%
= p@',%LiflpipF%p@'jL%-
Using the relation p;p;, 1p; = p;, we see that the fourth term satisfies
2
Szpi,%L¢718z71pi+%pz’pi,%pzl)i+% = Sipl-,%quSz;lpH%,
while, for the fifth term,
pi,%szH%Sz‘ALzApi,% SiPiPiy1 = pi,%pzppr%8z71Lz71pi,%pi+1 SiPit1
= pi,%Pz‘PH%lequszlpi,% SiPiy1
= P;_18iPit18i—1Li—1p;_ 1P, 1
=p;-1 S¢8z71szlpi,%pi+1pi+%
= Sz8¢f1pi+%Lz‘flpi,%piﬂpH%
= sisi—1Li—1p; 1P 1-
Combining the above terms, we obtain
Oi1PiDi 1 = 5z5i71Lz‘715i71pi+% + Sz’pi,%Lz‘flpiPi,%pH% + pi,%Liflpipl;%PH%
= siP;_1Li—18i-1pi 1 = sisi—1Licap 1P 1
which completes the proof (3).
(4) We consider each of the terms on the right hand side of the expression
Oi+1Pi+1Pi1 1 = Si-15i0i5iSi—1Pi+1P; 1 + Sz‘pi,%Liflsipi,%sipiﬂppr%
TP 1 Lic1sipy 1Pivapi 1 — SiDy 1 Lic18i-1Piy 1Dy 1 P41y L

— Dy 1PiDiy 18i-1Li1p; 18iDi1D;y 1



Firstly,

8i-18i0i85i8i-1Pi+1P; 1 = Si—15i0iPiSiSi—1P; 1
= Si-18i0iPiP;_1SiSi-1
= si,lsiLi,lpi_%sisi,l (by induction)

= 8i-18iLi-18i8i-1P; 1 1

= si-1Li-18i-1p; 1

For the second term,

sipi,%siLiflpi,%siszpH% = SiD; 1 Si0iDiP; L SiPi+1Diy 1 (by induction)
= $iSi0iP;y 1 PiP;_1SiDit1P; 1 1 (by item (2))
= OiP; LPiP;_1DiSiD; 1
= OiPiy 1PiSiPi 1
= 0Py L-

For the third term,

pi,%quSz‘pi,%piﬂpH% = pi,%quPiSipi,%PH%

=DP;_ 1 L; 1pip;_ %pi+% .

For the fourth term, we use the relation s;—1p, 1pip;, _1Pi+1P; 1 = $ip;_1Pi—1PiP;_1P;, 1 in
2 2 2 2 2 2

$iPi— 1 Li-18i-1P; LPiP;_LPi+1P;y L = 8iP;_ L Lio18ip;_1Di—1PiP;_1Piy L
= Szpi,%SiLiflpi,%piqpipi,%PH%
= $iD;_18i0iPiP;_1Pi1PiP;_1P; 1 (by induction)
= Sipi_%SiUz‘pi—lpipi_%PH%
= SiSi0iD; ADi-1PiP;_ 1P 1 (by item (2))
= Uz‘pi—lpi_%piJr%

= si—1Li1p;_1p;1 (by item (3)).

For the final term, we use the relation p; 1pip;, 18;-1 =p,_18ipi—1p;_18; in
2 2 2 2

Pi 1PiPiy 1 Si1Lio1p; 18iPiv1Piy 1 = P 18iPi-1P; 1Silioap; 18iDitipy 1
= D;_18iPi-1P;_18i0iPip;_18iPit1Piy 1 (by induction)
=D;_ 1 SiPi—1P;_ 1 Si0iPiP; %Pz‘SiPH%
= Pi_%sipi—lpi_%SiUz‘Pz‘PH%
= Py 18iPi-18i0iD;y 1DiPs 1 1 (by item (2))
= P 1SiPi-18i9iP; 1
= Pl-,%pi—wipi%
= pi_%Li—lsi—lpH_% (by item (3)).
9



Putting the above together,

Oit1Pi+1Pip L = Si71Lz‘718i71pi+% T OiPi +pi,%Li71piP¢,%Pi+%
= si—1Limip; 11 — P 1 Licasicipy 1,
which proves (4).
(5) Parts (1) and (3) give
PipiLlipip 1 =Py 18ilipi 3 =Py 10i1PiDiy 1 = Py APiPi L = Piy L
as required. O
Proposition 3.2. Ifi=1,2,..., then
(1) (UH-%)* = UH_%;
(2) (L) = Ly,
Proof. (1) We show that the summand p; 1L; 18;1p; 1pip;,_1 in (3.4) is fixed under the x
2 2 2
anti-involution on A, 1(z), using Proposition 3.1, as follows:
2
pi_%Li—lsi—lpi_;_%pipi_% = pi_%piUiSi—1pi+%pipi_% = pi_%pmz‘sz‘pi_%SiSi—lpipi_%
= P LPiPiy LOiSi—1PiP; 1 = P 1PiPiy 10iPi-1P; 1 = P; 1PiP;18i—1Li—1p; 1.
(2) Given that (0i+%)* =0;,1

5 7
fixed under the * anti-involution on A, 1(z). Using Proposition 3.1,
2

it suffices to show that the summand p; 1 Lip;p, 1 in (3.3) is
2 2
Pip 1 LiPipiy 1 = Py 1Pit10in1Pibyy L = Py 1P Silapi 1 = pppasipilip 1 = piapilip 1,
gives the required result. U
Proposition 3.3. Ifi=1,2,..., then 0;118; = §i0;, 1 = Oiy1.
Proof. After noting that oo commutes with s; and that o, L1 = 0251, the statement follows
2

from induction and the fact that p;, 1pip;, 18;-1Li—1p;_1 =p,_1L;-18;-1p;, 1p;ip;, 1 which was
2 2 2 2 2 2
demonstrated in the proof of Proposition 3.2. U

The following observation is made for later reference.
Lemma 3.4. Ifi=1,2,..., then
Si8i+10i+15i+15iPip L = 5i+1pi+%Li5iPi+%pi+1pi+% = Oi+iSi+1PiyL-
Proof. On the one hand,
Si8i+10i+18i415iP; L = SiSit10i418i41P; 1 = SiSi+1P;4 30i4+15i+1
= SiDi 30i415i41 = Si0it15i+1Pjq 1 = O3y LSi+1Piy 1,

and on the other,

3i+1pi+%Li3ipi+%pi+1pi+% = Si—l—lpH_%pi+10i+13ipi+%pi+1pi+%

= Sit1Pi APi+10; 1P 3Pit 1Py L = Sit 1P 1Pi+1P;4 30,4 LPi+1P; 4 1

= SiPiy 38iSit1Pi+1Piy 304 LPi+ 1P 1 = SiPyy 3 8iPit2P;y 30,4 1Pi+1Piq L

= SiPi38i0; 4 LPi+2P; 1 3Pi+ 1P L = SiPiy 30i41Pi+2P;1 3Pi+1P; L

= SiPi1 30i415i+1Pi+1P; 1 = Si0i418i4+1P;y LPit1P;q 1

= Si0i+18i+1Pip L = O34 1Si+1Piy L,
as required. O

10



We are now in a position to state the first of the main commutativity results of this note.

Theorem 3.5. The elements oi11 and o, 1 satisfy the following commutativity relations:
2

(1) Oit1P;_1 = pi_%O'i_H = pi_lLi—lsiPi_% fori=23,....

2 2

(2) Cit1Pi—1 = Di—10i41 = 8i—10:Di+15i8i—1 for i =2,3,....
(3) Oi1D;—3 = Pi_30i41 fori=3,4,....

(4} 0i415;—2 = S;—204+1 fOTi = 3,47 e

(5) Cit1pi—2 = Di—20i41 fori=3,4,....

(6) i 1Pi-1 = Pi-10;, 1 fori=23,....

(7) OiyiPi 3 =DP; 30,1 fori=3,4,....

(8) Oiy18i—2 = 8i-20;,1 fori=3,4,....

(9) i 1Pi-2 = Pi—20;, 1 fori=3,4,....

Proof. (1) Using Lemma 3.4,

Oit1P;_1 = —Sipi,%Lz‘f18¢71pi+%pipi,% —Pi,%szH%Sz‘f1Lz‘f1pi,%8zPi,%
+p,_1Li18ip;_1 +5i-15i078;8;—1p;_1 + 8ip; _1L;_18;p;_18;p;_1
2 2 2 2 2 2
= —p;_1piPj 1Si—1Li1p;_18ip;_1 +p;_1Li18;p;_1 + sip;_1L; 18ip;_18ip;_1
2 +2 2 2 2 2 2 2 2
= —pi,%pipH%S¢71L¢71pi,%pi+% +pi,%Li713ip¢,% + Sz‘pi,%LiflSzPi,%pH%
= —Pi,%pz’pH%SiflpH%Lz‘qpi,% + pi,%Lz‘qSiPi,% + Sz‘pi,%LiflsiPi,%pH%
= _pi_%pipi_%pi_;_%[fi—lpi_% +pi_%Li—13ipi_% + Sipi_%Li—lpi_%pi_;_%
= =P 1P iLicip; 1 +p i Licasipi 1 +p; 1Licip; 1L
=Pt Liisip_ 1 =p;18iliap; 1 =P 10041,

as required.
(2) We first show that

(i) §iD; L Li-18i-1D; 1PiD; _1Pi-1 = sip;_1Lic1sip;_15ipi-1,
(ii) Pi,%pz’pH%S¢71L¢f1pi,%8¢pif1 = Pi,%LiqSipi,%Pzel,
(iii) 85-18i045iSi—1Di—1 = Si—15i0iDi+15i5i—1 = Pi—15i—15;075;5;—1.

The left hand side of (i) gives

Sipi_%Li—lsi—lpiJr%Pz‘Pi_%pi—l = Sipi_%Li—lsi—lpi_;_%Sz‘—lpz‘—l = Sz‘p,‘_%Li—lsz‘pi_%siPi—la

which is the right hand side of (i). Using the relation p; 1s; 15; = s;—18;p;,_1, the left hand
2 2
side of (ii) gives

pi,%pipH%s@-flLHpi,ész‘pzil = P;_1PiP;y10;_1PiP;_1Pi-1Si
= pi_%pipi+%0'i_%pi3i—13i
= pi_%piai_%pi+%3i—13ipi—l
=DP; _1pPi0; 18;-18iP; 1Pi—1
2 2 2
=D;_1Di0iSiP; 1Pi—1
2 2
= pi_%Li—18ipi_%pi—17
11



as required. The item (iii) follows from the relation s;_18;pj+1 = pi—18i—18;. Next, using the
definition (3.2),

Oi1Pi—1 = S5i-15i035;8;—1Pi—1 + Sipi_%Li—lsipi_%sipi—l + Pi_%Li—wmi_%
- Sipl',%Liflsiflpzur%pip@;%pifl - pifépz‘PH%quLFwi,%Sipzq

= $i—18i045i5i—1Pi—1,

the right hand side of which is fixed under is fixed under the * anti-involution on A4;11(2).
(3) We first show that

(i) 8iP; 1P; 3 Li—28i-28i-1P; 1PiP;_1P; 3 = 8ip;_1Si—2Li—28i-28i—1D;  1PiD; _1D; 3,

(i
(i

(

(vil

(vi
(i
(

(i

) sip;_18i—2Li-op; 38i-1P; 1PiP; 1P; 3 = SiP;_1P; 3Li-2Pi1P; 38i-1P; 1PiP; 1P; 3.,
$iP;—10i-18i-1P; LDiP;_1P; 3 = Siflsipi,gLif25i71pi,% $i8i—1P; 3
Pi_1PiPiy 1 8i-1P; 3 Li—28i—0p; 18iP; 3 = P; 1DiP;y 18i-10i-1D; 18iP; 3,

P 1PiPiy 1 8i-18i—2Li-op; 3p; 18ip; 3 = p; 1PiP;y18i-18i-2Li—28i-2p; 18iD; 3,

ii
v

\%

1) p;_1 52‘72Li72pi7%5ip2;%p@'7% =Di1 Szszz728¢f2Sz‘pi,%pi,g,

pz;lpi,§Li—23i—23ipz;lpi,§ =P;_10;-18iP; _1P; 3,
2 2 2 2 2 2 2
siP;_18i—2Li-asi—28ip; 18ip; 3 = sip;_18i—2Li-op; 38iD; 18iD; 3,

X) 8iP; 10i-18iP;_18iP; 3 = 8iP;_1P; 3 Li28i-28ip;_15ip; 3.

ii

)
)
)
)
(vi) Pi,%pz’pH% Sz’f1pi,gLi72sz1pi,%Pi,% Sipi,% = Siflszsiflpi,gszzsiflpi,%Si718i8i71pi,g,
)
)
)

X

For the left hand side of (i),

and

8P 1P; 3 Li-28i-28i-1P; 1PiP; 1P 3 = sip; 1P s Li-2si-28i-1p; 3P 1pip; 1

= Sipz;%p@;%Lifﬂ)i,%5i725i71pi+%pip¢,% = Sipi,%pi,gLi728¢728i71pi+%pipi,%,
for the right hand side of (i),

Sipi_%Si—zLi—ZSi—QSi—1pi+%pipi_%pi_% = Sz‘pi_%Si—QLi—QSi—QSi—lpi_%pi_u,_%pipi_%
= Sipi_%Si—sz‘—zpi_%8i—28i—1pi+%pipi_% = Sip,‘_%31‘—21’1‘_%Li—QSi—ZSi—lpi_;_%pipi_%

= Sipifépi,%Lia $i-28i—1P;4 1PiP;_1-

For the left hand side of (ii),

and

Sipi_%Sz‘—zLi—zpi_%Si—lpi+%pipi_%pi_% = Sipi_%Si—ZLi—Zpi_%Si—lpi_%pi.;_%pipi_%
= s@-pi,é8¢72L@-72pi,%pi,gpi+%pipi,% = Sipi,%5i72pi,%Li72p¢,%pi+%pzpi7%

= Sip@;%pi,%Li72p¢,gpi+%pipi,% = Sipi,%pi,%pH%pipi,% = p@;gpz;%pijL%a

for the right hand side of (ii),

8iP; 1P; 3 Li—oPi1D; 38i-1D; 1PiD; 1P; 3 = SiP; 1P; 3 Li—2pi—1p; 38i-1p; 3D; 1PiD; 1

= Sz‘pz;%pi,gLi72pi71pi,%pifépijL%pipi,% = Sipifépi,%Li72pi71pi,%pi+%pi7%pip@;%

= Sipi,%pi,gLi—Qpi—lpi,ng%pi,% = Sipi,gLi—zpi,%pi—lpi,%pi,gpi%

= Sipi_%Li—Zpi_%pi_%pi+% = pi—%pi—%pi—i—%'
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For the left hand side of (iii),
Sipi_%Uz‘—lsi—lpiJr%Pipi_%pi_g = Sigi—lsi—lpi_%pi_;_%pipi_%pi_%
= Sio'i—lsi—lpi+%pipi_%pi_% = Ui—lsisi—lpi+%pipi_%pi_%
= Uiflpi,%SiSiflpipifépifg = Sz‘flpi,%Si710i718z‘p¢71pi,%pi,g
= Si—lpi_gSi—le‘—mi—lpi_gSim_% = Si—lp,‘_%Si—lLi—Qpi_gsipi_%a
and for the right hand side of (iii),
Sz‘flsipi,%Lifzsiflpi,gSiSz‘flpi,g = Siflpi,ng‘fzsz’Sz‘ASipi,gSiflpi,g
= si—1p;_sLi—asi—1sip;_3si—1p;_3 = si—1p;_38i-1Li—28ip;_35i-1p;_3-
For the left hand side of (iv),
Pi,%pipH%Siflpi,ngfzszfzpi,%Szpi,g = Pi,%piPH%Siflpi,ng;zsz;zpi,gpi,%S@'
= pi_%pipi+%3i—1pi_%pi_%si = pi_gpi_%pipi_i_%a
and, for the right hand side of (iv),
Pi,%pz’pH%Sz’fldiflpi,%sipi,g = Pi,%pz’pH%Siflaiflpi,gpi,%Si
= pi_%pipi_i_%si—lpi_%pi_%si = pi_gpi_%pipi+%-

For the left hand side of (v),

Pi 1DiPiy 1 Si715i72Li*2pi7%pi7%Sl’pifg =P 1DiPiy ] 81;151‘—2[/@'—21)2;%29@-7%])2;%Sz‘,
and, for the right hand side of (v),
pi_%Pz‘PH%Si—lsi—QLi—QSi—Qpi_%Sipi_% = pi_%pz‘piJr%Si—lsi—QLi—QSi—zpi_gpi_%Sz‘
= Pi,%pippr%Sz’flszszz‘fzpi,gpi,%Sz‘-
For the left hand side of (vi),
Pi_%pippr%Si—lpi_gLi—zpi—1pi_%]9,~_%8ip,~_g = Pi_%pippr%Sz‘—lpi_gLi—2pi—1pi_gpi_%8i
= pi,%pz‘pi%8z718i8zpi,%L¢f2pi71pi,gpi,% S
= Py 1 Si-18iPi—1P;y 1Py 3Pi-18iLi—2p; 3p; 18
= Pi_18i-18i8i-1P;_3Pisi—18iLi—2p;_3p; 18i = p;_ 18i8i-1P;_3Pisi—18iP;_1Li—2p; 35
= SiSiflpi,gPH%pipH%SiflszLifzpi,%Sz = Sz8i71pi,gpi+%8i718iLi72pi,§,

2

and for the right hand side of (vi),
8i-18i8i-1P;_3 Li—28i-1p;_38i-18i8i-1P; 3 = $i-15i8i—1P;_3Li-28i-1D;_38iSi-15iP;_3
= Siflsisiflpi,gLi725i715ipi,%5i71pi,%5i = 52‘715@'52‘71])2‘7%Li725i715ipi7%pz;%52‘
= 8i-18i8i-1P; 1P; 3 Li—28i-18ip;_38i = 8i8i—1P; 1P; 3Li—28i-1p;_3.
For the left hand side of (vii)
D;_18i—2Lli op; 38ip;_1p;_3 =p;_18; 2L; op; 38;p;_1
2 2 2 2 2 2 2
and for the right hand side of (vii)

pi_1si-2Li—2si-asip; 1p; 3 = p;_18i-2Li-28i-op; ssip; 1 = p;_18i-aLi—ap; 3sip; 1.

13



For the left hand side of (viii),
P 1P 3Lli-osiosip; 1p; 3 =p; 1p; 3Li—28i-2p; 38ip; 1
=P 1D; 38iP;_1
=Py 3D 1P 1,
and for the right hand side of (viii),
Pio10i-18iP;_1P; 3 = D;_10i-1P;_35iP; 1 = D;_1P; 3D 1 =P;_3D; 1P 1
For the left hand side of (ix),
$iP;_18i—2Li—28i—28ip;_18ip; 3 = sip;_18i—2Li-28i—2p; 38ip;_18i
= sip;_18i—2Li—op; 38ip; 18
and for the right hand side of (ix),
Sz‘pi,%Szszzfzpi,g SiP;_18iP;_3 = Sipi7%5i72Lif2pz;%Sipi,lsz
For the left hand side of (x),
Sipi_%Uz‘—lsipi_%Sipi_% = Sipi_%Ui—H?i__ Zpl_lsz Pi_gpi_%piJr%,
and for the right hand side of (x),
Sz‘pi,%pi,gLz728i728zpi,%sz‘pi,g = Sipi,%Pi,%LiaSz;zpi,g SiP;_15i
SiPy 1D; 38iP; 18i = P; 3P; 1Dy 1.
Now, after substituting the expression
Li 1= _pi_gLi—QSi—Q - 3i—2Li—2pi_% —i—pi_ng‘—zpi—mi_g —8i—1Li28;1+0; 1
into the definition (3.2), items (i)—(x) above imply that

0i+1pi_% = 8i-18i$i—2$i—10i—18i—18i—28i8i—1pi_% + pi_%pi_%Li—zpi—lpi_gsipi_%
+8ip;_1P;3 Lif2pi71pi,g SiP;_18i — 8i-18i8i-1D;_3 L;_2s;_op, 1Pi-1P; 38iSi-1P;_3
= $i-18iP;_3Pi—1P; _1Si—2Li—op; 38i-18i8i-1p;_3.
Since the right hand side of the above expression is fixed under the * anti-involution on A;1(2),

it follows that Oit1P; 3 = D 30it1-
(4) We show that after substituting the expression

Lisv=—p;_sLi-2si—2 — si—2Li—op; 3 +p; sLiopi1p; 3 + si—2Li-28i—2 + i1

into the definition (3.2), conjugation by s;_s permutes the summands of ;1 as follows:

(1)

i— 117, 3LZ—QSZ—ZSZ—lpZJ,_1plpz_%)8i72 :Slpl__pz 3Lz—232—231—1pl+1p2p2 %7
i— 13@—2Lz—2pl_§31—1pl+1pzpz__) 2 :pi_%plpl_;_%3@—1pl_%Lz—231—2pl__ i

i— 1P 3sz2pzflpl 35171p@+1p2p27,)8i_2 = ipi,%pi,gLifzsiﬁSiPi,%Sz‘,

i 15%2sz28@ 25271p2+1p1p17,)81 2= Siflsisiflpi,gLi725i72pi7%pi71pi,g5@'52‘71,
zpl_ldz—lsz—lpwr1]91]9,__)32 2 _P,_%Si—zLi—zpi_gSipi_l

( SiP;

( SiP;

( SiP;

( SiP;

(s

(P;_1p; 3Lz—2pz—1pl__ iPi-1)"7? = p;_1p; s Liopioip;_ssip; 1,
(s

(sip.

(

(

ii)
iii)
iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)

SiP; 15272L272Sz 28iP; 15 )81 2= 8i—18iSi—1P;_ 3sz25171pl 351715 Si—1,
10171521)2 )81 2= 2;10@718@]?2 %
i 181191_511@—281—1]91_;818@ 1)51*2 = p;_18i-2Li-asigsip;_1,

8i-15i8;-28;—10;—15;—15;-25i8;—1)""% = 5;_15;5;_258;_10;_15;_15;-25i5;1.
14
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The item (i) follows from the relation s;_op;, s =p, ss;_2=p, 3.
2 2 2
For the left hand side of (ii),

S;—
)72 = s;_98ip; _18i—2Li_op, 38 1P; 18i—1Di—1P;_15i—2
173 L t+3 =3

(Sipl-,% Si—2Li—2p;_38i-1D; 1PiD; 1
= 3i723ipi,%3i725i71pi+%SiflLi72p@;gPi71pi,%5i72
= 5;-28i8;-28;1D;_3D; 4 15i—1Li 2p, 3pi 1D, 15i 2

i—5 ity =3 =3
= Sisiflpifgppr%SiflLi72pi,ng‘f1pi,%Sz‘72
=p,_18i8;i-1P;_3Si—1L;_op; 3pi—1p;_18i—2

2 2 2 2
=P;_18iSi—1P; _38i—10i—-1Pi—1P; _3Pi—1P; _1Si—2
2 2 2 2
= Pi,%sz‘si*lpi,% Siflaiflpiflpi,%3i72
= pz;%52‘52‘71Siflaiflpz;%piflpi,lSz 2

= pi_%SiUz‘—lpi_lsz—m
and, for the right hand side of (ii),

Pi 1PiPiy18i-1P; 3 Li—28i-0p; 18i = P; 1PiP;y 18i-1P; 3Pi-20i-1D; 18
= pl'f%piflsiflpijL%5@'712%;31%420@'71]9@;% Si = pz;%piflpifgpif25i71pi+%Siflo'iflpi,lsz
= Pi,%pi—lpi,gpi—zsi—1pi+% Sz‘—le‘—lpl-,% Si = pi,%pi—lsi—QSi—lpH%Sz‘—le‘—mi,;S
= pi_%pi—lsi—Qsi—lpH_%Si—lai—lpi_%Si = pi_%pi—lsi—QSi—1Pi+%pi+%8i—10i—18¢
= pi,%Pz‘flpi,%5i728i71pi+58i710i718i = pi,%5i723i71pi+% 5i—104i—154

= pi,%3@'7251‘713@'7152‘132‘,%0@'71 = pi,%5i725ipi,%0ifl = Pi,%sz‘o’zflpi,%spz,

where the last equality follows from s;_op;, 1051 = 0j_1p;_15;—2.
2 2
For the left hand side of (iii),

Si—2 _

(Sipi,%pi, 5 L; opi1p;_ 3 Sz‘f1pi+%1)z‘pi,% ) Sipi,lpl-, 3 L; opi—1p;_ 3 Sz‘flpippz‘pi, 15,2
= Sip;_ 1pz_§Lz—2pz—1pl_§31pl_ls Sz—lpzpz_lsz—
= Sipi_%pi_%l/ifﬂ)iflpi__ iPi— LPi—18iP;_18i—2
= 8ip;_1p;_3L; 28;p;i_1p;_3 8P;1Di-18iP;_18i-2
2 2
= Sipi_lpi_gLi—QSiSi—lpipi_a8@-181‘]%_1Sz—z
2 2 2
= Sipi_éLz‘—Zp,‘_lSz‘si—lpipi_ési—lsipi_lSz—2
2 2 2
= Sipi,%Li725i5i71pi+%pipi+%pi,g5@'7151‘5@'72
= P; 3 Li—28i-1p;y 1D; 35i-18iSi—2
=p;_3Li 98 1p; 38;-15iP;_18i—2
=3 =3 =3
= pl-,gpz‘flffiflsiqpi,gS¢718ipi,%8z72
= Pl-,gpi—lpi,%Ui—l$i—181—18ipi,%$i—2
= P~_§pi—1p'_1Uz‘—18ip'_18z—27
K] ) (2 B) (2
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and for the right hand side of (iii),
8P 1P; 3 Li—28i-28ip; 18i = sip;_18iD; 3 Li—28i-2p; 1
= Siflpzur%52‘71])2;314225@'72]9@;%Si = pi,gLif28z71pi+%Sz718¢72pi,%8¢
= pi,ngfzsiAPH%pi,g S§i—15i—25; = Pi,gpiﬂdiflsz‘&m%l)i,gSi718¢728i
= Pi_gpi—10i—1$i—1pi+%m_g8i—1$i—28i = pi_%pi—lpi_%o'i—lsi—lpi_;_%Si—lsi—ZSi
= pl-,gpzelpi,%ffzqsipi,% Si8;—28; = Pi,gpiflpi,%ffzqsipi,%Sif2-
From the left hand side of (iv), we obtain

Si—
)77 = (sip;_18i-98i-1Li-28i-18i-28i-1D;y LPiD;

)8172
)51'—2

(Sipi_%5i72Li725i723i71p1‘+%pipi_%

N

= (548i—25i—1D;_ 3 Li723i715i723i71pi+%pipz;%
= 8i8i-1P;_3 Li—28i-18i-28i—1D;  1PiP;_15i—2

= 8i8i-1P;_3 Li—28i-28i-18i—2D;  1PiP;_18i—2

= Sisiflpi,gLi725i725i71pi+%pi5i72pi,%52‘72

= 8i8i-1P;_3 Li-28i-28i-1D; { 1Disi—1D;_35i-1

= Sisi—lpi_gLi—23i—23ipi_%Sisi—lpisi—lpi_%Si—l

= Sz8¢718ipi,gLif25zfzpi,%Sipzflpi,%szq

= Si—lsz‘si—lpi,gLi—2$i—2pi,%Sipi—lpi,gsiq

= 8i-18i8i-1P;_3 Li—28i-2p; _1pi—1p; _38isi—1
which is identical to the right hand side of (iv).
From the left hand side of (v), we obtain

(Sipi,%Uz’flsiflppr%pipi,%)si72 = $i-28i0i—18i—1P; _3D; 1PiP;_18i-2
= Smi,gsiqu%pmi,%pi,g = pi,%Ui,gSiSiflpipF%pifg
= pi_%o}_%sipi—lpi_%pi_g = pi_%ai—lsipi—Qpi_%pi_g
= P;_10i-1Pi—2P; 3SiP; 1 = pi7%5i72Li72pi7% SiPi-1,

which is identical to the right hand side of (v).

The item (vi) follows immediately from the relation s;_op, 3 =p, 3si—2 =p, 3.
2 2

From the left hand side of (vii), we obtain

Si—
=2 = 3i—23i3i—23i—1pi_%Si—lLi—QSi—ZSipi_%SiSi—Z

(sipi_%Si—QLi—QSi—ZSipi_%Si)
= Sisi—lpi—%Si—lLi—QSi—ZSipi_%Sisz‘—Z = Sz‘si—lpi_%Si—lLi—Qsi—ZSi—lpiJ,_%Si—lsz‘—Z
= Sisiflpi,gSiflLif25i5i71pi,gSi715i = Sisiflpi,%SiLi723i715ip¢,gSi713i
= 8isi-15iP;_3 Li—28i-1p;_35isi—18i = si—18i8i-1p;_3 Li—28i—1p;_35i-18i8i-1,

which is identical to the right hand side of (vii).
From the left hand side of (viii),

Si—
(8iD;_10i-18iD;_15;)% 72 = 8;_28;P; _10;_15;—1D;, 15i—15i—2
=3 =3 =3 i+3
= 5@'7252‘0'2‘715@'7129@;%]9@4%5@'7152‘72 = Ui,gSiSi—lpi,%pH%Si—lSzfz
= 0,_388i8i—-1P; 4 1P; _38i—18i—2 = 0;_3D; 18;5;—18;—-15;—-2P;_1
2 2 2 2 2 2
=0, _3D; 18i8;—2P; 1 =P, 10, 38-25P, 1 =P, 10;-15P; 1,
2 2 2 2 2 2 2 2
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which is identical to the right hand side of (viii).
From the left hand side of (ix),
(Sz‘flsipi,gLz‘fzsiflpi,gsisifl)si” = 5@'7252‘711)2‘,%Lif25i5i715ipi,%5i715i72

= pi_%3i—23i—1Li—zsisi—lsisi—lsi—ﬂ?i_% = pi_%3i—2Li—23i—15i3i—13i3i—13i—2pi_%

=D;-1 5i72Li725i5i72pi,% ;
which is identical to the right hand side of (ix).
The equality (x) follows from the fact that s;_2s;-18;8;-28i—1 = $i—15iSi—25i—15;.
(5) By (2) and (4), 0441 commutes with (s;_9,p;—1), and so with p;_9 = s;_9p;—15;—2.
(6) By Proposition 3.3, and (2),

0i41Pi-1 = S$i0i+1Pi—1 = Pi-15i0i+1 = Pi=10;4 1

(7)—(9) Can be proved using the same argument as part (6). O

Theorem 3.6. The elements Liy1 and L; 1 satisfy the following commutation relations:
2

(1) LZ+1pZ+1 —pz+1LZ+1 —phLleszrlpZJr 1, fori=1,2,.
(2) Livapi = piLiy1, fori=1, 2

(3) Li+1pi_% Zpi_%Li_H,fOTi:Q,?),....

(4} Li+18i_1 = Si—lLi+1; fOTi = 2,3, e

(5) Liy1pi—1 = pi—1Lit1, fori=2,3.

(6) LH_%pi:pl i+ 1, fori=1,2,.

(7) Li_,’_%pi_% —pz_%LH_%,fOTZ:Q,?),....

(8) LiJr%Si,l :Sz;lLiJr%, fOT”i == 2,3,....

(9) Li+%pl’*1 :pz;lLiJr%,fO’f”L':Q,?)....

Proof. (1) Using Proposition 3.1,

Livipigr = =silipj 1 — pip 1 Lisipy 1 +pyp 1 Lipiapy 1+ silisip 1 + 0ipapy 1
= =silip; 1 —pipiLipg o Pt Lipisapi 1+ silip 1 +pig
=silipiy 1 =Py 1 P 1 Lipivipiy 1+ silipi 1+ P
=DPiyl LiPHlPH%,
as required.
(2) From Proposition 3.1, we obtain o;41p; = Tit1PiPsy 1Pi = siLipH%pi. Thus
Livipi = =silip; 10i = Py 1 Lisipi + iy 1 Livivap; 1pi + silisipi + oiv1pi
= (0it1pi = silip; 1pi) + (P 1 Lipiyapi 1pi — iy 1 Lisipi) + siLipitasi
= (0i41pi — Oiv1pi) + (pH%LiSsz‘ - pH%LzSﬂ%) + siLipit18i,
and the statement now follows from the fact that the right hand side of the above expression is

fixed under the * anti-involution on A;1(2).
(3) We first show that

(i) p; 1Li3ipi_l = P 10484,
+ 1 =Dyl

( ) siL sz_lpZ %_Szpz_le 1pipi_%pi+%a

(iii) leL@pmlepz L =P 1P 1 Liapip_ 1Py,
)

(iv Tit1P; 1 =P 1O'Z+1
17



(i) The definition (3.1) gives

PiyiLlisip; 1 = —pip1sicilicap; 18ip; 1 =P 1P 1Lic1si-isip; g
+PH%pi,%LiqpiPi,%SiPi,% +pi+%5iflLi715i715ipi,% +pl-+%0'z‘8ipl-,%
= —PH%Sz‘fle—lpi,%pH% —pH%pi,%LFlPH%SFlSi
TP 1P 1 Licapip; 1Dy 1 + P asiciLioap; 18i-18i TP 108D 1
= —Pi%pi,%szlpi,% —PH%PF%LFlquSi
T PP 1 Licap; 1+ PP 1 Licisio1si P 10isip; 1
= P 10iSi;

where the last equality follows from Proposition 3.1.
(i1) The definition (3.1) gives

silipi1p; 1 = =sisi—1Limap;_1p; 1 — sip; 1 Li—18i-1p; 10, 1
+ 8D 1 Licapip; 1P 1+ Sisi—1Lic18i-1P; 1D 1+ 8i0ip; 1D 1
= —8@'8¢71L@>1pi,%1)i+% - Szpi,%Liqu%Pi,%
+ Szpi,%Liqpipi,%pH% + 5z8¢71L¢71pH%pi,% TPy 1P 1

= Sipi_%Li—lpipi_%pi_;_%

since pi,lLiflpi,l =Pp;_1-
2 2 2
(iii) The definition (3.1) gives

Pi+l Lipi+1pi+%l7i_% = —Pitl SiflLiflpi_%pini_F% —Pir1Pi-L L; Si—1Pi+1P; 4 1P;—1

TP 1P 1 Lz‘ﬂpipi,%piﬂpﬂé TPt si—1Li—1 Si—1Pi+1P;4 1P; 1
+ Piy 10iPi+1P; 1P 1

= =Py 18i-1Licap; 1P 1 — PPy 1 Licip; 1pivipiy1
TP 1P 1 Lz‘ﬂpipi,%piﬂpﬂé TPt SiflLiflpF%pinijL%
+ PH%pi_%PinH%

= =D, 1D; _1Di+1P; 1 + P 1p; 1 Liapip; 1Ditap; 1

2 2 2 2 2 2 2

+ pi+%pi7%pi+lpi+%

=DPit1Pi 1 Li_lpipi,%pi+1pi+% .

(iv) Was demonstrated in Theorem 3.5.
Now, using

siLi—1si-1p;_1 = —sisi—1Li—1p;,_1 —p;_1L;i 15i18ip;_1 + sip;,_1Li 1pip,_15ip;_1
2 2 2 2 2 2 2
+ 8i5i71Li718i715z‘pi,% T 8i038ip; 1
= —sisi—1Licp; 1 —pi 1 Licisicasi + sipy 1 Lic1pip;_ 1Py 1
+ sisi—1Li—18i-18ip;_1 + p; 10480,
2 2
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we obtain

Livip;y = =silipi1p; 1 =P 1 Lisipg 1 + Pt Lipiap;1p; 1+ silisip; 1+ 0ig1p; 1
= —S@'pi,%Liqpipi,%pH% - pi+%0'i5i +PH%Pi,%Liflpipi,%piﬂppr%

+ SiLiSzPi,% T Oi1p; 1
= PigiPi 1 Licapip; 1Pt 1+ sisi—1Lic18i—18ip; 1+ 0ipap; 1.

Since the right hand side of the last expression is fixed under the * anti-involution on A;1(z),
the proof of (3) is complete.
(4) We show that after substituting the expression
L; = _pZ;%Liflsifl - SiflLiflpi,% + pi,%Lz‘flpipi,% +si—1Li15i1 + 0y
into the definition (3.1), conjugation by s;_; permutes the summands of L;y; as follows:
(i) §i-1Diy 1P 1 Li-1si-18i8i-1 = Py 1p; 1 Lic1si-si,
(11) Sz‘—lpzur%Si—lLi—1pi_%Sz‘8i—1 = Sipi_%Li—lsi—lpi+%7
(%ll) 8i—1Pi+%pi_%Li—lpipi_%sz‘si—l = Pi+%pi_%Li—18i—1pi+1pi+%7
(iv) SiflpijL%SiflLiflsiflsiSifl = Sipi,%Liflsiflsia
(v) 8i-1P;i1 10i8i8i-1 = 8iP; 1 Li—18i1p; 10ip; 1,
(vi) 8i—1Pi+%pi_%Lz‘—lpipi_%pinH%Sz‘—l = pi+%Pi_%Li—1pipi_%]9i+1pi+%,
) Si—lPH%Sz‘—lLi—lsi—1pi+1pi+%$i—1 = Sipi_%Li—lpipi_%Sm
) 8i~1Diy LOiPit 1Py 18i-1 = SiD;_1Li—18ip;_15i,
) si—18i8i—1Li—15i-15i8i—1 = 8;8i—1Li—15;-15i,

(vii
(viii
(ix
(x) sicap; 1 Licasip;_1sicn =p;_1Liasip; 1.
For item (i),
$i-1P 1P 1 Lic18i—18i8i-1 = Py ap; 1 Li—18isi—18i = Py 1p; 1Li-18i-18i.
For item (ii),
Si—1P; 18i—1Liap;_18i8i—1 = $ip;_18iLi—1p;_18iSi—1
2 2 2 2
= Sz‘pi,%Liflsipi,%SiSifl = Sz’pi,%Lz‘ASiflpH%-
For item (iii),
Sic1P; 1D 1 L 1pip: 18i8i—1 =D 1P; 1L 1piSiSi—1P; 11 = . 1P, 1L;_18;-1p; 1.
7 1pz+§pl_§ 7 1plpl_§ 19¢—1 pl+§pz_§ i—1DiSiSi 1pz+§ pz+§pz—§ i—197 1pz+1pl+§
For item (iv),
$i-1P;y 1 Si-1Li-18i-18i8i—1 = sip;_18iLi—18i-18i8i-1
= Sz‘pi,%LiflsiSiflSiSifl = Sipi,%Liflsiflsi-
For the left hand side of item (v),
Siflppr%o'isisifl = Siflffisipi,%sifl = O’i,%Sipi,%,
and for the right hand side of item (v),
Szpi,%L@'qu‘ApH%pipi,% = Sipi,%Liflsipl;%Sisiflpipi,% = Sipi,%Liflsipi,%Sipiflp@;%
= Sipi,%SiLi—lpi,%pi—lsipi,% = Sipi,%Sz‘UiPiPi,%pi—lsipi,% = Sz‘pi,%smisi—lpiqsz‘pi,%
= 8iSi0iP;, 18i—1SiPi—1P;_1 = 03Si—18iD; _1Pi—1P; 1 = 0; 18iP; 1.
2 2 2 2 2 2
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The item (vi) follows from the relation s;_1p, 1 =p, 1s;—1 =p, 1. For item (vii),
2 2 2

Si—1P; 41 si—1Li—1 Si—1Pi+1D;4 18i—1 = SiP;_1 SiLiflpiJrlSipi,% $i = SiP;_1 L 1pip;_ 18;.
For item (viii),

Siflpzqr% Jz‘Pz‘HPH% Si—1 = 8i—-10¢SiP;_ 1 Sz’pz’+1pi+% Si—1 = 0';% SiD;_ %Pz‘PH% Si—1

= Ui_%sipi_%pisi—18ipi_%8i = Ui_%sipi_%pi—lsipi_%si = Ui_%sipi_%sipi—lpi_%si

= Ui_%sipi_%sipi—lpi_%si = Ui_%81‘—119”%81‘—1]91‘—11?@'_%8@' = Si—1pi+%8i—10'_%pi—1pi_%8i

= 8iP;_18i0;_1Di1D;_15; = S;p;_18;L; 1p;_15;.
2 2 2 2 2
(ix) Follows from the Coxeter relations, and (x) from the relation s;_1p, 1 =p, 151 =p;_1.
2 2 2
(5) By parts (2) and (4), L;+1 commutes with (p;, s;—1), and so with p;_1 = s;_1p;s;_1.
(6) From item (3) of Proposition 3.1, Oi 1 1Di = Si0i41PiDiy 1Di = LipiJr%pi, and
LH%Pz‘ = —PH%Lz’pi - Lz‘PH%pz’ + PH%Lz’pz’pH%Pi + SiLi,%Sz‘Pz‘ 041

= =Py Lipi — Lip api + i 1 Lipi + sl _1pivisi + Lip;y 1pi

= sil;_1Dit18i.
Since siLF%piHsi = sipi+1Li7%si, this completes the proof of (6).
(7) We show that

(3.6) L@'+%pi7% = —pi,%Liqpipi,%pH% _piJr%pi,%Liflpipif%
+8i8i—1L;_3P;y18i-18i + 8i8i-10;_1D;; 18i-18i-

From the definition (3.3),

(3.7) Ligipia = (=Lipiy1 —ppiLi+p i Lipipg + sily_isi+ o, 1)p; 1.
Using part (1) the first three summands in the right hand side of (3.7) are transformed as:
Lipi+%pi,% = pi,%Liflp@-pi,%pH% and pH%szi,% = pi+%pi,éLi71pipi,%,
and
Pyt Lipipi1p; 1 = v apilip; 1piy 1 =Py apip; 1 Lic1ipip; 11
= pi+%piLi71pi7%pi+% = Lz‘flpi,%pijL%-
Next,

sil;_1sip; 1 = —s;Li1p;_18ip; 1 — 8ip;_1Li 18;p; 1 + 8ip;_1L; 1pi—1p;_18ip;_1
2 2 2 2 2 2 2 2 2
+sisi1L;_38;-18ip;_1 + 8;0,_15ip;_1
2 2 2 2
= =siliap; 1pi 1 = sip_ 1 Licisip; 1+ sip;_ 1 Licapi-ap; 1P 1
+ SisiflLi,%Siflsipi,% T 8i8i-10;_18i-18:D; 1
= _L’i—lpi_%pi+% — Sipi_%Liqu‘pi_% +Pi_%Li—1pi—1pi_%pi+%
+ SiSzflLi,%pH%Sz‘ASi T 8i8i-10;_1D;; 18i-18i.
Substituting each of the above into (3.7), and using part (1) of Theorem 3.5 gives (3.6). The
right hand side of (3.6) being fixed under the * anti-involution on A, 1(z), the proof of (7) is
2

complete.
(8) We show that, after substituting the expression

L, 1=-p;,_1Li1—Liap,_1+p,_1Li1pi1p, 1 +8i1L, 181+0, 1
2 2 2 2 2 2 2
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into the definition (3.3), conjugation by s; 1 permutes the summands of L, 1 as follows:
(i) Sifl(PH%pi,%Li—wzq)Siq = pH%Pi,%Liflpz‘Pi,%piPH%,

i) Si-1Piy 1 Si-1Li—1p;_18i-1 = sip;_1Li—1sip; 1,
) $i-1P 1P 1 Licapip; 18i-1 = Py 1p; 1 Licapip; 1,
) 5@'71(piJr%SiflLiflSifl)Sifl = Sipi,%Liflsi,

(V) 8i-1Piy10iSi-1 = OiPyy 1,
)
)
)

(Vi) sicapiy 1Pt Lic1siapipgy18i-1 = Py 1P 1 Licasioapipgg 1,

(vii Si-1Piy 1 Si—1Li—1p; _1PiP; 18i-1 = Sip;_1Pip; 18i-1Liap;_18i,
- i1 . . o 1 = .1 _ _ .1

(viii) s; 1P;y 1Si-1Lic18iapip; 18i-1 = sip;_ 1 Licapio1p; _1si,

(ix) si-1p; 1 Licasioap; 1pip;_18i-1 = p; 1 Licasicap 1pip 1
The left hand side of (i) is
$i-1(Pyy 1P 1 Lic1sio1)sic1 = p1p; 1 Lic
and the right hand side of (i) is
Piy 1Pt Licapip; 1Pipi 1 = Py 1P 1 Licapipi 1 = piap; 1 Lioa
The left hand side of (ii) is
Si—1Pgy L Si—1Li—1p; 18i-1 = 8ip;_18iLiap; 1 = sip;_1Li—1sip;_1,

which is the same as the right hand side of (ii). The left hand side of (iii) is

)

$i-1Piy 1P 1 Licapip;_18i-1 = Py 1p; 1 Licapip;

1
2 2 2

which is the same as the right hand side of (iii). The left hand side of (iv) is
Si—l(pi+%3i—1Li—13i—1)3i—1 = sip;_18ilio1 = sip;_1 Li1si,
which is the same as the right hand side of (iv). The left hand side of (v) is
Siflpzur%aisifl = Sif1pi+%0i,% = 81'710@-,%29@4% = Uz’pH%,
which is the same as the right hand side of (v). The left hand side of (vi) is
SiflpH%Pi,%Liflszflpz‘PH%qu = Pi%pi,%Li718¢71pi8i718¢p¢,%Sz’
= PH%pi,%qupz‘ASipi,%Si
= Pi+%p,~_%Li—1pi—1pi_%,
which is the same as the right hand side of (vi). The left hand side of (vii) is
Sz;lp”%Sz‘f1Lz‘f1pi,%pz’pi+%8if1 = Sz’pi,%siLiflpi,%pipH%81'71
= Sipi_%Li—lsipi_%pipi+%31‘—1 = Sz‘pi_%pmisi—lp”%8i—18ipipi+%8i—1
= Sipi,%pmi,%l)pr%Sz718ipi5i718¢pi,%Si = Sipifépiai,%piﬁpipi,%sz
= SiP;_1PiP;110;_1PiP;_15; = s@-pl-,%pzpi%szelLiApi,%8@-,
which is the same as the right hand side of (vii). The left hand side of (viii) is
Siflpl'jL%SiflLiflsiflpipiJr%Sifl = Sipi,%SiLiflsiflpiSiflsipl',%5@'
= sip; 1 Li-18isi-1pisi-18ip;_15i
= Sipi_%Li—lpz‘—lpi_lsh

2
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which is the same as the right hand side of (viii). Since the statement (ix) is evident from the

relation s; _1p;, 1 =p, 181 =p,_ 1 the proof of part (7) is complete.
2

1
(9) By parts (6) and (8 ) 41 commutes with (pi, si—1), and so with p;—1 = s;_1p;Si—1. O

Theorem 3.7. Ifi=1,2,..., then
(1) Liy1 commutes with .AH;(z), and oiy1 commutes with A, _1(z),
2 2
(2) L 1 commutes with Ai(z), and 0;,1 commutes with A;—1(z).
2 2

Consequently, the family of elements (L, L, 1 : i =0,1,...) is pairwise commutative.
2
Proof. (1) Observe that L; commutes with A;_1(z) and Ly commutes with A, 1(z), while o3
2 2
commutes with A; 1(2) and o3 commutes with A, 1(z). Since
2 2
Liy1 commutes with (s;—1,pi—1,pi,p;_1,p;,1), if i > 2, and
2 2

041 commutes with (Sz‘fz,pid,pifl,l?i,gapi,%% ifi>3

it suffices to show that
(i) Li41 commutes with A._s(z), if ¢ > 2, and

N

(ii) 0j4+1 commutes with .A'_s( ),ifi>3
If ¢ > 2, then induction on ¢ shows that L;;; commutes with A;_o(2), while, if ¢ > 3, the fact
that Lz+1 commutes with p, 3 follows from induction on i, and the fact that ;41 commutes
with p,_s. Similarly, if i > 3, then induction on i shows that o;; commutes with 4;_3(2), and
that, 1f z 4, then o0;41 commutes with p, 5
(2) Observe that L0+% commutes with Ay(z) and L1+% commutes with 4;(z), while o141

commutes with Ag(z) and o, 41 commutes with A;(z). Since

L, 1 commutes with (s;_1,p;—1,pi,p;_1), if i > 2, and
2 2

0,1 commutes with (s;_2,pi—2,pi—1,p;,_3),ifi>3
2

i+

N

it suffices to show that

(i) L, i+ 1 commutes with A,_3(z),if i > 2, and
2

\\/ \\/

(ii) 041 commutes with A, _ ( ), if 7

If ¢ > 2, then induction on ¢ shows that L; 1 commutes with A; o(2), while, if i > 3, the fact
2

that L; ! commutes with p,_ 3 follows from induction on i, and the fact that o, 1 commutes

i+3

with p,_s. Similarly, if 7 > 3, then induction on ¢ shows that o, 1 commutes with .A 3(z), and
2

that, 1f z 4, then 0,1 commutes with p,_s. O
2 2
Proposition 3.8. Fori:=1,2,..., the following statements hold:
(1) (Lizs + Liv)pits = piva(Liy1 + Lip1) = 2pita,
(2) (Li+ Li+%)pz‘+§ =Py (Li+ Li—f—%) = 2Pi s
(3) (Lli + L; + Ll+% + Li+1)8i = Si(Lif% + L; + LZJF% + Li+1)'
Proof. (1) It suffices to observe that:

(i

1
2

zszr LPi+1 = Oi+1Pi+1,

(i) pip1 szH—l = Piy L LiDit1Dy 1Pit1,
pl+ zpsz_lpH-l p,~+1L‘8ipi+1,
(IV s;L i 1 SiPiv1 + siLisipiy1 = 2piy1,

) L
)
(iii)
)
) o

z+ 1 pl+1 = SszpH 1Di41-
22



With the exception of (iv), each of the statements above is evident from the defining relations
or from what we have already shown. Since (L1 + L1)p1 = zp1,
2

(3.8) SiLi_%Sipz‘—i—l + siLisipiv1 = Si(Li_%pi + Lipi)s; = 28ipiSi = 2Dit1,
gives (iv) by induction.
(2) Using the expression (3.8), we have
“Piy 1 = APip 1Pi1Piy L
=Pig1 (SiLi_% S8ipi+1 + SiLiSipi+1)pi+%
= pH%Li,% SiPi+1Piy L T Py Lz8¢pi+1pi+%
=Ly 1pi 1pipi 1+ 1 Lipip; 1
=L 1pip 1 +pi 1 Livipiy 1,
which yields
(Li+ Ly 1)piyr = Lipiy 1 = pi 1 Lipiy 1 — Lipgy 1+ 01 Lipip; 1
sl 1pi1 o 1P
= Pirg Py~ LigPig T LigPi g Py
= 21

(3) Since 0;418; = Oipl = S$i0iy1, We have

(Li_% +Li+ Lign + Liya)si = L8 + Lisi = p 1 Lisi = Lip 1 +pi 1 Lipip; 1
+ Sz‘LF% + O'H%Si —piJr%Li - SiLiPH%
TP Lipivipi 1 + sili + oisi
= 8i(Li_s + Li+ L 1 + Lita),
as required. O

Theorem 3.9. If k=0,1,..., then
(1) the element Zppr =L+ L1+ Ly 1+ + L, 1 is central in .Ak+;(z),
2 2 2 2 2
(2) the element zpy1 = L1 + L1+ Ly 1 + -+ Lgyy is central in Agi1(2).
2 2

Proof. (1) We first show that Zpy commutes with p1,...pr and Pyt s Dyt Ifi=1,...,k,
then p; commutes with z;_{ and with Li+% + L1+ + Lk+%' Since p; also commutes with
L, 1 + L;, it follows that p; commutes with z, 1 Similarly, since p; 1 commutes with z,_1,
L; +Li+%’ and with L;4q +Li+% + "'Lk-i-%’

suppose that i = 1,...,k — 1. Since s; commutes with z;,_1, L,

2
it follows that p,, 1 commutes with z; 1. Next,
2 2 .
1+ L +Li+l + L;11, and with
2 2
LH% + Lijo+ -+ Lk+%’ it is evident that s; commutes with Zhyl- As .Ak+%(z) is generated
by p1,..., Dk, Prylse Pyl and s1,...,S,_1, we conclude that ey is central in Ak+%(z).
(2) Given that 2, 1 is central in A, , 1(z), it suffices to observe that s commutes with z;11. [
2 2

Proposition 3.10. Fori=1,2,..., the following statements hold:
(1) (Li+ Liyy + Liva)oipr = oipa(Li + L1 + Liya),
(2) (L1 +Li+Li+%)ai+ (L._% +L,~+Li+%).

7

1 g.,1
2 i+3

Proof. (1) Since 0;4; commutes with
Zit+1 = Zi—1 + Li_% +L; + Li+% + Liyq,
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and 0;41 also commutes with 2,1 + L, 1 € A, _1(2), it follows that ;41 commutes with
2 2
L; + LH% + Liy1.

(2) Given that oy 1 = 1, we may suppose that i = 2,3,.... Since 0, 1 commutes with
2 2

+
Zipt =% st Lia+ Ly + Li+ Ly,

and o,, 1 also commutes with 2z;,_s + L;—1 € A;_1(2), it follows that 0,,1 commutes with
2 2 2
Ly 1+ Li+L; 1. O
2 2

(2

4. A PRESENTATION FOR THE PARTITION ALGEBRAS

The goal here is to rewrite the presentation for Ay (z) given by [HR] in Theorem 2.1 in terms
of the elements 0;,0,, 1,p;,p; 1.
2 2

Theorem 4.1. If k = 1,2,..., then Ag(z) is the unital associative algebra presented by the
generators

p1,p2,--- 7pk7p1+%7 v 7pk;_%70-270-37' .. 70k702+%703+%7 v 70-]9_%7

and the relations:
(1) (Involutions)
(a) 0i2+% =1, fori=2,....k—1.
(b) o7, =1, fori=1,....k—1.
(2) (Braid-like relations)
(¢) 0it10;1 =04 1044, if jF i+ 1
(b) oio; = 0jo;, if j #i+1.
(c) Oi4l0j41 =0;,,10;,1, ifj#i+ 1.
(d) siSiy15i = Sit15iSi+1, fori=1,... . k=2, ifs;_1 = 0;_ 10}, forj=2,... k.
(3) (Idempotent relations)
(a) p? = zp;, fori=1,... k.
(b) pir% :pir%, fori=1,...,k—1.
(c) Oit1Pipl = P 10041 = Pig 1, fori=1,...,k—1.
(d) OiyiPiyl =DPiy10;,1 :pi+%,f07'i:1,...,/€—1.
(e) O 1PiDi1 = Oip1PiPit1, fori=1,....k — 1.
(f) Pipi+10,1 = pipis10it1, fori=1,... .k = 1.
(4) (Commutation relations)
(a) pipj = pjpi, fori,j =1,... k.
(b) Piy1Pjq1 :pj+%pi+%,fori,jzl,...,k—l.
(¢) Piy1pj = PipPiy 1, Jorj #ii+ 1.
(d) oipj = pjoi if j #i—1,i.
(¢) oipj 1 =pj 10 if § # .
(f) oip1pj = pioiy1, 5 #ii+ 1
(9) i 1Pj1 =pja0p 1, ifjFi—1
(h) 031 1Pi0; 1 = Oit1Pit10it1, fori=1,... k—1.
(i) Oy iP; 10; 1 = 0iP;y 103, fori=2,... k—1.
(5) (Contraction relations)
(0) Dy 1PjPiy1 = Pyp1, for j =iji+ 1.
(b) pip;_1pi = pi, for j =i,i+ 1.
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Proof. We first show that the relations given in the statement above are a consequence the
presentation given by by [HR] in Theorem 2.1.
(1a), (1b) Proposition 4.2 shows that i1 and ;47 are involutions in Ag(z).

1 commute, we use Proposition 3.3 and Proposition 4.2 to obtain

(2a) To see that ;41 and iy

(4.1)  oi41 =018 =80, 1 and Oiy10it1 = Oit10;, 1L = S (fori=1,...,k—1)

where s; is a Coxeter generator for &, C Ai(z). Theorem 3.7 shows that ¢; commutes with
A._3(z), and hence that oj commutes with oy, 1,...,0. 3. From Theorem 3.7, o;, 1 commutes
J—3 +3 )73 i+3
with A;_1(2), and hence with o3,...,0;_1. In general however, 0; and 0, 1 do not commute.
2
(2b), (2¢) Theorem 3.7 shows that ¢;41 commutes with o3,...,0;-1 and that 0, 1 commutes
2

WithO'H_%,...,O' 3.

pp—
(2d) Follows from (4.1), whereby for j =1,...,k — 1, each product 0, 10,11 = s; is a Coxeter
2
generator for & C Ai(2).
(3a), (3b) Are included in the set of relations given by [HR].
3¢), (3d) That o;41p,,1 = p,, 10;11 = p,_ 1 is given in Proposition 3.1. Proposition 3.3 shows
+1Pi+ i+ + i+
2 2 2
that T4 1Pip 1 = Si0i1Py 1 = SiPj 1 = Pig 1-
(3e), (3f) Proposition 3.3 and Proposition 4.2 show that
PiPit1 = SiPiPi+1 = 0; 1 10i41PiPi+1 and 04 1PiPi+1 = Oi41PiPi+1-

(4a)—(4c) Are included in the set of relations given by [HR].
(4d), (4e) By Theorem 3.7, o; commutes with A, _3(z), and hence with pi,...p;—o and with
2

PrplyeeesPi 3. Proposition 3.1 shows that o; commutes with p, 1.

2 2 2
(4f), (4g) By Theorem 3.7, 041 commutes with 4;_1(z), and hence with py,...p;—1 and with
Pyt oD s From (3d), it follows that Tip1 commutes with Pit1-

(4h) Proposition 3.3 and Proposition 4.2 show that
Pi = SiPi+18i = O'i+%0'i+1pi+10'i+10i+% and U¢+%pi0i+% = 0i+1Pi+104+1-
(4i) Proposition 3.1 shows that p, 1s0; = sioip; 1. Proposition 3.3 and Proposition 4.2,
2 2
together with the fact that o; 1 commutes with p, 1 give
2
P 10i410;,10i = 03410, 103D; 1 and Pi 104 10i =0, 10iP; 1.
Multiplying both sides of the last expression by o0, 1 on the left, and using Proposition 4.2
2

once more shows that
0i0;41P; 1034103 = 030,110, 10iPj L = Piy 1 and 0, 1p; 10,1 = OiP;y10i,
as required.
(5a), (5b) Are included in the set of relations given by [HR].
Next, we derive the relations given by [HR] in Theorem 2.1 from the relations (1a)—(5b)
above.
(1i) By the relations (1a), (1b) and (2a),

— )2 P — _
Oit10341 = 0, 10,1 and (UH%JHl) =1, fori=1,...,k—1.
Thus, writing s; = 0, 10441, for i = 1,...,k — 1, we recover (1i).
2
(1ii) If j # i+ 1, then, by (2b) and (2c¢),
S;55 = O'i+%0i+10'j+%0j+1 = O-j+%0-j+lo-i+%o-i+l = 5jSi,
as required.

(1iii) Is equivalent to (2d) with s; = 0, 10341, fori=1,... k- 1.
2
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(21), (2ii) Are identical to the relations (3a) and (3b).
(2iii) With s; = Tit104 1, the relations (3c) and (3d) give
SiPipl = 03 L0i1Pip L = 0 1P L = Py L

and

Pip 18 =Piyl0i4+10;4 1 =P 1041 = Py L,

as required.

(2iv) With s; = 04410 the relations (2a), (3e) and (3f) give

it+10
5iPiPi+1 = Oit 10,4 1PiPit1 = PiPi+1 and PiPi+15i = PiPi+10i+10;4 1 = PiPit+1;

as required.
(31)-(3iii) Are identical to the relations (4a)-(4c).
(3iv) If j #i,i + 1, then the relations (4d) and (4f) give
$iPj = 034 10i41Pj = 034 1Pj0i+1 = PjO;1 10it+1 = PjSis
as required.
(3v) If j # ¢ — 1,7+ 1, then the relations (4e) and (4f) give
Siijr% = O-Z'+%O-i+1pj+% = Ui+%pj+%o-i+1 = ijr%O-l'Jr%O-iJrl = ijr%Si’

as required.
(3vi) From the relations (1b) and(4h),

2 2
$iPiSi = Oi+10; 1 1Pi0;  10i41 = O3 1Pi+10i41 = Pit1,

as required.
(3vii) From the relations (4e), (4g) and (1a), (1b),

Sipi,%si = JH%UHlpi,%JiHUH% = UiUi,%pH%O'i,%Ui = Siflpzur%sifla

as required.
(4i), (4ii) Are identical to the relations (5a) and (5b). O

Proposition 4.2. Ifi=0,1,..., then (0,,1)* =1 and (0441)* = 1.
2

Proof. Given that i 181 = 8i0; 1 = Oiy1, We obtain

2 (gii1)2 = 52
i1 = (8i0i41)" = 01

It therefore suffices to show that 0'i2+1 = 1. By definition o7 = 1, so we assume that o7 = 1
proceed by induction. After taking the square of the right hand side of the definition (3.2), the
statement that O'i2+1 = 1 is equivalent to the following set of relations:

(4.2) (Pi_1pipiy 1 sialioap; 1 si)? = (Pi1pip;18i-1Licap; _18i)(p;_1Licasip; 1);

(4.3)  (p_1pipiy1siaiLiap;_1si)(sip;_ 1 Lic1sioap; 1pip;_1)

2

= (Pi,%pz’pH% SiflLiflpz;% 5i)(8i-15;0i8i5i-1);

(4.4)  (p;_1pipsy1siciLioap;_1si)(sip;_1 Lic1sip;_154)
= (Si—lsigisisi—l)(sipi_% Li—18ipi_%8i);
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(4.5)  (sipi_1 Licvsioapi 1pip; 1) (P 1pip;y 1 si1Liap; 1)

= (sip;_ 1 Lic18io1p; 1pip;_1)(8i-18i0i8isi-1);
(4.6) (5P;_1 Lic18i1p;y 10i0;_1)* = (01 Licasip_ 1) (sipi_1 Lic18i-1p, 19ip; 1)
(4.7) (Sipi_%Li—lsi—lpi_;_%pipi_%)(pi_%Li—lsipi_%) = (Si—lsiaisisi—l)(pi_%Li—lsz‘pi_%)§
(4.8) (Pi_%Li—lsz‘pi_%)(Pi_%pipiJr%Si—lLi—lpi_%Si) = (pi_%Li—lsipi_%)(si—lsigisisi—l)Q

(4.9)  (sip;_ 1 Lic1sio1pi 1pip;_1)(8ip;_1 Lio1sip;_18i)
= (pi_1Licasip;_1)(sip;_ 1 Licasip;_1si);

(4.10) (pl-,%Liqupi,%)Q = (8@'7152‘02‘8@'5%1)(8@'29@-,%Lz‘f15zf1pi+%pipi,%);
(4.11) (si-1sioisisi1)(pi_1Pip;y 1 8i1Lioap;_18i) = (Sipl-,%quSz‘pi,%Si)?;
(412) (52;182‘0'2‘8@'8@',1)2 =1;

(4.13)  (sip;_ 1 Li1sip;_181)(P;_1pipsy 18i-1Lioap; _15i)
= (sip;_ 1 Licasip;_151)(p;_1 Licasip; _1);

(4.14)  (sip;_1 Licasip;_18i)(sip; 1 Licasioipi 1pip; 1)
= (Sipi_%Li—lsipi_%Si)(si—lsigisisi—l)-
Considering the left hand side of (4.2), using the fact that pF%Li,lpii% =P 1 together with
P 18i-1Pjp 1 = Pi 1Piy L,
(p;_ 1PiPiy 1 si—1Li—1p;_ 1 si)? =p;_ 1PiPiy L si—1Li—1p;_ 1Pyl si—1Li—1p;_ 18
= p,‘_%pipi_;_%Si—lpi_;_%Li—lpi_%Li—lpi_%
= p@'+%pi, 1 Lz‘flpi,% Liflp@;%
=P 1Pyl
Similarly, considering the right hand side of (4.2),
(pi_%Pz‘PH%Sz‘—le‘—lpi_%Si)(Pi_%Li—lsipi_%) =P 1PiPiy 1 Si-1Lic1pi1p; 1Lio1sip; 1
= pi_%pip,q_%Si—lLi—lpH_%pi_%Li—lsipi_%
= Pi_1PiPiy 1 Si-1Piy 1 Limap; 1 Lio1sip; 1
= pi_%pmi_%pi%Li_lpi_%Li_lsipi_%
= pi_%pi+%7
Which demonstrates (4.2). Now consider the left hand side of (4.3)
(Pi_1pip;1si1Licap;_15i)(sip; 1 Lic1siap; 1pip;_1)
= pi,%pippr%8i—1Li—1pi,%Li—18¢—1pi+%pipi,%
= pi_%piplq_%Si—lLi—lpi_%pi—lgipi_i_%pipi_%-
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Considering the right hand side of (4.3),

(pl-,%pipH%8¢71L¢71pi,%Si)(Sz‘qu‘UiSiSiq) = (pl-,%quSiqu%pipi,%Si)(Sz‘qSiUiSzSiq)
= pz;%Li—lsi—lpi+%pi3i3i—1pi+%O'isz‘si—l
=p._1L; 18;_1P; 18i_1Di 10788

pl_i i—1°1 1pz+§ ) 1pz+1pl+§ 19797—1

=Pi_ 1 Lic18ip;_18iPit1P;1 1 0iSiSi—1
= Pi,%Lz’flsipi,%pisippr%0i5z8¢71
= pi_%SiLi—lpi_%Pz‘pi+%0isz‘8i—1
= Pi,%SiLz‘flpi,%pipH%Ji,% 8i—18iSi—1
= Pi,%SiLz‘flpi,%piUi,%pH% 8i—18iSi—1
=p;_1sili-1p;_1pio;_1si-18ip; 1
=p;_18iLi1p; _1pioiSip;_1

2 2 2

= Pi,%SzLFlpi,%LiquPi,%

= (pi_%SiLi—lpi_%)(p,‘_%Li—lsipi_%)-
Now,
(4.15) (pz‘fésiLiflpz;%)(pz;%Liflsipz;%) =P 1Licasip;_1siliap; 1

= pi_%PiUz‘Sipi_%SiUz’pipi_%

= pi_%pz‘Uz‘Si—lpH% Si—10ipipi_%

= pifépiai,%p@'jL%J;%pipif%

= p_10i(0;_1)py 1 pip;
1—5 P\ i—3 i+ P — 5

= pl—% )
which completes the proof of (4.3). For the left hand side of (4.4),

(Pi1pipiy1si-1licap; _1si)(sip; 1 Licasip;_18) = p; 1 Licasiap; 1pip; 1 Licasip;_1si

=p. 1L; 18 _1D.  1piD;_1DP;i0;SiP:_1S;
pz_§ 1—1°1 1p2+§p2pl_§pz 7 zpl_a i
= pi,%qusiflpi%pmzsipi,%Sz‘
= Pi 1 Li-18i-1P; 1Pi0iSi—1P; 4 1 Si—1
=Pt Lic18i-1p; 1Pi0;_1D;18i-1
=Pt Li18i-1P; LPiP; 4 10;_1Si-1
:pi,%Lz‘flsz’flUi,%pH%SFl
2

=D 1Pi(00) Py 18i-1
= pi_%pipi_i_%si—l-
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Considering the right hand side of (4.4),

(52‘715@'0'@'51‘5@'71)(Sipi,%Liflsipi,%Si) = 52418@'0@']9@4%Siflsz‘Lz‘flsz’pi,%Si
= 8-18i0iP; 18i—18iLi—18ip;_15i
2 2
= 8i-18iSi—10;_1P; 18i-18iLi—18;p;_15i
2 2 2
= P;_15i8;-10,_18;-15;L;_15;p,_158;
2 2 2
=p._ 15,0, 1(si—1)%(si)*L; 18
pifﬁ 91 i—1 i zflpifE i
=P;_18i0;, 10:P;p; 18;
2 2 2
= pi,%siszflpipi,%sz
=P;i_1Pi-15P; 15
2 2
= P 1Pi-18i-1P;4 1 Si—1

= p,‘_%Pz‘PH%SFL
which demonstrates (4.4). Considering the left hand side of (4.5),

(Sipl-,%Li718z71p¢+%pip¢,% )(qifépiPH% Sz’f1Li71pi,% 5;) = Sipz;%LiflsiflpiJr% Sz’f1Li71pi,% Si
= sip;_1Lic1sip;_1silioap; 1S
= sip;_18ilimap; 1 Li—1sip;_1si
= Sz‘flpi_:,_% Si—10iPiP; %PiUiSiflpH% Si—1
= Siflpzur% O, %pialp %piJr% Si—1
= 52‘71(0'@'7% )QPH%SFl

= Si-1Pj 1 Si-1,
while, for the right hand side of (4.5),

(Sipi_%Li—lsz‘—lpiJr%pipi_%)(Si—lsmisz‘si—ﬂ = sip; 1 Li18i-1p; 1Pip;_18i0i8iSi-1
= 8ip;_1Li18i-1p; 1PisiSi-1P;1 10 18iSi-1
= Sipi,%sz18¢71pi+%pi+18i71pi+%Ui,%siszq
= 8ip; 1 Li18i-1P; 18i-1Pit1D; 10, 18:Si-1
= sip;_1Li18ip;_18ipiv1p; 10, 1Sisi1
= Sipl-,%SiLiflpi,%pzSipH%O’i,%81'8@'71
= 81‘—119,4%Sz‘—le‘pipi_%PiPH%Ui_%sisz‘—1
= SiflpH%O’i,%PiPH%Ui,%siszq
= Sifldi,%pH%PiPH%Ui,%sisz‘fl

)?si-1

= Si-1Piy L (O'ifé

= Si—1Pi LSi-1,



which demonstrates (4.5). The statement (4.6) is equivalent to (4.2) which has already been

verified. The right hand side of (4.7) comes to,

(Sipi_%Li—lsi—lpi+%19ipi_% )(pi_%Li—wipi_% )

while

(Siflsio'isisifl)(pif 1 Lz’—lsipi,% )

sip;_1Li18i-1p; 18i-1pi—1p;_1Li—18;p;_1
=3 it3 =3 =3
$iP;_1Li 18ip;_18ipi1p;_1Li 18;p;_1
2 2 2 2
Si— 1P 18i—1Li—1p;_18ipi—1p;_1L;_18ip;_1
+2 2 2 2
Si—1Pjy1Si—1Li1p;_1pi—18ip;_18;Li_1p;_1
i+35 1—3 =3 =3
$i-1Piy 1 Si—1Li—1p;_1pi-18i-1P;; 1 Si-1Li—1p; 1
Sz’f1pi+% Si—10 ipipi,%pipH% Si—10 z'pipi,%
Si—lpH_%Ui_%pipi_%pipi+%U'_%pipi_%
Si—lpzq_%O'i_%pipi_i_%o"_%pipi_%

Sifldi,%pH%PiPH% U-,lpipi,%

2
2
$i-1P;41(0;_1)"pip;_1

Si—lp,q_%pipi_% )

= 8i-18i038iP;_1 Li—18ip; 1

8i-18i0i8iP; 1 SiLi—lpi_%

8i—18i08i—1D;4 1Si—10iDiP;_1
2 2

S¢718i0i,%pi+%ﬂ<,lpil)i,%

2
2
Si-18iP;y 1 (0 1)"pip;_1

= Si—lp,q_%pipi_% )

as required. Since the statement (4.8) is equivalent to (4.7), we consider (4.9). Using the relation

Pi18iP; 1 = DP; 1DPi1s

(Sz‘pi,%Liqu% Sz‘flpi%pipi,%)(Sipi,%Liqsz‘pi,%Sz)

On the other hand,

= 8P 1 Licapi 18i1p 1D 1 Licisip; 1

= 8P 1Liap18i-1P 10 1Licap; 2

2
= Sip;_ 1 Liflplur% Si— lpl'Jr%pz; i
= p@'+%pi,% Liflp@;%

=Py iDL

(Pi 1 Licvsip;_1)(sip;_1Licisip;_18i) = p; 1 Lic1sipg1p; 1 Licisip;_1si

1

)2

=Piyl (pz; 1 Li1p;_

=Py 1P L
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The left hand side of (4.10) is given by (4.15), and the right hand side by

(Siflsiaisisifl)(sipi,%Liflsiflpzur%pipi,%) = 52418@'0@'52‘8@'7152‘29@-,%Liflsz‘flpﬂésquzflpi,%
= Si—lsigisisi—lsip,‘_%Lz‘—lsipi_%sipi—lpi_%
= Sz718i0¢8z8¢718z‘pi,%SiLiflpi,%Siszlpi,%
2
= 51415@'0@'51‘(51‘71) p@'+%Si—laipipi,%sipiqpi,%
= 8;-18;8;—-10; _1P. 10, 1D;P: 1P;—1S;P; 1
1—19¢99—1 Z_EpH_5 _Eplpl_ipz 1 Zpl_§
— . 2. ) .
= 8i-1P;_18i8i-1(0;_1) PiP; _1Pi-18iP; 1
= pi,%Sisz‘flpipi,%piflsipi,%
:pifé’

as required. Considering the left hand side of (4.11),

(si-18i0i8i8i-1)(P;_1PiPiy 1Si-1Lic1D;_18i) = 8i-18i0i8iP; 1 SiPit1D;y 15i-10iDiP; 1 Si

= 8i-15i0i5i-1D;1 L $i—1Pi+1P;4 L $i-10iPiP; 1 Si

= 5@'7151‘0@',%]%4%Siflpi+1pi+%0'i7%pip¢,%5i

= Si—lpi+%Si—lUi_%pinH%Ui_%pz‘pi_%Sz‘

2

= 8iD;_18iPit 1Py 1(0;_1) PiD;_18i

= S@'Pi,% Sipz‘+1pi+%l?z‘pi, 1 S4

= Sipifési’
which, by (4.15), is equal to the right hand side of (4.11). Since (4.9) is equivalent to (4.13),
while (4.14) is equivalent to (4.4), the proof of the proposition is complete. O

We record for later reference further consequences of the presentation given in Theorem 2.1.

Proposition 4.3. Fori=1,2,..., the following statements hold:

(1) piy10i11Piv1 = Lipiy1,
(2) Piv10;,1Pit1 = (z— Li_1)pit1,
(3) pi+%ai+1p@'+g = pi+%pi+g .

Proof. (1) From Proposition 3.1, we obtain p;  1pi+10:41 = p; 1 L;. Thus
2 2

Pit10it1 = Pit1Diy 1Pi410i+1 = Pis1Pyy 1 Li and pip10is1piv1 = pivipiy L Lipiv1 = Lipita,
as required.
(2) We first compute
Di+1 Sipi,%pipH%Szf1szlpi,%5z‘Pz‘+1 = Sipipi,%pz’pH%SiflLiflpi,%Sile

= SipipiJr%8i—1Li—1pi_%8im+1
= SipipiJr%Uz‘pz‘—lPi_%piSi
= SiPiPiy 10iSi—1DPiSi
= Sipippr%%,%pisi
= Ui—%pi+1'
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Now observe that peo,, 1p2 = (2 — L1)p2 and hence, by induction,
2 2

Pz‘+10i+%pz‘+1 = Sz‘si—lpio'i_%pisi—lsi +pi+1pi_%Li—1$ipi_%$ipi+1
T P18} Liflsipi,%piﬂ - Pz‘+1pi,%Lz718i71p¢+%PiPi,%pi+1
~ Pit18iP;_ LDiD;1 1 S¢71Li71pi,%8ipi+1
= 8i-18iPi0;_1Pisisi—1 + P;_1Li—1piv1 + Limap;_1Pit
- pi,%quPz‘flpi,%PiH — 0;_1Pi+1
=(z— L@;%)piﬂ-

(3) Observe that p,, 109p,,1 =Py 151Dy, 1 = Py, 1p;, 1 and, by induction,
2 2 2 2 2 2

Pi138i-18i10i8iSi—1P;y 3 = Si—1P;1 3 5i0iSiPyy 3 Si—1
= 8i-15i8i+1P; L Si4+10i8i+1P; 4 L SiSi+18i-1
= 8i-15i8i4+1P; 1 0iDiy L i8i+18i-1
= 5i715i3i+1pi7%pi+%5i5i+15i71
= PiylPit 3

Therefore, using the definition (3.2) and the fact that p, 1L;_1p, 1 =p, 1,
2 2 2

P 30i+1P;y 3 = Piq 3Py} + PHgSz‘PF%Li—lsz‘Pii%Sz‘PHg

T P3P 1 Lic1sip 1Py s = Piypssipi 1Lic18iD 1PiD; 1P 3
- pi+%pi7%pl’pi+% 8¢71L¢71pi,%8¢pi+g

= Pi 3Py} TP 88Dy 3P 1Lic1sip; 1S
+ pi_%Li—lpi_i_%sipi_;_%pi_% - pH_%Sip,q_%pi_%Li—lsi—lpi+%pipi_%
- pz;%pipijL% Sifle‘flpz;%pijL% Sip@'+%

= pi+%pi+% + pi+gpi+%pi,%Liflsiflpzur%sz‘fl
+ pi_%Li—lpi_i_%p,q_%pi_% - pH_%pH_%pi_%Li—lsi—lpi+%pipi_%
- pi_%pipﬂ_% Sz‘fle‘flpi_%pH%pH%

=Py 3Piy 1y

as required. O

The next statement establishes an alternative formula for the family (L;,1 :4=0,1...), for
2
use in §5 and [En].
Theorem 4.4. Ifi=1,2,..., then
Lz‘+§ = _Lipi-i-% - pi—l—%Li + (2 — Li—%)pi—i-% + SiLi—ési +oi1
Proof. By Proposition 3.1 and Proposition 4.3,

Pip 1 LiPiDiy 1 = Py 1Dit10i1PiPiy 1 = Py 1Pi10;, 1 Pit1Pig 1 = (2 = Li_1)p; 1.
Substituting the above expression into the definition of L, 1 given in (3.3) provides the required
2

statement. O
32



5. SCHUR—-WEYL DUALITY

This section uses Schur-Weyl duality to establish that the family (L, +1s Liyi:1=1,2,...)
defined above and the Jucys—Murphy elements given by [HR] are in fact equal.
Let n =1,2,..., and V be a vector space over C with basis vy,...,v,. If r =1,2,..., the

tensor product

VI =VeVe -V has basis {vi, @V, @ - @, |1 <y, ... yip <},

r factors

and is equipped, via the inclusion &,, C GL,(C), with the diagonal &,,~action

w(fvil ® Uig ® “ e ® U’ir)w — U(’il)w71 ® U(’ig)w71 ® oo ® U(ir)w*h fOI‘ w € Gn
Let A.(n) = A.(2) ®z[,) C, where z acts on C as multiplication by n. The action of A,(n) on
V® is given (§3 of [HR]) by

w(viy @iy @ -+ @0, ) =i,y OV @ QU for u € &,,

(
and for k=1,...,r — 1,

Vi, RV @ D vy, ifikﬁ:ik+1
pk+%(vi1®vi2®"'®?}”) { n 2 i ,

otherwise,

and for k=1,...,r,

n
pr(viy ® T @V QU QU @ ® ;) Zvll QU QU OV, B B,
7j=1
The Ar+%(n)faction on V& is obtained in §3 of [HR] from the action of A, 1(n) on V& +! by
restricting to the subspace V®" ® v,, and identifying V®" with V®" ® v,,. The next statement
asserts that &, and A,(n) act as commuting operators on V.

Theorem 5.1 (Theorem 3.22 of [[R]). Letn,r € Z=qo. Let S; denote the irreducible &,,-module
indexed by A.
(1) As (C&,, A, (n))-bimodules
Ve @ ste Al
AeA,(n)
where X € flr(n) is an indexing set for the irreducible A}(n)-modules, and the vector

spaces ANn), for X € A.(n), are irreducible A} (n)-modules.
(2) As (C&, 1, A, 1(n))-bimodules
2

v @ s,
)\EAAT_’_% (n)

where X\ € fl ( ) is an indexing set for the irreducible Aﬁ+l(n)—modules, and the
2

vector spaces A)‘ 1( ), for X € A ( ), are irreducible A?Jrl(n)—modules.
2

By Theorem 3.6 of [HR], the homomorphism A,(n) — Endg, (V®") in Theorem 5.1 is an
isomorphism whenever n > 2r.
If1<i4,j <n,lets;; €6, denote the transposition which interchanges 7 and j. The next
statement gives the action of the group <O'i+%,0'i+1 li=1,...,r—1) on V&,
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Proposition 5.2. Ifk=1,2,..., and v;;, ® - @ v;, | € VT then

(5'1) 0k+%(vi1 X ® vikﬂ) = Sikigt1 Q- Sikyik+1l(vl'1 X ® vikﬂ) ® v, @ Vigyq
k —1 factors

and

(5.2) Opr1(viy @ ® Uik+1) = Sigyig1 @ @ Sikyik+1(vil Qv ® Uik+1)-

k+ 1 factors

Proof. The proposition is true when &k = 1. If £ = 2,3,..., observe that the linear endomor-
phisms defined, for v;;, ® --- ® Vigsy € V®k+1, by

ak—i—% PV @ @ Vi gy P Sigigg @0 © Sikyik+1(vil K@ Uik—1) ® vy, © Vi

k — 1 factors

and

Okt1: 0, @ ® Vi 77 Sigigyr @ @ Sikyik+1(vil Q- QU @ Uik+1)

k + 1 factors

commute with the diagonal action of &, on V®*+1  Thus, by Theorem 5.1, )1 and Oy,
2

lie in the image of the map Ag,;(n) — Ends, (VE¥*1). Observe also that the action of 01

2

on V¥ +! commutes with the action of Aj_i(n) on V1 and the action of ;1 on VEk+1
commutes with the action of A, 1(n) on V¥l Since Ay 1(n) is generated by A, 1(n)
2 2

together with (o, 1,041, Pk, Py 1), to show that the map Agy1(n) — Endg,, (V®**1) sends
2 2
O-k:-f—% — Hk:-f—% and Ok41 — 0k+1,

it now suffices to verify that, as operators on V®k+1
(1) 02, =B =1,

2 k+%0k+1 = Ok10p 11 = s,

w

(2)

(3) 0 k+%pk+% :pk+%9k+% = Pryds
(4) 0 ket 1PkPE+1 = Ok 1PkPE+1,

(5) pkpk+19k+1 = PrPr+10k+1,

(6) k+%pk9k+% = Ok 1Pk+10k+1,

(7) Oy 1Pp_ 10k 1 = OkPYy 10k

Since each of the above relations can be verified by inspection, the proof of the proposition is
complete. O

Proposition 5.3. Ifk=1,2,..., and v;; ® --- @ v;, € Ve then
(5.3) Lk_%(vh ® QU ) =nv; Q- Uy, — Zsik’j ® Q84 @ - Quy_,) @ vy,

and
n
(5.4) Li(vn ® - ©vi) = ) 855 © - ® 53,5(viy ® - @ 0y,_,) @y
j=1
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Proof. Identify V®* as the subspace V& ® Z?:l v; C V®k+1 Then
n
Prt1044 1Pit1 (Vi ® -+ ® Viy @ Up) = Pria Z Tpp 1 (Vi @ -+ @ vy @ v))
j=1
n
= Phi1 ) Siyj ® - @ 83y (Vi ® - D vy _,) ® vy, D ;
j=1
n
= Y i @ B0 - @) @y, B
j0=1
By Proposition 4.3, as operators on V&,

pk+1ak+%pi+1(vi1 K& Uiy, ® Un) = (TL - Li*%)piJrl(vil D& Uiy, ® ’Un)

I
B
|
h

%)(Uz‘l Q- QU @ W),
and the statement (5.3) follows. Next,

n
pk+10'k+1pk+1(’0@'1 X RV, @ Un) = Pk+1 Z Uk—i—l(vh Q- QU @ vj)
j=1

n
= Pk+1 ZUkJr%(Uz‘l R QU QU Vi)
j=1

n
= Dk+1 E Sigips (SRR Sigips (Uil KRV, @ Uj) & vy,
J=1

n
= Sigin @ ® Sip g (Vg © - BV, B V;) Dy
j.l=1

By Proposition 4.3, as operators on V®F,

Pk 10k+1Pk+1 (Vi ® -+ @ vy, ® V) = Lppry1(vi, ® -+ @ v;, @ vp)

n
= Lp(vi, ® - @, @ vy),
(=1

which yields (5.4). O

As in §3 of [HR], let , be the central element which is the class sum corresponding to the
conjugacy class of transpositions in C&,,,

n

Rp = E Si,j-

1<i<j<n

For £ =1,...,n, we also define

n

Kne = § Si,55

1<i<j<n
i,57#L

so that K, ., = Kn—1.
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Proposition 5.4. Let n = dim(V') and r € Zsg. If z,_1 € A _1(n) and z. € A.(n) are the
2 2
central elements defined by Theorem 3.9, and vy, ® -+ @ v;, € VO, then

. “ e . — . “e e . — ny _ . “ee .

1 T T T
(5.5) 2 (Vi ® - ® ;) = Kp (Vi @ @ 0;,) ((2) T’TL) (viy @ --- @ vi,),
and, if r =2,3,..., then,

(5.6) 21 (Ui ® - ®0;,) = Fng, (Ui, @ @ 03,) = ((5) —rn+ 1) (v @ ®vy,).

Proof. The proof is by induction on r. Let ¢ = 1,...,n. Since z; = py,

KnUj = E 84,V + E Si, V5 + E 8;.0V;

i>j J>i Jst
JilF#

=0 ((5) -
= a0+ () -

which verifies (5.5) when 7 = 1. Now observe that if v;, ® --- ® v;, € V¥, then the diagonal
action of k, and Ky ; on V® allows us to write

n
K‘n(vil D& vik) = K”Jk(vil K- ® vik) + Z Sig,j - Silmj(vil K- ® vik—l) ® Uy,
j=1
J#ik

and

H;nvik(vil K- Uik) = fn(vi, ® -+ @ Uik—l) & Vg,

n
=) i ® @84 (vi ® - @V ) © vy,
j=1
J#ik

Assuming that (5.5) holds for » = 1,...,k — 1, we obtain

zk_%(vil ®"'®Uik) = Zkfl(vil ®"'®U¢k) +Lk_%(?}i1 ®"'®Uik)
= '%n(vh K- ®vik—1) & Vi, — ((g) - (k - 1)”)(vi1 - ®Uik)

n

+nvy @« Qv — Z«Sz‘k,j ® ® 85,5 (Vi, ® - Ui _,) ® U
j=1

= fin (Vi @ - ®vik71) @ vy, — ((Z) — kn + 1)(2}2‘1 - ®vik)
n
- Z Sigg @ @ iy j(Viy ® - RV, _,) ® Vg,
j=1
J#ik
= ’%n,ik(vh ®"'®Uik) - ((Z) —kn + 1)(Ui1 ®"'®Uik)a
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which verifies (5.6) for r = k. Next, since (5.6) holds for » = 2,3,..., k, we obtain
Zk(vil - ® vik) = Zk*%(vil - vik) + Lk(vil - ® vik)
= ’%n,ik(vh K& vik) - ((g) —kn+ 1)(Ui1 ¥ ® Uik)

n
+) s @ @iy (v @ Q) QU
j=1
= ’%n,ik(vh K- ®Uik) - ((g) - kn)(vil K- ®Uik)

n
+ D 50 @ @80, ® @) ® vy
j=1
J#uk
= K/n(vil D ® vik) - ((g) - kn)(vil K& vik)a
which verifies (5.5) for r = k. O

Let Z), € Ag(n) and Z, 1 € A, 1(n) denote the central element defined by Halverson and
2 2
Ram in §3 of [HR]. Then the Jucys—-Murphy elements of [HR] are given by

M, 1 =2, 1—Zp_1 and My=2,—2, 1 for k=1,2,....
2 2 2
Theorem 5.5. if k=1,2,..., then M} 1 =L, 1 and My = Lii1 as elements of Ag11(n).
2 2

Proof. By Theorem 3.6 of [[11}], the homomorphism Ay (n) — Endg, (V®¥) is an isomorphism
whenever n > 2k. Since the coefficients in the expansions of Zx, Z; 1 and 2,2, 1, in terms of
2 2

the basis of diagrams for Ay 1(n), are polynomials in n, and the map Ag(n) — Endg, (V)

is an isomorphism for infinitely many values of n, to prove the theorem, it suffices to compare

the action of z; and Zj, (resp. 2,1 and Z; 1) on V@ for an arbitrary choice of n. Identifying
2 2

V@ with the subspace V&* @ v, C V®+1 and k,_; with Knn, then Theorem 3.35 of [HR]
states that, as operators on V&,

(5.7) Z = kn — ((3) — kn) and Zyyl = Fin-1 = ((5) = (k+1n+1).

Comparing (5.7) with the action of z; and z, 1 on V®* in (5.5) and (5.6) completes the
2
proof. O

Remark 5.6. Whereas L1 = 0 and Ly = py, in [HR], the first three Jucys—Murphy elements
2
are My = M1 =1, and M; = p; —1. Thus, although z; = Z; as elements of A;(n), Theorem 5.5

2
cannot be extended to the case &k = 0.
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