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IP-DGFEM METHOD FOR THE p(z)- LAPLACIAN

LEANDRO DEL PEZZO, ARIEL LOMBARDI AND SANDRA MARTINEZ

ABSTRACT. In this paper we construct an “Interior Penalty” Discontinuous Galerkin method
to approximate the minimizer of a variational problem related to the p(z)—laplacian. The
function p : Q@ — [p1,p2] is log- Holder continuous and 1 < p; < p2 < co. We prove the
weakly convergence of the sequence of minimizers of the discrete functional to the minimizer.
We also make some numerical experiments in dimension one to compare this method with the
Conform Galerkin method, in the case where p; is next to one. This example is motivated by
its applications to image processing.

1. INTRODUCTION

In this paper we study a discontinuous Galerking method to approximate the minimizer of a
non homogenous functional. This functional involves the so-called p—Laplacian operator, i.e.,

(1.1) Apyu = div(|Vu(z)P@ 2 Vu).

p(z

This operator extends the classical Laplacian (p(x) = 2) and the so-called p—Laplacian
(p(x) = p with 1 < p < o0) and it has been recently used in image processing and in the
modeling of electrorheological fluids.

In an image processing problem, the aim is to recover the real image I from an observed
image ¢ of the form £ = I + 7, where 7 is a noise.

It has been recently used variational problems for this applications. For example, L. Rudin
and S. Osher propose the following model;

Minimize the functional |Du|(Q2) over all the functions in BV (Q2) N L?(£2) such that

/udx:/ﬁdx and /|u—£|2d:1720’2
Q Q Q

These conditions over the space came from the assumption that 7 is a function that represents
a white noise with mean zero and variance o. Moreover, the authors prove that this problem is
equivalent to minimize;

for some o > 0.

A
D) +5 [ ju—eP i
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for some nonnegative Lagrange multiplier A = A(0,£). This model works when the image is
piecewise constant, but not in general cases, since it has the problem that may appear false
edges (staircasing effect). For reference of this model see [5].

Also, it is considered other method called the isotropic diffusion. This model consists on

minimizing
A
/yw2+—/ u— €2 da.
Q 2 Jo

This method solves the staircasing effect, but it has the problem that does not preserves edges.

Recently, in [2] the authors propose a new model that avoid the staircasing effect preserving
edges. More precisely, they consider the functional

A
Jwur 5 [ u-gpas,
Q Q

with p : Q — [1,2] a function such that, p(z) = Py (|[VGs *£|(z)) where Gs(z) is approximation
of the identity, M >> 1 and P is a function that satisfies Py/(0) = 2 and Pps(z) = 1 for all
|z| > M.

Motivated by the mentioned applications, we study a numerical method to approximate min-
imizers of a functional related to the p(z)— Laplacian.

More precisely, given € a bounded Lipschitz domain, p : Q — [p1,pa], with 1 < p; < pa < 00,
1<qg<p*and1<r < p,,such that pis log-Hélder continuous in Q, » € C°(9Q), ¢ € Lq(')(Q),
we minimize the functional,

10) = [ (0@ + [ofa) - @) do+ [ oy ds
Q I'n
over all v € A, where
A={veWw"(Q):v=upinTp},
up € WHPO(Q) and 9Q = T'p UT'y. For the definition of these spaces see Appendix A.

Here p* and p, are the Sobolev critical exponents for these spaces, i.e.,

p@)N . p@)(N-1) .
(1.2) p*(a) = { N-p@ if p(z) <N, and  pu(z) =4 N-P@ if p(z) < N,
+o0 if p(x) > N, +00 if p(z) > N.

We can observe that, for the applications, it is relevant to study the minimization problem in
the case where p approaches the value 1 in some regions. We can see, making some numerical
experiments, that the minimizers have grate derivative in that regions. For this reason, the
Conform Finite Elements are not appropriate, since in this case, we need thin mashes to obtain
good approximations (see Section 6).

The method that we considered is the so-called Discontinuous Galerkin. These type of meth-
ods are relative new in the theoretical point of view. In the paper [1], we can find a unification
of all these type of methods. In all the examples of this paper, the authors take as model a
linear differential equation.

Our aim is to study, in the future, the minimization problem for the case when p approaches
the value 1 in some regions (where there is no weak formulation). For this reason, we think
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that the best way to find approximations is finding a good discretization of the minimization
problem. We take a similar discretization of the one in the paper [4] where the authors study
the case where p is constant.

Our discrete functional is the following,

In(vn) = /Q (IWh + R(op) [P + Juy, — £|q(f”>) dz + / lon, — up[PPh! P g3

T'p

+ / I[vn]P@ 0! —P@ g + / lup|"®) dS.
Fint FN

where h is the local mesh size, I'j,; is the union of the interior edges of the elements, [vy] is
the jump of the function between two edges and Vvj, denotes the elementwise gradient of vy,.
Finally, R is the lifting operator defined in Section 3.1, which represents the contributions of the
jumps to the distributional gradient. Observe that, the second term of the functionals impose
weakly that the minimizers satisfy the boundary condition.

Now the discrete problem is to find a minimizer u;, of I, over all the functions that are
polynomial of degree almost k in each element, denoted by S*(7},). See Appendix C.

In this paper we prove in which sense the sequence wuj, converges to the minimizer u of I over
the space A. In fact, we prove the following,

Theorem 1.1. Let Q be a bounded domain with Lipschitz boundary. Let p : Q — (1,00) be
log-Hélder continuous in Q and up € W?P2(Q). For each h € (0,1], let u, € S*(T;,) be the
minimizer of I,. Then there exist a subsequence and w the minimizer of I such that

up, —u  weakly* in BV(Q),

J

up; = u o in LIO@Q) V1 <qz) < p*a),
up, = u o in L'O00) v 1<r(z) < paz),
Vup; — Vu  weakly in £P0(Q),
In(un;) = I(u),

/ lup, — up [P0 PE) g8 4 / [un] P& 0P g8 — 0.
I'p

int

Lastly, we want to mention where we need the regularity hypotheses over the function p(z).
To prove Theorem 1.1 we need to use the continuity of the imbedding W'»()(Q) — LP*()(Q),
the continuity of the Trace operator W1hP()(Q) < L0)(9Q) and the Poincare inequality. As
we can see in Theorem A.10, Theorem A.11 and Theorem A.8 that results only covers the case
where p is log-Holder, p € C%(Q) and r € C°(99).

We also use strongly that p is log-Holder in Proposition A.9, this result says that if x is an
element with diameter h, and p_ and p; are the maximum and minimum of p over s then
hY~"P* is bounded independent of h,. This property is crucial to prove several results along the
paper.

The hypothesis that €2 has Lipschitz boundary came from Theorem A.8 and Theorem A.11.
From now on we will assume this hypothesis over the domain.
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On the other hand, to prove the convergence of the sequence uj, we need a technical hypothesis

under the boundary condition up. As we can see, Lemma 4.5 only covers the case where
up € Wz’pQ(Q).

Outline of the paper. In Section 2 we study the reconstruction operator and we prove some
error estimates that are crucial results for the rest of the paper (Corollary 2.5).

In Section 3 we prove the boundedness of the Lifting operator (Theorem 3.3).

In Section 4 we prove the Broken Poincare inequality (Theorem 4.1), the coercivity of the
functional (Theorem 4.2) and finally we give the proof of Theorem 1.1.

In Section 5 we study the convergence of the Conform Element Method.
In Section 6 we give an example in dimension one and compere both methods.

In Appendices A and B we state several properties of the Variable Exponent Sobolev Spaces
and of the functions of Bonded Variation.

In Appendix C we give some definitions and properties related to the mesh and to the Broken
Sobolev Spaces.

2. THE OPERATOR @},

In many Galerkin Discontinuous problems it is used a priori bounds to prove the Poincare
inequality of the discrete space. To prove these inequalities it is required to use a reconstruction
operator. In this section we define, as in [4], a family of quasi-interpolant operators and prove
some error estimates depending on the mesh size. These results are more general in one sense,
because we prove bounds in the variable p— norm, but weaker than previous one (see [3]) in the
sense that only covers the case of the finite dimensional space S*(7}). This last restriction came
from the fact that in Lemma C.7 we need to use the equivalence of the norms in the space of
polynomials.

Now we define and study the reconstructing operator. For each h € (0, 1], let
Qn: S*(Th) — Wh>=(Q)
be the linear operator defined by
Qn(w) = Y m(u)hs,
zEN,
where )\, is the standard P! nodal basis function associated with the vertex z on the mesh 7;,

and m, is the local projection operator defined in Lemma C.9.

In the next theorem, we will give some local estimations of the L)(x) and L90)(e) norms in
terms of the WP() (T}, N T}) seminorm and h.

Theorem 2.1. Let p,q: Q — [1,00) be log-Hélder continuous in Q. Then the operator Qp
satisfies

N _N

(2.9 = Qn()ll oo <ChE 7 hulwisoigrry € Th
N—1_ N

(2.10) H’LL — Qh(u)HLq(.)(e) SChe(L - |U|W1,p(.)(ane) Yee &N OQ,

(2.11) IVQn (W)l o0 () <Clulwree) (7,01 Vi € T,
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for all w € S¥(T;,) where C is a constant independent of h.

Proof. We proceed in three steps.
Step 1. We will show first the inequality (2.9).

Fix k € Tp,. For z € Nj,Nk, using Lemma C.7, Hypothesis C.2, Proposition A.9 and Proposition
A1 (6), we get
N o
l|u— 71'Z(U)HLCI(-)(TZ) <Ch:  |u- 7TZ(u)HLl(TZ)-

Thus, by Lemma C.9 and Lemma C.6, we have

N

Z_N—H
H’LL—ﬂ'Z(’LL)HLq(-)(TZ) § Chz |Du|(T2)

N _N+1
<cont @vmmg»+§: \me).

eCT, e

Then, again using Lemma C.7, Proposition A.9 and Remark C.3 we have

N g _N

eCT, e

To estimate the second term, we use Holder inequality and Proposition A.9, obtaining
1

1
[l ds <20 [albe ™ o ollhE g

(2.13)

1

1 1
<O [ulhe " Naereyhe " 1 o) o

Now, by Proposition A.1 (5), we have that
(N-1)(1-55)
H1HLP/(‘)(5) < Che =
Then, by Hypothesis C.2, we obtain
N
Sl ds < e 7 pgohs 7

therefore, summing on all e C T, and using (2.12), we arrive to
N N

(2.14) Ju— 7rz(U)HLq(-)(Tz) <Ch;™ " |u|W1’P(-)(7710Tz)‘
Now, as in the proof Theorem 7 in [4], we have the inequality (2.9).

Step 2. We now show the inequality (2.10).
Fix e € £, N ON. The set eN T, is a face of an element in 7. By the inequality (C.4),

_1
lu = 7 (W)l Loy ey < Chis ™ Mlu = 72 (W Lao) () -

Again, following the lines in [4] and using that p and ¢ are log-Hélder continuous in €2, we arrive
to the inequality (2.10).

Step 3. Finally, we will show the inequality (2.11).
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Fix k € Tp,. First, we observe that

IVQnull oy < D Nm(w) =w) VAl + D IVEX Lo () + 1Vl o) )
2zeNLNK 2€NLNK

Now, using Hypothesis (C.2), we have that there exists a constant C; such that |[VA,| < C1h1
in k, and by (2.14) we get,

IVQnhttll ooy < C D lulwioe (am) + oo (nmy
2eNLNK

=(C+ 1)|U|W1,p(.)(7-me).

The proof is now complete. O

Our next aim is to prove some global estimates. For this we will need some definitions.

Definition 2.2. Let p: Q — [1,00) and p* defined by (1.2). Given ¢ : Q — [1,00) and ¢ < p*

in Q, we define
N —p(z) } }
=maxqsupl g(z)——=:2€Q,0;.
= s {sup { o)

Observe that 0 < v < 1land v =01if p(z) > N for all x € Q and 7 = 1 if p(zr) < N and
q(z) = p*(z) for all x € Q.

Definition 2.3. Let p : Q — [1,00) and p, defined by (1.2). Given ¢ : Q — [1,00) and ¢ < p,

in Q, we define
6 max{sup{qm]%; ze Q} ,o}.

Observe that 0 < f < 1land § =0 if p(x) > N for all x € Q and 8 = 1 if p(z) < N and
q(z) = p«(x) for all x € Q.

Lemma 2.4. Let p,q: ) — [1,00) be log-Hélder continuous in Q. Suppose that
(2.15) ulwrp0o (7 < 1.
Then, for all u € S*(Ty), we have,

o if p<q<p*inQ, then

(2.16) /Q lu — Qpn(u)|1® de <CHNI=),
(2.17) /Q IVQ(w)[P® da < C,

o if p<q<p.inQ, then
(2.18) /a Ju= @yl s < CHII-D),

where C' = C(p1,p2,82, Clog, N) and v and § are given in Definitions 2.2 and 2.3 respectively.
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Proof. First observe that, by (2.9), we have

_ q(z)
u = Qu(w) <1 e

Loge .
Ch,, |l 1p0) (73,1130)

and by hypothesis (2.15), we get

1
N / lu— Qn(w)|"@dx <1 Vk e T,

N-="+q-
Chy, Ju|?

Then, by Proposition A.9,

wlp()

Nq_
q +q_

N_
/ﬁ lu— Qn(w)]4® dz < Chye '~ |U|%§1,p<->(nnn)

<Chy; " \ ’Wlp()’TﬂT) Vo €k
for any k € Tj. Therefore,
(2.19) [ 1= @uwl do < CHN O ally VR E TR

On the other hand, by Remark C.3, the number of x C 7T}, is bounded independent of h.
Using this fact and Proposition A.1 (6), we have that

_ - 1 o
(2:20) [ulyia0 (e <€ D <HV“”qu->(n) + [[ulh H%P(')(nﬁﬁnt)>'
KCTy

On the other hand, if we suppose that HVUHLP(O(R) > h,].iv/q’, then, by Proposition A.9 (2), we
have that

(2.21) [ Vu||% ) < C||Vul|%

Lr( ) Lp( )
Arguing as before, if H[[u]]h Z H LPO) (KATing) = hY/% | we have that
(222) BT 1,y < IR 150

Now, we take
A= {r €Tt [Vullppogy = hY/ |,
and
B={re T Il ™ s urr, ) = h/
Observe that,
> IVull ) < Yoy <C ifke A

KEA’ KEAC

1;p — .
Z H[[u]]h ! H%P(')(nﬂfint) <C ifrkeb
KEB®

(2.23)
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On the other hand, by hypothesis (2.15), we have that ||Vul[yp()(,) < 1, and then for all
k€ Th

HVUH%Z(-)(H) < HVUHIEZ(.)(H) < / ‘Vu’p(x) dx

=p qr <
||[[u]]h p HLP(-)(nﬂl—‘mt) - KNLint

Since, each k appears only in finitely many sets T/, we have by (2.20),(2.21),(2.22),(2.23) and
(2.24)

Z le P() (TN T (Z ”VUHLPU + Z ”VUHLM)(H)
KEThH KEA

(2.24)
I[u] |p(w)h1—p(r) dz.

KEA®
Lpoo
o (Z 0 5 [, + O e ||ip<-><m>>
KEDB reBe®
<C (Z/\WW dv+ Y hY +CZ/ [[u] P07 ds + > hfj)
KEA KEAC KN int rEBC

=C (/ |VulP®) da +/ |[u] P®I 0P gs 4 C> .
Q Tint

Thus, by (2.15) and (2.19), we get

/\U—Qh )|7) dl’_Z/\U—Qh )| %) dee

KETH

< CpNI=) Z |2
KETH
< CRNA=).

WLrO)(T,NTk)

Lastly, using the same argument, (2.10) and (2.11), we get
/ lu — Qp(u)|1® ds < chN-D01=H)
[2}9]
and

/ V()P da < C,
Q
where C' is independent of h. O

The following corollary is immediately

Corollary 2.5. Let p,q: Q — [1,00) be log-Hélder continuous in Q. Then, for all u € S*(Ty),
we have,

o if p<q<p*in) then

(2.25) / lu — Qp(u)|7® dz <ChN=7) max {\u!ql
Q

WLp()(T3)’ Juliy

W“’(')(Th)}

(z)
(2.26) 9@ do <Cmax {ulfs e gy [0



IP-DGFEM METHOD FOR THE p(z)- LAPLACIAN 9
p( )
o if p<q<p,in) then

o lul

(2.27) /89 lu — Qh(u)|q(x) ds < cpV-D(=h) max{|u|W1 bO(T;

Wl’w(m} ’

where C' = C(p1,p2,8, Clog, N) and v and 8 are given in Definitions 2.2 and 2.3.

Proof. Tt follows by Lemma 2.4, taking v = u|u| ! O

wLeO) (T3,)

Remark 2.6. Under the same hypothesis of the last corollary, if 1 < ¢ < p* in 2, we have that,
for all u € S*(T3,),

lu = Qn(u)ll Latr (@) SClulwrro) ()5
IVQr(u)ll Lrr () SClulwrre) ()
where C' = C(pl,p2,chlog7N)’

3. THE LIFTING OPERATOR

We begin this section by defining, as in [4], the lifting operator, i.e.,
Definition 3.1. Let [ > 0 and R: W'PO)(T;,) — SY(T;,)Y defined as,

[, ) = - / (T {6})dS ¥ € S{TR)Y
Q

int
This operator appears in the the first term of the discretized functional I;,. As we can see
from the definition, this operators represents the contribution of the jumps to the distributional
gradient. That is why it is crucial to add this term to have the consistence of the method.
Now we will give a bound of the Lp(')(Q)—norm of R(u) in terms of the jumps of u in T'j.

Since in our case, we are deling with the Orlicz norm, we can’t prove the boundedness directly
from the definition. When p is constant the proof follows from an inf-sup condition. But, in our
case, we can prove this condition, but we can not use it to prove the result. Instead, we had to
find a local characterization of R to prove a local bound, and finally prove the global bound.

We give first the local estimate.

Lemma 3.2. There exists a constant Cy such that, for any k € Ty, we have

IR sy < CIBT O Ll o ey Yo € WHO(TR) - Vh€ (0,1].

Proof. We proceed in two steps.
Step 1. We first want to prove that,

(3.28) )| < %Z/\[[u]]]ds vk € Th

where C' is independent of x and h.
We began by observing that, by Hypothesis C.1, there exist m = m(k, N) € N such that for

each k € Tp,
m
)|k o Fr = Z a;pi(z)
i=1
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where {p;} is the standard nodal base of (PI)N in the reference element 4 := F_ (k).
Using the definition of R we have that for each 1 < j < m,

/| Ry o B @) ds =3 o [ oo Pt @0 B @) da = =3 [ty o @) as.

eck
On the other hand, if we change variables and we use Hypothesis C.2 and that |¢;(x)| < 1, we
get,

_ _ det(DF,
[0 e o B @y dn =Y [ oi(@)py (@) P 4 v

with dij ~ 1.

Therefore,

K

K

1 m
R(u) ‘“OF“_h_NZ 1bz90z
i=1

where D = (d;;) and b; = Z/[[u]]{gpj (x)}dS.

€EER

Thus, using that |¢;(z)| < 1, we arrive to (3.28).
Step 2. Now, we show that there exists a constant Cy such that, for any x € T, we have

HR( )”LP( )(Ii < CHh—l/p [[UHHLP( )(liﬂpmt) Vu € WLp()(ﬂl) Vh e (07 1]

By inequality (2.13), we have

1

N(I_E) _p’}x)
Tlds < Che 7 e 7 ooy
Thus, by Hypothesis C.2 and (3.28), we have that

|R(u)| —hN/p S Bedhe 7 ey

eCk

_ 1
Now, take T'= 3" ., ||[[u] he P | p() () then

/ R(u) p@@)

where in the last inequality we are using Proposition A.9.
The result follows now by Remark C.3. g

dz < C / BN o gy < CRNOPE/0-) < O

Lemma 3.3. Let p: Q —: [1,00) be log-Hélder continuous in 2, then there exist a constant C
such that,

IR ot 0y < CITYP O [ulll oo,y Yu € WHO(TR) VR e (0,1].

Proof. First, if we assume that |[h=1/7'(2) [[u]]HL,,(.)(Fm) <

<1, we can prove using Lemma 3.2 and
proceeding as in Lemma 2.4 that,

/ R d < C,
Q

Finally, taking v = u(|[h=/?'(*) [[u]]HL,,(.)(Fm))_l, we obtain the desired result.
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4. CONVERGENCE OF THE METHOD

In this section we first prove the broken Poincare Sobolev Inequality inequality which is crucial
to have compactness. We also prove the coercivity to arrive finally to the proof of Theorem 1.1.

Theorem 4.1. Let p : Q — [1,+00) log —Hélder continuous in Q. There exists a constant C
such that,

lu — (Wall Loy < Clulwivos) Y€ S5(Th) Vhe (0,1],
In particular,

[ull pos ) < C(HUHLl(Q) + |U|W1,p(->(7h)) Vu € S¥(Th) Vh e (0,1].

Proof. We began by observing that
lu = (WallLr o) < llu = Qu(w)ll o) + 1@n(w) = (@n(w))all Lo ) + ClIQK(W) — ull L1 ().
Then, using the Remark 2.6 and Theorem A.8, we have

lu = (Wall o0y < Clulwroor,y Yo e S*(Th) Vhe (0,1].
The proof is complete. O
Theorem 4.2. For each h € (0,1] let u, € WP (Ty,). If there exist a constant C' independent
of h such that for all h € (0,1], I (up) < C, then

sup <HuhHL1(Q) + \uh\wlvf’(')(n)) < 00
he(0,1]

Moreover,

sup / lup, — up PPN PE) 48 < oo,
he(0,1] Joo

Proof. Since Ip,(uy) < C then ||h=1/7'@) [un]ll ee) (wrr;,,) < €, and by Lemma 3.3 we have,
IR (un)ll Lo ) < C

hence

/ |R(up)[P@) da < C.
Q
Using the third inequality in Proposition A.5 we obtain,

/ |R(up) + Vup ") dz > 21_p2/ V[P da _/ |R(up) ") dx
Q 0 o

> gl / VunP@ de — C.
Q
Therefore,

In(up) + C > 21772 / [V, [P da + / lup, — up PP 48 4 / [un] @0 =P@ gs.
Q r

D Dint

Thus, as Ip(up) < C, we obtain that ]uhlwl,p(.)m—h) and / lup, — uD\p(x)hl_p(x) dS are uni-
o0

formly bounded.
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Finally, by Theorem B.2, Lemma C.6, Proposition A.1 and the fact that h < 1 we have,

fonllscor <C (b + [ lunlds)
D

<C (!%\Wl,p(-)m) +/F

<C <’Uh‘wlvp(->(frh) +/1“ lup|dS + |[(un — UD)h_l/p/(m)”Lp(J(FD)) :
D

lup|dS + || (un — U’D)h_l/p/(x)”Lp(')(FD)th/p/(x)”LP/(')(FD)>

D

This completes the proof.

Theorem 4.3. Let p: [1,00) — R by log-Hélder in Q. Let uy, € WHPO(T,) be such that,

sup ([|unllzi) + [unlwieo (7)) < o0
he(0,1]

Then, there exists a sequence hj — 0 and a function u € Wl’p(')(Q) such that,
Up, Su weakly* in BV(Q) and
Vup, + R(up;) = Vu  weakly in LPO(Q).

Proof. The proof follows as in Theorem 13 in [4], using Lemma C.6, Lemma 3.2 and the Poincare
inequality (see Lemma A.7).

0

Lemma 4.4. Let p: Q — (1,00) be log-Hélder continuous in Q. Let 1 < q(z) < p*(z) for all x
in Q and r € CO(0N) satisfying 1 < r(x) < p«(x) for all x in OQ. Let uj, € S*(Ts) be under the
conditions of Theorem 4.2, then there exizts a sequence h; — 0 and a function u € Wl’p(')(Q)
such that

(4.29) Up, — U in LIO)(Q),
(4.30) Up; — U in L"0)(690).

Proof. First we prove (4.29). By Theorem 4.3, there exists a sequence hj — 0 and u € W'P()(Q)
such that up, X in BV(Q) then, by the compactness of the embedding BV (€2) C L*(Q), there

exists a subsequence of wy,, still denote uy,, such that u,, — u in L' (). Since llun, || +
\uhjlwl,p(.)ml) is bounded, by Theorem 4.1, HuHLP*(.)(Q) is bounded, and by Theorem 4.3 and

Theorem A.10, u € WP (Q) ¢ LP"0)(Q). Therefore, using Theorem A.3, we obtain that
up, —u in L1O(Q),

for all 1 < ¢(z) < p*(z).

Now we prove (4.30). We began by observing that, by Corollary 2.5, ||uh—Qhuh||Lp(.)(am — 0.
On the other hand, since the trace operator WhP()(Q) < L™()(99Q) is compact (see Theorem
A.11) and Qpuy, is bounded in WHPO)(Q) (see inequality (2.26)), it follows that there exists a

subsequence of up;, still denote uy,, such that Qp,up, — u in LT(')(GQ). Therefore up, — u in
L0 (6Q). O
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Before we proving the convergence of the minimizers, we need an auxiliary lemma. In this
step is where we need more regularity of the boundary data.

Lemma 4.5. Let h € (0,1], and p : Q — (1,00) be log-Hélder continuous in Q. Assume that
up € W2P2(Q) and let v € W2P2(Q) N A then, there exists v, € S*(Tp) N WEPO(Q), such that

lvn = vllwrecr ) =0 as h =0,

and
Ip(vp) — I(v)  as h— 0.

Proof. By Theorem 3.1.5 in [6], there exists v, € S'(7;) N W1P2(Q) such that
[0 = vnllzr2 o) < Chiclvl2 py (i)

for each k € Tj. Using Remark C.4 and summing over all e € 02 we have,

1—
(4.31) /8 o= oW s < ORI o

therefore by Holder inequality, we have
/6 - opPORIPE) ds < Cllju — vy PORITIRO 2 o
Since,

/ (Jv — Uh|p(x)h(1—p2)p(x)/pz)pz/p(x) ds = / v — vh|p2h(1—p2) ds—=0 ash—0
a0 a0

then by (4.31),
/ v —vpP@NP@ ds 50 as h — 0.
o0

Since v, € WP()(Q) then [vs] = 0 and R(v,) = 0. Finally, using Theorem A.6, we obtain de
desired result.

0

Now we are in condition to prove Theorem 1.1,

Proof of Theorem 1.1. First, take wy € S*(T,) N WHP(Q) converging strongly to up in norm
|+ Iy and | - [ywpe)(7;,) (see Lemma C.5). By Theorem 4.5, we have that I, (ws) — I(up),
therefore Ij,(up) is bounded. By Theorem 4.2, Lemma 4.2 and Theorem 4.3, there exists u €
WP (Q) such that

Up, Su weakly* in BV(Q) and
Vup, + R(up;) = Vu  weakly in LPO(Q).
On the other hand, by Lemma 4.4, we obtain (1.4) and (1.5). Since the penalty term,

/ hl_p\uh — uD]p ds
I'p
is bounded, we have, by Lemma 4.4

l|u— uDHLp(-)(FD) < flu — un, ”LP(')(FD) + [Jun, — UD”LP(')(FD) — 0.
Then u € A.
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By Lemma 4.4 and Proposition A.6 we have,

IN

1) < tmint [ [ (19, + R )P+, ) ot [, 19 as
(4.32) i~ Lo .
liminf I, (up,;) < limsup Ip,; (up, ).

J=ee Jj—00

IN

Lastly, we want to prove that u is the minimizer of I. Let v € AN W?2P2(Q), and let
vp € SYT) NWHP(Q) as in Lemma 4.5. Then I (vy,) — I(v). Therefore, by (4.32)

(4.33) I(u) < hjrglorgf I (up,;) < lijr_ri)solip In; (up,;) < ]li)rgo I, (vn;) = I(v).

Now, let w € WhPO)(Q) N A, then for any & > 0 there exists v € A N W2P2(Q) such that
[v = wlly1re) ) <& By Theorem A.6 we have that I(v) < I(w) + ¢, therefore by (4.33)

I(u) < liminf I, (up;) < limsup I, (up;) < I(w) +¢.
J—00 Jj—00

Taking € — 0, we get

I(u) < liminf I, (up,) < limsup I, (up,) < I(w) Vw € WO Q) n A.
j—o0

J—00

Therefore I(u) < I(w). Moreover, taking w = u, we have that Iy, (up;) — I(u) and (1.8). So
we also have that R(ujp,;) — 0 which implies (1.6). Since u is the unique minimizer of I, the
whole sequence uy, converge to u. O

5. CONFORM

To make a complete study of this problem we will prove the convergence of the Continuous
Galerkin finite element method for our problem. In the next section we will make a comparison
of both method for an example.

For simplicity we take the following functional,

B |VulP@) |y — g]a@)
1= [ (S o) &

with ¢(x) < p*(x). Then, since the functional .J is strictly convex and coercive in A there exists
a unique minimizer of the problem.

We take now a partition of Q as in Hypothesis C.1 and the usual conform subspace U}f of
W1P()(Q). This subspace consists of all continuous functions such that they are polynomials
functions of degree at most k in each x € T;, . We will assume that for some A/, up € U}’f,. Let
now h < h' and Vi¥ = {v;, € UF(T},) such that v, = up in 9Q}. For simplicity we may assume
that A’ = 1.

Again, by the strict convexity of I, for each h € (0,1] there exists a uy € th such that uy, is
a minimizer in th of I.

Now we prove that the sequences uj, — u in WP()(Q).

Theorem 5.1. The sequence up — u in lep(')(ﬂ), where u is the unique minimizer of I.
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Proof. Since I(uy,) is uniformly bounded, there exists a subsequence, uj, — u weakly in wr0)(Q)

(for simplicity we will noted ). Let now I, : C§°(Q) — UF be the interpolant map-
ping defined in Theorem 3.1.5 [6] and let ¢ € C§°(£2). Using the minimality of u; we have,
I(up) < I(I1p¢ + up). Since I is convex and continuous we have,

I(u) < liminf I(up) < liminf I(I1;¢ + up).
h—0 h—0
On the other hand, by Theorem 3.1.5 in [6] we have that

T1h¢ — 9l pey < O — dll1,p, — 0.
Then by the continuity of I we have that lim I (II,¢+up) = I(¢+up), therefore I(u) < I(¢p+up).
By the density of C§°(€2) in WO1 P (')(Q) we conclude that u is a minimizer.

Now we want to prove the strong convergence. Let,

R(w)vz/ IVw|P @2 VwVoe de
Q

zwwvzlgw—awwﬂm—dex

and V% = {v;, € UF such that v, = 0in 9Q}. Therefore, for all v € Wol’p(')(Q) and for all
vp € V}fo we have

(5.34) R(u)v = T(u)v
(5.35) R(up)vp = T (up)vp.
Let us prove first the case 1 < p < 2. By Proposition A.5 we have that,
(5.36) / |Vup, — Vul?(|Vug| + |Vu)P~2 de < C(R(up) (up — u) — R(u)(up, — u)).
Q

We want to prove that the right hand side of the last inequality goes to zero.
Since up, — u we have that R(u)(up —u) — 0. We only have to prove that R(up)(up —u) — 0
as h — 0.

Now, let us take for any h € (0,1], ¢), € V), such that ||¢, — (up — w)|[wrpe) (@) — 0, then by

(5.35) we have,
R(up)(up — u) = R(up)(up, —up) + R(up)(up — u) = T(up)(up, —up) + R(up)(up — u)
(un)(én — (up —up)) — T(up)dn + R(up)(up —u — ¢p) + R(up)dn

(un)(én — (up — up)) + R(up)(up — v — o)
(un)(dn — (up —w)) + T'(un)(un) — T'(up)u + R(up)(up — u — ¢n)
Since u;, — u weakly in WHP()(Q), we get uj, — u in LIO)(Q). Therefore [Vurll o) () and
[unllLac) () are uniformly bounded, thus

T
T
T

(B (= )| < s — €1 o tn =l ooy
+ (HvuhHLP(')(Q) + [[Jun — f’q_IHLq’(->(Q))HuD —u— ¢h”Lp(-)(Q) —0

Therefore R(up)(up —u) — 0 and by (5.36) we have that

/ |Vup, — Vul*(|Vug| + |Vu|)P2de — 0  as h — 0.
Q
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Now using Hélder inequality and Proposition A.1 we have that Vuy, — Vu in LPO) ().

The case p > 2 follows analogously, using Proposition A.5. If [{p < 2}| # 0 and [{p > 2}| # 0
we can prove that [[Vu, — ull e <oy — 0 and [[Vup — ull o0y g0y — 0 and the proof is
completed.

O

6. EXAMPLES

In this section, we will give some examples in one dimension. Our idea is to compare the
Continuous Galerking Finite Element Method (CGFEM) versus the Discontinuous Galerking
Finite Element Method (DGFEM). We will see in an example, where the function p attains
values near one, that our method converges faster to the solution.

Example. Let Q = (—1,1) and p: [-1,1] — [1,2] given by

—%Ex+1+e if —a<a<0,
p(x) = —%%—i—l—i—s if —a<ax<0,
2 if a<|z| <1,

where 0 < g,a < 1.
For this function p(x) and for a given B > 0, we study the following problem,

{((u’(m))p@—l) =0 in(0,1)

(6.37) u(l) = —u(l) = B.

We began by observing that, since the operator is strictly monotone, we have an unique
solution of (6.37). Moreover, the solution satisfies (u/(z))?(*)=! = C for some constant C' and

(6.38) u(z)=C(x+1)—B if —1<z< —a,
(6.39) ux)=Clx—1)+B if a<z<l.
Now, if —a < x < 0 we have
wz)= | CT Do ds+C(l—a)—B= [ CTo7eds+ Ol —a)—B.

andif0 <z <a -
u(z) = u(0) + / Tt ds.
0

Therefore, by (6.39) and the last equation, we get
C(a—1)+ B =u(a) :Q/QCmds—FC(l—a)—B,
that is u i
B:/O CTos7a ds — C(a — 1).
On the other hand, since the derivative of u at zero has modulus C'/¢, if C' > 1 we have
lim |u'(0)] = +oo0.

This is reasonable since we expect to have big derivative when p approaches the value one.
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From now on, we take ¢ = a = .01 and since it is easer to get B from C, we impose C' = 1.3.
Then the function v has the form,

1.3(x+1) - B if —1<z<-.01
— o “h(s)ds if —.01<z2<0

u(x) =
Jo h(s)ds if 0<x<.01

13z —1)+B if 0l<z<l,

where h(s) = 1.3 5 and B ~ 1.03 10°. Observe that in this case,

[u'(0)| = h(0) = 1.3 ~ 2.410'".

Now, we find the corresponding solution for the CGFEM and the DGFEM. In both cases
we take an uniform partition of [—1,1] in n subintervals with size 2/n. Observe that for the
continuous method, we impose the boundary conditions and then, the space where we find min-
imizers has dimension n — 2. For the Discontinuous method, since we do not impose conditions
on the boundary, and the number of nodal basis are 2n — 2, we are minimizing in a space of
this dimension. Therefore, to make a true comparison between both methods, we compare the
discrete problem for the DGFEM in n—dimension with the CGFEM in n — 2—dimension.

We want to mention that, to find minimizers of both discrete problems, we use a BEFGS Quasi-
Newton method (see [15] and [19]). These methods are good in lower dimensions, but they can
give bad approximations and also be very slow when the dimension is too big.

In the next two figures, we plot first the solution versus the approximation using the DGFEM
and CGFEM for the case n = 41 and n = 81 respectively. The second figure is the graphic of
the function p(z).

x10°

15

05 * DGFEM

A
-05 i
A

L L L L L L L L L L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
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Note that, when we use the CGFEM the discrete solution is close to the function y = = which
is a solution of (6.37) with p = 2, that means that this method needs a smaller step to see the
points where p it’s closer to one.

In the following figure we can see that, the minimizers of the continuous methods are far from
the solution even for n = 150. We need n = 200 to arrive to a good approximation of wu.

x10° x10°
15 T T T T T T T T T 15

il ps 1 il il
+ CGFEM N=150 + CGFEM N=200

05 B 05F

-05F b -0.5

15 L L L L L L L L L = L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 08 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

APPENDIX A. THE spAcEs LP()(Q) anp WP0)(Q)
We will now introduce the space LP() () and WP()(Q) and state some of their properties.

Let p: © — [1,400) be a measurable bounded function, called a variable exponent on 2
and denote p; = essinf p(x) and py = esssupp(x). We define the variable exponent Lebesgue
space LP()(Q) to consist of all measurable functions u: Q — R for which the modular op(y(u) =

Jo lu(x)|P®) dz is finite. We define the Luxemburg norm on this space by
[ull ooy ) = llullpy = inf{k > 0: gy (u/k) < 1}

This norm makes LP()(Q) a Banach space.

The following Properties can be obtained directly from the definition of the norm,

Proposition A.1. If u € LPO(Q), [ull o) () = A, then
(1) A<1(=1,>1) if only z'f/ lu(z)|P® dz < 1 (= 1,> 1),
Q
(2) if A > 1, then AP* < / Ju(z)|P® da < P2,
Q

(3) if A <1, then \P2 < / Ju(z)|P®) da < AP,
)
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(4) / \un(x)\p(m) dz — 0 if only if |lul,) — 0.
@ 1 1
(5) I[Llly < max {|Q71, |2]7= |

m
(6) If Q = U Q; where Q; C 2 are open sets then there exists a constant C > 0 depending
i=1
on m such that,

lull Loy ) < C Y Nl oo -
=1

Proof. For the proof see Theorem 1.3 and Theorem 1.4 in [13]. O

For the proofs of the following three theorems we refer the reader to [17].
Theorem A.2. Let q(z) < p(z), then LPO)(Q) — LIO(Q) continuously.

Theorem A.3. Let p,q,r : Q — [1,00) be such that p(x) < r(z) < q(z) for all x € Q. Then
there exist constants C, > 0 and v > 0 such that for every u € LPC)(Q)NLIC)(Q) the inequality
lullecy < Clull ull,

holds.
Let WP()(Q) denote the space of measurable functions u such that, u and the distributional
derivative Vu are in LP()(Q). The norm
ullipey: = llullpe) + 1V ulllpe
makes W1P() a Banach space.

Theorem A.4. Let p'(x) such that,

1 1
ORI

Then LP'O)(Q) is the dual of LPC)(Q). Moreover, if p1 > 1, LPO)(Q) and WP (Q) are reflexive.

We give now some well known inequalities,

Proposition A.5. For any x fized we have the following inequalities

[ — €7 < (P20 — P9 72€) (n - €) if p(x) > 2,
(z)—2

=l (nl+16)" < CP@ =2 — g -2)(n - ¢) if p(e) <2,

[P < 2271 (fy — ) 4 |gfpie)) i p@) > 1.

These inequalities say that the function A(z,q) = \q[f”(””)_2q is strictly monotone.

Proposition A.6. Let u,,u € WHr()(Q)
(1) If
Vu, — Vu weakly in LID(')(Q)7
then
/ |Vu|P(:v) dr < liminf/ |vun|p(w) de.
Q n—o00  Jo
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Un — u strongly in WHPO(Q),

/\Vun\p(m)da:—)/ |VulP®) da.
Q Q

Proof. For the proof of (1) see proof of Theorem 2.1 in [14].

(2) follows by Proposition A.5 and the dominate convergence Theorem. O
We define the space Wol’p(')(Q) as the closure of the C§°(Q) in W'P()(Q). Then we have the
following version of Poincare’s inequity (see Theorem 3.10 in [17]).

Lemma A.7. If p: Q — [1,4+00) is continuous in Q, there exists a constant C such that for
every u € Wol’p(')(Q),
[ull e @) < ClIVull oo q)
We also have the following version of the Poincaré inequality (see Lemma 2.1 in [16]),
Theorem A.8. Let Q C R™ be a Lipschits domain. Letp: Q — [1,400) and p < q < p*. Then,
= @al o < ClVull o @

for all u € WHP0)(Q).

In order to have better properties of these spaces, we need more hypotheses on the regularity
of p(z).
We say that p is log-Holder continuous in €2 if there exists a constant Cj,, such that

for all z,y € Q.

Proposition A.9. Letp: Q — [1,00) be log-Hélder continuous and bounded. Let o > 0, D C §
and h = diam(D) then,

(1) There exist constants C' independent of h such that
(A1) peP@=PW) < ¢ v,y e D.
Moreover, if p(x) is continuous in D then the inequality (A.1) holds for all x,y € D.
(2) If A > h® then AP@) < CAPW) for all z,y € D such that p(z) < p(y).

Proof. Let x,y € D. If p(x) > p(y) or h > 1 the result follows since €2 is bounded. If p(z) < p(y)
and h < 1, since p is log-Holder, we have

p(y) —p(z) < » <e +C 1 > < » <eo+ %>

|z — y|

Then, we get (A.1).
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By (A.1) and as A > h*, we have

A
AP@) — Ap(y) [ 2
ha

for all z,y € Q such that p(x) < p(y). O

p(z)=p(y)
> R =pW)) < ' 4PW)

It was proved in [8], Theorem 3.7, that if one assumes that p is log-Holder continuous then
C>°(Q) is dense in WP()(Q) (see also [7], [17] and [18]). See [10] for more references on this
topic.

We now state some Sobolev imbedding Theorems,

Theorem A.10. Let Q) be a Lipschitz domain. Let p: Q — [1,00) and p log-Hélder continuous.
Then the imbedding WP (Q) «— LP"0)(Q) is continuous.

Proof. See [9]. O

Theorem A.11. Let Q be an open bounded domain with Lipschitz boundary. Suppose that
p € CVQ) with py > 1. If r € C°(0Q) satisfies the condition

1 <r(z) <ps(z) Voeo,
then there is a compact boundary trace embedding WhP0)(Q) — L) (9Q).

Proof. See [12, Corollary 2.4]. O

APPENDIX B. BV FUNCTIONS

In this Appendix, Q is a bounded subset of RY. Let us denote by M(Q,RY) the space of all
RY — valued Borel measure, let V! denote the (N — 1)—dimensional Hausdorff measure and,
for a set A C RV let dimy (A) denote the Hausdorff dimension of A.

We will now give some well-known results concerning the bounded variational functions. They
can be found, for instance, in [4, 11].

Let u € L'(2). We say that u is a function of bounded variation on Q if its distributional
derivative is a measure, i.e., there exists u € M(,R") such that

/udivqﬁda::—/qﬁ-d,u Vo € CLQ,RY).
Q Q

The measure p will be denote by Du, and its components by 86_;1’ el %. The space of all
functions of bounded variation on 2 will be denote by BV ().

For u € BV (Q) we define the total variation of u on € as

sup {/udivqﬁd:nz ¢ € CHQ,RY), 19l oo () < 1} :
We will denote by |Dul|(2).
The space BV () is equipped with the norm
lullBv == llull L1 (o) + [Dul(£2).
Now we give the Trace Theorem for BV.
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Theorem B.1 (Trace Theorem). Assume € is open and bounded, with 02 Lipschitz. There
exists a bounded linear mapping T: BV () — LY(0U) (we write Tu = u). such that

/udiv¢d$:—/¢'dDu+/ (p,v)uds Yu € BV(Q) VYo e CHR™ R"),
Q Q o0

where v is the unit outward normal to OS).
Moreover, if u € BV (Q) then for HN ' — a.e. x € 9Q the identity

Tu(x) = lim udx
=0 Bz )NQ
holds.
Proof. The reader interested in this proof may refer to [11]. O

Lastly we give the Friedrichs Inequality for BV.

Theorem B.2 (Friedrichs Inequality). Let Q be an bounded open subset of RN with O Lipschitz,
let w e BV(Q) and let I' be a subaset of 02 with positive surface measure. Then, there exists a

constant C such that
ol < € (1Dul(@) + [ Julds )

Proof. See Lemma 10 of [4]. O

APPENDIX C. THE MESH 7j, AND PROPERTIES OF W1LPO)(Tp)

In this appendix we describe the type of mesh that we consider in this work and we introduce
the variable broken Sobolev space.

Hypothesis C.1. We will assume that €2 is a polygonal Lipschitz domain and let (Tp)pe(o,1) @
family of partitions of 0 into polyhedral elements. We assume that there exist a finite number
of reference polyhedra Ri, ..., k. such that for all k € Ty there exists an invertible affine map
F,. such that, k = F,,(k;). We assume that each k € Ty, is close and that diam(k) < h for all
k€ Th.
Now we give some notation,
En={rNkK :dimyg(kNK)=N—-1}U{sNIN:dimy(kNIN) = N — 1},

Lint = U{e €&, dimg(eno) < N —1}.

N, is the set of nodes of T,. For every z € N}, and e € £, we define,
T, :U{/{G Th:z €k}, Ty :U{TZ: zekr}, T, :U{TR: e €k},

(K), h, = diam(T%) and h, = diam(e).
p_ = fp( ) and p4 =esssupp(x).

TER

h, = diam

We assume that the mesh satisfies the following hypotheses,
Hypothesis C.2. The family of partitions (Th)ne(0,1) satisfies the Hypotesis C.1 and
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(a) There exist positive constants C1 and Cy, independent of h, such that for each element
Kk €Ty
Cihy) < |k < Cohy.

(b) There exists a constant Cy1 > 0 such that for all h € (0,1] and for all face e € &, there
ezists a point x. € e and a radius p. > Cidiam(e) such that B, (x.) N Ae C e, where A,
1s the affine hyperplane spanned by e. Moreover, there are positive constants such that

Chli < he < Chm Chn’ < he < Chn’

where e = kN K.

We use the notation ~ to compare two quantities that differ up to a constants independent
on h.

From now on, we consider meshes that satisfy the Hypothesis C.2.
Remark C.3. By the regularity assumption off the mesh, me have the following,
#H{z er}~1, H{kCcT.NTp} ~ 1,
HeCTu.NTpt~1, HeCcT.N&}~1 and #HeC T, N&E} ~1

Remark C.4. As a consequence, we have that dim(T,) ~ h, and for each z € k and e C Ok,
h, ~ h, and he ~ hy.

Proof. See the discussion on section 4.2 in [4]. O

Now, we introduce the finite element spaces associated with 7,. We define the variable broken
Sobolev space as

WhPO(Th) = {u € LYQ): ul,, € WHPO) (k) for all k € Tp}
and the subspace
SF(Th) = {u e LYQ): ul, o F, € P* for all k € T;}
where P is the space of polynomials functions of degree at most k > 1.
For u € Wl’p(')(’ﬁl), we define the jump of u, as
[u] = utv +u v,
and for ¢ € (W'PO ()N, we define the average of ¢, as

+ —
(o =2

Lemma C.5. Let 1 < p < oo be log-Hélder, and let v € WHPO(Q), then for each h € (0,1]
there exists v, € S'(Tp,) N WHPC)(Q) such that,

HU - Uh”Wl,p(-)(Q) — 0 as h — 0.

Proof. Since p is log-Holder, we have that C°°(Q) are dense in W1P()(Q) (see Therem 3.7 in
[8]). Then the proof follows by standard approximation theory (see [6]). O
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Let h : © — R a piecewise constant function define by: h(x) = diam(k) if x € x and
h(x) = diam(e) if z € e.

We consider the followings seminorms in W120)(T}),

[ulw e () = VUl ooy () + Z ||[[U]]hp(””)”m()
eerznt
and
‘U’W1 PO, = |uly1o0) (73 + Z [uh @ (””)”LPU
ecl'p

Lemma C.6. For all p: [1,00) — R, there exist a constant C, independent of h such that,
|Dul(Q) < Clulyrae iy Yu€ WHO(T,), Vhe (0,1).

Proof. For all u € W'P()(T},), we have that
Du(© /|Vu|d:z:+/ |[[u]]|ds—/ Vuldz+ 3 /|[[u]]|ds
Flnt eeFl’!Lt

Thus, by Hélder inequality, the item (5) of Proposition A.1 and the Hypothesis C.2, there exists
a constant C' depending only of ||, p; and py such that

=1
1Dul(©) < C [ 1Vull ooy + 32 1070 [l oo e

eel"int

The proof is now complete. ]

Lemma C.7. Let (Th)ne(0,1] be a family of partitions of Q2. Then, for each function p,q: 2 — [1,00),
there exists a constant C' > 0 independent of h, such that for any k € Ty,

N N

[ull 1o ey < ChET " Null patr () Ve € S*(Th), VR € (0,1].

Proof. Let k € Ty, i its corresponding reference element and Fy: & — k the associated affine
mapping. We set J = |det(DF})|. Using the Hypothesis C.2, we have C~!hYY < J < ChY, for
some constant C' which is independent of x. Let K > 0, then we have

p() poFx(z) PoFs (@)
/(%) dg;z/(miﬁ) degCh;V/ <%> da.

HCRYY PO Ly < [0 Fll proreco ey
Using that h, < 1, we obtain

Thus,

(C1) ey < (COYYP* [0 Byl o sy
Similarly, we have

(C.2) [l o Fn”quFm(-)(,%) < (Ch;N)l/qf HU”Lq(->(n)-
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As in a finite dimensional space, all the norms are equivalent, we have that there exist a
constant C' depending only on N such that,
(C.3) |uo FHHLPOFN(')(;%) < Clluo Fyllpr () < Clluo Fel ra (&) < C’HU ° FHL‘I(')(/%)?
where in the first and last inequality we are using Theorem A.2.

Finally, by (C.1), (C.2) and (C.3) we arrive to the desired result. O

Lemma C.8. If p(x) is log-Hélder continuous then, for any x € Tp, and u € S*(T;,) we have,
for e e &, NI,
1
Hh:(z)uHLT’(')(enA) < CHUHLP(-)(mA)-
for any A C Q such that HN "1 (e N A) > 0 where C = C(p1,p2, N, Q).

In particular, we have,
1

(C4) lull rorenay < Cha ™ lullpoc nay Vi € SH(TR).
Proof. Let F,, and # be as in the proof of Lemma C.7 and let é = F7!(e) and A = F(A).
Therefore,
p(z) poFy(x)
enA k enA k
then

_ u
Ic 1hr~e)p( hN/p ”LP() ena) < lluo F ”LpoFK()(emA)

Using Theorem A.2 and that all the norms are equivalent, we have
fluo FKHLPOFK(')(énA) <Clluo FRHLPQ(@[‘]A) < Clluo FHHLl(émA)‘
On the other hand, by the local inverse estimation in page 13 in [4] we have,

HUOFRHLI < Clluo Fy ”Ll

enA) (RNA)"

Using again Theorem A.2, we obtain
[|uo Ff-e”Ll(,mA) < Clluo FHHLPOFN(-)(,mA)’

Using all the inequalities, we arrive at

|

_1_ u
() —
e

LP()(eﬁA) H pN/P@) [l Le0) (s a)”

Finally, we obtain
N(p_—py)

([ p(””)UHLp() (ena) < Cha B [l o)

By Remark A.9 we get

c
N>
1

_1
e P @ ul Loy enay < Ce PLull Loe) o a)-

Now, equation (C.4) follows immediately. O

The next result establishes the existence of the local projector operator.
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Lemma C.9. For all z € Ny, there exists a lineal map 7, : BV (Q) — R such that

|u — 7. (u)|l (1) < Che|Dul(T,) Vu e BV(Q)

where C' is a constant independent of h and z.

Proof. See Subsection 4.1 of [4]. O
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