MARKOV PROCESSES ON THE PATH SPACE OF THE
GELFAND-TSETLIN GRAPH AND ON ITS BOUNDARY

ALEXEI BORODIN AND GRIGORI OLSHANSKI

ABSTRACT. We construct a four-parameter family of Markov processes on infinite
Gelfand-Tsetlin schemes that preserve the class of central (Gibbs) measures. Any
process in the family induces a Feller Markov process on the infinite-dimensional
boundary of the Gelfand-Tsetlin graph or, equivalently, the space of extreme char-
acters of the infinite-dimensional unitary group U(oo). The process has a unique
invariant distribution which arises as the decomposing measure in a natural prob-
lem of harmonic analysis on U(o0) posed in [OIs03]. As was shown in [BO05a], this
measure can also be described as a determinantal point process with a correlation
kernel expressed through the Gauss hypergeometric function.
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1. INTRODUCTION

This work is a result of interaction of two circles of ideas. The first one deals with
a certain class of random growth models in two space dimensions [War07], [Norl0],
[BF084], [BG0O9], BGR09+], [BK10] [Bor10+], while the second one addresses con-
structing and analyzing stochastic dynamics on spaces of point configurations with
distinguished invariant measures that are often given by, or closely related to, de-
terminantal point processes [BO06al, [BO06D], [BO09], [OIs10], [Ols10-+].

Our main result is a construction of a Feller Markov process that preserves the
so-called zw-measure on the (infinite-dimensional) space ) of extreme characters
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of the infinite-dimensional unitary group U(oo). The four-parameter family of zw-
measures arises naturally in a problem of harmonic analysis on U(co) as the de-
composing measures for a distinguished family of characters [OIs03]. A zw-measure
gives rise to a determinantal point process on the real line with two punctures, and
the corresponding correlation kernel is given in terms of the Gauss hypergeometric
function [BO05al]. Such point processes degenerate, via suitable limits and/or spe-
cializations, to essentially all known one-dimensional determinantal processes with
correlation kernels expressible through classical special functions.

The problem of constructing a Markov process that preserves a given determinan-
tal point process with infinite point configurations has been addressed in [Spo87],
[KT10], [Osa09+] for the sine process, in [K'T09] for the Airy process, and in [Ols10-+]
for the Whittaker process describing the z-measures from the harmonic analysis on
the infinite symmetric group.

Our approach to constructing the infinite-dimensional stochastic dynamics differs
from the ones used in previous papers. We employ the fact (of representation the-
oretic origin) that the probability measures on {2 are in one-to-one correspondence
with central or Gibbs measures on infinite Gelfand-Tsetlin schemes that can also be
viewed as stepped surfaces or lozenge tilings of a half-plane. The projections of a
zw-measure to suitably defined slices of the infinite schemes yield orthogonal polyno-
mial ensembles with weight functions corresponding to hypergeometric Askey-Lesky
orthogonal polynomials.

These orthogonal polynomials are eigenfunctions for a birth and death process
on 7Z with quadratic jump rates; a standard argument then shows that the N-
dimensional Askey-Lesky orthogonal polynomial ensemble is preserved by a Doob’s
h-transform of N independent birth and death processes.

We further show that the Markov processes on the slices are consistent with re-
spect to stochastic projections of the Nth slice to the (N —1)st one (these projections
are uniquely determined by the Gibbs property). This consistency is in no way ob-
vious, and we do not have a conceptual explanation for it. However, it turns out to
be essentially sufficient for defining the corresponding Markov process on 2.

We do a bit more — using a continuous time analog of the general formalism of
[BEO8+] (which was based on an idea from [DE90]), we construct a Markov process
on Gelfand-Tsetlin schemes that preserves the class of central (=Gibbs) measures
and that induces the same Markov process on ().

We now proceed to a more detailed description of our work.

1.1. Gelfand-Tsetlin graph and its boundary. Following [Wey39], for N > 1
define a signature of length N as an N-tuple of nonincreasing integers A = (A\; >
-++ > Ay), and denote by GTy the set of all such signatures. Elements of GTy
parameterize irreducible representations of U(N) or GL(N,C), and they are often
called highest weights.
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For A € GTy and v € GTyy1, we say that A < v if vj1; < \; < p; for all
meaningful values of indices. These inequalities are well-known to be equivalent
to the condition that the restriction of the v-representation of U(N + 1) to U(N)
contains a A-component.

Set GT = | |y>; GTx, and equip GT with edges by joining A and v iff A < v or
v < X. This turns GT into a graph that we call the Gelfand-Tsetlin graph. A path
of length M € {1,2,...} U{oo} in GT is a length M sequence

A <A@ < AU € GT;.

Equivalently, such a path can be viewed as an array of numbers {AE” )} satisfying
the inequalities AV 1Y < AP < AVTD: it s also called a Gelfand-Tsetlin scheme. An
interpretation of paths in GT in terms of lozenge tilings or stepped surfaces can be
found in the introduction to [BEOSH].

The Gelfand-Tsetlin schemes of length N parameterize basis vectors in the Gelfand-
Tsetlin basis of the irreducible representation of U(N) corresponding to A, cf.
[Zhe70]. Denote by Dimy A the number of such schemes with A®¥) = X; this is also
the dimension of the irreducible representation of U(N) corresponding to A. It is
essentially equal to the Vandermonde determinant in shifted coordinates of A:

Dimy(\) = consty H (N —i— X +7).

1<i<j<N

A probability measure on infinite paths in GT is called central (or Gibbs) if any
two finite paths with the same top end are equiprobable, cf. [Ker03]. Let Py be
the projection of such a measure to AN € GTy. Centrality is easily seen to be
equivalent to the relation puy = MNHA%H, N > 1, where uy and pynyq are viewed
as row-vectors with coordinates {gn(A)}rcery and {pn+1(v)}veery,,, and

A%—H(% )‘) ) 1)\-<1/> A€ GTN, Ve GTN-H, (11)

~ Dimy(v
is the stochastic matrix of cotransition probabilities. There is a one-to-one cor-
respondence between central measures on GT and characters of U(oo) (equiva-
lently, equivalence classes of unitary spherical representations of the Gelfand pair
(U(o0) x U(o0),diag U(o0))), see [OIs03].

As shown in [OIs03], see also [Voi76], [VK82], [O098], the space of all central
probability measures is isomorphic to the space of all probability measures on the
set Q C R™°"? consisting of the sextuples w = (a*,8%,a7,87,6%,67) € R{>T?
satisfying the conditions

af=(af >a5>--->0), pE=(BE>pF>-->0), >0,

[e.e]

Yl +85) <ot B+ <L

i=1
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The set €2 is called the boundary of GT; its points parameterize the extreme
characters of U(co). The map from central measures on GT to measures on ()
amounts to certain asymptotic relations described in Subsection below.

1.2. zw-measures. Let z,2’, w,w’ be four complex parameters such that
(z+k)(Z+k)>0 and (w+k)(w'+k)>0 forany keZ (1.2)
and
24+ 2 +w+w > -1 (1.3)

(note that (L2) implies that z + 2’ and w + w’ are real). For N > 1, define a
probability measure on GTy by (below [; = A\; + N — 1)

N
M. . 10N (A) = consty H (I — 1;)? H Worwaw (L), (1.4)
1<i<j<N i=1
where

1
Fz4+N—-2)l'Z+N—-2)l(w+1+z2)'(w +1+x)

Wz,z’ Jw,w’ (SL’) =

We call it the Nth level zw-measure. It is the N-point orthogonal polynomial
ensemble with weight W(-), see e.g. [Kon05] and references therein for general
information on such ensembles.

One can show that the finite level zw-measures are consistent: For any N > 1,
M. 1w |N = M 2t | N+1 A%“. Therefore, the collection {Mz,z',w,w'|N}N>1 defines
a central measure on the paths in GT and a character of U(cc). For 2/ = z, w' = w,
this character corresponds to a remarkable substitute for the nonexisting regular
representation of U(0o), see [OIs03] for details.

The corresponding measure M. ./, on (2 is called the spectral zw-measure. If
w = (a*, f%,6%) € Q is distributed according to M, ./, . then the random point
process generated by the coordinates

1 + 1 + 1 - 1 S
s+l 3 =8 —3+8 53—},

is determinantal, see [BO05a], [BO05D| for details.

1.3. Doob’s transforms of N-fold products of birth and death processes.
It is not hard to show that the first level zw-measure M, ./, on GTy = Z is the
symmetrizing measure for the bilateral birth and death process that from a point
x € Z jumps to the right with intensity (z —u)(x — «’) and jumps to the left with
intensity (x + v)(z 4+ v’), where (u, v, v,v") = (2, 2/, w,w’). Denote by D = Dy, 4.0
the corresponding matrix of transition rates.
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More generally, we show that the Nth level zw-measure (4] is the symmetrizing
measure for a continuous time Markov chain on GTy with transition rates

_ Dimy(v)

PO = B ()

(D(ll, 1) L=n; i1}y + D(l2, n2) L=, 2y + - -

+ D(lN,nN)l{li:ni,i;ﬁN}) —dy -1y, (1.5)

where [; =X\ + N —j, nj=v;+ N — 35,1 < j <N, dy is a suitable constant, and
we take (u,u’,v,v") =(z+ N —1,2+ N — 1,w,w’) in the definition of D.

Observe that DOY) can be viewed as a version of Doob’s h-transform of N copies
of the Markov chain defined by D with A(-) = Dimy(-). Note that in our case,
Dimy(-) is an eigenfunction of the corresponding matrix of transition rates with a
nonzero eigenvalue.

For any N > 1, let (Py(t))i>0 be the Markov semigroup corresponding to the
matrix D) of transition rates on GTy (we show that (Py(t))s>0 is uniquely defined
and it possesses the Feller property). The key fact that we prove is the consistency
(or commutativity) relation

Py (AT = AV Py (2), t>0, N>1.

Although this relation looks natural, we have no a prior: reason to expect it to
hold, and we verify it by a brute force computational argument.

1.4. Main result. We prove that for any (z, 2, w,w’) € C* subject to (L2)-(L3),
there exists a unique Markov semigroup (P(t)):>o on 2 that preserves the spectral
zw-measure M, .., v, and whose trace on GTy coincides with Doob’s transforms
(Pn(t))t>0 introduced above. Moreover, the semigroup (P());>o is Feller (it pre-
serves Cp(€2), the Banach space of continuous functions vanishing at infinity; note
that the space € is locally compact).

By general theory, see e.g. [EK86, IV.2.7], this means that for any probability
measure 1 on §2, there exists a Markov process on €2 corresponding to (P(t)):>o with
initial distribution p and cadlag sample paths. We also show that M, ./, . is the
unique invariant measure for this Markov process.

1.5. Markov process on Gelfand-Tsetlin schemes. Via the correspondence be-
tween the probability measures on () and central measures on paths in GT, the
semigroup (P(t));>o defines a Markov evolution of central measures. It is natural to
ask if there exists a Markov process on all probability measures on paths in GT that
agrees with the one we have when restricted to the central measures. We construct
one such process; let us describe its transition rates.

Let {)\Z(-j )} be a starting Gelfand-Tsetlin scheme. Then
e FEach coordinate )\Z(.k) tries to jump to the right by 1 with rate

OB —i— )W -2+ 1)

7
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and to the left by 1 with rate
Ok — i+ w) AW + & — i+ w),
independently of other coordinates.
o Ifthe )\Ek)—clock of the right jump rings but Agk) = Aﬁ;”, the jump is blocked. If
its left clock rings but )\Z(-k) = )\Z(-k_l), the jump is also blocked. (If any of the two jumps

were allowed then the resulting set of coordinates would not have corresponded to
a path in GT.)

e If the right )\Ek)—clock rings and there is no blocking, we find the greatest number
[ > k such that )\Ej) = )\Z(-k) for j = k,k+1,...,1, and move all the coordinates
{)xgj) L_ to the right by one. Given the change )\Z(-k) > AE’“) + 1, this is the minimal
modification of the initial Gelfand-Tsetlin scheme that preserves interlacing.

e If the left )\Ek)-clock rings and there is no blocking, we find the greatest number

[ > k such that )\Ei)j_k = )\Ek) for j = k,k+1,...,l, and move all the coordinates
{)‘z(i)j—k}é':k to the left by one. Again, given the change )\Z(-k) — )\Ek) — 1, this is the
minimal modification of the set of coordinates that preserves interlacing.

Since the update rule for each coordinate Agk) typically depends only on a few
surrounding coordinates, one can argue that we have a model of local random growth.
It should be compared to the models treated in [BF08+], [BK10], where a similar
block-push mechanism was considered with constant jumps rates, and in [Bor10+4],
where the jump rates were also dependent on the location and numbering of the
coordinates.

The key new feature of the Markov process above is the absence of the limit
shape phenomenon. Often taken for granted in local growth models, it is simply
nonexistent here. .

This fact becomes more apparent if we restrict ourselves to coordinates {)\gj )} j>1
only. The evolution of this set of coordinates is also Markov, and it represents
a kind of an exclusion process. Our results imply that this process has a unique
equilibrium measure. Moreover, with respect to this measure, the asymptotic density
lim;_, )\gj ) /7 is well-defined and random. It changes over time, and its distribution
is given by a solution to the classical Painlevé VI (second order nonlinear) differential
equation, cf. [BD02].

1.6. Analytic continuation viewpoint. We have so far required the parameters
(z, 2", w,w’) to satisfy (L2) and (L3). However, all the results would hold if (I.2)) is
replaced by more general conditions, see [Ols03] for a precise description, with the
only difference being that the state spaces for our Markov processes would become
smaller. In particular, if we choose

2=k€Zsy, Z=k+a—-1, w=I1€Zsy, w=10+b—1, a,b>0,
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then we have to restrict ourselves to Gelfand-Tsetlin schemes with — < )\EJ ) < k for
all 7,5 > 1. As the result, there are only k£ + [ nontrivial parameters remaining on
the boundary, and (P(t));>0 turns into a finite-dimensional diffusion with an explicit
second order differential operator as its generator. The equilibrium distribution (i.e.
the spectral zw-measure) becomes the (k + [)-point Jacobi orthogonal polynomial
ensemble. See Subsection [I0.1] for details.

One can thus think of our construction as of an analytic continuation in param-
eters (k,(,a,b) of a very well understood finite-dimensional diffusion. This point of
view can be very fruitful: In [Ols10+] it was heavily exploited in the construction
and analysis of the Markov process preserving the spectral z-measure arising from
representation theory of the infinite symmetric group. In that case, the starting
point for analytic continuation was the Laguerre orthogonal polynomial ensemble
and the corresponding diffusion, rather than the Jacobi one that we have here.

1.7. Pregenerator. As our construction of the semigroup (P(%)):>o is fairly inex-
plicit, it is tempting to look for its alternative definition, for example, via a generator.

We were able to find a countable set of ‘coordinates’ on §2 such that the action of
the generator of (P(t)):;>o on polynomials in these coordinates is given by an explicit
formal second order differential operator, see Subsection below. However, it re-
mains a challenge for us to derive properties of our Markov process (or its existence)
from the resulting formula.

1.8. Further questions. As explained in [OIs03], the slices GT y can be embedded
into the boundary so that as N — oo, their images form an increasingly fine grid in
Q. Tt is known that the Nth level zw-measures weakly converge to the spectral ones
under these embeddings. It would be desirable to prove a similar statement for the
Markov semigroups.

Verifying semigroup convergence would pave the way to proving that the equilib-
rium Markov process on the boundary can also be described as a time-dependent
determinantal point process. The fact that the dynamical correlation functions are
determinantal on each GT y easily follows from known techniques, although deriv-
ing useful formulas for the correlation kernel is a separate task. Another possible
corollary of the semigroup convergence would be that the spectral zw-measure is a
symmetrizing (not just an invariant) measure for (P(t)):>.

It seems important to continue the study of the pregenerator started in Subsection
[10.2l For example, it would be nice to understand if the space of polynomials in our
coordinates is a core for the generator of the Markov process, and if not then how
that space should be modified.

Another way to benefit from investigating the generator would be to obtain a
proof of the continuity of trajectories for our processes; we are only able to show
that the process has cadlag trajectories at the moment.
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All these questions and more have been settled in the case of the z-measures
treated in [Ols104]. Unfortunately, key features of that model are not present
here (like decomposition of the process into a one-dimensional one and a process
on a compact set, or the existence of a convenient set of functions on the state
space isomorphic to the well-studied algebra of symmetric functions), and one would
clearly need new ideas.

1.9. Organization of the paper. In Section [2] we present an abstract scheme of
constructing a Markov semigroup on the boundary out of a consistent family of
semigroups on the slices. In Section [3] we describe how the Gelfand-Tsetlin graph
fits into this abstract scheme. Section [l is a brief collection of general facts about
continuous time Markov chains on countable spaces. Section [l provides the con-
struction of the Markov chains on GTy’s. In Section [6] we verify the consistency of
these Markov chains. Section [7] contains a brief description of the zw-measures. In
Section [§] we develop a general formalism of building continuous time Markov chains
on paths out of a consistent family of those on the slices. In Section [9 we apply this
formalism to our specific example and discuss the exclusion type processes. Section
is an appendix without proofs; it contains a description of the finite-dimensional
case of integral parameters z and w, and an explicit formula for the generator of our
Markov process in certain coordinates.

1.10. Acknowledgements. A. B. was partially supported by NSF grants DMS-
0707163 and DMS-1006991. G. O. was supported by the RFBR grant 08-01-00110,
the RFBR-CNRS grant 10-01-93114, and the project SFB 701 of Bielefeld University.

2. ABSTRACT CONSTRUCTION

2.1. Markov kernels. For a more detailed exposition, see e.g. [Mey66|, Ch. IX].

Let F and E’ be measurable spaces. A Markov kernel K : E — E’ is a function
K(x,A), where x € E and A C E’ is a measurable subset, such that K(z, -) is a
probability measure on E' and K (-, A) is a measurable function on E.

Let B(E) and B(E') denote the Banach spaces of real-valued bounded measurable
functions with the sup-norm on E and E’, respectively. A Markov kernel K E —> E
induces a linear operator B(E') — B(E) of norm 1 via (K f)(z) = [, K(z,dy)f(y).

For two Markov kernels Ky : E — E' and Ky : E' — E” their composition
K,o0K,: E— E" is also a Markov kernel.

Denote by M( - ) the Banach space of signed measures of bounded variation with
the norm given by the total variation. Let M (-) be the cone of finite positive
measures, and let M,,(-) be the simplex of the probability measures.

A Markov kernel K : E — FE’ also induces a linear operator M(E) — M(E’) of
norm 1 via (uK)(dy) = [, p(dz) K (x,dy). This operator maps M (E) to M (E")
and M,(E) to M,(E"). Note that 0. K = K(z, -), where ¢, is the Dirac delta-
measure at r € I
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The space M(E) (and hence M, (E) and M,(E)) is equipped with a o-algebra
of measurable sets: Any preimage of a Borel set under the map p — u(A) from
M(E) to R for any measurable A is measurable.

2.2. Feller kernels. Let E and E’ be locally compact topological spaces with count-
able bases. Let us take Borel o-algebra as the o-algebra of measurable sets for both
of them.

Let C(-) C B(-) be the Banach space of bounded continuous functions, and let
Co(+) C C(-) be its subspace of functions that tend to 0 at infinity.

Definition 2.1. A Markov kernel K : E — E’ is called Feller if the induced map
B(E") — B(E) maps Co(E") to Co(E).

Note that different authors may use different (nonequivalent) definitions for the
Feller property.

The convenience of the space Cy( - ) is based on the fact that this space is separable
(as opposed to C(-) which is not separable, except in the case when the initial
topological space is compact), and M( -) is its Banach dual.

2.3. Feller semigroups. A Markov semigroup is a family of Markov kernels P(t) :
E — E, where t > 0, P(0) = 1 (in the obvious sense), and P(s)P(t) = P(s +t).
Such a semigroup induces a semigroup of linear operators in B(F) as well as a
semigroup of linear operators in M,,(E), see above.

We say that a Markov semigroup (P(t)):>o is Feller if
e I is a locally compact topological space with countable base;
e the corresponding operator semigroup in B(E) preserves Cy(E);
e the function t — P(t) is strongly continuous, i.e. t — P(t)f is a continuous map
from [0, +00) to Cy(FE) for any f € Cy(E) (an equivalent condition is the continuity
at t =0).

2.4. Feller semigroups and Markov processes. For more details, see e.g. [EK86,
IV.2.7].

Let E be a locally compact separable metric space, and let (P(t)):>o be a Feller
semigroup on E. Then for each y € M,(E), there exists a Markov process corre-
sponding to (P(t));>o with initial distribution p and cadlag sample paths. Moreover,
this process is strongly Markov with respect to the right-continuous version of its
natural filtration.

2.5. Boundary. Let E1, Fs, ... be asequence of measurable spaces linked by Markov
kernels

A%+1ZEN+1—)EN, N:1,2,
Assume that we have another measurable space E,, and Markov kernels

AY:E.—Ey, N=1,2,...,
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such that the natural commutativity relations hold:

A o AN =AY, N=12,.... (2.1)
The kernels A induce the chain of maps, cf. B1]
oo > My(Eny1) = My(En) = -+ = Mp(Es) = My(EL), (2.2)

and we can define the projective limit @MP(EN) with respect to these maps. By
definition, it consists of sequences of measures (un)n>1, un € M,(Ey), that are
linked by the maps from (2.2). The space l‘gl/\/lp(E ) is measurable; the o-algebra
of measurable sets is generated by the cylinder sets in which uy must lie inside a
measurable subset of M, (Ex), and all other coordinates (j;)x£n, are unrestricted.

Observe that to any ji € M,(E) one can assign an element of l‘&l/\/lp(EN) by
setting pun equal to the image of o under the map M, (E«) — M, (Ex) induced by
A. The commutativity relations (2.1) ensure that the resulting sequence (un)n>1
is consistent with (2.2)).

Definition 2.2. We say that E, is a boundary of the sequence (Ey)y>1 if the map
M,(Ey) — l&n M, (Ey) described in the previous paragraph is a bijection and also
an isomorphism of measurable spaces.

2.6. Feller boundary. In the setting of the previous subsection, let us further
assume that (Ex)ny>1 and E are locally compact topological spaces with countable
bases, and all the links (AN™") o, (A%)y~, are Feller kernels, cf. Subsection
Then if E,, satisfies Definition 2.2, we shall call it the Feller boundary for (Ex)n>1.

According to Subsection 2.2 the links (A%) v~ induce linear operators Cy(Ey) —
Co(Ew).

Lemma 2.3. The union of images of these maps over all N > 1 is dense in the
Banach space Cy(Ey,).

Proof. Since M(E,) is the Banach dual to Cy(E), it suffices to verify that if
u € M(E,) kills all functions in our union then p = 0.

Assume p is a signed measure on E,, that kills the image of Cy(Eyn), N > 1.
This is equivalent to saying that K% = 0 for all N > 1. We can represent p as
difference of finite positive measures

M =ap —=pu', W' e My(Ex), «,82>0.
Hence, ap/ K = Sp" K for all N > 1. Since (/K and p"Kg are in M, (Ey),
we must have o = 3, and /K = p”"K§. Definition implies p/ = p”, thus
w=0. ([
2.7. Extension of semigroups to the boundary. In the setting of Subsection

2.5, assume that for any N > 1, we have a Markov semigroup (Py(t))i>0 on En,
and these semigroups are compatible with the links:

Pyi(t) o ANT = ANt o Py(t), t>0, N=1,2,.... (2.3)
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Proposition 2.4. In the above assumptions, there exists a unique Markov semigroup
P(t) on Ey such that

P(t)oA¥ = AT o Py(t), t>0, N=1,2,.... (2.4)

If E is Feller (cf. Subsection[2.8) and (Py(t))i>0 is a Feller semigroup for any
N > 1, then (P(t))i>0 is also a Feller semigroup.

Proof. Denote by ¢, the delta-measure at a point x € E,,. To construct the semi-
group (P(t))i>0, we need to define, for any ¢ > 0, a probability measure P(t;x, -)
on F,. This measure has to satisfy

P(t:z, )AL = 0,(AT o Py(t)), N> 1.

The right-hand side defines a sequence of probability measures on Ey’s, and (2.1]),
(23) immediately imply that these measures are compatible with maps (2.2]). Hence,
we obtain an element of @MP(E ~), which defines, by definition of the boundary,
a probability measure on E.,. The dependence of this measure on z is measurable
since this is true for any of its coordinates.

Thus, we have obtained a Markov kernel P(t) which satisfies

5.(P(t) o AZ) = 6,(AZ o Py(t)), N >1,

which is equivalent to (2.4)).
To verify the semigroup property (Chapman-Kolmogorov equation) for (P(t)):>o
it suffices to check that

(P(s)o P(t)) o AY = P(s+1t) o AT, s,t>0, N>1,

and this immediately follows from (2.4]) and the corresponding relation for (Py(t)):>o-

The uniqueness is obvious since P(t) is uniquely determined by (P(t) o AY)n>1
that are given (2.4)).

Finally, let us prove the Feller property assuming that the boundary is Feller and
all (Py(t))i>0 are Feller.

We need to show that for f € Cy(EL) we have P(t)f € Cy(Ex), and that P(t)f
is continuous in ¢ in the topology of Cy(E). Both properties can be verified on
a dense subset. Lemma [2.3] then shows that it suffices to consider f of the form

[ =A% fy with fxy € Co(En). By ([2.4)
P(t)f = P(t)(AY fn) = AF (Pn(t) fn),

which is in Cy(Ey ) because A and Py(t) are Feller. The continuity in ¢ is obvious
as Py(t) fy is continuous in ¢, and A% : Cyp(En) — Co(Ex) is a contraction. O

It is worth noting that our definition of the semigroup P(t) is nonconstructive:
We are not able to describe P(t;x, A) explicitly, and we have to appeal to the
isomorphism in Definition instead. Thus, the difficulty in making P(t) explicit
is hidden in the implicit nature of that isomorphism.
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2.8. Invariant measures. In the setting of Subsection 2.5 assume that for any
N > 1, there exists uy € M,(Ey) such that pyPn(t) = pn (i-e., gy is an invariant
measure for (Py(t))i>0). If we assume that pn’s are compatible with the links,

iy AN = N >1,

then, via Definition 2.2 they yield a measure y € M,(Ey) such that pAY = pn
for any N > 1. Note that p is uniquely determined by its coordinates.
One easily sees that p is invariant with respect to (P(t))s>0. Indeed,

(WP))AY = (HAY)Pn(t) = pn Py (t) = pv = pAy.

Moreover, if py is a unique invariant measure for (Py(t))i>o for any N > 1 then
the invariant measure for (P(t)):>o is unique too as its convolution with A must
coincide with gy .

3. SPECIALIZATION. GELFAND-TSETLIN GRAPH

3.1. Spaces and links. Let N be a positive integer. A signature X\ of length N
is an N-tuple of weakly decreasing integers: A = (A\; > -+ > Ay) € Z". Denote
by GTy the set of all signatures of length N (the notation GT is explained below).
This countable set will serve as our space Ey from the previous section.

Signatures of length N parameterize irreducible representations of the unitary
group U(N) and are often referred to as highest weights, cf. [Wey39], [Zhe70]. For
A € GTy denote the corresponding representation by my, and denote by Dimy A the
dimension of the corresponding linear space. It is well known that

[Ticicjen(hi =i =X +7)
[T ! ’

with rows parameterized by GT y;

Dimy A = e GTy.

Define a matrix [AN (), 1/)})\6GTN+1 -
and columns parameterized by GTy via
N H1§i<j§N(Vi —i—vj+7])

A%H()\a V) = ' H1§i<j§N+1()‘i —i— )‘j + j)
0, otherwise,

, ifr <A,

where the notation v < A stands for interlacing:
VLA = N2> N> > 2 UN 2 ANt
Note that the nonzero entries of A%H can also be written in the form
DimN v
AN ANV) = ———.
v () Dimpy.1 A

It is not hard to show that AY*" is a stochastic matrix: Y, cop AN (A, v) =1
for any A € GTpy,q. Indeed, Dimpy,; A is equal to the number of the sequences

(3.1)
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(known as Gelfand-Tsetlin schemes, thus the notation GT)
AW <A@ << AED — A AD) € GTy,

and AYTH()\,v) is the fraction of the sequences with A\®¥) = . The stochasticity
also follows from the branching rule for the representations of unitary groups: For

any S GTN—i—la
7T,\\U(N) ~ @ Ty

veGTN: v<A
The matrices AN viewed as Markov kernels AN : GTy,; — GTy are our
links, cf. Subsection 25 Set GT = | |y, GTy. We endow GT with the structure
of a graph: Two vertices A and v are joined by an edge if and only if v < A or A < v.
This graph is called the Gelfand-Tsetlin graph, and the matrix elements of the links
are often called cotransition probabilities for this graph, cf. [Ker03].

3.2. Boundary. let R, C R be the set of nonnegative real numbers and R be the
product of countably many copies of R, . Consider the space

RI®T2 = RY x RY x RY x RY x Ry x Ry

and equip it with the product topology. We choose E., to be the closed subset
QC Rio"” consisting of the sextuples

w=(a", B a",87,6%,67) e R
satisfying the conditions
at=(af>a;>..), fr=0Br=p8>...), & >0,
S(af +5H) <0, BB <L
i=1
One easily sees that 2 is a locally compact metrizable topological space with a
countable base. We endow €2 with the corresponding Borel structure which makes

) a measurable space.

It will be convenient to use the notation
o

rE=6 =) (af + 55 20

i=1
Define the projections/links A : @ — GTy, N > 1, by

Am(w, A) = Dimy A - det s 1], we, XeGTy, (3.2)

_17
where {¢, },/>° . are the Laurent coefficients of the function (|u| =1)

+
(I)w(u) = €7+(u_1)+77(U71_1) H Lt 5 (u - 1) s 5 Z @nu

+ —
Z,:ll—ozi(u—l)l—oz [

n=—oo

(3.3)
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Theorem 3.1. The space Es, = § is the boundary of the chain of spaces (Ey =
GTn)n>1 with links as above in the sense of Definition [2.2.

Proof. This result is essentially proved in §9 of [Ols03]; we provide below some
necessary additional comments.

Let us abbreviate Ay = M,(GTy) and A = @MP(GTN) = lmAy. Asin
[O1s03] we embed A into the vector space of all real-valued functions on the set of
vertices of the Gelfand—Tsetlin graph. That space is endowed with the topology of
pointwise convergence, and A inherits this topology. The measurable structure of
A is the Borel structure corresponding to this topology.

Obviously, A is a convex set; let Ex A C A denote the subset of extreme points.
Theorem 9.2 in [Ols03] (which is based on Choquet’s theorem) says that Ex A is a
Borel subset of A, and each point of A is uniquely representable by a probability
Borel measure concentrated on Ex A. On the other hand, it is readily seen that,
conversely, any probability Borel measure on A (in particular, on Ex A) represents
a point of A, the barycenter of that measure. This gives us a bijection between
M, (ExA) and A.

The next step consists in identifying the abstract set ExA with the concrete
space 2. This is achieved with the help of Theorem 1.3 in [Ols03]. Namely, as
is pointed out in the proof of Theorem 9.1 in [OIs03], there is a natural one-to-
one correspondence between the points of Ex A and the extreme characters of the
infinite-dimensional unitary group U(occ), which in turn are parameterized by the
points of the space 2, see Theorem 1.3 in [Ols03].

Then we have to verify that the embedding €2 — A induced by the identification
) = Ex A is given by the kernels AY. This is shown by the computation in [Voi76].

We have thus constructed a bijective map M,(Q2) — A, and it remains to prove
that it is a Borel isomorphism. As shown in the proof of Theorem 8.1 of [Ols03],
the map w — A (w, A) is continuous for every N = 1,2,... and every A € GTy.
This implies that the map M,(Q2) — A is Borel. To show that the inverse map
is also Borel one can apply an abstract result (Theorem 3.2 in [Mack57]), which
asserts that a Borel one-to-one map of a standard Borel space onto a subset of a
countably generated Borel space is a Borel isomorphism. This result is applicable in
our situation, since the Borel structure of 2 is standard, so that the induced Borel

structure on M, (Q2) is standard, too.
0J

Remark 3.2. Observe that the maps on (GTy)n>1 consisting of shifts of all coor-
dinates of signatures by 1,

)\:()\1,...,)\]\7)>—)f)\V:(X1:A1+1,...,XN:)\N+1),

leave the links intact: ANT'(\,v) = ANTY(X, 7). There is also a corresponding
homeomorphism of 2, which amounts to the multiplication of the function ®(u)
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by u: For w = (oF, 8%, %) € Q define & = (a*, 5%, 6%) € Q by
at = ot 5t — 5%
gi‘r:]'_/gl_7 (5;7§;7"'):(/81—_"_75;7"')7 (5;752_7"'):(/82_753_7"')
(note that 3 > Bi because 8f + f; < 1). Then (B2) and the relation
u(l+ By = 1) =1+ (1= fr)(u—1)

show that AP (w,\) = AP (w, A) for any A € GTy and N > 1.
This automorphism of the Gelfand-Tsetlin graph and its boundary has a repre-
sentation theoretic origin, cf. Remark 1.5 in [OIs03] and Remark 3.7 in [BO05a].

3.3. The boundary is Feller. Following definitions of Subsection 2.6, in order to
show that E., = Q is a Feller boundary of the chain (EFy = GTx)y>1 we need to
verify two statements:
e the spaces (En)y>1 and E. are locally compact topological spaces with count-
able bases;
e the links (AN ™)y>1 and (AS) x> are Feller kernels.

The first statement is obvious from the definitions. The goal of this subsection is
to prove the second one.

Proposition 3.3. For any N > 1, the linear operator B(GTy) — B(GTxny1) in-
duced by the Markov kernel AN maps Co(GTy) to Co(GT ).

Proof. As the norm of the linear operator in question is equal to 1 and Cy(-) is a
closed subspace of B( - ), it suffices to check that the images of all delta-functions on
GTN are in CQ(GTN+1).

For a v € GTy, let 9, be the delta-function on GT 5 concentrated at v. Then for
A e GT N+1

NI H1§i<j§N(Vi —i—v+7])
(A%H‘Su)()‘) = H1§i<j§N+1()‘i —i— )‘j + j) ’
0, otherwise.

if v < A,

If we assume that (AY1'6,)(\) # 0 then A\ — oo is equivalent to either \; — o0,
or \yy1 — —00, or both; all other coordinates must remain bounded because of the
interlacing condition ¥ < A. But then it is immediate that at least one of the factors
in the denominator in (A% "'6,)(\) tends to infinity. Thus, for any fixed v € GTy,
(ANT16,)(\) — 0 as A — oo as needed. O

Proposition 3.4. For any N > 1, the linear operator B(GTy) — B(2) induced by
the Markov kernel A maps Co(GTx) to Co(2).

Proof. As in the proof of Proposition B.3] it suffices to prove that for any v € GTy,
(AY9,)(w) = AF(w, A) belongs to Cyp(2) as a function in w € §2. The proof of
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continuity of A¥(w,\) in w is contained in the proof of Theorem 8.1 of [Ols03]. It
remains to show that A (w,\) = 0 as w — oo. Note that w — oo is equivalent to
ot +07 = 4o0.
Observe that the coefficients ¢, = ¢, (w) from (B3] can be written as
1 du

on(w) = — @w(u)m, n € Z. (3.4)

271 lu|=1

Note that |®,(u)| < 1 on the unit circle |u| = 1, because the modulus of each of the
factors (1 — aF(u* —1))71, (1 4 B (u* — 1)), and -1 js < 1.

We are going to prove that for any fixed n € Z, ¢,, — 0 as w — oo; by ([B.2]) this
would imply the needed claim.

Let us assume the converse, i.e. assume that there exist ¢ > 0, ng € Z, and a
sequence {w(k)}r>1 C Q with limg . w(k) = oo, such that ¢,,(w(k)) > c. Let
us denote by (a*(k), 3%(k),6%(k)) the coordinates of w(k). We will now collect
information about {w(k)} that will eventually lead to a contradiction.

Step 1. We must have sup,~, i (k) < oo. Indeed, if there is a subsequence {ky, }m>1
such that ai (k,,) — oo, then along this subsequence (1 — o (u* — 1))~! tends to
zero uniformly on any compact subset of {u : |u| = 1} \ {w = 1}, which implies that
the right-hand side of (34) tends to zero.

Let us fix A > 0 such that sup, af (k) < A.

Step 2. Assume w ranges over the subset of elements of {2 with ozli < A and 5% < %
Then for any € > 0,

lim  &,(u) =0 uniformly on {u € C:|u| =1, Ru <1—€}.

ot4+6——o00

Indeed, for u on the unit circle with Ru < 1 — ¢ we have elementary estimates

1+ B(u— 1) = (1-8)°+ 5+ 26801 — B)Ru
=1-28(1-0)1—Ru) <1-281—-pB)e<1—pe<e P (3.5

1 —a(u—1)2=(1+2a(l+a)(1—Ru))™"
< (T4 2a(1+a)e)™t < (14 2ae)™ < e omtee (3.6)

|6v+(u—1)+7’(u’1—1)|2 — 20 (-Ru) < 6—2(v++v*)6’

with a suitable constant const > 0 (that depends on A). Thus, if

0T+ =T+ (of + 8+ o + ) = o0
i=1
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then at least one of the right-hand sides in these estimates yields an infinitesimally
small contribution, and ®,,(u) must be small. Thus, under the above assumptions
on w, we see that w — oo implies ¢, (w) — 0 uniformly on n € Z.

Step 3. Now we get rid of the restriction 57 < % Set

B¥(k) = #{i > 1| 87 (k) > 3}.
Since for any k > 1 we have 3, (k) + 8y (k) < 1, at least one of the numbers B*(k)
is equal to 0. The statement of Step 2 shows that for any subsequence {wy,, } of our
sequence {w(k)}, we must have BT (k,,) + B~ (k,,) — oco. Hence, possibly passing to

a subsequence and switching + and —, we may assume that B* (k) — oo as k — oo.
Using the identity (cf. Remark B.2))

14+ B8u—1)=ul+(1-p8)(u"'~1))

BT (k) times on @y (u), we see that ¢n,(w(k)) = @no—p+@ (@(k)), where @(k)
is obtained from w(k) as follows: Each f*-coordinate of w(k) that is > 1/2 is
transformed into a 8~ coordinate of @(k) equal to 1 minus the original ST -coordinate;
all other coordinates are the same (equivalently, the function ®,,)(u) is multiplied
by u=P®). Let (a*(k), 3*(k),7%(k), 0% (k)) be the coordinates of &(k).

Step 4. Since no S-coordinates of (k) are greater than 1/2, the argument of Step
2 implies that if 67 (k) + 0~ (k) — oo then ¢, (w(k)) = @no—prw)(@(k)) — 0 as
k — oo, which contradicts our assumption. Hence, §* (k) + 6~ (k) is bounded.

Let us deform the integration contour in (3.4) to |u| = R with A/(1+A) < R < 1.
Using the estimates (for |[u| =R, 0<a <A, 0<5<1/2)

1+ Bu! — 1) < 14 Blut! — 1] < emh?,
|1 — Oé(u:tl . 1)‘—1 < |1 - OK(R:H - 1)‘—1 < econst2a7

|€’Y(ui1_1)| S econstg'y

with suitable const; > 0, j = 1,2,3, we see that |y (u)| < e©nsta@ (R+7KR) - for
a consty > 0, which remains bounded. On the other hand, the factor ™0~ 1+57(*)
in the integral representation ([3.4)) for ¢,,_p+@)(@(k)) tends to 0 uniformly in wu,
lu| = R < 1. Hence, @pn,(w(k)) = @ng—p+@ (@(k)) = 0 as k — oo, and the proof of

Proposition [3.4] is complete. O

4. GENERALITIES ON MARKOV CHAINS ON COUNTABLE SPACES

4.1. Regularity. Let E be a countable set, and let (P(t)):>o be a Markov semigroup
on E. Each P(t) may be viewed as a matrix with rows and columns marked by
elements of E; its entries will be denoted by P(t;a,b), a,b € E. By definition,
P(t; a,b) is the probability that the process will be in the state b at the time moment
t conditioned that it is in the state a at time 0. Thus, all matrix elements of
P(t) are nonnegative, and their sum is equal to 1 along any row - the matrix P(t)
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is stochastic. The transition matrices P(t) also satisfy the Chapman-Kolmogorov
equation P(s)P(t) = P(s+1).
Assume that there exists an F x E matrix () such that

P(t;a,b) = 1,0 + Q(a, b)t + o(t), t 0. (4.1)

This relation implies that Q(a,b) > 0 for a # b and Q(a,a) < 0. Further, we will
always assume that

ZQ(CL, b) = —Q(a,a) forany a€F.
b#a
This is the infinitesimal analog of the condition ), , P(t;a,b) = 1.
It is well known that the Chapman-Kolmogorov equation implies that P(t) satis-
fies Kolmogorov’s backward equation

d
P =QP@), >0, (4.2)

with the initial condition
P(0)=1d. (4.3)
Under certain additional conditions, P(t) will also satisfy Kolmogorov’s forward

equation
%P(t) = P(t)Q, t>0. (4.4)

One says that @) is the matriz of transition rates for (P(t))i>o-

One often wants to define a Markov semigroup by giving the transition rates.
However, it may happen that this does not specify the semigroup uniquely (then
the backward equation has many solutions). Uniqueness always holds if F is finite
or, more generally, if F is infinite but the diagonal entries @(a,a) are bounded.
However, these simple conditions do not suit our purposes, and we need to go a
little deeper into the general theory. N

Let us write ) in the form () = —q + @, where —¢q is the diagonal part of () and

@ is the off-diagonal part of (). In other words,

q(a, b) = _Q(CL, a)labv @(av b) = {?(a7 b>’ Z i 27

Define PI"l(t) recursively by
t
PO(t) = e, Pl(t) = / e QP Nt — ) dr, n>1,
0

and set
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Theorem 4.1 ([Fel40]). (i) The matriz P(t) is substochastic (i.e., its elements are
nonnegative and Y, P(t;a,b) < 1). Its elements are continuous in t € [0,+00) and
differentiable in t € (0,+00), and it provides a solution of Kolmogorov’s backward
and forward equations (A2)), (L4]) with the initial condition (4.3)).

(ii) P(t) also satisfies the Chapman-Kolmogorov equation.

(iii) P(t) is the minimal solution of ([&2) (or ([@&4)) in the sense that for any
other solution P(t) of (&2) (or ([A4)) with the initial condition ([A3) in the class of
substochastic matrices, one has P(t;a,b) > P(t;a,b) for any a,b € E.

Corollary 4.2. If the minimal solution P(t) is stochastic (the sums of matriz ele-
ments along the rows are all equal to 1) then it is the unique solution of (L2) (or
(Z4)) with the initial condition (L3) in the class of substochastic matrices.

If the minimal solution P(t) is stochastic one says that the matrix of transition
rates Q is reqular, cf. Proposition 1.3

Observe that the construction of P(t) is very natural: the summands Pl (¢;a,b)
are the probabilities to go from a to b in n jumps. The condition of P(t) being
stochastic exactly means that we cannot make infinitely many jumps in a finite
amount of time.

A much more detailed account of Markov chains on countable sets can be found
e.g. in [Andoi].

Later on we will need the following sufficient condition for P(t) to be stochastic.

For any finite X, X C E, a € X, denote by T, x the time of the first exit from
X under the condition that the process is in a at time 0. Formally, we can modify
E and @ by contracting all the states b € E \ X into one absorbing state b with

Q;.=0forany ce XU {Z} We obtain a process with a finite number of states for

which the solution lg(t) of the backward equation is unique. Then 7}, x is a random
variable with values in (0, +00] defined by

Prob{T, x <t} = P(t;a,b).

Proposition 4.3. Assume that for any a € E and anyt > 0, € > 0, there exists
a finite set X (e) C E such that Prob{T, x) < t} < e. Then the minimal solution

P(t) provided by Theorem[].1] is stochastic.

Proof. Consider the modified process on the finite state space X (¢) U {b} described
above. Since its transition matrix P(t) is stochastic,
Z P(t;a,b) =1— P(t;a,b) > 1 —¢.
beX(e)
The construction of the minimal solution as the sum of P "’s, see above, immediately
implies that P(t;a,b) > P(t;a,b). Thus, >, P(t;a,b) > 1 — ¢ for any € > 0. O
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4.2. Collapsibility. In what follows we will also need a result on collapsibility or
lumpability of Markov chains on discrete spaces. Let us describe it.

Let E = | |,.; E; be a partition of the countable set £ on disjoint subsets. Assume
we are given a matrix (Jg of transition rates on E and a matrix (); of transition
rates on I such that

Z Qr(a,b) = Q;(i,)) forany a€ F;, i,5 € 1. (4.5)

beE,
Denote
qp(a) = —Qp(a,a),  q(1) = =Qu(i,19).
For any ¢ € I, let ); be a matrix of transition rates on E; defined by
Qi(a,b) = Qg(a,b) if a#b, a,beE,,
g(a) = —Qi(a,a) = > Qi(a,b), a€E;

beE; ba

Observe that gr(a) = gi(a) + ¢:(i) for any a € E;.
Denote by Pg(t) and P;(t) the minimal solutions of Kolmogorov’s equations for
Qr and Qy, respectively.

Proposition 4.4. Assume that for any i € I, Q; is reqular. Then for anyt > 0
> Pp(tia,b) = Pi(ti, )) (4.6)
bEEj

for any i,j € I and any a € E;. In particular, if Qp is reqular then so is Qg and
vice versa.

Proof. Let us use notations ¢, @, and PM for the diagonal and off-diagonal parts of
the matrices of transition rates, and for the nth terms in the series representations
of minimal solutions, respectively.

The hypothesis means that the identity

> ZB["](t;a,b) =1, a€k;, i€l
beE; n=0
holds, where

PZ[TL] (t) _ / 6—t1qiéi€—(t2—t1)qi@i . 6_(t"_t”71)qi@Z’e_(t_t")qidtl .. dtn

0<t1 <-+<tn <t

and PZ-(O)(t) = e~ ", Using the fact that ¢;(-) = ¢g(-) — ¢/(i) on E;, rewrite this
identity as
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bEE: n=0 <4, <".<t, <t
cee 1E1 QVE 1Ei6_(t_t")qE) (a, b)dtl cee dtn = e—tq;(i). (47)

The probabilistic meaning of this formula is that the time that the minimal so-
lution Pg(t) started at a € E; spends in E; is exponentially distributed with rate
qr(7), independent of a.

The minimal solution P;(¢) has the form

oo

Pi(tiig) =) / o e uQ (i ky)em et

"0 0<si <ot M€

c Qv[(k’n_l, j)e_(t_S")qI(j)dSl c. dSn. (48)
By (@.9),
Qr(k,1) => Qple.d) forany klel k#1, c€ Ey. (4.9)

deE;

Substituting the right-hand side of @3) for each Q;( -, - ) and the left-hand side of
(&) for each e=*%() in the nth term we obtain the part of the series for Py (t;a,b)
with a € E; that takes into account trajectories whose projections to I make exactly
n jumps, and in addition to that there is a summation over b € E;. Clearly, the
summation over n reproduces the complete series for Pg(t;a,b) thus proving (Z6).

The equivalence of stochasticity of Pg(t) and that of P;(t) immediately follows
from summation of (.G) over j € . O

4.3. Infinitesimal generator. The last part of the general theory that we need
involves generators of Markov semigroups.

Assume that we have a regular matrix of transition rates (). Let (P(t))t>0 be the
corresponding Markov semigroup and assume in addition that it is Feller.

The generator A of the semigroup (P(t)):>o is a linear operator in Cy(E) defined
by

Af = tim ZOS 2T
t—40 t

The set of f € Cy(F) for which this limit exists (in the norm topology of Cy(FE)) is
called the domain of the generator A and denoted by D(A). It is well known that
the operator A with D(A) as above is closed and dissipative.

It turns out that the domain D(A) can be characterized by an apparently weaker
condition, which is easier to verify in practice:

(4.10)
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Proposition 4.5. If f € Cy(FE) is such that the limit in the right-hand side of
(IQ) exists pointwise and the limit function belongs to Cy(E), then f € D(A), so
that the limit actually holds in the norm topology.

Proof. The idea is that the set of couples of vectors (f,g) € Co(FE) x Co(FE), such
that ¢ is the pointwise limit of the right-hand side of (£I0), serves as the graph of
a dissipative operator A extending A, whence A= A. A detailed argument can be
found in [Ito06l, §4.8]. In fact, [Ito06] considers the case of a compact state space
E. However, the proof goes through word-for-word; the only property one needs is
that for any f € Cy(FE), f attains its minimum if it has negative values. O

The following statement is probably well known but we were not able to locate it
in the literature.

Proposition 4.6. Assume that for any a € E the set of b such that Q(a,b) # 0 is
finite. Then

D(A) ={f € Go(E) | Qf € Co(E)}, (4.11)
and for f € D(A), Af =Qf.

Proof. First of all, due to the assumption on the matrix @), Qf is well defined for
any function f on E. We will show that for any f € Cy(E) and a € E
. —1 . . _
Jim ¢ ;;P(t, a,b) = Lazs) f () bEZE@m, D). (b). (4.12)

Then the claim of the proposition will follow from Proposition 4.5l
Set

X ={atU{t € E|Qa,b) > 0}.
By our hypothesis, this set is finite. We will show that

P(t;a,b) = O(*), t—0. (4.13)
2

beE\X

This would imply that we can keep only finitely many terms in (£12]), and then
(412) would follow from (4.TI).

Observe that the left-hand side of (£.I3)) is the probability of the event that the
trajectory started at a is outside of X after time . In order to exit X the trajectory
started at a needs to make at least two jumps. Assume that the first two jumps
are a — o' — a” with o’ € X. Since X is finite, the rates of leaving o’ (equal to
—Q(d',d")) are bounded from above, and the probability of leaving X after time ¢
can be estimated by

—Q(a,0) max(=Q(d', ")) - 2 + o(t) = O(t), ¢ = +0,

as required. O
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Corollary 4.7. Under the hypothesis of Proposition [{.6] assume additionally that
for any b € E the set of a € E with Q(a,b) # 0 is finite. Then any finitely supported
function f on E belongs to D(A).

Proof. Indeed, this follows immediately from Proposition 4.6 since @ f is finitely
supported and hence belongs to Cy(FE). O

5. SEMIGROUPS ON GTy

The goal of this section is to define Markov semigroups (Py(t))i>0 on Ex = GTy
and prove that they are Feller.

5.1. Case N = 1. Birth and death process on Z. Let (u,u') and (v,v") be two
pairs of complex numbers such that (v + k)(u' + k) > 0 and (v + k)(v' + k) > 0
for any k € Z. The condition on (u,u’) means that either v’ = u € C\ R or there
exists k € Z such that k < u,u’ < k + 1; the condition on (v,v’) is similar. Note
that u + v € R and v +v" € R. Assume additionally that u + v +v+v" > —1.
Define a matrix of transition rates [D(m, y)] <z With rows and columns param-

eterized by elements of £y = GT; = Z by

"E7y

(=)o — ), fy=a+1,
D _ 5.1
(z,y) —(z—u)(x—u)— (x+v)(x+7), ify=n=z, (51
0, otherwise.

In the corresponding Markov chain the particle would only be allowed to jump by
one unit at a time; such processes on Z( are usually referred to as birth and death
processes, while our Markov chain is an example of so-called bilateral birth and death
processes which were also considered in the literature, see e.g. [Fel57, Section 17],
[Pru63], [Yan90].

Note that D(z,z4+1) > 0 for all z € Z, because of the conditions imposed on the
parameters.

Theorem 5.1. The matriz of transition rates D is reqular. Moreover, the corre-
sponding Markov semigroup is Feller.

In what follows we denote this semigroup by (P (t)):>o-

The proof of Theorem [5.1]is based on certain results from [Fel59]; let us recall
them first.

Consider a birth and death process on Z, with transition rates given by

B, ify=x+1,
Oz, ify=o—-1,
—Br — 0y, ity =u,

0, otherwise.

Qr,y) =
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Here {f.:}s>0, {0z }2>1 are positive numbers, and we also set dp = 0.
The natural scale of the process is given by

k-1
516 |

xo =0, T = , k=1,2,..., Too = lim . 5.2

’ G o 62

Note that x,, may be infinite. Denote by A the operator on the space of functions
on A = {xg,z1,...} defined by

(Af) (@) = =(0; + Bi) [ () + 03 f (xi—1) + Bif (®is1), 1=0,1,....

Fix n > 0. Let F;(t) be the probability that the process started at i reaches n
before time ¢. Let G, (t) be the probability that the process started at n reaches 0
before time t and before the process escapes to infinity.

Theorem 5.2 ([Fel59]). (i) For any a > 0 there exists exactly one function u on
A such that Au = au, u(xg) = 1. The function u is strictly increasing: u(xg) <
u(xy) <u(zy) < ... and satisfies

n—1
u(z,) =1+a Zu(:ﬂk)(:zn — Ty ) ok (5.3)
k=0
with
Bo -+ Br-1
20" 61 A 5k ) k ) ) Ko (5 )
Furthermore,
U(IZ) /OO —at :
= e "dF;(t), 0<72<n. 5.5
il (v (55
(i) With u(-) as above, set
T
v(T,) = ulxy, —_—, n=20,1,....
(o) =) D a1

This is a strictly decreasing function, and

v(@n) _ /Oo e~ dG, (1), n=12.... (5.6)

(o)
Furthermore, lim,, o v(2,) = 0 if Too = 00 and ), a1, diverges.

The following statement is contained in Feller’s paper as well, but not explicitly;
for that reason we formulate it separately.

Corollary 5.3. If o, = 00 then lim,, o u(z,) = co.
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Proof. Let us estimate the sum in the right-hand side of (5.3)):

n—1 n—1 n—1 n
() (T — o) e > Y (B0 — T g = Z Z (21 — w121 g
k=0 k=0 k=0 I=k+1
n -1 n—1 l n—1
=3 @—m)m = (t— o) > e > Y (T — 1) =300 (5.7)
I=1 k=0 1=0 k=0 1=0
Hence, u(x,) > 1+ ax,, and the statement follows. O

Let us now apply Feller’s results to our situation.

Proof of Theorem [52.1. By Proposition [4.3] in order to show that the minimal solu-
tion is stochastic it suffices to prove that the probability that the first passage time
from 0 to n is below a fixed number, converges to zero as n — +oo. Indeed, as
shifts x — x + const and sign change x — —x keep our class of processes intact,
similar convergence would automatically hold for passage times to the left, and also
for passage times from any initial position. Denote the first passage time from 0 to
n by T,.

A simple coupling argument shows that 7}, stochastically dominates the first pas-
sage time from 0 to n for the birth and death process on Z~, with the same transition
rates (see (B.])), except that the jump from 0 to —1 is forbidden. Let us denote this

new first passage time by 7. Thus,
Prob{T, <t} < Prob{fn <t} foranymn >0 andt > 0.
For the application of Theorem [5.1] we then set
Be = (x—u)(z—1u'), x>0, by = (x+v)(z+"), z>1, 5 = 0.
As

5 A 5 F l 1 F ! l ]_ / /
! L — const (v l+ DI +1+1) ~ const - [“TU T ] o0,
Bo--- P MN—u+Il+ 1) (—uw' +1+1)
our original assumption u + v’ + v + v > —1 implies
), ~ const - kuru UL k — oo, (5.8)

cf. (B2), and x4, = limg_,o 7 = 0. Therefore, Corollary yields

lim u(z,) = oco.
n—oo

On the other hand, from (5.5]) with ¢ = 0 and any a > 0 we obtain

1 00 t t .
= / e TdFy(T) > / e TdFy(T) > e_“t/ dFy(1) = e " Prob{T, <t}
0 0 0

whence

at

Prob{T,, <t} <

— 0, n — +00.
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Since T,, is dominated by T,,, we have shown that our Markov chain does not run
away to infinity in finite time, and hence it is uniquely specified by the transition
rates. Let (Pi(t)):>o be the corresponding semigroup.

We now need to prove that (P;(t)):>o is Feller. This is equivalent to showing that
lim,, 400 Pi(t;n,4) =0 for any i € Z and ¢ > 0.

Shift and sign change invariance (see the beginning of the proof) imply that it
suffices to consider ¢ = 0 and n — 400. Observe that P;(¢;n,0) cannot be greater
than the probability that the first passage time from n to 0 is not more than ¢. Let
us denote this first passage time by S,,; we have Pj(t;n,0) < Prob{sS, <t}.

This first passage time is the same for our birth and death process on Z and for
its modification on Zs( that was used in the first part of the proof. On the other
hand, for the process on Z> the Laplace transform of S, is given by (5.6]).

By (54]) we have, as k — oo,

Bo - Br—1 I'(—u+ k)I(—w' + k)

= = t
e s o, Y Tt k+ D0 + E+ 1)

Hence, cf. (5.8)

___/__/
~ const - kT2TuTwovmv

X fbr ~ const - kL, k — o0,
with a nonzero constant, and ) x,u, diverges. Theorem [B.2(ii) then gives

lim v(z,) =0
n—o0

and using (5.0 and estimating the Laplace transform as above we obtain

at
Prob{s, <1} < “0@) o Lo
v(o)
As Py(t;n,0) < Prob{S,, < t}, the proof of Theorem [5.1]is complete. O

5.2. The case of general N. Let N > 1 be a positive integer, and let (u,u") and
(v,v") be as in Subsection (.11

Define a matrix [D™) (A, v)] avegr, Of transition rates with rows and columns

parameterized by points of Fy = GTy via

Dimy (v)

DY) = 5

(D(ll, 1)L ,=n, i1} + D(l2, m2) Ljty=n, iy + - - -

+ D(lNanN>1{li:ni,i¢N}> —dy-1y=, (5.9)
with (; =X+ N—j,nj=v;+N—j,1<j <N, matrix D(-, -) as in (5.1]), and

dy = N(N_lg)(N_2) —(u+u'+v+v')w. (5.10)
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In other words, an off-diagonal element D)(\, v) can only be nonzero if there
exists exactly one index ¢ such that v; — A; = £1 while for all other indices j we
have A; = v;. Under this condition

Li4+1—1

DM\ 1) = i lil_ljl
Li+v)l+0) [ =—r2, ify;—Ni=—1.
i#i i
With this explicit description, the diagonal entries of DV) have to be defined by
DM == > DM(\w), AeGTy. (5.11)
veGTn:v#A

The fact that (5.11) holds for DY) defined by (5.9) will be proved in Step 1 of the
proof of the following theorem.

Theorem 5.4. The matriz of transition rates D) is reqular. The corresponding
semigroup (P (t))i>o has the form

N
1,j=1’

dnt Dimy (v)

PN(t;)\,V):e m

det[Pl(t;)\i+N—i,Vj+N—j)} )\,I/GGTN,

(5.12)
with (Py(t))i>0 as in Subsection 51 Moreover, this semigroup is Feller.

Proof. The proof of Theorem [5.4] will consist of several steps.

Step 1. Let us show that with definition (5.9)), relation (5.11]) holds. It is convenient
to encode signatures of length N by N-tuples of strictly decreasing integers via

>\:(>\1Z)\QZ"'Z)\N)H(h>12>"'>ZN), lj:>\j+N—j, 1§j§N
This establishes a bijection between GT and the set

%N:{(x1>"'>$N) EZN|35'1 > XTo > e >ZL’N}.
In Xy, matrix DU from (5.9) takes the form
V(Y
D(N) (X, Y) = N( ) (D(Cbl, yl)l{mizyi,i;ﬂ} + D($27 yz)l{mi:yi,i#} + ...
Vn(X)

+ D(xn, Yn) La,=y,izny) — dnlx—y (5.13)
with X = (1’1,...,1’]\7) eEXy, Y= (yl,...,yN) € Xy, and

VN(Zl,...,ZN) = H (ZZ—Z])
1<i<j<N

In this notation, (5.11)) is equivalent to
(D1++DN)VN(X):dNVN(X)a XEZNa (514)
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where D; denotes a linear operator on Z" with
Dj(X,Y) = D(x},4) L{zi=y.izs}

Indeed, both sides of (5.14]) are skew-symmetric, and restricting to X yields (5.11).
Let A and V be the standard forward and backward difference operators on Z:

Af(e) = fle+1) = f(x),  Vf(z)=flz) - flz-1)

for any function f:Z — C. Note that AV = A — V.
One easily checks that the operator D with matrix (5.I]) has the form

D =0AV +TA (5.15)
with
o=(x+v)(x+), T=sr+ (uwu —v'), s=—(u+u +v+7).
Hence, for any m =0,1,2,...
D™ = (m(m — 1) + sm) - 2™ + lower degree terms, (5.16)

in paticular, D preserves the degree of a polynomial. This implies that the left-
hand side of (5.14) is a skew-symmetric polynomial of degree at most N(N —1)/2.
It must be divisible by the Vandermonde determinant Vy(X), and it remains to
verify the constant prefactor. Following the highest in lexicographic order term

oY) 72 . 2% we see that upon the action of (Dy 4 --- + Dy) it collects the
coefficient

N-1

> 66— 1) +s4),

=0

which sums to (5.I0). Thus, (511]) is proved.
Step 2. Let us now prove that

> Py(tiAv)=1, AeGTy, t>0, (5.17)
veGTN
with Py as in (512). In the space Xy, (512) reads
e VN(Y) N
: _ _—dyt YN .
PN(t,X,Y) =e Ntmdet[Pl(t’xi’yjﬂi,jzl’ XY € Xn. (518)

Since the action of D in the space of polynomials R[z] is consistent with filtration
by degree, see (5.10), the action of the corresponding semigroup (Pi(t)):>o in R|z]
is well-defined, and (5.16) implies

Z Pi(t; z,y)y™ = emm=D+smt gm | Jower degree terms.
YyEZL
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We obtain
> Py(tXY) = 'ZPNtXY)
Yexy YezN
e v P, (t: e Py (¢ N-1, N-2
Z sgno Z (85 To(1y, Y1) V(G To(ny UNDYL Y YN-1
UESN YezZN
et ESN G- +s) yN=1, N2
= VX gs: sgn g e’ &g=0 YUTITE Ty Loy~ To(N-1) = 1, (5.19)
cESN

where Sy denotes the group of permutations of {1, ..., N}. Note that the first equal-
ity (change of the summation domain) holds because the expression for Py (t; X,Y)
is symmetric in (y;), and it vanishes if y; = y; for ¢ # j.

Step 3. Consider N independent copies of the bilateral birth and death process of
Subsection B.], and denote by m,(t; X,Y), X,Y € Xy, the probability that these
processes started at xq,...,xy end up at yq, ..., yy after time ¢ having made a total
of n jumps all together, and their trajectories had no common points at any time
moment between 0 and ¢. We want to show that

—ant VY)

PR (BXY) = e s

m(t; X, Y), (5.20)

where P][\? Vs defined as in Section @ using D) as the matrix of transition rates.
Indeed, computing m,’s boils down to recurrence relations

(4 X,Y) = ¢!Pind (XY) 1x_y,

t
Tt X,Y) = / e™Pind (X:X) S DX 2wt — T 2,Y)dr, n>1,
0 ZeXn, Z#X

where DZ%) = D1+ .- -+ Dy is the matrix of transition rates for the NV independent
birth and death processes.
For n = 0, (5.20)) follows from (5.9). Assuming (5.20) holds for n — 1, we rewrite

the recurrence relation for m,’s as
t

m(t; X,Y) = / T (P (X X))
0

X Z) -
> V) pov(x, 2y ext-0 V) ploily 7 vyar. (5.21)
V(Z) V(Y)
ZeXn, Z#X

Comparing with the recurrence relation for P, cf. Section @ yields (5.20).
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Step 4. Following Section Ml and using (5.20]), we see that the minimal solution for
the backward equation with DN) as the matrix of transition rates, has the form

Py(t:X,Y) =) PY(LX,Y) = e—dNt% > mat: X,Y).

n=0 n=0
The last sum is clearly equal to the probability that N independent copies of the
bilateral birth and death process of Subsection [b.1l started at xq,...,xx end up at
Y1, - - -, Yy after time ¢ without intermediate coincidences and without any restriction
on the number of jumps. Note that we are using the fact that the birth and death
process does not make infinitely many jumps in finite time (minimal solution is
stochastic), cf. Theorem B.11

Such a probability of having nonintersecting paths is given by a celebrated formula

of Karlin-McGregor [KM59]:

N
i,j=1’

> m(t: X,Y) = det [Py (t; 21,y;)] X,Y, € Xn.
n=0

Hence, the minimal solution Py (¢; X, Y') coincides with the right-hand side of (5.18),
and by Step 2 it is stochastic. We have thus shown that the matrix D) of transition
rates on GTy is regular, and the semigroup has the form (5.12) (or (B.I8)).

Step 5. To conclude the proof of Theorem [5.4] it remains to show that the Markov
semigroup (Py(t))s>0 is Feller. This is equivalent to proving that

lim Py(tA0) =0, 120, v€GTy. (5.22)
—00
But this immediately follows from (5.12]) because we already know that (5.22)) holds

for N =1 (Theorem [B.1]), and Dimy () is always at least 1.
O

6. COMMUTATIVITY

The goal of this section is to address the question of compatibility of the semi-
groups of Section [l and links of Section [3] cf. ([23).

6.1. Parameterization. As we shall see, in order for the commutativity relations
(23) to be satisfied, the parameters (u, v’, v,v’) used to define semigroups (Py(t)):>0
need to depend on N. For that reason, introduce two new pairs of parameters (z, z’)
and (w,w’) that satisfy the same conditions as (u, u’, v,v") before:
(z+k)(Z+k) >0, (w+k)(w+k)>0 VkeZ; z4+ 2 +w+w > —1.
(6.1)

Furthermore, for N > 1 define
uy=2+N-1, uy=24+N-1, v=w, vV =u, (6.2)
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and let (Py(t)):>0 be the Feller semigroup of the previous section with parameters
(u, v, v,0") = (un, uy, vn, V).
We are aiming to prove the following statement.

Theorem 6.1. With links {A%“}N21 as in Subsection[3.1 and semigroups (Py(t))i>0
as above, the compatibility relations (2.3)) hold.

6.2. Infinitesimal commutativity. We first prove a version of (2.3]) that involves
matrices of transition rates.

Proposition 6.2. For any N > 1, u,u’,v,v' € C, and A\ € GTy,1,v € GTy, we
have

ST PO A ) = 3 AT DM () (63)

RGGTN+1 peGT N

or, in matriz notation, DNTDANTL = ANFIDW) yhere D) s the operator defined
by (E9), and in DWV+Y we replace N by N+1 and the parameters (u,u’) by (i, ') =
(u+ 1,4 +1).

Proof. We start with the following simple lemma.

Lemma 6.3. Let [A(A, V)]AEGTN+1,V€GTN
GT 11 and columns parameterized by GTy, and such that each row of A has finitely

many nonzero entries. If for any symmetric polynomial F' in N variables and any
A € GT 1 we have

be a matriz with rows parameterized by

> ANV P +N—-Lwn+N—2... vy) =0, (6.4)

veGT N
then A(\,v) = 0.

Proof. Assume A(j\, v) # 0 for some XAand 0. Let vW, ... b0 € GTy be all
signatures different from # and such that A(\,v()) # 0.
Set v = (0 + N —1,...,0y5) € ZYN and

Observe that the orbits of the vectors x,y@, ..., y® under the group of permuta-
tions of the coordinates do not intersect. It follows that there exists a polynomial
f in N variables, which takes value 1 on the orbit of x and vanishes on the orbits
of the vectors y), ... y®. Then for the symmetrized polynomial F(zi,...,zy) =
Y wesy £ (Zo()s - - -5 Zo(n)) the left-hand side of (6.4]) is equal to NIA(N, ©) # 0. Con-
tradiction. O
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Let us now introduce symmetric polynomials on which we will evaluate (in the
sense of Lemma [6.3)) both sides of (6.3). For a partition (=signature with nonnega-
tive coordinates) pn € GTy and ¢ € C set

AN—)N
Bl ez T,) = 1 det(m 400 J)L’,J’:l
. Y (N)p H1§i<j§N(xi — ;) ’
1 det [(z; + C)i(#j—l-N—l—l—j)E?’j—i:l
G,u,c(xlu .

<y Ly, 1) = )
i (N+1)u Theicjenii(@ —2))

where we assume pn41 = 0 and use the notation (a € C, k € Z>¢)

a*=ala—1)---(a—k+1), (a)r=ala+1)--(a+k—-1), a**=(a)=1,

(@) = H(a =7+ 1)

J=1

Clearly, F),. and G, . are symmetric polynomials in N and N + 1 variables, respec-
tively. Moreover, for any fixed ¢ € C, the polynomials {F), .} with p ranging over
all nonnegative signatures in GT 5 form a linear basis in the space of all symmetric
polynomials in NV variables. Indeed, this follows from the fact that the highest degree
homogeneous component of F), . coincides with the Schur polynomial s,(z1, ..., xyN),
and those are well known to form a basis, see e.g. [Macd95].

Hence, to prove Proposition it suffices to verify that the two sides of (€.3)) give
the same results when applied to F), . for a fixed ¢ and p varying over nonnegative
signatures of length N.

Lemma 6.4. For any A € GT .1, any nonnegative signature i € GTy, and ¢ € C,
we have

S ANV Faevi + N = Loy vw) = Guelha + N+ N = L. ).

veGTN

Proof. The argument is similar to that for relation (10.30) in [OO97]. Denote
(1’1,...,LL’N+1) = ()\1 +N,...,>\N+1), (yl,...,yN) = (1/1 + N — 1,...,VN).

Then v < XA means z;,1 < y; < x; for all ¢ = 1,..., N. Taking into account the

definition of A} ™, one sees that the relation in question is equivalent to the following
one

det[(:)si + C)i(uj+N+1—j)]j?’jJ;1l
= det[(y; + )W +N=D1" (6.5
o S [(3: +) ¥ . (65)
Y1,.., YN EZL
Ti41<y;<z; for all 4
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The last column in the (N + 1) x (N + 1) matrix in the left-hand side of (6.0])
consists of 1’s. Subtracting from the ith row the (i 4+ 1)st one for each i =1,..., N,
we see that the left-hand side is equal to the NV x N determinant

. 1N
det [(:ci e+ )MV (g e 1) ENTED -
)=

On the other hand, the summation in the right-hand side of (€.5]) can be performed
in each row separately using the relation

m—+1

y=a

Collecting constant prefactors completes the proof of Lemma

(N +1),N!
(N)unjyﬂ(ﬂj""]v_j"‘l)
T (1 + N+ 1= )N = j)! _
MU s v i N g b 69
O

To conclude the proof of Proposition we want to prove that, for a suitable
fixed constant ¢ € C, DW )FM decompose on {F,.} in exactly the same way as
15(N+1)Gu,c decompose on {G, .}

It is actually convenient to take ¢ = v, where v is one of the four parameters
(u,u,v,v"). With this specialization we prove

Lemma 6.5. For any A € GTy and any nonnegative signature p € GT , with the
notation m; = u; + N —j, j=1,..., N, we have

Z D(N)()‘a V)F,u,v(l/l +N - 1,. . .,VN)

veGTyN
N N
= <ij(mj — 1) —i—sij —dN) Fu,v()\l + N — 1,...,)\]\/)
= j=1
N
+ Z((mj - —-v+mj—1)+s(m; —v—1)+uu — vv') L1
j=1

X FM—EJ'J)()\l + N — ]_, ey )\N), (67)

where dy is as in (B10), e; = (0,...,0,1,0,...,0) with 1 at the jth place, and we
assume [iny1 = 0.
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Proof. We first compute, cf. (5.15]),
D(z + )" = (x +v)(z + V')AV (2 + )" + (52 + v’ — v0') Ay + v)¥™
=m(m —1)(z + v)(xz + )"V - m(sz + wu’ — ) (z + )" D. (6.8)

This is the place where the choice of ¢ = v matters; for different values of ¢ the
expression for D(z + ¢)¥™ would have been more complicated.
Substituting

z4+v=@+v-m+1)+ @0 —v+m-—1),

st+uu —ovv' =s(z+v—m+1)+ (s(m—v—1)+uu — v,
we obtain
D(z +v)" = (m(m — 1) + sm) (z +v)""
+((m—=1)0 —v+m—1)+s(m—v—1)+ud —vv)m(z + )" Y. (6.9)

The statement now follows from (5.9) and the definition of F), .
0J

Let us complete the proof of Proposition [6.2]
Apply both sides of (6.3]) to F),, in the sense of Lemma [6.3] Using Lemma
we see that the left-hand side of (6.3]) turns into

Z 5(N+1)()\a K)Gu,v('%l + Na sy K’n-i—l)a

HEGTN+1
and repeating the arguments of Lemma we see that this is equal to
N N )
< (i — 1)+ 81y — dNH) GuoM+N —1,...,Ay)
j=1 Jj=1
N
+ Z((mj — 1) — vy — 1)+ 5y — §— 1) + @il — m/) 1, 1o,
X G,u—ch,v()\l + N — 1, ey >\N>7 (610)
where m; = u; + N+1—1=m;+1, and tildes over the other constants mean that

in their definitions we replace (u,u’) by (@, @) = (u+ 1,u' + 1).
On the other hand, by Lemmas [6.4] and [6.5] the right-hand side of (6.3) equals
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N N
(ij(mj - 1) +Szmj - dN) Guo(M+N—=1,...,)n)
Jj=1 Jj=1
N
+Z<(mj - D' —=v+m;—1)+s(m; —v—1) +u —vv’)
j=1

X lﬂj—lzﬂj+1GH—5j7U(>\1 + N — 1, ey >\N> (611)

It is a straightforward computation to see that all the coefficients in (6.10) and
(6.10)) coincide. The proof of Proposition [6.2] is complete.
O

6.3. From matrices of transition rates to semigroups. In order to complete
the proof of Theorem we need the following lemma.

Lemma 6.6. If f is a finitely supported function on GTy then ANT'f is in the
domain of the generator Ani1 of the semigroup (Pyn11(t))i>0 (see Section[] for the
definition of the generator and its domain).

Let us postpone the proof of Lemma until the end of this subsection and
proceed with the proof of Theorem [6.]

In order to prove (2.3)) it suffices to prove that the two sides are equal when applied
to a function f on GTy with finite support (as such are dense in Co(GTy)):

Py (AN f=AVT'Py(t)f,  t>0, N=12,.... (6.12)

Let us denote the left and right-hand sides of ([6.12) by Fepi(t) and Figne(t). We will
show that they solve the same Cauchy problem in the Banach space Co(GT yy1).
Then (6.12) will follow from an abstract uniqueness theorem for solutions of the
Cauchy problem for vector functions with values in a Banach space,

d
%F(t) = AF(t), t>0, F(0) = fixed vector,

which holds under the assumptions that (1) A is a closed dissipative operator, (2)
F(t) is continuous for ¢ > 0 and strongly differentiable for ¢ > 0, and (3) F'(t) € D(A)
for t > 0; see e.g. [Kat80, IX.1.3].

In our situation, A = Ay, and the fixed vector is A%H f. Obviously, both Fj.(t)
and F.gn(t) are continuous for ¢ > 0 and they have the same initial value A%“ f
at t = 0.

Let us check the differential equation for Fj s (t). By Lemmal6.6lwe have AN f €
D(An41). Hence, Fiepi(t) € D(Ans1) (semigroups preserve the domains of the
generators) and it satisfies

d
EF’left(t) = Ani1Fiepi(t), t>0.
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Let us turn to Fygp. By Corollary A7, f belongs to D(Ay). It follows that the
function t — Py(t)f is strongly differentiable and

©Py(t)] = AvPy()f =DNPy(D),  t>0
Hence, F;gn:(t) is also strongly differentiable and for ¢ > 0

d d

EFmght(t) = A]NV“EPN(t) f=ATIDI Py () f.

By definition, the last expression should be understood as AN (DW)(Py(t)f)).
However, since all rows of the matrices A%“ and DY) have finitely many nonzero
entries, we may write

AT DM (Pr(t)f)) = (AN DY) Pu () f.
By virtue of Proposition [6.2] this equals
5(N+1)A%+1PN(t)f _ 5(N+1)Fright(t)a

so that

d ~
%Fright (t) = D(N+1)Fright (t)

Next, as %fmght(t) is in Cy(GT 1), so is 15(N+1)Fright(t). By Proposition 4.6l we
may replace DN+ by An.q, which gives the desired differential equation

d
%Fright(w = AN+1Fright(t)7 t> 07

and we conclude that Fiepe = Frignt-
Thus, we have proved Theorem modulo Lemma [6.6]

Proof of Lemma[G.8. Let f be a finitely supported function on GTy, g = AN f.
Proposition B3] says that g € Co(GT 1), and by Proposition [4.6] it suffices to check
that DV*+Dg € Cy(GTy,,). We have

DY N = Y DA N+ ) (9N + ) —g(N),

e: A e€GTN 11

where A\ € GT 41, € ranges over {+e;};—1 . ni+1, With (e;) being the standard basis
in RV and DN\, X + ¢€) are off-diagonal entries of the matrix DWV+D,

Without loss of generality we may assume that f is the delta-function at some
v € GTy. We obtain

N! H1§i<j§N(Vi —i—v;+]) '

g(A) = : :
H1§i<j§N+1()‘i —i—Aj+)

v=<X;
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and
N+1
Dlm )\+€zel
PN = 3 3 PRI Dl 2) (53 + i) o) (613
i=1 g;=

where [; = A\; + N+1—j,j=1,....,N+1, and we assume Dimpy;; (A +¢;e;) =0
in case A+ ¢;e; ¢ GT yy (this is supported by the explicit formula for Dimpy4(-)).
Observe that for

G\ = N H1§i<j§N(Vi —i—v;+]) _ consty
[Lcicjenmi—i=Aj+j)  Dimyga(})

(we removed the factor 1,<, from g(\) above), we have

consty
(PPN = —5—=
Dimy,;(})
iy . . constsg
X Z Z ll,l + & DlmN+1()\ + €i€i) — DlmN+1()\)) = m s (614)
+1

=1 g;=

where we used (5.14)).
Next, observe that the function

consts
Dimy1(A) "

belongs to Co(GT yy1). Indeed, if A goes to infinity inside the subset {\ : v < A} then
Ai—A; — 400 for at least one couple 7 < j of indices, which entails Dimy41 A — +o00.
The discrepancy between (DW*+Dg)(A)1,2y and (DX *+Dg)()) (or rather between
the summations in (6.13]) and (6.14])) comes from values of i and ¢; such that either
v=<Abut v £ (A+ee;), or v < A+¢e;e; but v £ A. In both cases, for that value of
i, the quantities \;, ;, and D(l;, l; + ;) must remain bounded as v is fixed.
Note that A — oo inside the subset

(DNIG N1 =

{NE€GT N1 : v < Aorv < A+ ge; for some i},

then either \; — +o00 or Ayy1 — —o0, or both, while all other )\; remain bounded
from both sides. But then a direct inspection of the summands in (6.13) and (6.14)
that contribute to the discrepancy shows that they converge to zero as A\ — oo.
Hence, (DY g)(\) € Co(GT ny1). O

7. INVARIANT MEASURES

In three previous sections we defined a chain of countable sets {Ex = GTy}y>1,
constructed links AN ™ between then, and identified the boundary E,, = . Fur-
thermore, for any quadruple of complex parameters (z, 2/, w, w’) satisfying (G.1]) we
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constructed Feller semigroups (Py(t)):>0 on GTy and showed that they are com-
patible with the links; by Proposition [2.4] this yields a Feller semigroup (P());>0 on
Q.

The goal of this section is to exhibit an invariant measure for (P(t)):>o.

7.1. zw-measures. Let z, 2/, w,w’ be complex parameters satisfying (6.1). As was
pointed out in Subsection [B.] this is equivalent to saying that each pair (z, z") and
(w,w") belongs to one (or both) of the sets

{(¢,¢)e (C\zZ)*|¢'=¢} and
{(¢,¢) € R\ Z)* | m < (¢ <m+1 for some m € Z},

and also z + 2/ +w +w' > —1.
For A € GT set

M, 2 N (N) = (consty) ™t - M;7z,7w7w,‘N(>\)

where
M/ , , H ]_
z,z,w,w\N e Z—)\ +Z) (Z/—)\i—i—i)
1
- (Dimpy (M))? 1
XF(w+N—|—1+)\i—i)F(w/+N+1+)\i_i)) (Dimy(A))7, (7.1)
and

consty = g M 1 (N (A)
AeGT N

is the normalizing constant depending on z, 2/, w,w’, N.

Theorem 7.1 ([Ols03]). Under our assumptions on the parameters, for any N > 1,
M., 21 N @5 @ probability measure, we call it the Nth zw-measure. Moreover, these
measures are consistent with the links,

— N+1
Mz,z’,w,w’\N - Mz,z’,w,w’\N—l—l AN ) N Z 1a
with AN as in Subsection [T

Theorem [Z.I] implies that the system (M. .s v )n>1 defines a probability mea-
sure M, ./ 4 On the boundary €2 that we call the spectral zw-measure, cf. Theorem
B and a character of the infinite-dimensional unitary group U(oco), cf.[Ols03]. For
z/ = z and w' = w one can find a geometric construction of the corresponding
representations of U(oo) in [OIs03]. There is also a fairly simple “coordinate-free”
description of general zw-measures that we now give, cf. [BO05d].

Let T be the unit circle in C and TV be the product of N copies of T (the
N-dimensional torus). For any A € GTy, the character x* of the corresponding
irreducible representation 7y of U(N) can be viewed as a symmetric function on TV,
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where coordinates are interpreted as eigenvalues of unitary matrices. Explicitly, the
character is given by the (rational) Schur function

_ det [u;\j+N_j] 1<i j<N

det [“ﬁv_j] 1<ij<N

XA(ulv"wuN) = SA(ulw"qu)

Consider the Hilbert space Hy of symmetric functions on T, square integrable
with respect to the measure

1 N
ﬁ H \ui—uj|2Hdui,
i=1

" 1<i<j<N

which is the push—forward of the normalized Haar measure on U(N) under the
correspondence U + (uy,...,uy). Here du; is the normalized invariant measure on
the ith copy of T.

Given two complex numbers z, w, we define a symmetric function on TV by

N
Fraov () =TT+ w)*(1 + @;)".
i=1
If R(z+w) > —1 then f, v belongs to the space Hy. Let (2/,w’) be another couple
of complex numbers with R(2' 4+ w’) > —1. We set

(fz,w|N> X)\) (X)n fw,?|N)
(fowlNs fm zy)

where (-, -) is the inner product in Hy. It turns out that this definition leads us
to the explicit formula given above.

The spectral zw-measures were the subject of an extensive investigation in [BO05a]
the upshot of which is the statement that with w € €2 distributed according to
M, .+ ., its coordinates

Mz,z’,w,w’|N()\> =

A€ GTy,

— —)
(b +atb-ar -+ 0 —d - ar),

(where possible zero values of o and 5 should be removed) form a determinantal
point process on R\ {£1} with an explicit correlation kernel. See [BO05a], [BO05D]
for details.

7.2. Invariance. The main statement of this section is

Theorem 7.2. For any quadruple (z,2',w,w’) of parameters satisfying (61]), the
spectral zw-measure M, .1, v 15 the unique invariant probability measure with respect
to the semigroup (P(t)):>0.
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Proof. Let us prove the invariance first. By Subsection 2.8 it suffices to verify that
for each N > 1, the Nth level zw-measure is invariant with respect to (Py(t))i>0-
We will check this fact on the level of matrices of transition rates:

> M.wuwwyN) DM v)=0, N>1, veGTy.

AeGT N

Since it is easy to check that D) is reversible with respect to M. 1 0N (N),
M. sy (A) DM A, v) = DO ) M,y (v), A v € GT,

an argument in Section 3 of [Kel83] shows that the invariance on the level of tran-
sition rates implies the invariance with respect to the corresponding semigroup.

As in the proof of Theorem [5.4] it is convenient to employ the bijection A <>
(Aj + N — j)i<j<n between GTy and Xy, see Subsection for the notation and
also recall that we are using parameterization (6.2). Under the bijection of GTy
and Xy, the desired identity takes the form (removing irrelevant prefactors)

Z <H W(xl)> Vn(X) ((D(l'b Y1) Lzi—yiiz1y + - -

XeXy \i=1

o+ DN, YN) L aymyiitN}) — leX:Y> =0, (7.2)

where
1
Wi(x) = €.
L Py g P g o e e v prpry s R

Let po = 1,p1,p2,..., degp; = 7 — 1, be monic orthogonal polynomials on Z

corresponding to the weight function W (z). As
W(x) = O(la| > 77 2), 2 = oo,

the assumption z + 2/ + w + w’ > —1 implies that W (z) has at least 2N — 3 finite
moments, and polynomials p; with j =0,1..., N —1 are well defined.

Polynomials {p;} can be written explicitly in terms of the hypergeometric function
3% evaluated at 1. They were discovered by R. Askey [Ask87], and independently
by P. Lesky [Les97], [Les98]; see also the recent book [KLSI10, §5.3, Theorem 5.2,
Case Illc]. We call them the Askey-Lesky polynomials.

The Askey-Lesky polynomials are eigenfunctions of the operator D on Z, see
[BOO05al, §7]:

> D, y)pi(y) = ypi(x)  VreZ, j=0,1,2,...,
YEL

where
v =35 — 1) = (un + uy + vn + V).
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Multiplying both sides by W (z) and using the fact that W (z)D(z,y) is symmetric
with respect to transposition x <> y we obtain

> pi@W(@)D(x,y) =vpily)  WeZ, j=01,2,.... (13

T€EZ

Let us rewrite the Vandermonde determinant in the left-hand side of (7.2) as

N

Vn(z) = £ det [p,-_l(xj)ijzl.

Applying operators Dy, ..., Dy to individual columns in this determinant multi-

plied by W (z)--- W (zy) according to (3], and recalling the definition of dy, we
obtain (7.2).

Let us now prove uniqueness. As explained in Subsection 2.8 it suffices to

show that the Nth level zw-measure is the unique invariant probability measure

for (Py(t))t>0 for any N > 1. But uniqueness of invariant measures holds in general

for irreducible Markov chains on countable sets, see e.g. Theorem 1.6 in [And91].
O

8. STOCHASTIC DYNAMICS ON PATHS. (GENERAL FORMALISM

8.1. Overview. Let us return to the general setting of Section 2l and assume that
all En’s are discrete. For N =1,2,... set

N-1
E(N) {(1'1, . ..,l’n) € by x---x Ey | H A]]z—i_l(l’k-i-l,l'k) 7& O} (81)
=1

There are natural projections TN : EOVFD — E(V) consisting in forgetting the
last coordinate; let E(*°) = @ EW)where the projective limit is taken with respect
to these projections. Obviously, E(*) is a closed subset of the infinite product space
[T%—; En. Thus, elements of E(®) are some infinite sequences. Let I : E() —
EW) be the map that extracts the first N members of such a sequence.

Definition 8.1. We say that a probability measure ;@) on EN) is central if there
exists a probability measure pn on Ey such that

pV (. SCN) = pn(en) ANy (Tn, Ty-1) - Al (22, 21) (8.2)

for any (ry,...,7y) € E®). Relation (82) establishes a bijection between proba-
bility measures on E N and central probability measures on £V,

We say that p(>) € M, (E() is central if all its pushforwards under projections
I3 are central Relation (Iﬂ) also establishes a bijection between central measures
on E() and elements of Jim M, (Ey) of Subsection 2.5

Finally, we say that a Markov semigroup (P™)(t))>0 on E™) is central if the
associate linear operators in M(E®™)) map central measures to central measures.
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Clearly, a central Markov semigroup (P™)(t));>o defines a Markov semigroup on
Ex — in order to obtain uyPy(t) for uy € M,(Ey) one needs to define ™) via
[B2), evaluate ™) PW) (1), and read off a measure on Ey using Definition Bl

Proposition 8.2. Let (P™)(t));s0, N > 1, be a sequence of central Markov semi-
groups on EWN)’s that are compatible with the system of projections:

PO o I = T o PV, 120, N1

Then the corresponding Markov semigroups (Pn(t))i>0 on Ex, N > 1, are compat-
ible with projections AN as in ([23).

Proof. Follows from the fact that if x®+Y and 1 are related as in Definition B1]
then NIV and py AT are also related in the same way. O

The goal of this section and the next one is to construct central Markov semigroups
(PWM) ()0 that would yield, as in Proposition B2 semigroups (Py(t));>0 on Ey =
GT y that we dealt with in the previous sections. One reason for such a construction
is the fact that for the Gelfand-Tsetlin graph, the isomorphism between central
measures on GT) and probability measures on the boundary , ¢f. Definition 2.2
is somewhat explicit, see Section [ below. Thus, (P™)(t));s¢ can be thought of as
providing a more “hands-on” description of the corresponding semigroup (P(t)):>o
on ).

8.2. Construction of bivariate Markov chains. Let F and E* be countable
sets, and let () and @* be matrices of transition rates on these sets. Let A =
[A(z*, 2)]|s+ep+ zep be an additional stochastic matrix which we view as a stochastic
link between E* and F.

We will assume that for each of the three matrices ), Q*, and A, each row contains
only finitely many nonzero entries. In addition, we assume the relation

YA D)Qy) = Y Q" y )AL y), @ EE, yEeE, (8.3)
zeE y*eE*

or AQ = Q*A in matrix notation.
Observe that in case A(z*,y) = 0, the diagonal entries Q(z, x) and Q(z*, z*) give
no contribution to (83]), and the commutativity relation can be rewritten as

Yo A )Qry) = Y Q@ y)AYLy), T €E, yeE (84
zeE x#y y*eE* y*#x*

We will denote the above expression by A(z*,y); it is only defined if A(z*,y) = 0.
In what follows we also use the notation

¢ = —Q(z,z), x€ E; G = —Q*(z*, "), "€ E".
Consider the bivariate state space
E® = {(+*,x) € E* x E | A(z*,x) # 0}.
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We want to construct a Markov chain on E® that would satisfy two conditions:
e The projection of this Markov chain to F gives the Markov chain defined by Q;
e It preserves the class of measures on £®) satisfying Prob(z|z*) = A(z*, z);
e In this class of measures, the projection of this Markov chain to E* gives the
Markov chain defined by Q*.

To this end, define a matrix Q@ of transition rates on E® with off-diagonal
entries given by

(Q(z,y), ) =y,
Q (") Tt r=y.
QP (", 2), (5" y)) = Ao
Q(z,y) < (xA’sz* y()y ’y), Az, y) = 0,A(x",y) # 0,
0, otherwise.

\

Note that A(z*,y) = 0 implies x* # y* and = # y (provided that (z*,z), (v*,v)
are in E®) so all the cases in the above definition are mutually exclusive.
The diagonal entries Q@ ((z*, z), (z*,z)) with (z*,2) € E® are defined by

—QP((a",2), (2", 2)) = ¢, = > QP("2). (" y)).
(y*,y)#(x*,x)

Clearly, any row of Q® also has only finitely many nonzero entries. One immediately
verifies that for any (z*,z) € E® and y € E with z # y,

Y. QP a), (v y) = Qx,y). (85)

y*:(y*,y)EE?

Indeed, one needs to consider two cases A(z*,y) = 0 and # 0, and in both cases the
statement follows from the definitions. As the row sums of Q® and @ are all zero,
we obtain (8] for x = y as well.

For any x € F, let us also introduce a matrix of transition rates @), on the fiber
E, ={x* € E*| A(z*,x) # 0} via

Qu(2",y") = QP ((a*,2), (y", 7)) = Q" (2", y") ©F Y

and
y*EEzyy*7£-'E*

The following statement is similar to Lemma 2.1 of [BFO8+| proved in the dis-
crete time setting. As we will see, the proof of the continuous time statement is
significantly more difficult.
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Proposition 8.3. Assume that the matrices of transition rates @@, Q*, and Q. for
any x € E are regular. Then Q) is also regular, and denoting by P(t), P*(t), and
P®@(t) the transition matrices corresponding to Q, Q*, and Q2 , we have

N POt 0), (0 y) =Pt ,y). (8.6)
y*:(y*,y)eE@

. A D)PP (e w), (v y) =P (G2 v A ), (8T)

z:(z*,x)eE(2)

where in the first relation (z*,x) € E®, y € E are arbitrary, while in the second
relation * € E*, (y*,y) € E® are arbitrary.

Proof. The regularity of Q® and collapsibility relation (8.6]) follow from Proposition
4.4 with ({L.5) specializing to (8.5).

Proving (8.1) is more difficult, and we will follow the following path. First, we will
show that both sides of (81) satisfy the same differential equation (essentially the
Kolmogorov backward equation for P*(¢;x*,y*)) with a certain initial condition.
Then we will see that the right-hand side of (87) represents the minimal of all
nonnegative solutions of this equation Since for a fixed x*, both sides of (8.7)
represent probability measures on E®), the equality will 1mmed1ately follow.

For the first step, let us show that the left-hand side f;(z*, y*,y) of (87 satisfies

—ft Lyt y) = D QU 2 A y) (88)
z*eR*

with the initial condition
Jim fi(a®, 5", y) = Leemy Ay )- (8:9)

The initial condition satisfied by P®(¢) implies (89), so let us prove (..
Using the Kolmogorov backward equation for P®)(t), we obtain

d * ok * * *

x:(z*,2)EE?2)
+ Y Q" w), (25, 2) PP (5 (2, 2), (v, y)))- (8.10)
(z*,2)#(z* x)
For the first term in the right-hand side, we use

Aw*, x
=t Y @) S

w*wrFEx*
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which follows directly from the definition of Q®®. Thus, we can rewrite the first
term in the right-hand side of (810) as

=Y @@ o) PO (5 (@), (v, y))

zelk

— Z Z Aw*, z)Q* (z*, w*) PP (¢; (z*,2), (y*,y)). (8.11)

x: (z*,x)EE(2) w*:w*Fz*

For the second term of the right-hand side of (8.I0), according to the definition
of Q)| let us split the sum over (z*, ) into three disjoint parts: (1) z* = z*, x # 2;
(2) z* # 2*, x = z; (3) A(x*,2) =0 (hence, z* # z*, x # 2).

Part (1) gives

W= > Atz > Q)PP (2", 2). (v, ).
z:(z*,x)eE(2) 2z, (2%,2)EE?)

Interchanging the summations over x and z, we can employ the commutativity
relation (83]). This gives

M= > D AW @, v )PPt 2), (v, y))

z: (z*,2)EE() v*EE*

+ 3 @At @) PO (t (2 2), (v ). (8.12)

zelR

Observe that the last term cancels out with the first term in (8.11), while the sum
of the first term of (8.12]) and the second term of (8.1I1), with identification z = x,
v* = w* of the summation variables, yields (only terms with v* = x* survive)

— ¢ Y A 2) PO (8 (2", 2), (v, y)). (8.13)

el
Further, part (2) of the second term of (8.I0) reads
2= > > AEDQ ", )PPt (2", 2), (v, y))- (8.14)
CCZ(:L‘*,CC)EE(2) Z*ZZ*#{E*

Finally, part (3) gives

(3) = Z Z A($*>I)Q(ZL’, Z) Q*(x*7 z*)/\(,z"‘7 Z)

A(x*, z)
z:(z*,2)€EER) (2 2)€E2):A(z*,2)=0
x PO (t; (2", 2), ("))

= A(z", 2)Q (=%, z*)P(2) (t; (2", 2), (¥, y)), (8.15)
z(x*7z)¢E(2) Z*iz*Ax*
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where we used the definition of A, see (8.4)), to perform the summation over x # z.

One readily sees that adding (8.13), (8.14), (8.1%) yields the right-hand side of (8.8]).

Assume now that we have a nonnegative solution f;(z*,y*, y) of (88) satisfying
the initial condition (89). Multiplying both sides of (88]) by exp(q¢i.t) we obtain

(exp(gp-t) fila™,y",y) = exp(qiet) D Q@ (z", 2% ful2",y",y).
z*Fr*
Integrating both sides over ¢ and using (89) gives

fe@™y",y) = Laemy My, y) exp(—=,-1)
t
+/exp Zszfts( Y y)ds. (8.16)
Set £ (2%, y*) = 1,y exp(—¢i.t), and for n =1,2,... define

t
Ft(")(:v*,y*)=Ft(0)(:v*,y*)+/ exp(—q.s) Y Q (2", 2 )" V(2" y")ds.
0
*#LB*

Clearly, (BI0) implies f,(z*,y*,y) > F”(z*,y*)A(y", y), and substituting such
estimates into (8.16]) recursively we see that
fla' ) 2 FP @ gAY ), =012,
On the other hand, we know that
lim F™ (2%, y) = P*(t; 2", y"),
n—o0

see Section [l [Fel40], [And91]. Hence, any nonnegative solution of ([8.8), (89 is
bounded by P*(t;z*, y*)A(y*,y) from below, and the proof of Proposition is
complete. 0

The following statement is the analog of Proposition 2.2 in [BF084].

Corollary 8.4. Let p*(x*) be a probability measure on E*. Fort > 0, let (z*(t), x(t))
be an E® -valued random variable with

Prob{(z*(t),z(t)) = («*,2)} = Y w WAy PPt YY), (27, 2)).
(y*y)eB®

Then for any time moments 0 < tg < t; < -+ <t < tpiq < - < tpyy, the joint
distribution of

(z*(to), z*(t1), .., " (tw), (tk), T(ths1), - - -, (teta))

coincides with the stochastic evolution of u* under transition matrices
(P*(to), P*(t1 — to), ..., P*(ty — tie1), Ay Ptigr — t), -« o Ptiys — trgi—1))
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Proof. In the joint distribution
:u*(y*)A(y*v y)P* (t07 (y*7 y)7 (xzk]v LU()))P* (tl - t07 (xzk]v ,’,Uo), (,’L’T, xl)) e

o P (tht = tei—1s (kg1 Tagie), (Thyp Trgr)) - (8.17)
one uses (8.1) to sum over y, zo, ..., 21 and (8.6) to sum over z},,,...,25,,. O
8.3. Construction of multivariate Markov chains. Let Ei,..., Ex be count-

able sets, Q1, ..., @y be matrices of transition rates on these sets, and A2, ... AY |
be stochastic links:

AE B x By — [0,1], Y Ay =1, z€k, k=2..N.
yeEE,_1

1. It can be

It is also convenient to introduce a formal symbol A} with Aj(-, -)
viewed as a stochastic link between £ and a singleton Ej.

We assume that for each of the matrices @);, A;_l, each row contains only finitely
many nonzero entries, and that the following commutativity relations are satisfied:

ZA (2, u)Qr—1(u,y) ZQkvak (v, ), k=2,...,N,

uEE,_1 veEL}

or A¥ 1Qr_1 = QxA¥_, in matrix notation. If A¥_,(z,y) =0, the terms with u =y
and v = x give no contribution to the sums and thus can be excluded. In that case
we define (x € Ey, y € Ex_1)

Af(2,y) ZA (2, u)Qr—_1(u,y) = ZQkxv AF (v, y), (8.18)

wuAyY VIVET

Qk(l’, U>Ag—l(vv y) . k
Qk(ZL’,’U, y) = Allz_l(l’, y) ’ if Ak—l(xvy> 7£ 07

0, it AF (z,y)=0.

In case A [ (z,y) # 0, Qu(z,v,y) is a probability distribution in v € FEj, that
depends on x and y.

In the application of this formalism that we consider in the next section, there is
always exactly one v that contributes nontrivially to the right-hand side of (8IF]),
which means that the distribution Qj (x,v,y) is supported by one point.

We define the state space EY) for the multivariate Markov chain by (8.I) and
then define the off-diagonal entries of the matrix Q") of transition rates on E™) as

and also

(we use the notation Xy = (xl, o N), YN = (Y1, UN))
(ylmxk 1)
Qr(Tr, Yr) A]": : )
QM (Xy, Yy) = k 12%,:81@ 13
) y €T ~
Qk(xkayk) v 1($k,9€i 1) Qrrt (Trsrs Yt Ue) - Qe v, Y1),
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where for the first line we must have x; = y; for all j # k and some k =1,..., N,
while for the second line we must have z; = y; iff j <k or j > [ for some 1 < k <
Il < N,and A(zj,y;—1) =0 for k+1 < j <[ If neither of the two sets of conditions
is satisfied, we set Q™) (X, Yy) to 0.

The diagonal entries QW) (X N, X N) are defined by

QM (Xn, Xy) == > QW (Xy,Yy).

YN#XN

The definition of QY) can be interpreted as follows: Each of the coordinates zy,
k=1,...,N, is attempting to jump to y; € Ej with certain rates. Only y;’s with
Q(xy,yr) # 0 are eligible. Three situations are possible:

(1) The change of x; to yx does not move Xy out of the state space, that is
AY (ykmr—1)
Allzfl(wk,xk—l)‘

A (g, o) AR (Y, 7p—1) # 0. Such jumps have rates Qy(zk,yr)
Note that for k£ = 1 the last factor is always 1.

(2) The change of zj, to yy is in conflict with x;_;, that is AF | (yx, 21_1) = 0.
Such jumps are blocked.

(3) The change of xy to yi is in conflict with x4, that is Ag“(ajkﬂ,yk) = 0.
Then xp,, has to be changed too, say to yxr;. We must have A’,g“(ym, yr) # 0;
relation (R.I8]) guarantees the existence of at least one such yx,1. If the double jump
(g, Trr1) — (Yr, Yrr1) keeps Xy in the state space, it is allowed, and its rate is

AF L (komh—1) A .
Qr(Zk, yr) % Qr+1(Tht1, Yrt1, Y). Otherwise, r449 has to be changed as

well, and so on.

To say it differently, unless AY | (yx, zr_1) = 0, the move x;, — y; always happens

. AF L (ykoh—1)
with rate Qp(zk, yr) 7/&%71(5;2';;),

Tk+1, Tht2, - - - , Where each next z; uses the distribution Qj(xj, -, y;j—1) to choose its
new position. Displacements end once Xy is back in E®). This description implies
the following formula for the diagonal entries of QUV):

and it may cause a sequence of displacements of

A]lz—l(ykv xk—l)
AF_y(w, Tpm1)

QM (Xn, Xn) ==Y >, Qulwr ) (8.19)

k=1 yx€EEx:yp#Tk

The definition of Q) is explained by the following statement.

Proposition 8.5. Consider the matriz A with rows marked by elements of Ey,
columns marked by EN=Y | and entries given by

Alzn, (21, 2N—1)) = A%—I(IN>$N—1) e 'A%(%,fl)- (8.20)
Then the commutativity relation AQW—1 = QnA holds.
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Proof. We have

AQW =V (zy, Yy_y) = Z Az, Xn-1)QN (X n_1, Yioa). (8.21)

XN,leE(N*U

By ([BI9), the contribution of Xy_; = Yy_; to the right-hand side has the form

— i ks Yk—1
A Y)Y Y Qe z) Nzt (P Y1) (8.22)

AF (2, yp
k=1 zp€EEy: 2 #Yr k—l( ks Yk 1)

For Xy_1 # Yn_1, the contribution of matrix elements of QW= (Xy_1, Yy_1) that
correspond to jumps (zx, Tea1, - T1) = (Yk, Ykat1, -, Y1), 1 < k <1 < N, with all
other z; = y;, has the form

D AN (@n yn ) AN TS (v yna) - AT (2, vig)
X A (i, 2) Ay () - AR (g, )
X NGy (@, Y1) A5 (Y1, Un—2) - - AT (52, 1)
Allz—l(ykayk—l) A A

X Qr(Tk, Yr) 1 Qi1 (Tht1, Yrt1, Yi) - Qo v, yi-1),  (8.23)
Af (T, yk—1)
where the summation is over xy, ..., z; satisfying x; # y; for all k <1 <[ and
Ay (p, ye—1) # 0, Ay (i, i) =0, k<i<lL (8.24)

Denote this expression by A(k,1).
Observe that in (823), the factors A} | (zy,yr_1) cancel out. Let us denote by

B(k,l) the sum of same expressions (8.23)) with canceled A} _,(xy,yr_1), and with
conditions (8.24)) replaced by

Allz_l(zkayk—l) = Oa Ai—l(xia yi—l) = Oa k<i < l.

Thus, the sum A(k,[) + B(k,l) has no restrictions on xj other that x; # yx.
Using the definitions of A’,g“ and Q.1 we see that

Z Ai—l—l(xk—l—laxk)Qk(xkayk)@k+1($k+1ayk+1ayk)

T T FE Yk

= Qk+1(~”€k+17 yk+1)/\’;§“(yk+1, Z/k) (8-25)
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Hence, A(k,l) + B(k,l) = B(k + 1,1). Noting that B(1,[) = 0, we obtain, for any
I=1,... N-1,

A(LT) + A2, 1) + -+ A(L 1) = A(L,1) + B(L,1)

A(SL’N YN_l) 1
= N I N-L) A (Y, 1) Qi (0, 1)
A (s, wn) ml;ﬁyl l ’
Az, Y1)

= T Z A (i ) Qo ) — M, Ya-1) Qv wi)
N )

Al+1 2141
= AMaw, Yoo [ D Qualus, Zz+1)M — Qu(y, 1)

l
zi41€E 41 Al+1(yl+17 yl)
Al+1 2141, Yl
= A($N> YN—l) < Z Ql+1(yl+1, Zl-i—l)%
21+ 1Y1+1 l (yl-l-lv yl)

+ Qi (Vs 1, Y1) — Qului, yz)) , (8.26)

where we used the commutativity relation AI™Q; = Q1A along the way. Hence,
using (B21]) we obtain

AQW W (ay, Yyoa) = Y Ak + Aay, Yv—1) QN (Y1, Yvo1)

1<k<IKN-1

= Z QN(ZEN, ZN)A(ZNa YN—l) + QN(IN,ZEN)A(l'N, YN—l) = QNA(ZEN, YN—l)-

ZNFYN

(8.27)
]

For any N > 2 and xy_1 € E_; let us define a matrix (),,_, of transition rates
on the fiber

Euy_, ={an € En | AN_i(zn,2n-1) # 0}
via
AN_ (YN, Tn—1)
AN (zn, zN—
N1 (TN, oN-1) (8.28)
Qfol(xNal’N) = - Z Qfol(xNayN)-
YNEEX N _ 1 YNFTN

The next statement is analogous to Proposition 2.5 in [BF08+].

Qan_, (TN, yn) = Qn(TN, YN)

5 yN#xNa
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Proposition 8.6. Assume that the matrices of transition rates Qq,...,Qn and
Quys - Quy, forany x; € Ej, j =1,...,N — 1 are regular. Then Q@ ... QW)
are also reqular. Denote by {Pj(t)}1<j<n and PN (t) the transition matrices for

{Qi(t)h<jzn and QU(t).
Let pn be a probability measure on Ey, and fort >0, let (x1(t),...,zn(t)) be a
EW) _valued random variable with

Prob{(z:(t),...,zn(t)) = (z1,...,2n)}
= Z v (yn)A(yw, Y—1) POV (t; YN>XN)- (8.29)
YyEEWN)

Then for any sequence of time moments
N 4N N N-1 _ ,N—1 N-1 N—2
LSt =t <t <<ty (8.30)

the joint distribution of {x,(t]')} ordered as the time moments coincides with the
stochastic evolution of py under transition matrices

PN(téV%PN(tiV - tév)> R PN(t/{cVN - t/{cVN—l)aA%—la

Py =Y, Pyt =t ) AN,

Pt =), Pty — ). (8.31)

Proof. 1t is a straightforward computation to see that the construction of the bivari-
ate Markov chain from the previous section applied to Q@ = QW1 Q* = Qu, and
A given by (820) (the needed commutativity is proved in Proposition B.H]), yields
exactly QW). We apply Corollary 84, and induction on N concludes the proof.

O

Corollary 8.7. In the assumptions of Proposition [8.0, (P™)(t))i>o is central in
the sense of Definition[8.1, and the induced semigroup on Ey is exactly (Py(t))i>o0-
Furthermore, compatibility relations of Proposition[8.2 also hold.

Proof. The first two statements follow from Proposition with
ky =1, k-1 =ky_o=---=k =0.
The third statement is (87) with @ = QW =Y, Q* = Qn, Q® = QW) and A given
by (8.20). O
9. STOCHASTIC DYNAMICS ON PATHS. GELFAND-TSETLIN GRAPH

9.1. Central measures on paths and the boundary. Let us return to our con-
crete setup, cf. Section Bl We have Fy = GTy, the space of signatures of length
N, and E™) of (1) is the set of Gelfand-Tsetlin schemes of length N; we denote
it by GT™.
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Due to (B1)), the notion of centrality for u) € M,(GT®) means the following,
of. 82): For any A = AV < A& < ... < AM) € GTW™, 4™ ()) depends only
on AN). For branching graphs, the notion of central measures was introduced in
[VEKSI], see also [Ker(3].

In Subsection B we explained that central measures on the space E() =: GT )
of infinite Gelfand-Tsetlin schemes are in bijection, thanks to Theorem B.1 with
M, (92). Let us make this bijection more explicit.

Given a signature A € GTy, denote by AT and A~ its positive and negative parts.
These are two partitions (or Young diagrams) with /(A1) + ¢(A7) < N, where £(-)
is the number of nonzero rows of a Young diagram. In other words,

A= A 0,00,0, =N, =AY, k=t(\T), 1=L\).
Given a Young diagram v, denote by d(v) the number of diagonal boxes in v.
Introduce Frobenius coordinates of v via
pi(v)=v;—i, q)=vi—i, i=1...,d(v),
where v’ stands for the transposed diagram. We also set
pi(v) = ¢;(v) =0, i>d(v).

An element A = (A(M < A® < ) € GT®™), which can be viewed as an infinite
increasing path in the Gelfand-Tsetlin graph GT, is called regular if there exist
limits
(A

+ 9. L :I:: . 1M
BZ-—Nh_IgoiN , i=1,2,..., 0 ngnoo]\f'

of = fim 2O

v N—oo N ’

The corresponding point w = (aF, 3%, 6%) € Q is called the end of this path.

Theorem 9.1 ([OIs03]). Any central measure on GT® is supported by the Borel set
of reqular paths. Pushforward of such measures under the map that takes a reqular
path to its end, establishes an isomorphism between the space of central measures on
GT® and M,(Q).

We refer the reader to Section 10 of [Ols03| for details.

9.2. Matrices of transition rates on GT"). With Ey = GTy, E® = GTW)
and Qn = D), let us write out the specialization of the matrix Q) from Subsec-
tion B2l We will use the notation D) for the resulting matrix of transition rates
on GTW). As for the parameters, we will use (6.I) and ([6.2) as before.

To any A € GTW) we associate an array {F]1<i<j, 1<j< N} using
=AY 4 j— i In these coordinates, the interlacing conditions A@ < A+ take
the form

J+L i~ it
i >h 255
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for all meaningful values of i and jE ' ’
Similarly, assign GT™) 3 v +— {n] = VZ-(J) +J —iti<i<ji<j<n- Gathering all the

definitions together, we obtain that the off-diagonal entries of D) have the form

. (12— k)l — 2 — k1),
Dy = {(lf Fu)(E+ ),

where for the first line we must have i, k and [, 1 <i < k <[ < N, such that

ooy = +k—j, nly=U, ,+1 forall k<j<l,

and all other coordinates of A\ and v are equal, while for the second line we must
have 2, k,[ with 1 <7 < k <[ < N such that

=1 nl=0—-1 forall k<j<l,

and all other coordinates of A and v are equal.
The Markov chain generated by D®) can be described as follows:

(1) Each coordinate ¥ tries to jump to the right by 1 with rate (I¥ —z—k+1)(I¥ —
2 —k+1) and to the left by 1 with rate (I*¥ + w)(I¥ + w’), independently of other
coordinates.

(2) If the I¥-clock of the right jump rings but I¥ = I*7} the jump is blocked. If its
left clock rings but ¥ = lf‘l + 1, the jump is also blocked. (If any of the two jumps
were allowed then the resulting set of coordinates would not have corresponded to

an element of GT®) as the interlacing conditions would have been violated.)

(3) If the right I¥-clock rings and there is no blocking, we find the greatest number
[ > k such that lf =F+k—jforj=kk+1,...,], and move all the coordinates
{v é’:k to the right by one. Given the change I¥ + [¥ + 1, this is the minimal
modification of the set of coordinates that preserves interlacing.

(4) If the left [*-clock rings and there is no blocking, we find the greatest number
[ > k such that lfﬂ-_k =¥ for j = k,k+1,...,1, and move all the coordinates
{lfﬂ_k}g:k to the left by one. Again, given the change IF + I¥ — 1, this is the
minimal modification of the set of coordinates that preserves interlacing.

Certain Markov chain on interlacing arrays with a similar block-push mechanism
have been studied in [BE08+], see also [BK10]. In those examples the jump rates
are constant though.

10ne could make the interlacing condition more symmetric (both inequalities being strict) by
considering the coordinates IJ = X + (j 4+ 1)/2 — i instead. This would imply however that
I € Z +1/2 for odd j while I € Z for even j.
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9.3. Regularity. In order to claim the benefits of Proposition and Corollary
R.7, we need to verify the regularity of the fiber matrices of transition rates (R.28]).
In our concrete realization, they take the following form.

For any N > 2 and any kK € Ey_1 = GTy_1, the fiber F,, =: GT, C GTy takes
the form

GT,={A e GTxn | Kk < A}.

Using the coordinates {l; = N + X\; — i}, for A € GTy and {n; = N +v; —i}¥,
for v € GTy, the off-diagonal part of the matrix of transition rates D, := @, on
the fiber GT,, has the form

fUi— 2= N+1)li— 2 =N +1),
Puld ) = {(z,- +w)(l; + ),

where for the first line we must have 7, 1 <7 < N, such that
n;=1;+1, n; =1; for j#i,
and for the second line we must have
ni=1; — 1, n; =1; for j#i.

Proposition 9.2. For any N > 2 and any Kk € GTy_1, the matrix of transition
rates D,. on GT, is reqular.

Proof. The interlacing condition in the definition of GT, implies that D, is the
matrix of transition rates for NV independent birth and death processes conditioned
to stay within /N non-overlapping intervals inside Z; one interval per process. The
results of Section 3.2 show that any such birth and death process is regular as such
a process either lives on a finite set or it is a one-sided birth and death process of
the type considered in the proof of Theorem [5.11 O

Corollary 9.3. For any N > 1, the matriz DY) of transition rates on GTW)
is reqular, and the corresponding semigroup (P™)(t))i>o is central. The induced
Markov semigroup on GTx coincides with that of Section[3.

Proof. Follows from Proposition and Corollary B O

9.4. Exclusion process. Observe that the projection of the Markov chain gener-
ated by D) to the coordinate [} is a bilateral birth and death process. Further-
more, the jumps of I3 are only influenced by /i, the jumps of I3 are only influenced
by I and /2, and so on. On the other side, the jumps of ¥ are only influenced by
{13,12,.. . 15~1} for any k > 2.

Hence, the projection of the Markov chain defined by D) to the coordinates
(N <IWN-'<.oo <P <2< ..o <IM)is also a Markov chaifl. The fibers of

20Once again, all the inequalities would be strict if we considered coordinates va =N 4(j+1)/2—i.
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this projection are finite, hence, according to Proposition 4.4 our Markov chain on
GT™) collapses to the smaller one, whose matrix of transition rates is also regular.
Let us project even further to (II <2 < --- < [¥). Killing extra coordinates one
by one and using the results of Section [5.1lto verify the regularity for the fiber chains,
we see that the collapsibility of Proposition 4.4 holds. Let us give an independent
description of the resulting Markov chain on {lf};>1.
Set

Dy ={p<p<---<yv|y €Z 1<j<N},

VDo ={n<p2<---|y; €%, j > 1}

(N
top

Define the matrix D) of transition rates on DN by

(yp —z2—k+1)(yp — 2 —k+1),
(Yx +w)(yp + '),
where for the first line we must have k and [, 1 < k <[ < N, such that

D(N)(Y/,Y”) _ {

Yvi=y+k—J, yj=y;+1 forall k<5<,

and all other coordinates of Y and Y” are equal, while for the second line we must
have
vl =y, —1, yr =y, for m # k.

In other words, each coordinate y; tries to jump to the right by 1 with rate
(yg —2— 7+ 1)(yx — 2" — j + 1), and it tries to jump to the left by 1 with rate
(yx + w)(yx + w'), independently of other coordinates. If the left y; clock rings but
Yk = Yr—1 + 1 then the jump is blocked. If the right yi-clock rings we find the
greatest number [ > k such that y; =y, +k —jfor j =k, k+1,...,[, and move all
the coordinates {y,...,y;} to the right by one. One could think of y; “pushing”
Ykal, - -,y Alternatively, if one forgets about the labeling one could think of y
jumping to the first available site on its right.

Clearly, these Markov chains are compatible with projections Q) n1 — Yn that
remove the last coordinate. Thus, we obtain a Markov semigroup on im )y = 2.

This semigroup is a sort of an exclusion process — it is a one-dimensional interact-
ing particle system with each site occupied by no more than one particle (exclusion
constraint). A similar system, but with constant jump rates, was considered in
[BEOS| and called PushASEP. A system with one-sided jumps and blocking mecha-
nism as above is usually referred to as Totally Asymmetric Simple Exclusion Process
(TASEP), while a system with one-sided jumps and pushing mechanism as above
is sometimes called long range TASEP. See [Spi70], [Lig99] for more information on
exclusion processes.

Proposition 9.4. The exclusion process defined above has a unique invariant prob-
ability measure. With probability 1 with respect to this measure there exists a limit
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r = limy_oo yn/N, which is a random wvariable with values > 1. Under certain
additional restrictions on parameters (z,2',w,w'’), see below, the function

d
o(s) =s(s— 1)£ Prob{r < s} — ais + L(azas + a})
is the unique solution of the (2nd order nonlinear) differential equation
—o'(s(s—1)0") = (2((s — 3)0’ —0)o’ — a1a2a3a4)2
— (o' +a2)(0' 4+ a3)(0" + a3)*(0" +a3) (9.1)

with boundary condition

sin wz sin 7wz’

o(s) = —ais + L(azas + a}) - s 4 o(s72), s — 400,
where the constants ay, as, as, ay are given by
z+2Z +w+u z—2Z +w—uw z—2 —w+w
a; = ag = B , a3 = 9 y G4 = 5

Remarks 1. The quantity limy_,, yn /N can be viewed as the asymptotic density
of the system of particles (y,) at infinity. Proposition[9.4]claims that for the invariant
measure, this quantity is well-defined and random.

2. The restrictions on parameters come from Theorem 7.1 of [BD02]. They can
be relaxed, see Remark 7.2 in [BD02] and the end of §3 in [Lis09+].

3. The differential equation above is the so-called o-form of the Painlevé VI
equation first appeared in [JMS&I].

Proof of Proposition[9.4] The invariant measure is simply the projection to
y1 = )\(1)’ Yz = )‘§2) + ]-7 Ys = )\&3) + 27

of the central measure on GT™) corresponding to the spectral zw-measure. The
uniqueness follows from the uniqueness of invariant measure on countable sets %),
cf. Theorem 1.6 of [And91] (a similar argument was used in the proof of Theorem
[[.2). The existence of limy_, yn /N follows from Theorem 0.1l Finally, the charac-
terization of the distribution of this limit in terms of the Painlevé VI equation was
proved in Theorem 7.1 of [BD02], see [Lis09+] for another proof. O

10. APPENDIX

10.1. Truncated Gelfand-Tsetlin graph. Fix two numbers k,1 =0,1,2,... not
equal to 0 simultaneously. Denote by GT y(k,[) the subset of GT formed by the
signatures A\ subjected to the restrictions

k>M2>-2>2Ay 2 =L

Obviously, this subset is finite and nonempty, and if A € GT y(k,[) and v < A then
v € GTyn_1(k,l). Thus, the union of the sets GTy(k,l) for N = 1,2,... forms
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a subgraph of the Gelfand-Tsetlin graph. Let us denote this truncated graph as
GT(k,1). The definition of the links AX ™' (\, v) in the truncated graph remains the
same, the only difference is that we assume A and v to be vertices of GT(k, ).

The boundary of GT(k, () is the subset Q(k,[) C € determined by the restrictions

at =0, 77=0, =0 (i>k), B7=0 (5>,
so that only k£ + [ parameters are nontrivial:
Bl z =B 20, By =25 20,

where, as before, 8 + 37 < 1. The definition of the links A% (w, \) remains the
same, only w is assumed to belong to Q(k,1). Viewing Q(k,l) as a subset of R*¥*!
one sees that it is a closed simplex of full dimension.

The boundary is Feller. Since Q(k,[) is compact, this simply means that the links
A*(w, A) are continuous in w € Q(k, ).

Fix parameters

2=k Z=k+a w=I w=I01+b  wherea,b>—1. (10.1)

Setting

u=z2 U =2, v=w, V=u
in (5.I]) we obtain a truncated birth and death process on {—[, ..., k} C Z; the rates
of jumps £ — k+1 and —I — —[ — 1 being equal to 0. Note that the nonnegativity
of the jump rates on {—I[,..., k} C Z is ensured by the inequalities a,b > —1.

More generally, for any N > 1 the same expressions as before correctly determine
a matrix of transition rates on GT(k,[). Due to finiteness of the state space, the
existence of the corresponding Markov semigroup (Py(t)):>o becomes obvious.

The semigroups (Py(t)):>0 with varying N = 1,2, ... are consistent with the links
and thus determine a Feller Markov semigroup (P(t)):>o on the boundary Q(k, ).

The expression for M. s ., | ~(A) given in §5.1 vanishes unless A belongs to the
subset GT y(k,1), and it is strictly positive on this subset. Thus, the same defi-
nition gives us a probability measure on GTy(k,l). The invariance property and
the compatibility with the links A% ™! remain valid. The limit measure lives on the
boundary (k, 1) and it is invariant with respect to the semigroup (P(t)):>o.

The whole picture sketched above is consistent with the automorphism of GT
described in Remark More precisely, the shift of all coordinates of signatures by
1 amounts to the transformation ¥ — k + 1, [ — [ — 1 of the main parameters (the
other two parameters a and b do not change). The use of this shift automorphism
allows one to reduce the case of general parameters (k,[) to the special case (n,0)
with n = k + [, which simplifies some formulas and computations.

Hence, let us now assume that [ = 0. Then the coordinates 3;" disappear and we
are left with n coordinates y; := ;" subjected to

L2y 2 2yn 2 0.
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The signatures A € GT y(n,0) may be identified with Young diagrams contained
in the rectangular shape N x n; that is, A has at most N rows and n columns. Under
this identification, one has a simple expression for the link:

N
A2(w, A) = Dimy A- TT(1 = Z-Ns,( A ) 10.2
N(w,A) N g( Yi)" s — — (10.2)

where sy is the Schur polynomial indexed by the transposed diagram \'.
Further, the invariant measure on the boundary takes the form

n

const- [ (wi—w)” [J(0— )"y} dy: (10.3)
1<i<j<n i=1
with an appropriate constant prefactor that turns the measure into a probability
distribution. The random n-tuple (y1, . ..,y,) C [0, 1] with this distribution is known
under the name of the n-particle Jacobi orthogonal polynomial ensemble.

The fact that the integral of (I0.2) against the distribution (I0.3)) reproduces the
measure M, ,iq0pn 00 GTx(n,0) can be verified directly; this is a version of the
Selberg integral.

For more detail, see [Ker03] and [BO05a].

Since the boundary has finite dimension, there is a possibility to describe the
Markov process defined by (P(t));>o more directly; this is done in the theorem
below.

Consider the ordinary differential operator associated with the Jacobi orthogonal
polynomials with weight (1 — y)%°,

D) :y(l—y)al—2 +b+1—(a+b+2)y]— d
dy? dy’
More generally, abbreviate
1<i<j<n

and consider the partial differential operator in variables v, ..., y, given by

1 . 0? %)
(@b) . (1 — ) _ 12
D) T (§ <y2(1 yl)ay2 +b+1 (a+b+2)y2]8yi)> oVt ()

i=1 i

82 2yz yz) 8
; btl—(a+b+2y+ > LI 2 )
— <y (‘9 ay? ( ) ;H; Yi—yi | Ovi

where (---) stands for the constant annihilating the constant term arising from the
conjugation by the Vandermonde determinant:

n—1
=Zm(m+a+b+1).

m=0
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Although the coefficients in front of the first order derivatives have singularities on
the hyperplanes y; = y;, the operator is well defined on smooth symmetric functions
in variables y1,...,y,, and it preserves this space. It also preserves the space of
symmetric polynomials.

Theorem 10.1. Let z = n, 2/ = n+a, w = 0, w' = b, where a,b > —1. Let
y1 = B, ..., yn = B be the coordinates on the boundary Q(n,0) of the truncated
graph GT(n,0), and recall that 1 > y; > --- >y, > 0.

The Markov process on the simplex (n,0) determined by the Markov semigroup
(P(t))e>0 is a diffusion whose infinitesimal generator is the differential operator

DY with an appropriate domain containing the space of all symmetric polynomials
n variables yi, ..., Yn.

As shown in [Gor09], the same diffusion process also arises in a scaling limit
transition from some discrete time Markov chains on the sets GT y(n,0), as N — oo.

The above description of the infinitesimal generator remains true in the general
case (I0.1]) of the degenerate series parameters. The only change concerns the cor-
respondence between the B*-coordinates and the y-coordinates; now it takes the
form

(yl,...,yn):(1—ﬂl_,...,l—ﬁf,ﬁf,...,ﬁ;), n:==k+1.

10.2. The formal generator. A natural question is how to extend the explicit de-
scription of the infinitesimal generator obtained in Theorem [I0.1l to the case of gen-
eral (admissible) values of parameters (z, 2/, w, w’). There are some indications that
a direct generalization is impossible, in the sense that the generator cannot be ex-
pressed as a second order differential operator in the natural coordinates (a®, 3%, 6%)
on Q. [l Instead of this, we present below an explicit expression for the generator in
a different system of coordinates.

Introduce the functions ¢,, = ¢, (w) on Q, n € Z, as the coefficients in the Laurent

expansion of ®,(u), see [B3) and (B4,
b, (u) = Z on(w)u".

nez
The functions ¢,, are continuous and nonnegative on €2, and they satisfy the relation

ngn(w)zl, w € Q,
neL
which is an immediate consequence of the fact that @, (u) takes value 1 at u = 1 for
all w e (L
Let us extend this definition by setting, for any N = 1,2,... and any signature

v E GTN,
N
@V(w) = det [(pl/i_i"l‘j (w)}ﬁj:l’ w € Q.

3A possible explanation is that these coordinate functions are not in the domain of the generator.
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For instance, for N = 2 we have v = (v, 15) and

80111 Solll—l—l

Pro—1 (3 = P Pro — Pri+1Pre—1-

Plrr,ve) = ‘

The functions ¢, appear in the expansion

H@w(ui): Z ou(w)sy(ug, ..., uy).

veGTN

Their fundamental role is explained by (8.2)).

By definition, the functions ¢, are contained in the algebra of functions generated
by the functions ¢,,, n € Z. Conversely, any monomial in ¢,’s of degree N can be
expanded into a series on the functions ¢,, v € GTy. Namely, for arbitrary integers
ni,...,NyN, one has

80711"'%0711\7: Z K(V|n17"'anN)S0Va
veGTyN

where the numbers K. ..) are defined as the “rational” analogs of the Kostka num-
bers, that is, these are the coefficients in the Laurent expansion of the rational Schur
functions,

so(u, . ouy) = > K |ng,.ony)ult. iy

n1,...,NNEZL

For instance, for N = 2 and v = (14, 113) we have

1, ifny+ny=v1 + 1y and |ng —ng| < vy — 1y,

K(V17V2 | nl,n2) = {

0, otherwise,

which implies
PniPny = Z P(n1+pna—p)-

Definition 10.2. Fix an arbitrary quadruple (z,2’,w,w’) of complex parameters
and introduce the following formal differential operator in countably many variables

{on :n€Z}

U= ZA""&O *2 ) A Do n18¢n2+ZB

nez n ni,no€ZL
ni1>ng
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where, for any indices n; > ns,

Amnz = Z(nl —ng + 2p + 1)(90nl+p+190n2—10 + Qom-i-p(pnz—p—l)
p=0
_(nl - n2)§0n190n2 -2 Z(nl —ng + 2p)90n1+p90n2—p
p=1

and, for any n € Z,
B,=n+w+1)n+w +1)pp1+n—z—1)(n—2"—1)pp
—((n=2)(n—=2")+ (n+w)(n+w))e,.

Note that only coefficients B,, depend on the parameters (z, 2/, w, w’).

Assume now that the quadruple (z,z',w,w’) satisfies the condition (GI). As
above, let Py(t) (N =1,2,...) and P(t) be the corresponding Markov semigroups
and let Ay and A stand for their infinitesimal generators. These are densely defined
operators in the Banach spaces Cy(GTy) and Cy(£2), respectively. We know that
all finitely supported functions on GTy belong to the domain of Ay. This implies,
cf. (32), that all the functions ¢, lie in the domain of A.

Theorem 10.3. Let A be the infinitesimal generator of the Markov semigroup
(P(t))t>0 with parameters (z,2',w,w’) satisfying condition ([&1]), and D be the for-
mal differential operator introduced in Definition [10.2. Regard D as an operator
from the space Cp, : n € Z] of polynomials in countably many variables p,, n € Z,
to the larger space C|[p, : n € Z]| of formal series in the same variables.

Then for any N =1,2,... and any v € GTy one has

Dy, = Ap,.

Moreover, D is the only formal second order differential operator in variables @,
n € Z, with such a property.

Note some properties of :

1. Formal application of D to the infinite series ), _, ¢, gives 0. This agrees with
the fact that the sum of this series on €2 equals 1 and the fact that A1 = 0.

2. For any fixed integer m, D is invariant under the change of variables ¢,, — ©n1m
(n € Z) combined with the shift of parameters

z2—=z+m, Z—=2Z4+m, w—w-m, w—w-—m,

cf. Remark 3.7 in [BO05a].
3. Set z = k and w = [, where (k,[) is a couple of nonnegative integers not equal
to (0,0). Then D respects the relations

= g0 =9_ 11 =0= Y1 = Pr2 = ...
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and thus can be reduced to an operator in the polynomial algebra Clp_, ..., @gl.
More precisely, this means the following assertion: When I is applied to a monomial
containing at least one variable ¢, with index n outside [—[, k| then all monomi-
als entering the resulting series with nonzero coefficients have the same property.
Indeed, this follows from the structure of the coefficients A,,,,, and B,,.

Moreover, the resulting operator in the algebra Clp_y, ..., x| can be further re-
duced modulo the relation

Z on =1,

—I<n<k

and then it coincides with the differential operator Dli‘fl’) from Theorem [I0.1], where
a=2 —k,b=w"—1. Here we use the fact that quotient algebra

C[Qp—la>gpk]/(gp—l++¢k:1)

can be identified with the algebra of polynomial functions on the simplex Q(k, ).
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