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Abstract

It is shown that gauge field-dependent fermion Dirac operators
from lattice QCD form an ergodic operator family in the probabilistic
sense, provided the gauge field is an ergodic random field. As a con-
sequence, the integrated density of states of such Dirac operators in
the thermodynamic limit exists and is almost surely independent of
the chosen gauge field configuration.
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1 Introduction

The Standard Model of Elementary Particles is one of the biggest achieve-
ments of theoretical physics during the second half of the 20" century. It
provides a common conceptual basis for all elementary forces except gravity.
The part which describes the strong nuclear force is called Quantum Chromo-
dynamics (QCD). The associated Lagrangian density has a clear and simple
appearance that fits on a single line,

L(z) - —i Fyu (@) F*(2) + $(x)(iD(4) - m)(x), (1)

with D(A) := v,(9, +iA,) being the Dirac operator of the fermion field
¥(z), (), which depends on the gauge field A = (A, (z)),., and F,(z) =
0,A,(z) - 0,A,(x) - [Au(z), A (z)] being the field tensor. In spite of its
structural simplicity, concrete quantitative predictions are difficult to derive
from (), and one often resorts either to calculations in perturbation theory
or numerical simulations on a discretized (Euclidean, after Wick rotation)
space-time, known as lattice QCD (LQCD, see [§] for an overview).

Several basic properties of QCD, such as the spontaneous breaking of
chiral symmetry or the phenomenon of quark confinement, manifest them-
selves in the regime of low energies, where perturbation theory in the QCD
coupling constant cannot be applied. Spontaneous chiral symmetry breaking
is signaled by the formation of a non-vanishing chiral condensate (i1)). In
a seminal paper [I], Banks and Casher formulated a link between the value
of the condensate and the spectral properties of the Dirac operator D in
the deep infra-red. Since the gauge field A does not appear explicitly in the
observable, it acts as a background field which nonetheless determines the
spectral properties in a non-trivial way.

The idea that the distribution of the low-lying eigenvalues of the fermion
Dirac operator is very close to the one of the corresponding (i.e., respecting
symmetries) random matrix ensemble was put forward in [I1, 16 14] and
affirmed by numerous numerical studies, e.g. [6, 2], for a review see for
example [15]. In fact, these distributions agree to an accuracy that would,
perhaps, allow to replace the derivation of average spectral properties of
the fermion Dirac operator by sampling gauge field configurations with the
random matrix eigenvalue distribution. The robustness of this phenomenon
over a broad range of parameter values, like the underlying gauge group
or the system’s temperature (in the Boltzmann weight) is also remarkable
and encourages us to formulate our ultimate goal as to establish a rigorous
mathematical link between these distributions beyond numerical evidence.

The present paper is a first modest step towards this goal, namely to
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fit the formulation of the model in LQCD into the mathematical framework
of ergodic operator families which has been built up over the past three
decades or so to study random Schrodinger operators and, especially, the
Anderson model. In contrast to random Schrodinger operators, however, the
randomness in LQCD models lies on the lattice bonds - not on the lattice
sites - and corresponds to a random magnetic field, rather than an alloy or
a quenched glass.

As the main result of this paper we prove that Dirac operators of LQCD
which depend on the gauge field indeed constitute ergodic operator families
in the probabilistic sense, provided the gauge field itself is ergodic, i.e., has
sufficient rapidly decaying correlations (see Section for a precise for-
mulation). This, in turn, is a fair assumption in many physical situations,
e.g., at high temperature or if the gauge field is massive (which is believed
to be true for non-abelian gauge fields). As a consequence of our result the
integrated density of states exists in the thermodynamic limit and is almost
surely independent of the chosen gauge field configuration.

Many observables can be expressed in terms of derivatives of the QCD
partition function with respect to source terms. For example, the chiral
condensate is given by [15]

— 1
() = = lim lim =0, log 2977, (2)
with the partition function
7QCD _ f H dA, det [ZD(A) T m]e—SYM(A)_ (3)
zeV,u=1,....d

Here, the integration of the fermionic variables yields the fermion determi-
nant det[iD(A) +m], and Sy (A) is the Euclidean Yang-Mills action.

It is customary to use the quenched approrimation in numerical simula-
tions, which amounts to setting the fermion determinant is equal to one. This
reduces the numerical effort significantly and corresponds to the physical case
of infinitely heavy sea quarks.

The discretization of the Dirac operator is also subtle, because the naive
discretization leads to the occurrence of fermion doublers, which have no
physical meaning. There are several ways to work around this problem.
Wilson proposed to add a term that vanishes in the continuum limit and
suppresses the doublers on the lattice [I7]. Another method is to introduce
staggered fermions - the lattice is divided up in sub-lattices where different
staggered phases live, that are interpreted as physical phases [7, [13]. We
are mainly interested in those two cases, where the Dirac operator still has
nearest-neighbour interaction. This is not the case for another elegant solu-
tion, the overlap operator proposed in [9].
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1.1 Introduction of the Model

Now we come to the precise description of the mathematical setting. We
consider the lattice Z?, d > 2, with fermion fields supported on the sites and
gauge fields supported on the bonds of the lattice. We take only the one
particle case into account. Then the matter fields are complex vectors and
the configuration of all matter fields is supposed to be an element of the
Hilbert space J# = ¢2(Z%,CF) of square summable Z?-sequences in Ck. 7
is equipped with the usual scalar product

d
(o, 0) = 30 Y @ia)bi(z), wedt. (4)
zeZd i=1
We will consider operators on 77, that also depend on the configuration
of gauge fields on the bonds of Z¢. The set of bonds in the lattice Z? is
denoted by
B = 74x{1,...,d}. (5)

The bond (z, 1) € B is the one connecting x and z + é,, with ¢, the unit
vector in Z¢ pointing in direction p. We give the bond (z, 1) the orientation
from x to x +¢,.

The gauge fields associated to the bonds are elements of a compact Lie
group G, the gauge group. We assume G to be either SO(N), SU(N), or
U(N) to be explicit and since these are the relevant physical cases. The
gauge field on the bond b = (x, 1) is denoted by U, , or Us.

It turns out to be necessary to consider the direction of a bond, the gauge
field for going from x + ¢, to x is Uy,iz,,—, and we set Upie, = Uy 7t

A gauge field configuration is the collection {Uj }pep. As mentioned before,
this gauge field configuration is randomly generated. To specify the under-
lying probability space we will need the notion of a plaquette, a collection of
four bonds that form a plane square in Z¢,

p(;p,v) = {(@,p0), (@ +,v), (2 + &, ), (2,0) ], (6)
with © # v. We need the product of the gauge fields along a plaquette
p=p(x;p,v),

Up = Uppy = Ulf}/ Ul Uesépw Uz s (7)

T+éy, 1

where the orientation of the bonds leads to the inverse gauge fields. Thus we
have Uy, = U;}V’M and define a plaquette as positively orientated if pu < v.

The set of all positively orientated plaquettes is denoted by

P o= {p(x;,u,y) ‘ xeZ, ,u,ye{l,...,d}, p<v}. (8)
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1.1.1 The Probability Space

We start by specifying the probability space for a single bond. Since G is a
compact Lie group, G is equipped with a natural measure, the Haar measure
. Because of the compactness of G, the Haar measure ppy is normalized
and we obtain the probability space (G, Fi, g ), with F; being the o-algebra
of Borel sets of the topological space G. A priori, we let the gauge field U, on
a single bond be a random variable that is uniformly distributed with respect
to the Haar measure puy of G.

The gauge field configuration U = {Uy },s can be regarded as an element
of the product space GB. GB is compact in the product topology by Ty-
chonov’s Theorem. The probability space for gauge field configurations is
now constructed by means of cylinder sets as in [3]. A cylinder set is subset
of GB of the form

M = {UeGP|UyeA,...,U, €A} (9)

with Aq,..., A, € Fyand by,...,b, € B. The set of all cylinder sets is denoted
Z. We take as a o-algebra for GB the o-algebra F generated by the system
of all cylinder sets. The probability-measure P on GB is then defined to be
the product measure, setting for every cylinder set

P{UeGB | Uy € Ar,... .Uy, € An}) = []par(As). (10)
1=1

Now, we modify the measure P by a weight function that represents the
gauge action. Formally, the measure P is defined as

dP(U) = Z7'e@ dP(U) (11)

with Z being a normalization factor. We assume the gauge action to be of
the following form:

S(WU) = BY ReTe(l -T}) (12)

peP

with 8 > 0 and U, the plaquette variable as defined in (7). This action on
discrete space-time is the Wilson action used in lattice QCD calculations.
Note that the gauge action is invariant under translations. Denoting by T
the translation in Z¢ by £ € Z¢, i.e. T z := x — ¢, and defining the translation
of a gauge field by £ € Z¢ to be

T'U,, = Ur Us—t.405 (13)

top =

for any U, , € G and (x,u) € B, we have
SW) = S(TV) (14)
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for all gauge field configurations U € GB and all ¢ € Z<.

In the following, we use the Gibbs formalism to establish the existence of P
and its uniqueness for small 3, following [4]. To this end, we fix a finite subset
A of B and a gauge field configuration n € GB that represents the boundary
condition, which fixes the gauge field outside of A. The corresponding local
specifications are

d/iy\ﬁ(g) = (Zxﬁ)_lexp[—ﬁ Z ReTr(ﬂ_Up)] Hd,uH(Ub) (15)

pNA+D beA

where

zn, = [gAeXpl—B > ReTr(]l—Up)] T die (Uy). (16)

pNA+Z beA

It is known (see for example [12) [4]) that, for sufficiently small 5 > 0, these
measures weakly converge, as A # B, to a unique Gibbs measure, since G5 is
compact, the action is continuous in the gauge fields, and for all b € B there
is a constant ¢’ < oo, such that

> [ReTr(1-Up)l,

peP:bep

IN
@)

3 (17)

Furthermore, the Gibbs measure is independent of the boundary condition
n. In our case, we have

> |ReTr(L-U,)|, < 2(d-1)-2N, (18)

peP:bep

uniformly in b € B, since any bond b € B is element of 2(d — 1) plaquettes.
Dobrushin’s uniqueness criterion ensures the uniqueness of the Gibbs
measure for translation invariant interactions, provided

0< > (pl-D)ReTr(1-U)l,, < 57, (19)

peP:boep

for one bond (and, hence, for all bonds) by € B, see for example [12]. In our
case, the criterion is fulfilled for all
1

0 <0 < BN@-1

(20)

Thus the Gibbs measure P exists and is unique, for sufficiently small 5 > 0.
We note in passing, that the translations are measure preserving trans-
formations with respect to P and P, that means for all A€ F, ¢ € Z

P(T*A) =P(A) and P(T'A)=P(A). (21)

Put differently, P and P are stationary w.r.t. the group Z? of translations.
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1.1.2 Ergodic Probability Measures
A stationary probability measure P is called ergodic iff, for all A, A" € F,
1
— > P(An T'A") - P(A)P(A"), asL — oo, (22)
(2L +1)¢ 124, |l eo<L
with /] = max{|l1|, e |ld|}.

A random variable f: (GB, F) —» (R, B) is called invariant iff f(T*U) =
f(U), for all £ € Z* and almost all U € GB. The importance of the notion
of ergodicity lies in the fact that any invariant random variable is P-almost
surely constant.

In the following, we show that the measure P is ergodic, provided (20)
holds true. First, we specify the decay of correlations. We define a metric

d:BxB—R} on B by setting d(b,b) :=0 and

d(b,b') = (23)
mln{n | El{plaapn} cP: beph P1NP2# D, ..., Pn-1NPn D, v’ epn}a

for b, v’ e B, b#b'. L.e. d(b,b") is the minimal number of plaquettes to connect
b and b'.

Ifp=(z;u,v), p=(Z;1,7), and pnp # @ then |x—Z| e < 1. Therefore, the
minimal number of plaquettes connecting b = (x, ) € B and O’ = (y,v) € B is
at least |2 —y| . Observing that, for all x € Z¢, p,v,7 € {1,....d}, v+pu+r,

p(x;p,v) np(e+éypu,v) # &
plzspv) np(z-éupv) # @
p(x;p,v) np(a;p,7) # @, (24)

we obtain, with b= (x,u), v = (y,v) € B as above, that
|z -yl < d(b,0) < |2yl +d, (25)

with [z —y[y = T [ - il 3
A modified version of the metric d called d := In(§)d is obtained by multi-
plying d with In(3), where ¢ > j.

Now, we take two cylinder sets A, A’ ¢ F and show that condition (22)
is fulfilled for A and A’. Since the sigma-algebra F is generated by Z, (22)
extends to all F. There are two finite sets Ay, Ay ¢ B and Ay, A}, € F; for
all be Ay, b’ € Ay such that

A= X Apx @B A= X Al <GBV (26)

bGAA b’EAA/
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Now choose x4, x4 € C(G5,[0,1]) such that x4, xa . depend only on the
variables U, with b € Ay or b e Ay, respectively, xa.(U) =1, xa(U") =1,

forallUe A, U' e A’, and

P{U €AY | xac(U)>0}<e, P{U €AC|xa(U)>0}<e

(27)

Then X ., xar are continuous functions that differ from the characteristic

function of A, A’ only on an set of measure less than e.

Now, we use a result of [5] summarized in [I2]. It states that, if v < 1,
where 7 is a constant depending on the interaction, one gets for any two

bonds i, 7 € B that

|[gB XA,e XAr,e dP - [gB XA, dP ng Xare dP ‘
1 s
< 1 e—d(m)(l _7)—1 Ai(xae) Dj(xare),

where

NOGE ;ge%v”sup{ IFU) - FUD | Up=Uf, bei )

and

y=sup Y elp;.
J ieB.itj

In our case p;; for ¢ # j, can be estimated as

pi< Y |BReTH(1-U,)| <2N8 1[d(i,5) = 1],

peP:i,jep
such that we get v<3-2(d-1)2Ng - % ,and v < 1 corresponds to

1
12N(d-1)

c <
arriving at Condition ([20). We denote the distance of A and A’ by
dist (A, A’) := min{d(i, j)|i € Aa,j € Aus}
and the diameter of A by
D4 = max{d(i,)]i,j € Aa).
If i€ A4 then

Ai(xae) < S eliM ke, < |AA|(%)DA
keB

(32)

(33)

(34)
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and analogously A;(xare) <[Aa|(5)P4, provided j € Ay Inserting this into
Equation (28], and choosing i € A4 and j € A4 such that d(i, ) = dist(A, A"),

we estimate

‘fgs XAe Xare dP = ng XA dP ng Xare dP ‘

1B\ AP )
: 1-12N(d- )¢’

C

forall 0 < f<c< (12N(d-1))7. In the limit € — 0, we obtain

dist(A,A")
P(4UA') - P(A)P(A) < c(—) |
where Db
1 1 c\
C /= - A A / —
AN 1—12N(d—1)c| Al A|(6)

is independent of the distance of A and A’.
The exponential decay of correlations implies at once,

1
——— Y |P(AnT'A)-P(A) P(A) |
(2L +1)4 72, €] so<L
dist(A,T¢A")
# Z Ca A,(é)
(2L+1)? ;0. W< \C
1 L 6 m—dist(A,A")-2(Da+D4/)
Y 2d(2m + 1)TIC 4| &
a2 00| )
2dCA,A' 6 —dist(A,A")-2(DA+D 4s) 1 .
— —
2L+1 \ ¢ 1-7e ’

where we used that d(k,T'k) < d(i, k) +d(i,7) + d(T*k, j) and thus

dist(A, T*A") = min{d(i,j)i e A, j e T An}

(39)

> min{d(k,T°k)|k € Ay} — max{d(i,k)|i € As,k € An}

—max{d(T*k,j)|k € Aar,j € T*Aar}
1€]loe = DA — 2D 4 — dist(A, A).

v

(40)

The validity of (22) on cylinder sets extends to the sigma-algebra F gen-
erated by the cylinder sets Z by a monotone class argument. Thus Condition

20) for the uniqueness of P ensures its ergodicity, too.
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1.1.3 Ergodic Families of Wilson Dirac Operators

We specify the considered operators. The dependence of those operators Dy
on the gauge field configuration is emphasized by the index U. We consider
the corresponding family of operators { Dy }yegs.

Let {Dy}yegs be a family of bounded, self-adjoint operators on J# =
2(Z4,CF). We call this family stationary if it depends on the gauge field
configuration U € GB in such a way that translations act transitively, i.e.,

TZDQT7Z = DTZQ (41)

for all U € GB and £ € Z¢, where 7¢ denotes the corresponding translation on
I, ie.,

[T'¢](x) = o(x - 1), (42)
for any ¢ € A, v € Z4. A stationary family {Dy}yegs is called ergodic if
the underlying probability measure P on GB is stationary and ergodic. The
crucial fact about ergodic families {Dy}yegs is the independence of their
spectra on U, P-almost surely. [10].

We assume that Dy includes only nearest-neighbour interaction, i.e., for
pe A, xeli [Dyo](x) depends only on the values of ¢(x), ¢(y) for those
y with |z —y| =1 and the gauge fields U, ,, U, -, for e {1,...,d}, where we
use the notation U, _, = U,_¢, 4

There are various examples for such operators of physical interest. As
mentioned in the introduction, we are mainly interested in the Wilson Dirac
operator and the staggered fermions operator. For simplicity, we concentrate
our attention to the Wilson Dirac operator in this paper.

In lattice gauge theories the Wilson Dirac operator D is used [§], which
is a discretized version of the QCD-Dirac operator Dgcp = 7,(0, +iA,) +m
with gauge fields A,. The corresponding matter fields are defined on the
hypercubic lattice Z* and are assumed to have a Dirac structure labeled
by Dirac indices « € {1,2,3,4}, as well as a colour structure with labels
ce{l,...,N.}. The Dirac structure is represented by the 4 x 4 Euclidean
Dirac matrices {%} u-1,..4. A customary explicit representation is

_ 0 —2.0'17273 _ 0 1
71,2,3 —( i01.25 0 ) y V4 —( 10 ) (43)

with 0723 being the Pauli matrices. The Dirac matrices form a Clifford-
Algebra since they fulfill {~,,v,} =26,,. Introducing s := v1727374, 1.,

w=(o %) (a4

10
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we observe that {v,,75} = 0.

The gauge group is G = SU(N,) and acting on the colour structure.
Therefore, k =4 N., and ¢ = {Pacla-1.. 4, c=1..n. € 2(Z* CF). The Wilson
Dirac operator D is defined by

4

[Délac(a) = z{<%>aﬂ¢5,¢<x>

B=1

w3 Y Y ((1)as ~ 057 as) Uso)ers das(a + Uéu)}, (45)

=1 o=%1 f=1
in short,
[D¢](z) = 5[ ¢(x) — & 21 ;(T = 0%)Uson (2 +08,)] . (46)

The parameter r € (0,1] is the Wilson parameter and £ > 0 the hopping
parameter.

Displaying the dependence of D on the gauge field configuration U by
writing Dy, we observe that Dy fulfills condition ([#I)) for any U € SU(N,)5
and any ¢ € 7, x € 7,

[7*Dyr~“¢](x) = [DyT*¢](x - £)

= [Tﬁng] (:E - E) R Z Z (T + ’YUM)UQU—Z,GM [Tiggb] ("L‘ -l+ Oéu)

p=lo=x1
= ¢(x) - HJMZ: 0;1(7“ +You)Usotop O(x +0€,)
= [Dreyo](x) (47)
and hence we have
7 Dy7" = Doy, (48)

for all £ € Z¢ and U € SU(N,)®. Thus, if P is ergodic, so is {Dy }yesv(n,)s,
and its spectrum is P-almost surely constant.

1.2 Introduction of the Integrated Density of States

In the following we study the integrated density of states of { Dy }yegs, which
represents the number of eigenstates per unit volume. For the precise defi-
nition of the integrated density of states, we restrict our analysis to a finite
subset A c Z<. Besides, this also allows us to relate our analysis to numerical
simulation.

11
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The boundary of A, denoted JA, is defined as
ON == {yeA|FzeA® |z-y|=1} c A. (49)

Furthermore we use the canonical orthonormal basis £ = {8@D} 7001 1y
of ## where the Z?-sequence §(#) is set to be

A(x,1) L éi> r=y
s = 50
(y) {0, rey (50)

with é; € CF the unit vector in direction i.

Since Dy contains only nearest-neighbour hopping, the value of Dy §(=%)
does not change, if we replace Dy by a restriction of Dy to A, for any point
x in A\OA. Only the boundary dA needs further specification. We present
two customary choices for this, namely, Dirichlet boundary conditions and
periodic boundary conditions.

1.2.1 Dirichlet Boundary Conditions

First, we restrict the operators to the finite subset A ¢ Z¢ by means of the
projection

: ‘ ‘ A
P(dzr) N %(dzr)7 P(dzr) r) = <P(x), T €N, 51
A A [ A 90]( ) 0, réA, (51)
with ‘
A = 2N, CF) c (52)
being the Hilbert space of sequences vanishing outside A. Note that
Prey = ' Pym7t (53)
Then we define
DSK) _ P/Edir)Dgpjgdir) :(%A(dir) N e%?\(dir). (54)

Note that, since ,%”A(dir) is finite-dimensional, D(ch ZX) can be represented
by a matrix of size (k|A|) x (k|A|), where |A| denotes the number of elements
in A. Since Dy is self-adjoint, so is D((Jd Z;\"). The number of eigenvalues of

D[(Jd ZX) smaller than some E € R, counting multiplicity, is denoted by

NED(B) = T {1[DFY) < E]}. (55)

12
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The integrated density of states of D( ”)
values smaller than F per unit Volume

is defined as the number of eigen-

PNNE) = WN%)(E). (56)

Clearly, Ny ( ")(E ) depends only on the gauge fields on the bonds connecting

points in A. Note that probabilistic statements about N;CZ:)U(E) do not

depend on ¢ € Z%, since P and Dy are stationary.

1.2.2 Periodic Boundary Conditions

Another way to restrict Dy to a finite set A c Z¢ is to require periodic
boundary conditions, which is often used in numerical simulations. In order
to define periodic boundary conditions we assume A to be a cube of side
length L. Without loss of generality we may assume that A ={1,2,..., L}%

We define the Wilson Dirac operator on ¢2(A(®er); C*) with periodic boun-
dary conditions by

[Dger)gb](x) = 75[gz5(x) — kK Z Z (T_OVYM)UJ%UM ¢($+Oéu)] ) (57)

p=1o=%1

where Aer) := (Z/LZ)? and x + o¢, is determined only modulo multiples of
L in all directions. Similarly

Upp = UL

T—€p, 10

(58)
where = — ¢, is also defined modulo L. Thus Dger) :,%”A(per) - ,%”A(per), with
AT = BN, (59)

only depends on the values of Ufor bonds be A x {1,...,d}, i.e., on
Up = A{Usp}oerpm1,...a- (60)

Since %”A(p ) i finite-dimensional, we can transcribe the definition of the in-

tegrated density of states to periodic boundary conditions. We set N/(\p [e;)(E )

to be the number of eigenvalues, counting multiplicity, of Dl(Jp f\r) smaller than

E € R and define the integrated density of states in the periodic case as

er 1 er
P N(E) = WNX’URE). (61)
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2 Main Theorem

Our aim is the definition of the integrated density of states for {Dy}yen. A
natural way is to let A be a cube of side length L and investigate the case
L — oo, the thermodynamic limit. As it turns out, the boundary conditions
imposed is immaterial.

Theorem 2.1. Let (GB,F,IP) be the probability space defined in Section [I1
and choose 0 < 3 < m (such that P is ergodic). Let {Dy}yegs be the

family of Wilson Dirac operators on . Let (0n)nen be a sequence in Z¢ of
nested cubes, Q, € Vi1, with Q, » Z°2.

(i) Then the limits

ot (E) = lim |Q VD) (62)

and
(Per) (Y L vtwen)

Pu (E) = hm |Q |NQ U(E) (63>
exist for all E € R, P-almost surely, and are independent of the sequence
(Qn)neN-

(ii) Furthermore, for all E € R, the integrated density of states p(E), de-
fined by
P (E) = pil™ ) (E) = p(E), (64)

is independent of the chosen boundary condition and of U € GB, P-
almost surely.

3 Proof

3.1 An Estimate on Eigenvalues

Suppose, we take two disjoint sets €23,y ¢ Z? and an operator Dy, that
fulfills the requirements of Theorem [2.Jl We can restrict Dy to €2, {25 and
Q; Uy as in (B4) by means of the projections Py,, Po, and Pg,uq,. Then
we can determine the number of eigenvalues below some E € R for all three
restrictions, denoted by Ny o, (E), Ny.a,(E) and Ny a,u0, (E), respectively.
If dist(€2,€22) > 2, we know that Ny o,00,(E) = Ny, (E) + Ny a,(E), since
the operator Dy links only neighbouring sites. Our first goal is the derivation
of an upper bound on the difference of Ny g, (E)+Ny q,(E) and Ny q,u0,(E).
To this end, we start with a general observation for finite matrices.
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Let A, B be complex, self-adjoint (M x M )-matrices. The rank of B
is denoted by b, and the interesting case is b << M. Since A and B are
self-adjoint, so is A + B, and all three matrices A,B and A + B have M
real eigenvalues counting multiplicity. Due to the fact that rank(B) = b, B
has (M -b) eigenvalues equal to zero, and b eigenvalues different from zero.
Furthermore, we denote by N4 € Ny the number of negative eigenvalues of A,
by Ng, N_g, N4.p the number of negative eigenvalues of B, -B, and A+ B,
respectively.

Lemma 3.1. Let A, B be self-adjoint M x M -matrices. The difference of the
number N4 of negative eigenvalues of A and the number N,p of negative
eigenvalues of A+ B is at most rank(B),

|Na — Nayip| < rank(B). (65)

Note, that the bound (63]) is independent of | B|.

Proof. First, we show that Ns,p — N4 < rank(B). Let us assume that
Na,p > Ny +rank(B). Then the min-max principle ensures the existence
of a subspace X ¢ CM with dimension dim(X) = N4 +rank(B)+1 such that

sup (l(A+B)g) < 0. (66)
peX,|g]=1
In particular we have
sup  (¢|(A+B)o) = sup  (¢]A¢) <0. (67)
peXnker(B),|d|=1 peXnker(B),|¢]=1

Using the min-max principle again, we obtain Ny > dim(X n ker(B)) >
dim(X) —rank(B) = N4 + 1. Therefore we have that N4,5 — N4 < rank(B).

Now, we set A’ := A+ B, B’ := B and get analogously Nar.p — N} <
rank(B’) that is Ny — N4, p < rank(B). O

Lemma 3.2. Let (GB,F,P) be the probability space defined in section [L1]
and choose 0 < f < m such that P is ergodic. Let {Dy}yegs be the

family of Wilson Dirac operators on €. Furthermore let Qy,...,Q; c Z¢ be
disjoint, finite sets and € := U}Ll Q; their union.

(i) Then we have, for any U € GB and all E € R,

1 (dzr) J (dzr) ijl |8Q]|
N < kb —
6] )= q
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(i1) If in addition the sets Qy,...,Q; are cubes, such that § is also a cube,

then J
j:1 |an|

N(per)(E) ZN(per)(E) < |Q| ’

|Q| (69)

for any U € GB and all E € R.

Proof. We remark that it is enough to prove the case E = 0, because we
can replace Dy by Dy — E. We start with the case of Dirichlet boundary
conditions and define (k|| x k[2|)-matrices A and C' by

J . .
A=DYy), €= Py APq, + " » 1. (70)

J=1

The matrices are chosen in such a way that we get with counting multiplicity

NS (0) = Te {1[A > 0]} (71)
and p
> NFG)(0) = Tr{a[C 2 0]} (72)

Now, we set the matrix B := A—C to be the difference of A and C'. The rank
of B can be estimated as follows

J
rank(B) <k ) |08, (73)
j=1
using that B = Y, Po, APq,. By Lemma B.1], we obtain
1 J { 00
Nya(0) = > Ny, (0)| < k 21 0% , (74)
9] st 2]
and (1) is proven.
To prove (7i), we use that, for any cube A, we have that
rank [DY) - D] < k |0A] (75)
Therefore, (i) and another application of Lemma B.1] yield (69),
1 er er er ar
N(P )(E) ZN(P )(E) |Q|(|N(p )(E) N(d )(E)|
7=1
) J )
o |V ) - B« S ) - N )
j=1 j=1
ZJ:1 |an|
< 3k =——. (76)
2]
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Lemmal[3.2]is an estimate on the change of the integrated density of states
as the subset of Z¢ is broken up into smaller pieces. The estimate is, indeed,
precise enough to prove the existence of a limit in the sense of Theorem 2.1
as is done in the next sections.

3.2 Existence of the Integrated Density of States for a
Special Sequence

In this section it is shown that a limit for the integrated density of states
exists almost surely for a sequence of growing cubes in Z¢.
To this end, we define the following sequence of growing cubes,

A= {127+ 1,0 120 ) (77)

with [y € N to be fixed later. Note that A,, has side length [,2".

The virtue of the sequence (A, )nen 18, that A,,; splits into 2¢ disjoint
cubes, each of size |A,|, in a natural way. More precisely, there are z1, . .., 29 €
74 such that, for

I, :={T*,..., T%} (78)

being the set of associated translations,

Aer = U TA.. (79)

Tell,,

In order to clarify the notation, we also introduce the sets II), for I > n
that consist of the translations needed to compose A; of translations of A,

I, ={T,.. T : T, e, ..., Tiy €114} (80)
Thus, II,, = IT**! and we have

A= U TA,, (81)

Telll,

see Figure [l Next, we study the integrated density of states of A,, as n
grows. We omit the dependence of N/(\i"U)(E ) and N/(\i ez)(E ) on E and the
gauge field configuration U and write

N@D[A,] = NEO(B) and NO[A] = NOD(E)  (82)

instead.

17
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N

Figure 1: A,, and A,, in Z?, with m = n + 2. The dotted lines indicate the
translates of A,, whose union gives A,,.

Lemma 3.3. For any ly € N, the sequences (‘A ‘N(d“’)[An]) and

neN
(|A1 |N(pe”)[A ])neN converge, P-almost surely.

1 ir 1 er er
i N = g i S NGO A > T (83)
Furthermore
lim| |\N<d“"> ]- N®I[A,]| =0, (84)

P-almost surely, and p, := pl(f") l(fer)'

is a Cauchy sequence and in the

Proof. We show that (‘A |N(d“’)[A ])neN

proof we denote N [A, ] =: N[A,]. The proof for periodic boundary con-
ditions is completely analogous.

Assume that m > n. By applying (8I)), one can split A, into 24(m-7)
cubes of size |A,],

Am= U TA,. (85)

Tellm

The mean integrated density of states for these translations of A, is

1 1 1
——NI[TA = —— N|[TA,]. 86
g 2 g NEAR) = 2, NITA] (86)

18
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A

Figure 2: Both sets A,, and A,,, are split up in smaller cubes of the same size
as \,,. For A, only part of the splitting is sketched.

Thus we can estimate

1 1

mN[Am] - mN[An] (87)
< ﬁ N{Au- 3 N[TA)| ﬁT;mN[TAn]— | A1n|N[An] .

Lemma directly gives us an upper bound for the first term on the right
side of (87), since we have

1 24(m-m|9A,,|
— [N[An]- D) N[TA| € b ——7=
Ly 2d(1620) 2dk
<k 2d40mm) = 27" 8
B (lp2m)¢ o ~ 7 (88)

independently of the gauge field configuration.

The second term on the right side of (87]) is the difference of the integrated
density of states for a cube A,, and its spatial mean over 24(m-") translated
disjoint cubes of the same size. As we do not know, yet, whether this term is
small with high probability, provided n is large enough, we split A,, and its
translates into smaller cubes of size |A,, | for some ny < n € N, as indicated in
Figure

19
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We estimate

1 1
= 2 N[TA,]- 7= NI[A,]
ol 120 Iy
< 1 > INIT Ay]- > N[T'TA,,]
|Am| Tellm T’GHQO
S NTAL - S N[TAL]
|Am| Tel'[ﬁ0 " |An| TGHQO "
1
o Z N[TAno]_N[An] ) (89>
|An| Tel'[’,}O

using that any 7' € II7? is given as a product 1" = T"T", for unique T" € II7?
and 7" e II7 . Then Lemma [3.2 yields again an upper bound for the first and
the third term on the right side of (89), and analogously to (88]), we obtain
that

Lo INTA] - Y NTAL)| < 2 g (90)
| Al e ey, lo
and
LS NTAL] - VA < 2 g, (91)
|An| Telly lo
Thus Equations (88), ([89), (@0), and (@) yield
VA - VA 92)
Al T AT
¢ Mgy | LS NTAL - = S N[TAL
lo |Am| Telly, |An| Telly,

We can choose ng and then n > ny so large that %(2*" +27™0) is arbitrarily
small. To estimate the remaining term, we view {Z,(U)}ez4, with

70 (o2 dir
Z,(U) := N[T?07A,, ] = Nq(w”o)lozAnon(E)’ (93)

to be an invariant family of random variables. By Birkhoff’s Ergodic Theo-
rem, the mean of these random variables converges P-almost surely. Hence,

o0

(. 2 1)) (99)

|Am| TGH% m=ng+1
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is a Cauchy sequence, P-almost surely.

As noted above, we can replace N[#] by N®er)[4#] and repeat the proof
for periodic boundary conditions with exactly the same arguments, since all
sets are cubes and Lemma [B.2](ii) applies.

Equation (84)) is similarly proven as Lemma B2(ii),

- 0, n->oo. (95)

O

Note that, while the preceding lemma holds for all [y € Ny, this does not
imply the independence of the integrated density of states of the choice of .
It turns out, however, that not only the independence holds true, but that
furthermore the size of the cubes in the sequence is immaterial, as long as it
is monotonically growing.

3.3 Proof of Main Theorem [2.1]

The proof is similar to the one of Lemma We choose [y, ng € N arbitrary,
but fixed. Given €2, there is an m € N such that € € A,,,. We define

Sp o= {T eIl | TAyy € ),
Q= U TAn S U (96)
TGZk

Note that ) is a rectangular box, whose smallest side length is at most
two times smaller than its largest side length and all side lengths are multiples
of [p2™0. Moreover

%] = %] = [2\Ck] < 10| - [An,| (97)

Now, we estimate for k > ng, (2 2 A,

1 1 1 1
—N[AL] - —N[Q < |—NJ[AL] - — N|[TA,,

1 1

+[— Z N[TA,]-—=— Z N[TA,,]
|Ak| Tellh |Qk TeXy
1 1 ~

+ = N[TAnO] - N—N[Qk]
|Qk| Texy, |Qk|

| N[ - —— N] (98)
|| |€2%|
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In the first and third term we can apply Lemma directly to get upper
bounds. The second term converges P-almost surely to zero, by Birkhoft’s er-
godic theorem. For the last term we estimate the difference of the integrated
density of states of (), and (U,

1 ~ 1 |§k| N[ ] - |Qk|N[§k]
2] 2] |l - €%
First, we estimate
4] N8R - - Vo]
= (12l (V%] - NT]) + (192%] = [l N[
< I[N %] = N2 ]|+ (1] - [C]) N [$2]. (100)
Then we observe that
IN[%] - N[]| < K[OG + (2d + 1)E(IQ%] - []) (101)
holds true because of the following estimate using Lemma [3.2]
IN[] - N[ﬁk]‘ -1 > N[{z}]
erk\ﬁk
< rtad-(vinge £ o)
mer\ﬁk
(1083 + 2d (%] - [3]) ). (102)
Thus we get
1 ~ 1
— N[Q] - =— N[Q%]
‘|Qk| |€2]
1 5 1 (12!~ 1))
< =[N - N[E]|+ = N[, E = )

|Qk| o3

by using Equations (I00), (I0I) and the fact that ‘Q—lﬂN [Q%] < k. Altogether
we have proven

1 1

lim N[Ax] - o]

Jim | = N[%]| =0, (104)
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P-almost surely. The periodic case is again proven completely analogously.
Recall that Lemma [3.3] gives the existence of the limit

pu(E) = lim mNgd“;}(E) lim |A—1|N/(\pe;])(E) (105)
with (Ay,),,y as in ([7), P-almost surely. Equation (I04]) ensures the indepen-
dence of this limit of the chosen sequence (€ )geny. Furthermore, Lemma
implies that the limit for periodic boundary conditions is the same.

Since the integrated density of states is invariant under translations, it is
P-almost surely constant, and (1) follows. This finishes the proof of Theorem

21 O
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