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Abstract

The notion of Intuitionistic fuzzy hypervector space has
been generalized and a few basic properties on this concept are
studied. It has been shown that the intersection and union of
an arbitrary family of Intuitionistic fuzzy hypervector spaces
are also Intuitionistic fuzzy hypervector space. Lastly, the no-
tion of a linear transformation on a hypervector space is in-
troduced and established an important theorem relative to In-

tuitionistic fuzzy hypervector spaces.
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1 Introduction

The notion of hyperstructure was introduced by F. Marty in 1934. Then
he established the definition of hypergroup [4] in 1935. Since then many re-
searchers have studied and developed ( for example see [5] , [6] ) the concept

of different types of hyperstructures in different views. In 1990 M. S. Tallini
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[10] introduced the notion of hypervector spaces. Then in 2005 R. Ameri [I]
also studied this spaces extensively. In our previous papers ( [7], [§] ), we also
introduced the notion of a hypervector spaces in more general form than the
previous concept of hypervector space and thereafter established a few useful
theorems in this space.

The concept of intuitionistic Fuzzy set, as a generalization of a fuzzy set

was first introduced by Atanassov [3]. Then many researchers ([2], [9], [12])
applied this notion to norm, Continuity and Uniform Convergence etc. At the
present time many researchers ( for example [I1] ) are trying to apply this
concept on the hyperstructure theory.

In this paper, the concept of Intuitionistic fuzzy hypervector space is intro-

duced and a few basic properties are developed. Further it has been shown that
the intersection and union of a arbitrary family of Intuitionistic fuzzy hyper-
vector spaces are also Intuitionistic fuzzy hypervector space. Lastly we have
introduced the notion of a linear transformation on a hypervector space and
established an important theorem relative to Intuitionistic fuzzy hypervector

space.

2 Preliminaries

This section contain some basic definition and preliminary results which

will be needed.

Definition 2.1 [6/ A hyperoperation over a non empty set X is a map-

ping of XxX into the set of all non empty subsets of X.

Definition 2.2 [6/ A non empty set R with exactly one hyperoperation '#'
1s a hypergroupoid.
Let (X, #) be a hypergroupoid. For every point x € X and every non empty
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subset A of X, we defined x # A = Uyca{x # a}.

Definition 2.3 [6/ A hypergroupoid (X , #) is called a hypergroup if
(1) z#WH#H2)=(@H#y #=
(1) 30 € X such that for every a € X | there is unique element b € X for
which 0 € a # b and 0 € b # a . Here b is denoted by —a .
(i) Foralla,b,ce€ Xifa€ b# c,thenbe€ a# (—c).

Proposition 2.4 [6] (1) In a hypergroup (X, #) , —(—a) =a , Va € X.
(171) 0 # a = {a} ,Va € X, if (X, #) is a commutative hypergroup.

(7i1) In a commutative hypergroup (X , #) , 0 is unique.

Definition 2.5 [7/ A hyperring is a non empty set equipped with a hyper-
addition # and a multiplication ‘.” such that (X , #) is a commutative hyper-
group and (X ,.) is a semigroup and the multiplication is distributive across the
hyperaddition both from the left and from the right and a.0 = 0.a = 0, Va €

X , where 0 is the zero element of the hyperring.

Definition 2.6 [7/ A hyperfield is a non empty set X equipped with a
hyperaddition ‘# and a multiplication ‘.’such that
(i) (X, #,.) is a hyperring.
(i) 3 an element 1 € X, called the identity element such that a.1 = a,
Vaec X
(iii) For each non zero element a in X , 3 an element a™' such that a.a ' =1

(iv) ab=ba,Va,beX

Definition 2.7 [§] Let (F',®,.) be a hyperfield and (V , #) be an additive
commutative hypergroup . Then V' is said to be a hypervector space over
the hyperfield F if there exist a hyperoperation x : F x V. — P*( V') such
that
(i) ax(a#B) Caxa # axf, Vae FandVa,BeV
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(ii) (adb)xaCaxa#bxa, Va,be FandVa eV
(iti) (a.b)xa = ax(bxa), Va,beF andVae V.
(iv) (—a)*xa = ax(—a), Vae VandVae F.
(v) a€lpxa,fec O0xaand0*x6 = 6, VaeV.

where 1 is the identity element of I, 0 is the zero element of F' and 0 is zero

vector of V and P*( V') is the set of all non empty subset of V.

Definition 2.8 [1/ Let f : X — Y be a mapping and v € FS(Y). Then we
define [~ (v) € FS(X) as follows:
[ w)(@) = v(f(x), Vo e X.

Definition 2.9 [12] Let E be a any set. An Intuitionistic fuzzy set ( IFS )
A of E is an object of the form A= {(x, pa(x), va(z)) : x € E}, where
the functions uy : E — [0, 1] and vy : E — [0, 1] denotes the degree of
membership and the non-membership of the element x € E respectively and

for everyx € E,0 < pa(z) + va(z) < 1.

3 Intuitionistic Fuzzy hypervector Space

In this section we established the definition of intuitionistic fuzzy hypervec-

tor Spaces and deduce some important theorems.

Definition 3.1 Let (F,®,.) be a hyperfield. An intuitionistic fuzzy hy-
perfield on F is an object of the form A = {(a, pur(a), vr(a)) : a € F}
satisfies the following conditions :

(1) Aveass pr(z) = pr(a) App(b), vV a, be F
(i) pr(—a) > pr(a), Va € F

(13i) pp(a.b) > pp(a) Apup(b)V a, b€ F
(iv) pr(a™) > pr(a), Va(#0) € F

(v) Vacaas vr(z) < vp(a)Vvp(b), ¥V a be F
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(vi) vp(—a) < vp(a),Va € F
(vii) vp(a.b) < ve(a)Vvp(b),V a, beF
(viii) vp(a™') < vp(a), Va(#0) € F

Result 3.2 If A is a intuitionistic fuzzy hyperfield of F, then
i) pr(0) = pp(a), VaeF
i) pr(l) 2 pr(a), Va e F\ {0}
iii) pr(0) > pr(l)
iv) vp(0) < vp(a), YV a € F
v) vp(l) < vp(a),V a € F\ {0}
vi) vp(0) < vp(l)

o~ o~ o~ o~ o~ o~

Proof : Obvious.

Definition 3.3 Let (V, #, %) be a hypervector space over a hyperfield (F, ®, .)
and A be a intuitionistic fuzzy hyperfield in F. A intuitionistic fuzzy subset
B={(z, pv(z), vy(x)) : x € V} of Vis said to be a intuitionistic
fuzzy hypervector space of V over a intuitionistic fuzzy hyperfield A, if the
following conditions are satisfied:

) Nacony b (@) = pv(@) Apv(y), Vo, y € V

i) pv(—z) > py(x), Vo € V

i11) Nyease v (y) = pv(z) ANpp(a), YV a € FandVr € V
iv) pur(l) > py(0), where 0 be the null vector of V.

V) Vaeopy W) < vp(x)Vy(y), Vo, y e V

vi) vy(—z) < vy(x), Vo € V

Vit) Vyease Vv (Y) < vv(2)Vp(a),Va€ FandVz € V

(é
(
(
(
(
(
(vi
(

viit) ve(l) < vy (@), where 6 be the null vector of V.

Here we say that B is a intuitionistic fuzzy hypervector space over a intu-

itionistic fuzzy hyperfield A.
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Result 3.4 If B is a intuitionistic fuzzy hypervector space over a intuition-
wstic fuzzy hyperfield A, then
(1) pr(0) = pyv(0),
(1) pv(0) = pyv(z), Vo € V
(#1) pr(0) > pyv(z), Vo € V
(iv) vp(0) < vy (0),
(v) v (0) < vy(z), Ve € V
(

vi) vp(0) < vy(x), Vo € V
Proof : Obvious.

Theorem 3.5 Let V be a hypervector space over a hyperfield F and A be
a intuitionistic fuzzy hyperfield. Let B € IFS(V). Then B is a intuitionistic
fuzzy hypervector space over A iff
(1) Accasapvny v (2) = (r(a) A py (@) A (pr(b) A pv(y)) , Vo, y € Vand
Va, b e F
(13) pr(l) > py(0) where 6 be the null vector of V.
(#17) Viearapny v (2) < (vp(a) Vv () V (ve(b) Vv (y)) , Yo, y € Vand
Va, b e F
(1) vr(1) < vy (0) where O be the null vector of V.

Proof: First we suppose that B is a intuitionistic fuzzy hypervector space
over the intuitionistic fuzzy hyperfield A. Then for a, b € F and z, y € V, we

have

/\zEa*m#b*y MV(Z) = /\zGa#ﬁ,aEa*m,ﬁEb*y IU’V(Z)

:/\QEa*m,BEb*y(Azea#ﬁ MV(Z>>
> /\aEa*x,Beb*y (MV(O‘) A ,uV(ﬁ))
= ( /\aea*x MV(Q)) /\( /\ﬁeb*y MV(ﬁ))

> (ur(a) A py () A(pr(d) A py(y))
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Vecasapbry Y (2) = Vicapp acars sebry Vv (2)
=Vacasz pebey(Vzeaps v (2))
< Vaeasa pebsy (Vv () V vy (8))
= ( Vaeasz (@) V(' Vgepy v (8))
< (ve(a) Vo (2)) Vve(b) V vv(y))
The second and fourth inequalities are directly follow.

conversely suppose that the inequalities of the theorem hold for all x, y € V

and V a, b € F.

Then A, ctugpisy v (2) = (pr(1) A py(2)) A(pr(1) A pv(y))

= (v (0) A py () ANy (0) A py (y))

= pv (@) A pyv(y)
e Nseagy v(2) > pv(z) Apy(y),asz € 1xzandy € 1xy
(=) = Ne—tea v (2) , 88 —2 € —1xux
2 Neetuapons v (2) 2 (r(=1) A pv (@) A(pr(0) A py (2))
> (pr(1) A pv(z)) A pyv ()
> (v (0) A pv (@) A pv ()
= pv(z) A py ()
= pv(z)

ie pv (=) > px)

Nyeasa v (Y) = Nyeasapora v (y) = (ur(a) A py () A(pr(0) A pyv ()
= (nv(@)Aur(a)) Apv(z) , as pr(0) = py(z)
= pv (@) A pr(a)

The fourth inequality of definition 3.3 is directly follows,

Next V.crwpin 2v(2) < (vp(1) Vv (z)) V(ve(1) Vv (y))

= (v () Vv () V(v () Vv (y))
= wvv(z) Vov(y)

e Vieopyv(2) < wy(z)Viy(y),ase € I1xzandy € 1xy
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(=) < VyerpaVv(2) ,a8 —2 € —1xx

IA

Voo tux 4 0sa Vv (2)

(wr(=1) Vv () V (ve(0) V vy (z))
< (vr(1) Vv(z)) Vov(z)

(v (0) V vy (@) Vv (2)

vy (x) V vy (x)

IA

IA

= w(7)

ievy(—r) < yw)
Vyeare v (¥) < Vyeases osz Vv (Y)

< (vr(a) Vv (z)) V (ve(0) Vv (z))

= (vy(x) Vp(a))Viy(x) , as ve(0) < vy (z)

= vy(x) Vp(a)
The eighth inequality of definition 3.3 is obvious.
Therefore B is a intuitionistic fuzzy hypervector space over A.
This completes the proof.

Definition 3.6 Let Bf,c,) = { =, py(z), vi(z) : x € V} be a family of
intuitionistic fuzzy hypervector spaces of a hypervector space V over the same
intuitionistic fuzzy hyperfield A = { (x, up(x), vp(x)) : x € F}.Then
the intersection of those intuitionistic fuzzy hypervector spaces is defined as

(maEABa)(z): {ZE, AaEAM%(z)> AaEAV\g(z) : V€ V}

and the union of those intuitionistic fuzzy hypervector spaces is defined as

(Uaea B)(@) = {#, Vaea it (2), Vaeavp(z) © Vo €V}

Theorem 3.7 The intersection of any family of intuitionistic fuzzy hyper-
vector spaces of a hypervector space V is a intuitionistic fuzzy hypervector

space.



A Note on Intuitionistic Fuzzy Hypervector Spaces 9

Proof: Let {B“: a € A} be a family of intuitionistic fuzzy hypervector spaces
of V over the same intuitionistic fuzzy hyperfield A = { (z, pr(x), vp(z)) :
r e F}.
Let B = (Maea BY)(2) = { (2, pv(2), v (z)) : €V}
where py (2) = Ases 19 (7) and vy () = Agea 117 (2)
Let z,y € Vanda,beF
Nzcarasbry py(z) = /\zEa*m#b*y(/\aeA 1y (2))
= Naca(Azcaraspbey 1 (2)

> Naeaf(ur(a) A pi () Nur(b) A pi(y))}
= {(ur(a) A(Aaea 13 ()} AN (0) A(Aaenr 17 (1))}
= (ur(a) A pyv () ANpr(d) A pyv (y))
Therefore A.cqupsbey v (2) = (Hr(a) A pv(z)) AN(prd) A pv(y))
Again ie(1) > #2(0) , Va € A
Therefore pip(1) > Agen 11 (6)
Le pr(l) > pv(0)
Next V.cauapbey v (2) = Vicaropony (Naea V9 (2))
< Noen(Vacarapbny 9 (2))
< Naen{(vr(a) vV iy (2) V(vr(b) V v (y)) }
= {(vr(a) V(Aaer v5(2))} V{vp(0) V(Aaea v¥ (¥))}
= (vr(a) V vy (2)) V(ve() V rv(y))
Therefore V,courppny Vv (2) < (Vr(a) V vy (2)) V(ve(b) V v (y))
Again vp(1) < 12(6) , Ya € A
Therefore vp(1) < Aney v(6)
e vp(1) < ()
Therefore B is also & intuitionistic fuzzy hypervector space over A.

This completes the proof.
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Theorem 3.8 The union of any family of intuitionistic fuzzy hypervector

spaces of a hypervector space V is a intuitionistic fuzzy hypervector space.

Proof: Let {B* : a € A} be a family of intuitionistic fuzzy hypervector
spaces of V over the same intuitionistic fuzzy hyperfield A = { (z, ur(x), vr(x)) :
r € F}.

Let B = Vaep v (2) = { (2, pv(2), w(z)) : x €V}
where iy () = Voen #8(2) and vy(2) = Ve ()
Let z, y € Vanda,b e F

/\zEa*m#b*y py(z) = /\zEa*m#b*y( ach 1 (2))

> Vaen (Azearsibry 17 (2))

> Vaea{ (ur(a) A ps(2)) AN(pr(0) A s (y)) }

= {(1r(a) A(Vaea 19 ()} Mier(0) A(Vaea 15(y)) }
= (ur(a) A py (@) A(pr(b) A pv(y))

Therefore A.caupphey iv(2) = (pr(a) A pv (@) A(ur(b) A pv(y))
Again pp(1) > pf(0) , Va € A

Therefore pip(1) > Vaen 17 (0)

ie pp(l) > pyv(0)

Next V. cawzsbry Vv (2) = Vicaswsvsy(Vaeca Vi(2))

= Vaer(Vecansbey V9 (2))
< Vaea{(vr(a) vV iy (2) V(vr(b) V v (y)) }
= {(vr(a) V(Vaer 5 (2))} V{vp(0) V(Vaea 17 (y))}
= (vp(a) Vv (z)) V(vr(b) vV vy (y))
Therefore V,coupppey Vv (2) < (Vp(a) V vy () V(ve(b) V vv(y))
Again vp(1) < v§(0) , Yo € A
Therefore vp(1) < Vaey v(6)
Levp(l) < wvv(f)

Therefore B is also a intuitionistic fuzzy hypervector space over A.
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This completes the proof.

4 Linear Transformation

In this section we established the definition of a Linear transformation on
hypervector Spaces and deduce a important theorem relative to a intuitionistic

fuzzy concept.

Definition 4.1 Let (V, #, x) and (W, #, ') be two hypervector space over
the same hyperfield (F, @, .). A mapping T 'V — W is called Linear trans-
formation iff
(i) T(x#y) CT(x)# T(y),

(i1) T(a*x) Ca* T(zx), Vo,y€ Vandac F
(iii) T(0) = ¢

Theorem 4.2 Let (V, #, %) and (W, # , ') be two hypervector space over
the same hyperfield (F, ®,.) and T 'V — W be a linear transformation.
Let B = {(y, pw(y), vw(y)) : y € W} be a intuitionistic fuzzy hyper-
vector space over A = {(a, ur(a), vr(a)) : a € F}. Then T"Y(B) =
{z, T"Yuw)(x), T vw)(x) : x € V} is a intuitionistic fuzzy hypervec-

tor space of V over A.

Proof: Let a, b € F and o, § € V.
Then Ascasapbes T~ (1w) (@) = Avcaraspes v (1())
= Ar@)er(aras) Hw (T(x))
> Np@ycar' Ty v T(3) Hw (T())
> (ur(a) A pw (T () A(pr(b) A pw (T(5)))
= (ur(@)ATH (pw ) (@) A(r QAT (uw)(8))
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Again T~ (pw)(0) = pw (T(0)) = pw(6') , where 6" be a null vector of W.
< pur(1)

i.e pp(l) > T (uw)(0)

And Voeqmagves T (0w)(@) = Vacaragns v (T(2))
= Vr@)er(aragns) Yw (T (2))
< Vorear T b/ m(s) Yw (T (1))
< (vp(a) Vow(T(a)) V(ve(b) V rw (T(5)))
= (vr(a) VI~ (vw)(@)) V(vr(0) VT~ (vw)(8))

Again T~ (vw)(0) = vy (T(0)) = vw(0') , where 6’ be a null vector of W.
> vp(1)

ievp(l) < T YHow)(0)
Therefore T-!(B) is a intuitionistic fuzzy hypervector space of a hypervector

space V over A.
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