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FUNK, COSINE, AND SINE TRANSFORMS ON
STIEFEL AND GRASSMANN MANIFOLDS

B. RUBIN

ABSTRACT. The Funk, cosine, and sine transforms on the unit
sphere are indispensable tools in integral geometry. They are also
known to be interesting objects in harmonic analysis. The aim
of the paper is to extend basic facts about these transforms to
the more general context for Stiefel or Grassmann manifolds. The
main topics are composition formulas, the Fourier functional re-
lations for the corresponding homogeneous distributions, analytic
continuation, and explicit inversion formulas.

CONTENTS
Introduction.
Preliminaries.
The higher-rank Funk transform.
Cosine and sine transforms. Composition formulas.
Cosine transforms via the Fourier analysis.
Normalized cosine and sine transforms.
The method of Riesz potentials.
Appendix.

O NSO WD

1. INTRODUCTION

1.1. History and motivation. Our consideration has several sources.

1. For a function ® on the unit sphere S? in R* P. Funk [F11]
EF'13] defined a circle-integral function (die Kreisintegral-Funktion) x
on the set of great circles as an integral of ® over the corresponding
great circle. He suggested two inversion algorithms; see [F13, pp. 285-
288]. The first one relies on expansion in spherical harmonics and the
second reduces the problem to Abel’s integral equation. From these
results Funk derived the celebrated Minkowski’s theorem [Min], [Hel10,
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p. 137], stating that bodies of constant circumference are bodies of
constant width.

2. Funk’s Kreisintegral-Funktion is now called the Funk transform.
This concept extends to higher dimensions, when great circles on S? are
substituted by cross-sections S"' N &, € being a k-dimensional linear
subspace of R", 1 < k < mn — 1. The set of all such subspaces forms a
Grassmann manifold G, = O(n)/(O(k) x O(n — k)). These transfor-
mations were extensively studied in Gelfand’s school, by S. Helgason,
and other authors; see [GGG], [Hel90l [Hel00, [Hell0, Ru98, Ru02, Ru03]
and references therein. Further generalization connects functions on
two different Grassmannians by inclusion, namely;,

(1.1)  (Reef)(n) = f(§) dy€, §€Gur, NE G, k<UL,

£Cn

where d,{ denotes the probability measure on the Grassmann mani-
fold G (n) of all k-dimensional linear subspaces of 1. Operators (L)
are also known as Radon transforms for a pair of Grassmann mani-
folds. They were studied by Petrov [P67], Gelfand and his collabora-
tors [GGST70, [GGR], Grinberg [Gri], Kakehi [Ka], Grinberg and Rubin
|GRI, Zhang [Zhl1l, Zh2]. Affine versions of (II]) were considered in
IGK1l IGK2l, [Ru04, [Shil.

In spite of the elegance and ingenuity of the inversion methods in
these publications, the resulting formulas are pretty involved. It is a
challenging problem to find new simple inversion formulas and develop
a theory which is parallel to that for the unit sphere. The present paper
is devoted to this problem. The main idea of our approach is to treat
operators ((LI) as members of the analytic family of the higher-rank
cosine transforms, which will be introduced below.

3. The name cosine transform was given by Erwin Lutwak [Lul p.
385] in 1990 to the integral operator

(1.2) (ef)(u) = f)|u-v|dv, ue S"

Sn—1

Since then, this term is widely used in integral and convex geometry (in
parallel with its traditional meaning in the Fourier analysis). Operator
(L2) and its generalization with the kernel |u-v|* were studied without
naming by many authors in geometry and analysis since Blaschke [Blal,
Levy [Lev], Aleksandrov [All]; see [Gal, [K97, [Ru03] for references. A
remarkable fact, that amounts to the results of Gelfand-Shapiro |GSha]
and Semyanistyi [Se63], is that cosine transforms are restrictions to
S™~1 of the Fourier transforms of homogeneous distributions on R™.



Specifically, if we set

(€ f)(u) = F@)u-v|* v, (Fo)(y) = Rncb(x)e”'ydx,

Snfl
fe LS 1), ¢ € S(R), then

L[ @D/
13 g | S Fa) iy

_ & f(z/|x]) — I
= T(A=a)/2) S Jareot O & e =2

Integrals in this equality converge absolutely when 0 < Rea < 1 and
extend by analyticity to all @« € C. An important observation due
to Semyanistyi is that the Funk transform and its inverse are mem-
bers of the analytic family of suitably normalized cosine transforms
¢, This result was extended in [Ru02] to the Funk-Radon transforms
over totally geodesic submanifolds of arbitrary dimension. The corre-
sponding cosine transforms have found application in convex geome-
try [Ru08, Rul0al RZ]. Some ideas from [Se63] were rediscovered by
Koldobsky, who found remarkable application of the relevant Fourier
transform technique to geometric problems; see [K05] and references
therein.

4. In the last two decades a considerable attention was attracted to
generalization of the cosine transform for functions on the Stiefel and
Grassmann manifolds. The impetus was given in stochastic geometry
by Matheron [Matl, p. 189], who conjectured that the higher-rank ana-
logue of (L2)) (the precise definition is given later) is injective. Math-
eron’s conjecture was disproved by Goodey and Howard |[GHI], using
topological results of Gluck and Warner [GW]. A self-contained Fourier
analytic proof, versus [GHI], was suggested by Ournycheva and Rubin
[ORO054, [OR06]. Goodey and Zhang [GZ] applied higher-rank cosine
transforms to the study of lower dimensional projections of convex
bodies; see also [God, [Spo|. Interesting connections to group repre-
sentations can be found in the papers by Alesker and Bernstein [ABI,
Alesker [A], and Zhang [Zh2]. One should also mention fundamental
publications by Blind, Herz, Faraut, Khekalo, Rais, Petrov, Ricci and
Stein, Stein, and others. They are devoted to analysis of homogeneous
distributions on matrix spaces; see [Blill, Bli2, [FK| Herz, [Khlal [Kh2|
ORO054, [OR06l (P70, [Rai, RS| [St2] and references therein.

1.2. Plan of the paper and main results. Below we give a brief
account of main results and ideas of the paper. Further details and
more results can be found in respective sections. Section 2 contains
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preliminaries. We recall basic facts about matrix spaces, Radon trans-
forms over matrix planes, Riesz distributions, and the composite power
function associated to the cone €2 of positive definite symmetric m x m
matrices.

In Section 3 we define the higher-rank Funk transform F,,; as an
operator (3.2]) that sends functions on the Stiefel manifold V}, ,, of or-
thonormal m-frames in R" to functions on V,, ;, where m and k may

be different. We also define the dual transform F*’mk and establish
connection between our transforms and Radon transforms (L.I]).

Theorem 1.1. Let 1 <m < k <n—m. The mapping f — F,,1f has
a kernel

ker Flp = {f € L'(Vyum) f(oy)dy=0a.e.}.
O(m)

This theorem generalizes the well-known result in [Hell0], where the
case m = 1 is considered for C'"*° functions.

In Section 4 we introduce analytic families of non-normalized cosine
and sine transforms for a pair of Stiefel manifolds; see (4.1])-(4.4]). Nec-
essary and sufficient conditions are obtained for these transforms to
be represented by absolutely convergent integrals. Useful composition

formulas, which generalize to m > 1 the corresponding equalities for
m =1 in [Ru02 Ru08], are derived. One of them is

(14) Fm,ka,kf:éQn_k_mf>

where Q% f, « = n—k—m, is the sine transform of f and a constant ¢ is
explicitly evaluated. This formula is well-known for Radon transforms
of different kinds, where the operator on the right-hand side stands
for the relevant version of the Riesz potential; see, e.g., |[Radl [Fug]
Hel10, Ru06]. In the higher-rank case an analogue of the composition

FmxFmr played a crucial role in [Gri], however, it was not explicitly
computed and presented only in the spectral form on highest weight
vectors.

Section 5 is devoted to the Fourier analysis and analytic continuation
of the cosine transform. Given A = (A1,...,\,) € C™, we introduce
the composite cosine transform

(15)  (T0)(0) = / o(u) (Vudv  dou, v € Vi,
Vn,k

where (-)* denotes the power function of the cone €, “’” stands for the

transposed matrix, and integration is performed against the invariant

probability measure on V,, ;. Injectivity of such operators in the case
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k = m was studied in [OR05a, [OR06]. For (ILH) and for the dual

Funk transform Ij;mk we obtain an analogue of the Fourier functional
equation (L3); see Theorems B 4land 510 An important new feature is
that a function f on the right-hand side must be replaced by a certain
complementary Radon transform of f. The latter boils down to the
identity operator, when k& = m. The Fourier functional equation for
the operator (LE) provides complete information about meromorphic
structure of distributions of the form

(1.6) a— (T frw), we€C®Vnr), f€L'(Vum),

where T7 ;. stands for the cosine or sine transform under considera-
tion. We conjecture that if f € C*°(V,,,,) then the polar set of the
distribution (IL6) coincides with that of its pointwise counterpart

a— (T3 . f)(u) for each u € V.

To the best of our knowledge, a proof of this fact represents an open
problem.

In Section 6 we define normalized versions of the cosine and sine
transforms. One of the main results of this section is Theorem [6.0,
according to which an integrable right O(m)-invariant function f on
Va.m, can be reconstructed in the sense of distributions from its Funk
transform ¢ = F,, . f by the formula

*

(1.7) _ac (Chppw)=sna(fw),  wel™(Vin),

where

(€2 10) () = Guma() / () (det(vun0)) P2 du, v € Vi,
Vn,k

is the normalized dual cosine transform and the constant s, is explic-
itly evaluated. Thus, an inverse Funk transform is actually a member
of the analytic family of suitably normalized dual cosine transforms,
and all possible inversion formulas for the Radon transform (I1]) on
Grassmannians can be regarded as different realizations of the analytic
continuation in (I]:ﬂ)ﬁ Since (f,w) = 0Vw € C*(V,,,,) implies f =0
a.e., the validity of Theorem [I.1] follows; see also Remark [3.1]

Similar inversion results are obtained for the cosine transforms. An
interesting observation is that, if k = m, then the Funk transform,
the cosine transforms, and their inverses are (up to mormalization)
members of the same analytic family of operators. This fact was known

IThis statement does not work for the restricted Radon transform as in [GGST0,
GGR], because the latter is, in fact, another operator.
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before only for m = 1 and established using decomposition in spherical
harmonics.

In Section 7 we suggest new realization of the inverse sine and Funk
transforms in terms of powers of the Cayley-Laplace operator A =
det(0/0x; ;) in the space M, ., of n x m real matrices. These powers
are associated with the Riesz potential. The resulting formulas differ
in principle from those in [GGR], [Gri, IGR], [Kal [P67]. They look much
simpler, however, must be interpreted in the sense of distributions. For
instance, if we write x € 9, ,, in polar coordinates z = vr/2 r € Q,
v € Vm, and denote (E\f)(z) = (det(r))»2f(v), then, in the case of
n — k —m even, we have

F0) = g (A By Fugp)(v), ¢ = Furfy €= (n—k—m)/2,

where the constant ¢, is explicitly evaluated. If n — k —m is an odd
number, then fractional powers of A are implemented, and the resulting
inversion formula is non-local; see Theorems [7.2] and [Z.7. In the case
m = 1 inversion formulas of this kind were suggested by Semyanistyi
[Se63] and used in [Str81) [Ru02]. The reasoning from those papers is
unapplicable when m > 1. To get around this difficulty, we apply the
relevant tools of harmonic analysis and several complex variables.

We conclude the paper by Appendix containing evaluation of an aux-
iliary integral and some comments on the celebrated paper [GGR] by
Gelfand, Graev, and Rosu. The latter is devoted to the Radon trans-
form (1)) for a pair of Grassmannians. A keen reader can recognize
our higher-rank cosine transform in |[GGRIl pp. 367, 368]. However,
some important details in that paper are skipped. We reproduce the
relevant calculations and explain basic difficulties.

Acknowledgements. I am indebted to many people for useful and
pleasant discussions related to this paper. My special thanks go to
Professors Tomoyuki Kakehi, Gestur Olafsson, Elena Ournycheva, An-
gela Pasquale, Fulvio Ricci, Genkai Zhang. I am grateful to Susanna
Dann who carefully read the original Funk papers. Her help was very
valuable.

2. PRELIMINARIES

In this section we establish our notation and recall some basic facts;
see [OR04) [OR05a, [OR06] for more details.

2.1. Notation and conventions. Given a square matrix a, |a| stands
for the absolute value of det(a). We use standard notation O(n) and
SO(n) for the orthogonal group and the special orthogonal group of



7

R", respectively, with the normalized invariant measure of total mass
1. The abbreviation “a.c.” denotes analytic continuation.

Let M, .n ~ R™ be the space of real matrices x = (z; ;) having n
rows and m columns; do = [[, [[jL, dv;;; @' is the transpose of =,
|z|,, = det(2'x)"/2, I, is the identity m x m matrix, and 0 stands for
zero entries.

The Fourier transform of a function ¢ € L'(9,,,) is defined by

1) ¢ly) = (Fo)ly) = /Sm NG dr, Y € Mo

The relevant Parseval equality has the form
22 (9= I el (o= [ @

This equality with ¢ in the Schwartz class S(9, ,,,) of rapidly decreas-
ing smooth functions is used to define the Fourier transform of the
corresponding distributions. If ¢ € S(Mm, ) and 6 = F 16 is the
inverse Fourier transform of ¢, then, clearly,

~

(23)  d(x) = 2m)"d(—x),  [9]"(2) = 2m)""$(~x).

Let S,, ~ R™™+1D/2 he the space of m x m real symmetric matrices
s = (8i;); ds = [[,<; dsij. We denote by Q = P,, the cone of positive
definite matrices in S,,; Q is the closure of Q. For r € Q (r € Q),
we write r > 0 (r > 0). Given a and b in S,,, the inequality a > b

means a — b € 2 and the symbol fab f(s)ds denotes the integral over
the set (a+Q)N(b—). The group G = GL(m,R) of real non-singular
m X m matrices g acts transitively on by the rule r — grg’. The
corresponding G-invariant measure on € is [T} p. 18]

(2.4) d,r = |r|~%r, d=(m+1)/2.

If T}, is the group of upper triangular m xm real matrices t = (¢; ;) with
positive diagonal elements, then each r € ) has a unique representation
r=1tt.
The Siegel gamma function of € is defined by
m—1
(2.5) Fm(a):/ exp(—tr(r))|r|*d,r = 7m™m=D/4 H MNa—j/2).
Q

=0

This integral is absolutely convergent if and only if Reaw > d — 1 =
(m —1)/2, and extends meromorphically with the polar set

(2.6) {(m—-1—-4)/2:5=0,1,2,...};
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see [Gil, [FK], [T]. For the corresponding beta integral we have
b
@0 [ == P = B, ) - o

Fm(o‘)rm(ﬁ)
Cola+8)

For n > m, let V,,,, = {v € My, : v'v = I,,,} be the Stiefel manifold
of orthonormal m-frames in R™. This is a homogeneous space with
respect to the action V,,,, > v — v, v € O(n), so that V,,, =
O(n)/O(n —m). We fix a measure dv on V,, ,,, which is left O(n)-
invariant, right O(m)-invariant, and normalized by

2m7.(.nm/2
(2.8) Onm = / dv = ———,
Vi Lin(n/2)

[Mu, p. 70]. The notation d,v = o, dv is used for the corresponding
probability measure.

We denote by G, ,,, the Grassmann manifold of m-dimensional lin-
ear subspaces £ of R" equipped with the O(n)-invariant probability
measure d.§. Every right O(m)-invariant function f(v) on V,,,, can

be identified with a function f(§) by the formula f{v}) = flv),
{v} = vR™ € G, so that fGn f(€)d.g = fvn _ f(v)dw. Another

identification is also possible, namely, f ({v}*) = f(v), {v}* € Grnm-
We will be dealing with several coordinate systems on M, ,,, and V;, .

B, (a,B) = Rea>d—1, Refp >d— 1.

Lemma 2.1. (The polar decomposition). Let x € M, n > m. If
rank(z) = m, then

(2.9) x = ort’?, v € Vi, r=2a'v € Pp,
and dx = 27" |r|"=m=D2drdy.

For this statement see, e.g., [Herz|, [Mul, [FK|. Decomposition (2.9)
(but with r € €2) is valid for any matrix x € M, ,,, cf. [Mul p. 589].

Lemma 2.2. ([P70], [Ru06]) If z € M, ,,,, rank(x) = m, n > m, then
r = vt, v € Vo, tel,,

and

dr = th;] dtj,j dt.dv, dt, = H dti,j-
j=1

1<j
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Lemma 2.3. (The bi-Stiefel decomposition). Let k, m, and n be
positive integers satisfying

1<k<n-—1, 1<m<n-—1, k+m<n.

(i) Almost all matrices v € V, ,,, can be represented in the form

(2.10)  w= { (L, _aa,a)l/z ] . A€My, UE Vi,
so that
(2.11)

/ sodo= [t [ 7 (| Caape |) e

0<a’a<Ipm, Via—k,m

dp(a) = |I, — d'al’da, 6= (n—k)/2—d, d=(m+1)/2.

(ii) If, moreover, k > m, then

[ som=faro fan [ 1([ 0]

Vn,m Vk m n k,m
dv(r) = 27| I, — r|°dr, v=k/2—d.

For k = m, this statement is due to [Herz, p. 495]. The proof of
Herz was extended in |GR] to all £ +m < n and simplified in [Zh1];
see also [OIR].

Lemma 2.4. Letu € Vi, v € Vi 1 < k,m <n. If f is a function
of m x k matrices, then

(2.13) /fvudu—/fvu

Vnm

Proof. We should observe that formally the left-hand side is a function
of v, while the right-hand side is a function of u. In fact, both are
constant. To prove ZI3), let G = O(n), g € G, g1 = g~'. The
left-hand side is

/G F(/gu) dg = / F((grv)'w) dgi,

which equals the right-hand side. O

The following statement is a particular case of Lemma 2.5 from [GR].
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Lemma 2.5. Let A€ My, S=AA€P, {<m<k, m+{<k,
d=(l+1)/2, =27 04 iOmi)On s
Then

(2.14) f(Aw) dw
Vie,m

S
:C|S|5—k/2/; |S_S|(k—m)/2—5|S|m/2—5d8/‘; f(81/29)d*¢9.

m, L

2.2. The composite power function. Let () be the cone of positive
definite symmetric m xm matrices. Givenr = (r;;) € Q, let Ag(r) =1,
Ay(r) = ria, Da(r), ..., Ap(r) = |r| be the corresponding principal
minors, which are strictly positive. For A = (A1,...,\,,) € C™, the

composite power function of the cone (2 is defined by

(2.15) ™ = ﬁ[ﬁﬁi)r/z

i=1

A1—A2 Am—1—"2Am

= AT A () A (r)
If r=1t t=(t,;) € Tn, then

A Aj
(2.16) ™ =115
j=1
This implies the following equalities:
(2.17) MR = s AT X2 g = (o, a);

(2.18) (trt)* = () r*, teT,.
The reverses of XA = (A\r,..., \y) and 7 = (r;;) € Q are defined by

0 1
(2.19) A=Ay, A1); Ty = Wrw, w= ' :
1 0
so that
(A*)] = )\m—j—i-l, (T*)iJ = T'm—i+1,m—j+1-
We have
(2.20) = (r H, (r=H* = r.

The relevant gamma function is defined by

(2.21)  Tg(A) = /r*e—t“")d*r =g DATTT( =5+ 1)/2);

Q j=1
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see, e.g., [FKl p. 123]. The integral in (2.2I]) converges absolutely if and
onlyif ReA\; > j—1forall j =1,...,m, and extends meromorphically
to all A € C™. The following relation holds:

(2.22) /r"e‘tr(”)d*r =Ta(X) s, s € €.

Q
If Ao =(A,...,A) (¢ C™), then (cf. [23))
(2.23) 2 =[rM2 To(Xg) = Tn(N/2).
2.3. The Radon transform on the space of matrices. The main
references for this topic are [OR04], [OR08a], [ORO08L], [P70], [Shil,
[Sh2]. Close results can be found in [GK3| [Gra]. We fix positive in-
tegers k,n, and m, 0 < k < n, and let V,, ; be the Stiefel manifold of

orthonormal k-frames in R". For w € V,; and t € My, ,,, the linear
manifold

(2.24) T=71(u,t) = {x € My, : v'x =1t}

is called a matriz (n — k)-plane in 9, ,,. We denote by T the set of all
such planes and consider the Radon transform

R = [ 1@

that sends a function f on 9,,, to a function R;f on T. Precise
meaning of this integral is the following:

ex) = [ s(a]f])e

where g, € SO(n) is a rotation satisfying

(2.26) Jully = U, Uy = [ 19 } € Vok.
k

The next statement is a matrix generalization of the projection-slice
theorem. It links together the Fourier transform (2I)) and the Radon
transform (2Z:25]). In the case m = 1, this theorem can be found in [Nal,
p. 11] (k=1) and [Kel p. 283] (any 1 < k < n).

Theorem 2.6. ([OR05D]) For f € LY(M,,,n) and 1 <m <k,
(2.27) (FF)(Eb) = [F(Ref)(w, )](b), € Vyg, bE My

where F stands for the Fourier transform on M -
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2.4. Riesz potentials and the Cayley-Laplace operator. The Riesz
distribution h, on M, , is defined by

1 a—n
(2.28) (hay /) = e —— 5 /m 2| f(2)de,  f € S(Mpm),

(2.29) ypm(a)= 20‘7;7?:;2_1;”;53)/2), a#En—m+1, n—m+2,....

For Rea > m — 1, the distribution h,, is regular and agrees with the

ordinary function h,(z) = ||%"/Ynm(a). The Riesz potential of a
function f € S(M,, ) is defined by

(2.30) (1)) (@) = (ha, fo),  fa() = flz—>).

For Rea>m—1,a#n—m+1,n—m+2, ..., (Z30) is represented

in the classical form by the absolutely convergent integral
1
231) (")) = | =ty
Yn,m (V) Mm

This integral operator is well known in the rank-one case m = 1 [Ru96,
SKM, [Sa2, [St1].
The Cayley-Laplace operator A on the space 9, ,, is defined by

(2.32) A = det(99).

Here 0 is an n x m matrix whose entries are partial derivatives 0/0x; ;.
In the Fourier transform terms, the action of A represents a multipli-
cation by the polynomial (—1)™|y|?.

Theorem 2.7. [Ru06, Theorem 5.2]
Let fe SMym), a€C, a#n—m+1,n—m+2,.... Then

(2.33) (ha, [) = (2m) 7" ([yln", (F )W),

(2.34) (=)™ Afhgiop=he, I2=(—=1)"FA*, k=0,1,2,....
Thus, one can formally write

(2.35) 1% = [(—1)™A] 72,

The next statement generalizes (2.33)) to the case of composite power
functions.

Lemma 2.8. Let ¢ € S(My,). Then for all A € C™,

230) [ il T —e [ SO

n,m n,m

where ¢y = 2" T2 SN = A 4L+ A,
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Remark 2.9. Both sides of (233) and (2.36) are understood in the

sense of analytic continuation. Integrals in (2.36]) converge simultane-
ously when A = (), ..., \,,) belongs to the set £ = £N £, where

£={X: Re)j>j—n—1 foreachj=1,...,m},
£={X: Re)lj<j—m foreachj=1,...,m}.

The diagonal \; = ... = \,, = A does not belong to £. This explains
essential difficulties when one tries to prove (2.33)) directly as in [Ru06].
Formula (2.36]) was established by Khekalo [Khlal], who extended the
argument from [St1l Chapter III, Sec. 3.4] to functions of matrix ar-
gument. Khekalo’s proof was reproduced in [OR054, p. 61].

3. THE HiIGHER-RANK FUNK TRANSFORM

3.1. Definitions and duality. The classical Funk transform on the
unit sphere S"~! C R" is defined by

(1) (FH) :/{ESM e e

see, e.g., [GGG| [Hell0]. We suggest the following generalization of
B3J), in which v € V,, and v € V,,,,, are elements of respective Stiefel
manifolds, 1 < k,m <n — 1. The higher-rank Funk transform sends a
function f on V,,,, to a function F, ,f on V, by the formula

(32)  (Fuf)(u) = / f0)dew,  u€Vin

{v€Vn,m: u/'v=0}

The corresponding dual transform

(33)  (Fuxe)v) = / o) dot,  VEVm,

{u€eV, i:v'u=0}

acts in the opposite direction. The condition «v'v = 0 means that sub-
spaces uR* € G, and vR™ € G,,,, are mutually orthogonal. Hence,
necessarily, £ +m < n. The case k = m, when both f and its Funk
transform live on the same manifold, is of particular importance and
coincides with (3.I]) when £ =m = 1. We denote F,,, = F,,, 1.

To give the new transforms precise meaning, we set G = O(n),

(34) K, = {Teszlg }” veO(n—k‘)},

(35) K, = {pGG:p:{g ]?n} 6€O(n—m)},
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U, Uo € Vi ks Vo, o € Vim-

Then ([B2) and (B3] can be explicitly written as

a1 Ea = [ 1 (o] ]) de= [ racian

ank,m

38 (o)) = [ (] o)) do=[ olasu)dn

anm,k KO

where ¢, and g, are orthogonal transformations satisfying g,uqg =
and g,vy = v, respectively.

Remark 3.1. Since the measure d,w is right O(m)-invariant, then, for
all u e Vi,

(3.9) (Frxf)(w) = (Fuxf)@),  flv)= Fvy) dy

O(m)

(similarly for (f’mkw)(v)) Hence, the set of all f € L*(V,,,,), for which

f(v) =0 a.e., is a subset of ker F,, x; cf. Theorem [l

Lemma 3.2. Let 1 <k m<n-—1; k+m <n. Then

(3.10) [;(Fh&ﬂ@O¢WJ¢u: (0) (Bon2) (0) duv

Vn,m

provided that at least one of these integrals is finite when f and ¢ are
replaced by | f| and ||, respectively.

Proof. We write the left-hand side as

meﬁ@mwwwwzéwW@@ F(grio) dr.

Ko

Let s € O(n) be such that ug = sty and denote

0o 0 I,
(3.11) (=0 Inmsi O
L 0 0
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Keeping in mind that (vy = 09, ('ug = g, and Ky is a stabilizer of Vo,
we continue:

l.h.s = /@(gmm dg/K dp [ f(g7Cp'vo) dT

Ko
= /f (Avg) d)\/ dp/ (ApC'7' set10) dT
Ko Ko

(note that ('7'sctg = ('T'ug = ('ug = o)

- /G Foa)ax [ i) dp
= F(0) (Fui) (v) dv,

Vn,m
as desired. O

Corollary 3.3. If f € L (V,,,,), then the Funk transform (Fp.f)(u)
exists as an absolutely convergent integral for almost allw € V,, .. More-
over,

/ (Forf)(u) dou = f(v)dw
Vak Va,m

A similar statement holds for the dual transform ]; m,kP-

Example 3.4. Let p(u) = [vjuu'vy| @ 8/2 vy = [ ]O ], u € Vor. If

1<m<k<n—-—m, Reaw>m — 1, then
(3.12) (}?mkcp)(v) = Co | I — vhvv'vp|@R/2, v E€ Vom,

L ((n—m)/2) I'(a/2)

Ln(k/2)  Tp((a+n—m—k)/2)
Proof. The condition m < k has a simple explanation: if k& < m then
|vjuu'vg| = 0. Let us prove (B12). By (B.8),

a0 = [ sl a0. za=ia | g |.
Vi—m,k

We write

Co =

(3.13) givg = [ g } , AeMy_mm, BEMym,

so that zg = A’6. Then we represent A in polar coordinates A = wS/?,
S=AAeP,, weV,_pnm This gives

(;’mk@)(v) = / |A'00' A|@=R)/2 4.0 = ¢, |G| @R/
Vi—m,k
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where
Coa = / w06 w| @72 4,6
V,

n—m,k

can be computed using formula (8I6]) (with n replaced by n —m and

Aby a—k). Let »x = [ I"am } € Vin—m. Then, by (B13), A = 5 g v,

and
S = A'A = v)g,2 g vg = vigu (I — vovy)ghvo = L — vhvv'vg.
This gives the result. U
Example 3.4] and duality (3.10) yield

/ (B f) (w) [vpuadve| 072 dyu=c, F () [Ln—vhvv'vg| @02 d, 0.
Vi

k Vn,m

Owing to O(n)-invariance, one can replace vy in this formula by an
arbitrary w € V,, ,,. This gives the following statement.

Lemma 3.5. Let w € V,, ,,,, Rea>m — 1,

(3.14) 1<m<k<n-—m.

Then

/ (Fpief) (w) |w'ur/w]| ™72 dyu=c, F (@) [ L= vv'w] @972 d,v,
Vn,k Vn,m

provided that the integral on the right-hand side is absolutely conver-
gent.

3.2. Connection with Radon transforms on Grassmannians.
There is an intimate connection between the higher-rank Funk trans-
form and the well-known Radon transforms for a pair of Grassmann
manifolds by inclusion. The latter were studied by several authors,
who used different methods; see, e.g., [GGRI, GGS70, Gri, [GR], K4,
P67, [Zh1l, [Zh2].

Suppose that f(v) and ¢(u) are right O(m)-invariant and O(k)-
invariant functions on V), ,,, and V,, s, respectively. We define the cor-
responding functions on Grassmannians by setting

*

(3.15) f(&)=f (1) =f(v), €E={v}€Gum, T={v}"E€Gn m,

(3.16) @(Q) =¥ (n) =), (={u}eCGup, n={u}"€GCGpur,
and consider the Radon transforms

(317)  (Rumsf) ()= / FEO) i, (Rumms 9)(E) = / b (n) den
£Cn

n>¢
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(318)  (Runom®)(r)= / SO dC, Rumm)(O) = / J () der.
(CT 72(

Here d,§, den, d.C, der denote the relevant probability measures.

Then 37) and ([B.8)) imply
(3.19) Foie )W) = Rt F) () = (Rimn f)(C):

(3.20) (Fimip) (V) = (B n-m@)(T) = (Rmn—k £)(E).
These equalities hold under the standard assumption
dim G, <dim Gy, or dimG,; < dimG, ,_m,

according to which it is usually assumed 1 < m < k <n —m.

4. COSINE AND SINE TRANSFORMS. COMPOSITION FORMULAS

Lemma suggests to introduce the following integral operators:

(4.1 (Copf)(u) = f () [ouu'v] P2 d,v,

Vn,m

(42) (o)) = / () [0t o| P d
Vn,k

(43)  (Sppf)(u) = F(0) [ L = v'uro| T2 dyw,
Vn,m

@8 En)) = [ el — o] R
Vn,k

ue€ Vo, vEVim, 1<m,k<n-—1.
We call Cj,  f and Sy, f the cosine transform and the sine transform

of f, respectively. Integrals Cy, , and S, . are called the dual cosine
transform and the dual sine transform. The terminology stems from
the fact that, in the case K = m = 1, when u and v are unit vectors,

2 2

[v'un'v| = (u-v)? = cos®w, |I, —vuu'v|=1— (u-v)?

= sin’ w,

where w is the angle between u and v; see also [Al [ABl [GR] [OR06,
ORO054, [Zh2], regarding higher-rank analogues of the cosine transform
in the language of Grassmannians.

Remark 4.1. When dealing with operators ([£1]) and ([£2), we restrict
our consideration to the case m < k, because, if m > k, then |v'uu'v| =
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0 for all v € V,,,,, and all u € V,, ;. Similarly, for (43]) and (4.4]), we
assume m < n — k, because, if m > n — k, then

|1y — V'un'v] = | I, — v'Pryyv| = [v'Pry,yav| = [v'ad'v| = 0
(here @ is an arbitrary (n — k)-frame orthogonal to {u}). The case
k = n, when v'uu'v = I, is also not interesting. Clearly,
(45)  (SppNW)=(Ch )@= [ flv) a2 d,o.

Vn,m

The case k = m, when C, ; and S}, ;. coincide with their duals, are
of particular importance. In this case we denote

(4.6) (M*f)(u) = f() [Yuu'v|@"™2 dv, 1<m<n-—1,
Vn,m

4.7 (Q*f)(u) = F) | Iy —v'wdv| @™ d v, 2m<n,
Va,m

where u € V,,,. As we shall see below, Q serves (after suitable
normalization) as a substitute for the Riesz potential operator in the
framework of the corresponding Radon theory.

The following statement gives precise information about convergence

of integrals (4.1))-(4.1).
Theorem 4.2. Let f€L'(Vym), 9 €L (Vor), 1 <m,k <n-—1.
(1) Integrals ({.1)-(4.4) converge absolutely almost everywhere if and

only if Reaw > m — 1.
(i) If 1 <m < k<n-—1, then

(4.8) / Chwda = o [ f@)do

n,k Vn,m

(49) /V CrapE)de = o | etwda

_ T(n/2)Th(a/2)
L(k/2)Th((a+n—k)/2)
(iii) If 1 <m <n—k, then

(4.10) /V (Sppf)w)dau = co f(v)dyv,

Vn,m

@]

(4.11) / S )W) do = o /V o) du,

T/ Ta(e)2)
0 /2 Tl(o + B2)
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Proof. Equalities (£.8) and (4.9) hold by Fubini’s theorem, owing to
Lemma 2.4] and (8I6]). The proof of (AI0) and (A.I1]) is similar. It

suffices to note that

/ |Im o UIUU,U|(a+k_n)/2 d*u _ / |U/2~L2~L/U|(a+k_n)/2 d*’U

Vn,k Vn,m

for any @ € V,,,,—, so that (8I6) is applicable. The validity of (i)
follows from the proof of (4.8))-[EIT]). O

Functions (Cy, , f)(u) and (S, ;. f)(u) are right O(k)-invariant. Sim-

ilarly, ((*,’ map)(v) and (§ mxp)(v) are right O(m)-invariant. Hence,
transformations (4.1])-(4.4)) actually take functions on the Stiefel mani-
folds to functions on the corresponding Grassmann manifolds. If f and
@ are right-invariant in the suitable sense, our operators actually act
from one Grassmannian to another.

Below we derive a series of formulas connecting cosine, sine, and
Funk transforms. Similar formulas and their applications in the case
m = 1 can be found in [Ru02, Ru08].

Theorem 4.3. Let f € L'(V,,), 1 <m <k <n—m.
If Rea>m—1, then

(4.12) CopFonief =FaCiyif = ea Q"4 f,
o = Lulln—m)/2)I(a/2)
C T Tu(k/2)Tp((a+n—m—k)/2)
If Reaw > k — 1, then
(413> éfnkam’kf :}mvkczb,kf = éa Ma+m_kaf7

- __ Du(m/2)Tu(a/2)
T2 To((a+m — k)/2)

Proof. The equality (*,’g%ka,kf = Cq QTR £ in (LI2) mimics Lemma
The equality C%, Fyxf =FmsC2f holds by duality:

(Em’kcg’kf’ w> - (f7 Efn,ka,kw) = Cq (fu Qa—i—n—k—mw)
= @@ W), we CF (Vo).

Note that by Theorem {2, Q™"+~ f € L1(V,, ), because the condi-
tions k < n —m and Rea>m—1 imply Rea+n—k—m>m—1.
To obtain (.13, we first write (£I12)) with & = m. This gives
Ln((n —m)/2) [ (a/2) Qotn-2m g
Lp(m/2) T ((a+n—2m)/2)

(4.14) MOF, f =
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Then we replace a by a — k + m in (&I4) to get Q*™*=™f on the
right-hand side and compare the result with (4.12). O

Theorem 4.4. Let f € L'(V,,m), Rea > m—1. Ifk < n—m,
u € Vo, then

(4.15) (Finge M f) (1) = Cnpam(@) (Spi =" f) (w),

Lo((n — k)/2) Ti(a/2)
L(m/2) T, ((a+n—k—m)/2)
If2m <n, u € V,, ,, then

(4.16)  (FnM®f)(u)=(M"Fyf)(u)=cpm(@) (Q " f)(u),

Lin((n —m)/2) Um(a/2)
Tu(m/2) Ton((ac + 1 — 2m) /2)°

Proof. By ([B1), denoting f, = f o g, we obtain

Faatn = [ e (|5 ]) e

= /Vn d.w vn,me(U) [C{)}}/U

—k,m
a . . .
Set v = { b } , @€ My_fm, b E My, and write a in polar coordinates

Cn,k,m(a) -

Cn,m(a) =

a—m

d,v.

a=z2s"2% ze Viekm, s=da=1v0q00v, 0= [ ]"O_k } € Vink-
Changing the order of integration, we have
(FrpM®f)(u) = fu(v) d*v/ |w'a|*™™ duw.
Vn,m ank,m

The inner integral equals ¢ |s|(®=™)/2 where

R R O CELT. 1T
v ¥ L(m/2) T, ((e+n—k—m)/2)

n—k,m

see (BI0). Hence,
(FnaM*f)w) = ¢ [ fulv)['oooto] @™ do

Vn,m
= ¢ F () L — v'uadv|@"™/2 g0,
Vn,m
as desired. Equality (4.16) follows from (4.12) and (4.13]). O

The following useful factorizations hold.
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Corollary 4.5. Let f € L'(V,,.).
(i) If 2m <mn, Rea >n —m — 1, then
(4.17) Qf =do M "E, f = do E, MOTPf

L (m/2) U (0/2)
Lo((n—m)/2) Tp((a+2m —n)/2)
(i) If m <k, Rea >k —1, and u € V1, then for any @ € {u}+,
(4.18) (Con ) (1) = do (Frp e MO f) (@),

; L (m/2) Uin(a/2)

C Tw(k/2) Tl +m — k) /2)

Proof. (i) can be obtained from (£.16]) if we replace o by a + 2m —n.
To prove (ii), we re-write (I5) using (@.5). Then we replace k by n—k
and u by u. This gives

(Cot™" )W) = do (FrxM°f)(@), @€ {u}",
i - Lo(m/2) (o + k—m)/2)
o L(k/2) Thn(a/2) '
Now we replace o + k& —m by «, and we are done. O

dy =

Formula (AI8) was obtained by the author several years ago and
reported to S. Alesker, who gave another proof of it; cf. [Al Propo-
sition 1.2]. A similar factorization in the language of Grassmannians
is presented in [Zh2, Lemma 3.4], however, without proof and without
explicit constant.

The following statement extends Theorem 1.3 to o = 0; cf. [Gril
Theorem 2.4], where the close result was obtained in the language of
Grassmannians in the spectral form.

Theorem 4.6. Let 1 <k m<n—1; 2m <n—k. Then
ompn=mm/2 T ((n—Fk)/2)
(n/2)Th((n—k—m)/2)

(419)  FoiFnpf=¢Q "™ &=

Proof. Let g, be an orthogonal transformation which sends vy = 0 }

I
to v € V. We denote f,(w) = f(g,w). By [8.2) and (B.3)),

(P Foi f) (1) = /K (Funief) (gupite) dp

_ iy 0 I,
- fowf s R ])
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where ¢ € O(n) is defined by ([B.I1]) and satisfies ("ug = ty. Hence,

Fosbui)= [ as [ (G el ]) e

Using the bi-Stiefel decomposition ([2.12)) (replace n by n—k, and k by
m), the last expression can be written as

1 fm
/ do / dv(r) / dry
Un—k,m O(n—m) 0 Vm,m

1/2
o 0 / " 1/2
ankrfm,m m 0
1 I

— / dl/(r)/ d”y/ du

Un—k,m 0 m,m ankrfm,m

0 N2

ok (a0 1)

O(n—m) r}/rl/2

Inm,
= 7an_k_m’m/ dy(r)/ dry
On—k,m 0 Vin,m

0L, — )2 D
X /Vnm,m Jo <{ /2 de.

dv(r)=2""r "2 Ly —r|"ETR e 2m <n—F.

Here

Now we change variables r — I,,, — r and use (2.12]) (with & replaced
by n —m) in the opposite direction. We obtain

* Un— —m,m —
(FnpPgf)0) = =22 | fow)wf (I = voup)w| ™2 dw
n—r,m Va,m

On—k,m Vi,m
Owing to (A7) and (2.8)), this is exactly what we need. O

Remark 4.7. The assumption 2m < n—k in Theorem [4.6]is necessary
for absolute convergence of the integral on the right-hand side in (£.19]),
whereas the left hand-side is finite a.e. under the weaker assumption
m < n — k, which is sharp. By Lemma below, the condition
2m < n — k can be eliminated if we interpret (4.I9)) in the &'-sense.
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5. COSINE TRANSFORMS VIA THE FOURIER ANALYSIS

In this section we proceed to develop the theory of the Funk, co-
sine and sine transforms using the Fourier analysis in the ambient ma-
trix space. The consideration essentially relies on the idea of analytic
continuation, when the one-dimensional exponent « is replaced by a
vector-valued complex parameter A € C™.

5.1. The composite cosine transform. Let A = (A\,...,\,) € C"
and let (-)* be the corresponding composite power function associated
with the cone €2; see Section 2.2 We consider the composite cosine
transform

(5.1) (TR 0) (v) = / o(u) (Vur'v)> dyu, v € Vim,
Vn,k

which was studied in [OR06 [OR05a] when & = m. The dual cosine
transform (.2]) is a particular case of (5.I), corresponding to A\;=...=
A= a—k.

Lemma 5.1. Let 1 <m <k<n-—1, ¢ € L'(V,4),
(5.2) £={Ae€C":ReXj>j—k—1 foreach j=1,...,m}.

The integral (T, ¢)(v) converges absolutely for almost all v € Vi
if and only if X € £ and represents an analytic function of A in this
domain. Moreover,

(5.3) /%L,m(Tk):m(p)(v) dv = 11::((7;//22))11:;2(()}:1_:;)) /VM o(u) dyau.

This statement follows immediately from Lemma R4 in Appendix.

5.2. The complementary Radon transform. This is a new trans-
formation that does not occur in [OR05al [OR06] in the case k = m. It
takes a function ¢(u) on V,,x to a function (Axm¢)(v) on V,,,, by the
formula

(5.4) (Apmp)(v) = /QL g?(gv[ 0 }i}}) d.a

—m,k—m

= (Femme([0])(0), 1<m<k<n—1,

where ¢, is an orthogonal transformation that sends vy = ]0 to
m

v € V,m. This can be regarded as a “partial Funk transform” (cf.

[B.7)), where ¢ is integrated over all orthonormal k-frames w in R™,

the last m columns of which are replaced by v, and the first £k — m
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columns are orthogonal to v. If k = m, then Aj,, reduces to the
identity operator.

Lemma 5.2. Let 1 <m <k<n-—1, p € L'(V,1). Then

/nym(Ak,m(p)(U) dv =/V k o(u) dyu.

,

oo ff, L8 £][2])
- Lol

5.3. The basic functional equation. The following lemma from
[OR06] will be needed. We present it with proof in view of its fun-
damental importance. We denote

(5.5) = {AeC™: Re)j>j—n—1 foreach je{l,...,m},
(5.6) Ay = {Ae€C":\j=j—n—1 forsome je{l,...,m}
and some 1€ {1,3,5,...}}.

Lemma 5.3. Let f € L'(V,,,), ¢ € S(M,,.n). The integrals

(5.7) (. 0)= / P F) F@ de, (R f,6)= / 1w

mtn ,m n m

Proof.

U

are absolutely convergent if and only if A € A and extend as meromor-
phic functions of A with the polar set Ay. The normalized integrals

(5 8) (TAf? ¢) (lr’i‘f? ¢)
' FQ(A“‘HO), FQ()\—FII())’
ng = (n,...,n), extend as entire functions of A.

Proof. Consider the first integral. We set o = vt, v € V5., t € T}y,
and make use of Lemma By taking into account that 2’z = ¢'t and

t({t't)~/2 € O(m), owing to (2.16), we obtain

(5.9) (7’>‘f,¢):/ (tits s tnm) HtA Al

R
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where

F(tig, .. tom) = / dt, / fe(vt)dv, dt, =[] dti;.

RmM-1/2  Vim <J

Since F' extends as an even Schwartz function in each argument, it can
be written as F(ty1,...,tmm) = Fo(t],,...,t2,,,), where Fy € S(R™)
(use, e.g., Lemma 5.4 from [Ix, p. 56]). Replacing t7; by s;;, we
represent (5.9) as a direct product of one-dimensional distributions
Aj+n—j—1)/2

(5.10) . 0) = ([T 7Y%, Folswne s Smm)-

j=1
It follows that the the first integral in (5.7) is absolutely convergent
provided ReA; > j —n —1,ie., A € A. The condition A € A is strict.
To see this, we choose f = 1 and ¢(z) = e~"@'®) 50 that

(5.11) (P f,¢) = / () e~ gy — 2 Mg To(A 4 my).
mtn,m

. Ai+n—j5—1)/2 . . .
Furthermore, since (sj,j)sr’ 7=D/2 extends as a meromorphic distri-

bution with the only poles \; =j —n —1,7 —n —3,..., then, by the
fundamental Hartogs theorem [Sha], the function A — (r*f, ¢) extends
meromorphically with the polar set Ag. By the same reason, a direct
product of the normalized distributions

(5;) 02 (0 40—+ 1)/2)

is an entire function of A.

Let us consider the second integral in (5.7). Changing variable
r = yw, where w is a matrix from (ZI9), we obtain r, = (2'z), =
(wy'yw)« = y'y. Hence (set y = ut, u € Vo, 7 € Tpy),

(P f.6) = / (') Flye(wy'yw) ) Slyw) dy

mtn,m
m
o Aj+n—j
= / (b(T1,17 cee 7Tm,m> H T de,j
R =1

where, as above (note that 7w (wr'Tw)~/2 € O(m)),

O(T115 s Tnm) = / dr, / f(u) ¢(utw) du
RmM-1/2  Vam

= @0(71271,... 2 ), dy € S(R™).

» 'mom
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This gives

(Aj+n—j—-1)/2
Af?b HSJJ gy ; Do(S1,15 -+ Smm))s

=1

and the result follows as in the previous case. O

We introduce the following normalized extensions of (A ,¢)(v) and
T> ©)(v) from V,,,, to the ambient matrix space M,
k7m ) )

G12) (Aee) = F )0,
(5.13) Buf)@) = g Dm0,

where ¥ € My, ,,, v =vr'/2 r=2'2€Q, v E V..
The next theorem plays a key role in the whole paper.

Theorem 5.4. Let ¢ be an integrable right O(m)-invariant function
on Vim, @€ SMym), 1 <m <k <n—1. Then for every A € C™,

B B 2nm+|)\\ nm/21"m 2
514) (B FO=e(Rprd), o= et

where both sides are understood in the sense of analytic continuation.

Proof. Tt suffices to show the following.
(a) Equality (5.14]) holds for all A in a certain domain ® C C™, where
both sides of (5.14]) are analytic functions of A;
(b) The right-hand side of (5.14]) extends from ® to all A € C™ as
an entire function.
Let ® = £N £, where
g = {AeC":ReXj>j—k—1 foreach j=1,...,m},

£ = {AeC":ReXj<j—m forech j=1,...,m}

(note that ® is nonempty !). Absolute convergence of the integral

(R )= [ (Ap)a)olo do

for all X € £ and extendability of this expression by analyticity to all
A € C™ follow from Lemma [5.3] owing to Lemma [5.2} just change the
notation in the second integral in (B.7) and make use of the equality
(As)j = Am—j41 (the latter gives Re \; < j —m). Absolute convergence
and analyticity of the left-hand side of (5I4]) for all A € ¢ follow from
Lemma too, thanks to Lemma (note that ¢ C A, cf. (B3)).
Thus, it remains to prove (5.14]) for A € ®.
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Assuming X € £, by (2I8]) we have

(5.15) I = (T,f:mgp,fgb) = / o(u)J(u) dyu,
Vak

J(u) = m / (Hude FH (@) dr,  we Vg

n,m

0 } to u €

Let g, be an orthogonal transformation that sends ug= [ I
k

Vok. We set z = g, [ Z ], a € My_g.m, b € M. Then, by (Z27]),

J() = m / (Hb)>db / (Fo) <gu[g])da

k,m n—k,m
1 -
= —— Vo) (R F ,b) db.
g | 00 RFwD
SD,tk,'m

Owing to (2.36) and Remark (we recall that A € @ 1), the last

expression can be written as

NS /(bb)* (FH Ry Fd)(u, ) (b) db

k,m

2‘A|7r_km/2 AN o
- [ e FERFNw) B
By the Projection-Slice Théorem (see ([2.27)),
(5.16) (F(RiF ) (u, ) (b) = (FF¢)(ub) = (2m)"" $(—ub).

Hence,
2nm+|)\\ﬂ_m(n—k/2)

Co(=As)

JmﬁwA/ww?““wwma -
M.

This calculation enables us to transform (B.15) as follows:

I = ¢ / o(u)d,u / (b'D)7> %0 b (ub) db

Vn,k Dﬁkm

= ey [,
Q
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where
o) = [ an [t an s | evin
S :
— ot [ @1 [ el
O(k)  Vark
= opm | p(u)d(unor/?)d.u
/

Using notation from (3.5]) and (3.6]), we continue

B(r) = Opm / o(guo) Slgugror?) dg
O(n)

0

(note that ugny = vy = [ 7

:| c Vn,m and K(]U(] = U())

= Ukm/ (guo d9/¢ (gp'vor'/?) dp

O(n)
= Ukm/dp/ p(guo) ¢ onrl/z)dg
Ko O(n)
= Okm / o )\vorl/z)d)\/ap()\puo) dp
O(n) Ko
o Jk‘m 1/2 (5 0 0
- [ oelelon][n]) e
O(n—m)
(517) = 22 Gwri2) (Agme) (v) do.
Vnm

Hence (use (2I7) and note that |r| = |r.|),

[ CA\Ok,m /T*_A*m—(mﬂ)ﬂdr/W(Ak,mw)(v)dv

2M0p, m
Q Vn,m

= ¢ / (A2,.0)(x) (@) du

mn,m

as desired.



The following corollaries hold in the case A\; = ... = \,, = a — k.
We denote
(5.18) (Exf)(x) = |7“|A/2f(v), r=uvr'/? e M, -

Corollary 5.5. Let ¢ be an integrable right O(k)-invariant function
onVok, € SMym), 1 <m <k <n-—1. Then for every o € C,

Ea—k é?{n,k(p ¢ —¢ Ek—a—nAk,mQO ¢
Tn(a/2) 777 ) ATk —a)/2) )

B 2m(n+a—k) 71_nm/2 Fm(n/Q)

L L (k/2) ’
where both sides are understood in the sense of analytic continuation.

(5.19)

¢

In particular, if £ = m, the following statement holds for the cosine
transform

(Mf)(w) = [ fo) Wud'v| ™ d,o.

Vn ,m

Corollary 5.6. Let f be an integrable right O(m)-invariant function
on Vim, ® € S(Mym), L<m<n-—1. Then for every o € C,

(5.20) (%,ﬂﬁ) = (y (Fmﬁz’;{‘fg; /2),¢) ;

2m(n+a—m) 7Tnm/2 r,, (n/2)
L (m/2) ’
where both sides are understood in the sense of analytic continuation.

Remark 5.7. For better understanding of (5.19) (and also (5.20)) we
note that the domains, where the left-hand side and the right-hand side
of this equality exist as absolutely convergent integrals, have no points
in common, when m > 1. To implement analytic continuation we had
to switch from oo € C to A € C™.

Cy =

Corollary 5.8. Let ¢ be an integrable right O(k)-invariant function
on Vg, 1 <m <k <n-—1. Then for any w € C®°(V,,.m), the function

Gla) = <m é%,k%w)

extends to all a € C as an entire function.

Proof. Let 1(r) be a nonnegative C*° function with compact support
away from the boundary of the cone Q. Choose F¢ in (5.19) so that
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(Fo)(x) = Y(r)w(), x = vr*/? v € V,,,,. Then for Rea > m — 1, the
left-hand side of (5:19) becomes (. (a)hy (),

hw(a) _ 2—m/ |T|(n+a—m—k—l)/2¢(r) dr.
Q
This gives

1 Ea—k é%,k(p
hy(a) \ Tm(a/2)

(5.21) a.c.((a) = a.c. ,Yw

Owing to uniqueness of analytic continuation and Corollary B.5] the
right-hand side of (5.21]) is well defined and independent of ). O

The following statement holds by duality.

Corollary 5.9. Let f be an infinitely differentiable right O(m)-invariant
function on Vi, 1 < m <k <n—1. Then for any w € C®(V,m),
the function

((a) = (W Conit W)

extends to all o € C as an entire function.

5.3.1. Remarks and conjectures.

1. We believe that Corollary holds for every f € L'(V},,,). This
would follow from our next conjecture.

2. It is natural to expect that for infinitely differentiable f and ¢,
the normalized functions

1 1 :
(522) a— Tola/2) (Corf)(u), a— Tola/2) (Comrp) (V)
extend as entire functions of a pointwise, that is, for every u and v, and,
moreover, these extensions are C'*° functions of v and v, respectively.
We suppose that the proof of this fact can be given by using decompo-
sition in Stiefel /Grassmann harmonics (see, e.g, [Gé, [Str75, [Str86l [TT]
for this theory).

3. Analytic continuation of integrals, like CJ , f, was briefly dis-
cussed in |[GGRI p. 368], where it was suggested to replace such inte-
grals by those over the matrix space M, —m, so that dim M, ,—,, =
m(n —m) = dim G,,,,. However, the corresponding calculations were
skipped in that paper. Our impression is that the actual procedure is
more complicated; see Section [B1] for further discussion.
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5.4. A functional equation for the dual Funk transform. The
next theorem specifies Corollary for @« = 0. According to this

theorem, the dual Funk transform ]j”mk can be regarded as a member

of the analytic family {(*,’fnk} if the latter is suitably normalized.

Theorem 5.10. Let ¢ be an integrable right O(m)-invariant function
on Vom, @€ SMpm), 1 <m<k<n-—1. Then

(523) (E—k Fm,k@a F¢) =c (Ek—nAk,mS0> ¢)>
where Ay, is the operator (5.4)),

- 2m(n—k) 7Tnm/2 Fm((n _ ]{3)/2)

Lo (k/2)

Proof. Passing to polar coordinates, we obtain

(B, Frops F) = 2 "0 m / (P x0) (v) h(v) o,

Vn,m

h(v) = / &) riF2) [r| k=m0 gy,

Q
Hence, by duality (B.10),

(5.24) (B Frnps F6) = 2" / () (Fy ) () d,

where, by (B.7),

Fuabl) = / ' (s 5]) e
- / ks / Fo (w] 5 ) e
- = [ =) (gu[g])dy
S
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The last expression can be regarded as analytic continuation of the
Riesz distribution (2.28)), so that
2m
(Emih)(u) = a.c,

On—k,m

/ (RiFo)(u, 2) |2|%7F dz.

Mi.m

Yk, m(a>

Now (233)) yields

2m—km —km
(Fnih)(u) =

™

/ FIReF o), () Iyl dy

Mi.m

On—k,m

Hence, by (5.16),
2m(1—k+n)ﬂ.m(n—k)
(Finich)(w) = | Fway

On—k,m
9th:,m

Using (5.24) and passing to polar coordinates, we obtain

(27T)nm—km T

(E—k Fuip, F§) = ’ / w)d,u / Suy)d

On—k,m

nm km

2m0-n k,m

where, by (5.17),
Ok,m
)=

Ak m®)(v) dv.

Vn m
Setting x = vr'/?, we arrive at (5.23), as desired. O
Corollary 5.11. Let ¢ be an integrable right O(k)-invariant function
on Vok, € SMym), 1 <m < k<n-—1. Then

Eo C?n’]&P é
Lin(e/2) 77 7

© Tuln = R)/2Tw(k/2)
’ Lin(n/2) ’
Proof. The statement follows immediately from (5.23)) and (519). O

(635) (B Fosgrd) =doac

In the case kK = m we have the following
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Corollary 5.12. Let f be an integrable right O(m)-invariant function
on Vim, @€ SMym), 1 <m <n—1. Then

(526) (E—mFm.fa F¢) = 60 (Em—n.fa ¢)a
_ 2m(n—m) 7Tnm/2 Fm((n . m)/z)
“©= T, (m/2) '

5.5. Analytic properties of the sine transform. Corollary [4.5]
combined with analytic properties of the cosine transform, enables us
to study analytic continuation of the sine transform

(Q¥f)(u) = f() [Ln—vu/v| T2 4 v, w e Vi
Vn,m

Lemma 5.13. Let f be an integrable right O(m)-invariant function
on Vipm; 2m <n, w € C®(V,m). Then (Q“f,w) extends as a mero-
morphic function of a with the polar set {m — 1,m — 2,...} by the
formula

(5.27) (Q%f,w) = do (M2 "F,, fw),
L (m/2) Tn(a/2)
T((n —m)/2) Ton((a +2m — n)/2)’

The normalized function

dy =

(5.28) n(a) = m (Q°f,w)

extends as an entire function of o.

Proof. By (I1), for Re o > n—m—1 we have Q*f = d, M*™>™""F, f.

Hence,
we o c(MerImInE f o)  To(m/2) T(a/2)
(@, w) = To(lat2m—n)/2) " Tolln—m)/2)

Applying Corollary 5.8 with ¢ = F,,,f and k = m, we get the result. [

Remark 5.14. We conjecture that n(«) is an entire function even if f
is not right O(m)-invariant, as in the case m = 1; cf. [Ru02l, p. 474].

6. NORMALIZED COSINE AND SINE TRANSFORMS

For the following it is convenient to suitably normalize cosine and
sine transforms. The normalized transforms will be denoted by the
corresponding calligraphic letters. Assuming 1 < m < k <n —1, we
set
A.ForueV,, veV,
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(61) (€% ) = i) [ F) oo d o,
Va,m

62)  (@5)0) = bumala) [ ol luo] P da,
Vik

(63)  (Lmif) W) = dugmpl@) [ f(0) L — v'wd'o| 2 oo,

Vn ,m

*

64) (F5u)0) = dumale) | plw) | = s
Vn,k:

() = D/ Tk = /2
) ST @R T T
i oy = D) Tl — k= )2
T ) T e
B. For ueV, ,,,, veV, n:

a+m—k#1,2,...;

at+k+m—-nmn#1,2,...;

(6.5) (A f)(u) = Onm(c) f () [Wo|*™™ dy,

Vn,m

(6.6) (2°f)(u)=dpm(a) [ f@)|Lpv"uuv]CTm/2d0  2m <n;
Vium
5o () = Lnlin/2) Ta(lim = )/2)
’ Lm(n/2)  In(e/2)
m/2) Ln((n —m —a)/2)
Lin(n/2) T(a/2) ’
cf. Remark Il By Theorem 2] all these integrals are absolutely

convergent if Rea > m — 1. Excluded values of a belong to the polar
set of the corresponding gamma function in the numerator; cf. (2.0).

a#1,2,...;

Ly
dpm(a) = ( a+2m—n#1,2,...;

Theorem 6.1. (i) Let ¢ be an integrable right O(k)-invariant function
on Vo, w € C®(Voym), L <m <k <n—1. Then

(6.7) a.c (%%,k%w)zﬂk (;’m,kw,w), uk:%.

In particular, for any integrable right O(m)-invariant function f on
Vam, 2m <n, we have

68) o (A w)=pim (Fnfow), ”m:rm%%)/%'
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Proof. Equality (6.7)) follows from (5.19), (5.23), and (6.2); (6.8) is a
consequence of ([6.7]). O

The following statement holds by duality.

Corollary 6.2. Let f be an infinitely differentiable right O(m)-invariant
function on Vi, m, 1 <m <k <n—1. Then for any w € C*(Vym),

(69) gzco (Cg%,hﬁ (.U) =Mk (Fm,k.fa CU).

Theorem and Corollary show that the Funk transform F,,
and its dual can be regarded (up to a constant multiple) as members
of the corresponding analytic families of normalized cosine transforms.

If m = 1, then (6.1)-(69) agree with [Ru08, Lemma 3.1].

Lemma 6.3. Let f be an integrable right O(m)-invariant function on
Vn,m; 1 Smgk‘gn—m,

Rea >m —1, aFk—-—m+1Lk—m-+2....

Then
y e Lp((n —m)/2)
6.10) G Funf = 20T = :
Proof. Write (A12)) in terms of normalized operators and you are done.
O

The next theorem contains inversion formulas for the Funk trans-
form F), and the cosine transform .Z“ in terms of distributions. The
corresponding results for m = 1 are due to Semyanistyi [Se63)].

Theorem 6.4. Let f be an integrable right O(m)-invariant function
onVom, 2m<n. If Rea>m—1, a#m,m+1,m+2,..., then

(6.11) ac. (MM f,0) = (f w), w e C®(Vum)-

B=2m—a—n

Moreover (cf. (6.8)),

612)  gc  (A°Fnfw)=sm(fw), = Fmrgl(;ﬁz))/ :
Proof. We write (5.20) in the form

Eﬁ_mMﬁg . Em—ﬁ—ng
(6.13) (T(ﬁ/z) ,f¢) 5 (Fm((m_ﬁ)/z),gb),

2m(n+ﬁ—m) 7.{.nm/2 Fm(n/2)
L (m/2) ’

Cy =
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and set ¢ = M®f. By Theorem [4.2] ¢ is integrable and right O(m)-
invariant on V;, ,,. Then we compute analytic continuation at the point
[ =2m — a — n and obtain

Em—a—anm_a_nMaf . Ea_mMaf
o1 (G )= ()
2m(m—a) 7.{.nm/2 Fm(n/Q)
[ (m/2)
By (5.20) the right-hand side of (6.14)) can be written as
& n(r/2) EoomMof |\ Boonf
e (T ) = (o 7).

where

o @0 (0/2) T (@/2)

P T2, (m/2) To((a+n—m)/2)
To finalize calculations, we set (F~'¢)(z) = (2m) ™" (F¢)(—z) and
invoke normalizing factors according to (6.5]). This yields

(615) (Em—a—n'%zm_a_n%af> f¢) = (Em—a—n.fa F¢)a

where both sides are understood as analytic continuations from the
respective domains. As in the proof of Corollary (.8, we choose F¢ in
([618) so that (Fo)(x) = ¥(r)w(v), » = vr'/? v € V,, . We recall that
w € C®(V,m) and ¥(r) is a nonnegative C*° function on the cone (2
with compact support away from the boundary 9€2. Then the left-hand

side of (6.15]) becomes
a.c. (Eg_m%ﬁ%af, Yw) = hy, (a)ﬁ_za.c. (%ﬁ%af, w),

B=2m—a—n m—a—n

Cy =

hyla) =27 / P[0 dr,

and the right-hand side equals hy(a) (f,w). Owing to uniqueness of
analytic continuation, this gives the result.

Let us prove (6.12). We set g = F,,, f in (6.I3]). Clearly, g is integrable
and right O(m)-invariant; cf. Corollary B3l Then we compute analytic
continuation at the point 5 = 2m — n and make use of Corollary .12l
This gives

(Eﬁ—mMﬁFm.f
ﬁ:jm.—n Fm(ﬁ/Q)
} o /2 (1, /2)

T2 T(n—m)j2) T T2 (m2)

7-F¢) = (g (E—mmev (b) = Coo (Em—nfa f¢)7
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Hence, after normalization,

56 (Bl Fo FO) = (B FO). ot = 2T,

As above, this implies (6.12). O
The following important statement shows that the identity opera-

tor is a member of the analytic family {2} of the normalized sine
transforms, corresponding to o = 0.

Theorem 6.5. Let f be an integrable right O(m)-invariant function
on Vopm: 2m <n, w € C®(V,m). Then (2°f,w) extends as a mero-
morphic function of o with the polar set {n —2m+1,n—2m+2,...}.
Moreover,

(6.16) ac (2°F,.0) = (f,).
Proof. The statement follows from (5.27) and (6.12) if we use normal-
ization (6.6]) and (6.5):

M°F, f

(@) = e (fre)

[(m/2) e 5 e
Fm((n—m)/2)ﬁ:2}n;n(‘/// Fof,w) = (f,w).

O

Equalities (6.10) and (G.16]) imply the following inversion result for
the Funk transform F,,, j.

Theorem 6.6. Let f be an integrable right O(m)-invariant function
on Vim, w€ C®°(Vy), 1 <m <k <n-—m. Then

(617)  ac. (€0 Funfw)=s(f.w), %kzrmé(:&z))/z)

a=m+k—n
It would be natural to find an inversion formula for the cosine trans-
form €7, ,, k > m, similar to (E11). Regretfully it is not available,
however, the following lemma enables us to reduce inversion of €7 ,
to the already known procedure for F,; cf. (G.12]).

Lemma 6.7. Let f be an integrable right O(m)-invariant function on
Vi, w € C®°(Vom), 1 <m <k <n-—m,

Rea>k—1, aFkk+1,k+2,....
Then

(6.18) ac. (S0 E0 fw) = p (P, w),

_ Tu(m/2)
M T, (k) /2)
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Proof. By ([£13) and (6.3)),

MTFEf =c f?m,kcgm,kfa ¢ = Onm(a+m—Fk)/Ca.
Hence, by (6.11)),

(Fnf,w) = ac. (AP ];m,kaf%kf,w)

B=m—n+k—«
= eSO B) (Fs M) G ),
and (A.I7]) yields
(Fnfiw) = ac.  coum(B)cnm(B) (S5 komen | £ w).

Now we replace operators on the right-hand side by their normaliza-
tions (6.4) and (6.I). A simple calculation completes the proof. O

The following “pointwise” conjecture looks natural.

Conjecture 6.8. Let f(v) be an infinitely differentiable O(m)-invariant
function on V,, .

(a) For every v € Vi, (Af)(v) extends as a meromorphic function
of ac with the polar set N = {1,2,3,...}.

(b) For every complex o ¢ N, (#*f)(v) is an infinitely differentiable
O(m)-invariant function on Vi, ., .

(¢) Ifa ¢ NUN, N={2m—-n—12m—n—2,...}, then

(6.19) (™"l f)(v) = f(v)

for every v € V,, .
(d) The Funk transform

620 EpE=[ e uela

can be inverted by the formula
(6.21) (M*"Fn £)(0) = 220 f(0),
which holds for every v € V,, p,.

In the case m = 1 these statements are known and can be obtained
using decomposition in spherical harmonics; see, e.g., [Ru98, [Ru0g].
We expect that Conjecture can be proved using harmonic analysis
developed in [Gel [TT] together with results from [Su].
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7. THE METHOD OF RIESZ POTENTIALS

We already know that the Funk transform can be formally inverted

as Bl = 51 ac. M°F,f. There are many ways to realize this

M a=2m—n

analytic continuation. One of them amounts to Blaschke, Radon, Fu-
glede, and Helgason [Rad, [Fug, [Hell0] and consists of two steps: (a)
We apply a certain back-projection operator and reduce the problem to
inversion of the corresponding potential; (b) We invert that potential
operator. In the case of the Funk transform on the sphere, the potential
operator is realized as the sine transform, explicit inversion of which is
pretty sophisticated; see, e.g., [HellO, [Ru02]. In the higher-rank case
the situation is much more complicated; cf. [Gri, Theorem 3.4], [Ka,
Theorem 10.4]. Semyanistyi [Se63|] suggested to express the spherical
sine transform through the spatial Riesz potential. In this section we
generalize his idea for the higher-rank case.

There is a substantial difference between the cases, when n — k —m
is an even number and an odd number. This phenomenon, which is
well-known in the case m = 1, is related to the so-called local and
non-local inversion formulas.

7.1. Local inversion formulas for the Funk transform. It is in-
structive to start with the particular case & = m, when evenness of
n — k — m is equivalent to the evenness of n.

Theorem 7.1. Let f be a right O(m)-invariant function in L*(V,,m),
2m <n. Ifn is even and

(1) (/2 gmCnn) T2 (1 /2)
[2.((n—m)/2) |

then the Funk transform o = F,,f can be inverted by the formula
(7.1) Epnf=cn AV ™ E_ F,o (in the S’-sense).

If the right-hand side of (7.1) is locally integrable in the neighborhood
of the Stiefel manifold V,, ., then (71)) holds pointwise a.e. on V,, ,,.

Proof. By (5.26) for ¢ € S(M,, ,,,) we have

(_1>m£(A£ E—mFm¢7 (ﬁ) :50 (Em—n<P7 ‘SL’|727€ )ZEO (Em—n+2Zme7 (b)

We can choose 20 = n — 2m to get ¢y (E_,,Finf,¢). By (65.26) this
coincides with é2 (2m) ™" (Ep_nf, @), and the result follows. O

Cm —

The next statement is more general.
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Theorem 7.2. Let f be a right O(m)-invariant function in L*(V,,..),
1<m<k<n—m. Ifn—k—m is an even number and
(—1)™ 47 Ty (m/2) T (k/2)

ek = T m)2) T((n — Ry2)” L R/

then the Funk transform ¢ = F,, 1 f can be inverted by the formula

(7.2) Evnf = Cmu A'E_, }?m,kgp (in the S’-sense).

If the right-hand side of (7.2) is locally integrable in the neighborhood
of Vim, then (73) holds pointwise a.e. on Vi, p,.

Proof. By (5.25)) and (£.13),

Bo i Ch 1

_1\meAL]
L(a/2) (=AY

(—1)™(A" By, Frnpp, &) = do a.c.

_ Eo M F, f ml AL
=dag <Fm((a T myy YA ¢> ’

Lin((n —k)/2) Ui (m/2)
L (n/2) ’

Owing to (B.20)), for 2¢ = n — k — m, this expression can be written as

dy 0.¢. (Eyn—aFnf, |2[70) = da (E_mFnf, 6),

d1:

dy = 2=k /2 (n — k) /2) /T (K /2).
Finally, by (5.26),

) . . &d
(—1)™ (A  E_y Foogp, &) = éody (Epnf, @) = —2

(2m)mm

(Bopnf, ®).

This gives the result. U

7.2. Sine transforms and non-local inversion formulas. Theo-
rems [[.1] and show that when n — k — m is odd, we have to deal
with fractional powers of the operator A. The latter are realized by
the Riesz potential I%; see Section 2.4l For the following we need some
more preparation.
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7.2.1. The Semyanistyi-Lizorkin-Samko spaces @y . From the Fourier
transform formula (2.33]) it is evident that the Schwartz class S is
not well-adapted for Riesz potentials, because S is not invariant under
multiplication by |y|.*. To get around this difficulty, we choose another
space of test functions. Let U = W(mM, ,,) be the collection of all
functions ¥ (y) € S(M,,,,) vanishing on the manifold

(7.3) V={y € Mym : rank(y) < m}={y € My, : |y'y|=0}

with all derivatives. The manifold V' is a cone in R™ with vertex
0. Let & = ®&(M,,,,) be the Fourier image of W. Since the Fourier
transform is an automorphism of S, then @ is a closed linear subspace
of §, which is isomorphic to V.

The spaces ® and U were introduced by V.I. Semyanistyi [Se] in the
case m = 1. They have proved to be very useful in integral geometry
and real analysis. Further generalizations and applications are mainly
due to Lizorkin and Samko; see [Li, [Ru96), [Sall, SKM] on this subject.

The following characterization of the space ® is a consequence of a
more general result by Samko [Sal].

Theorem 7.3. The Schwartz function ¢(x) on M, belongs to the
space ® if and only if it is orthogonal to all polynomials p(x) on any
hyperplane T in R™ having the form T = {x : tr(d'z) = ¢}, a € V:

(7.4) / p(2)é(@)dpu(z) = 0,

T

du(z) being the induced Lebesque measure on T.

When m = 1, the space ® consists of Schwartz functions which are
orthogonal to all polynomials on R".

We denote by @' the space of all semilinear continuous functionals
on ®. Two S'-distributions that coincide in the ®’-sense, differ from
each other by an arbitrary S’-distribution with the Fourier transform
supported by V. Since for any complex «, multiplication by |y| ¢ is
an automorphism of ¥, then, according to the general theory [GSh2],
1% is an automorphism of ®, and we have

(7.5) Flly) = " Flolly), o€
This gives
(7.6) FIfy) =yl FLf ()

for any ®'-distribution f. For k even, the Riesz potential I*f can be
inverted by repeated application of the Cayley-Laplace operator A in
the sense of ®'-distributions.
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7.2.2. Inversion of the sine transform.

Lemma 7.4. Let f be an integrable right O(m)-invariant function on
Vam, 2m < n. Then for any a € C,

(7.7) a.c. BEgrmn2°f =2"a.c. I“Ep, o f
in the ®'-sense.
Proof. Let ¢ € ®, ¢ = ¢ € W. We first suppose that
(7.8) Rea>n—m—1; aFtn—m,n—m+1l,n—m+2,....
Then, owing to (6.6]), (£.I7), and (5.20),
(Botm—n2"f.0) = dom(e) do(Bogm—n M " F f,9)
latmm gnm/2 (1 /2)

(7.9) = (= m)/2) (E_mEnf, 2] ).

Since |z| 20 () = (27) """ 2d(—w) = (27) """ (1°)" (), then (5.20)
yields

(Ea+m—n°@afa ¢) = 29" (Em—nfv [a¢) =29 (IaEm—nfa ¢)

An expression in (79) is an entire function of . Hence, the result
follows by analytic continuation. 0

Lemma [7.4] enables us to reconstruct f from Q°f in the ®'-sense.

Corollary 7.5. Let g = Q%f, where f is an integrable right O(m)-
invariant function on V, n, 2m <n,

Rea >m — 1, a#n—2m+1,n—2m+2,....

We set a = 20—y, where € is a positive integer. The following inversion
formula holds in the ®'-sense:

(7.10) Epnf =27 (=) A'T"E iy nQ° f,
where A is the Cayley-Laplace operator (2.33).

Remark 7.6. An analogue of (7)) for m = 1 is contained in Lemma
3.1 from [Ru02] and invokes spherical convolutions with hypergeometric
kernel. It is an interesting open problem to extend that Lemma to the
higher-rank case.
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7.2.3. Non-local inversion of cosine and Funk transforms.

Theorem 7.7. Let f be an integrable right O(m)-invariant function
on Vom, 1 <m <k <n-—m, and let { be a positive integer.
(i) If g =€l

Rea>m —1, a+m—k#1,2,...,
and oo +n—k —m = 20—y, then the following inversion formula holds
in the ®'-sense:

(7.11) Epnf = AT Ey g Fpi 6001,
2m(k+m—n—a) (_1)m£ Fm(l{?/2)

Li((n—m)/2)
(ii) If o = Fopif and n— k —m = 20 — 1, then, similarly,

CcC =

(7.12) Epnf = . AT'E_y, Fo s Fruif,
. gmlktm=—n)(_ YD (k/2) T,n(m/2)
" Lin((n—=m)/2) T((n — k)/2)
Proof. (i) By (412]), after normalization, we obtain
Co Onm e (¥)
dpm(a+n—k—m)

Then we apply Corollary with a replaced by a +n — k —m. This
gives the result.

(i) By (5.19) and (5.23)), for any h € S(M,,,) we have

*
« ~ a+n—k—m ~
Fm,kcgm,kf = Cq 2 f> Co =

*

Ea—k C?mkgp *
(7.13) 5\ T/ h] =X (E_y Frgp, h),
N = I (n/2)

~ Du(k/2)Tol(n = ) /2)
Owing to (AI2)), the left-hand side of ({.I3]) can be written as

a.c % (BaerQ T4 ).

Now we replace h by the Riesz potential I'72¢¢ = (—1)™*A*I'¢, where
€D 20 —1=n—k—m, and apply (7). This gives
)\1 (_l)mé (AZ]lE—k Fm,k§0> ¢) = )\2 gzco ([aEm—nf> ¢) = )\2 (Em—nf> ¢)>

N — 2mn=m=k) (n/2) T ((n —m)/2)
2 [2,(k/2) T (m/2) ’
and the result follows. O
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8. APPENDIX

8.1. On the paper by Gelfand, Graev, and Rosu. Sections 2
and 3 of [GGR] deal with analytic continuation of a certain auxiliary
operator R); see, e.g., formula (3.5) in [GGR]. Ignoring the normalizing
factor, and changing notation p = m, A\ = o +n — m, one can write it
as a cosine transform

(8.1) (Mf)(u) = f() |u'v]* ™ d,o, u € Viym,
Vn,m

where 2m < n, Rea > m — 1, and f is a right O(m)-invariant func-
tion. It was stated on p. 368, that elementary computation (which is
skipped) leads to the formula of R} in coordinates; see formula (3.6)
in the same paper. Below we perform computation and arrive at a dif-
ferent expression, which does not fall (at least, directly) into the scope
of references [P67, [Rail, as stated in [GGRI Proposition 1, p. 368]E

Let ﬁtn_m,m be the subset of M,,_, m, Which consists of matrices of
rank m. Every matrix y € 9M,_,,,, is uniquely represented in polar
coordinates as y = ws'/2, W € Vi, _pm, s € Q. We set

(8.2) v= ”(((5";1?)__1531/2 } = { o } .
Since
v = ((In+5) L)Y 2w((Ly + ) Ls) Y2 + (1, + 5) 7!
= (Ip+38) s+ In+s8) ' =1,
then v € V,,,,,. Thus (82]) defines a map p : Dﬁn_m’m — Vim. Con-

versely, given v € V,, ,,,, the corresponding matrix y = wsl/? e 952n_m7m
can be reconstructed from obvious relations

(8.3) (I + 8)~F = v'veup, = [ IO } € Vam,

(.U(([m + 5)_13)1/2 = 'ZJ(,)'U, Ug = |i In6m :| € Vn,n—m-

Lemma 8.1. Let 2m < n. If f is an integrable right O(m)-invariant
function on Vy,m, f(y) = (f o p)(y), then

(8.4) F0) dv = oy /

Vn,m 9:nn—m,m

f)
10, /2 Y.
L+ y'y™

2The reasoning from [P67] is reproduced in Lemma [5.3 for the more general
situation.
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If F is an integrable function on M, _pm, F'(v) = (F o pu=')(v), then

(8.5) /m Paydy— —— [ E0g,

Omm JVim |[ugv|™

Proof. We denote by I the left-hand side of (84). By (2I2) with
k=mn—m,

o J e f ([ ]) o

nmm m7n

dv(r) = 2_m\r|(”_2m_1)/2|l — r|_1/2 dr.
Changing variable r = I, , We get

e v | o (]

7L m,m

di(s) = 27™|s|(n=2m=D2 L 4 5|72 ds.

Since f is right O(m)-invariant, then integration over V,,,, = O(m)
can be suppressed and Lemma 2] yields (8.4]). The second equality is
a consequence of the first one, owing to (8.3]). O

Now we return back to (81). In the statement below vy, f, f, F', and
F have the same meaning as in LemmaR.I} u,v € V,, ,; ©,y € My m;
u = p(x). We set

| I + 2'x|(m=)/2 . |[vfu| ™

Ka(x>y) = |Im + y/y|(n+a—m)/2’ Ka(u>v) =

ofora

Lemma 8.2. The following relations hold provided that integrals in
either side are absolutely convergent:

1, |a—m Om,m r a—m ¢
86 [ el do=222 [ f) ey Raey) dy,

Vn ,m

n—m,m

(8.7) / F(y) | Lty dy=""" [ £(0) [u'v|*™ K a(u, v) dyv
Um m

n—m,m

Proof. As above, we set x = 0r'/? y = ws'/? where §,w € V,,_,,,,, and

r,s € . Then we define v € V,, ,,, by (8.2) and, similarly,
—1,.\1/2
(8.8) = {9((1’””) ") } — [“1 } .

(L + 7“)_1/2 Us
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Keeping in mind that
(I +7) = (I + 1), (I + 7)) Y2 = (I, + 7)Y 12,

we easily have

|u'v| = |ujvy + ugve| = |1, + r\_l/Q\Im + rl/zﬁ'wsl/QHIm + s|_1/2.
Hence, by (83),
]m / !
|U,'U| _ ‘ +SL’y‘ |[m —l—at'y| _ |U fU‘

L + /%[ V2 Ly + gy [V |wgul [ugu]

It remains to plug these expressions in the corresponding integrals and
apply Lemma [R.1I O

Remark 8.3. An important factor K, (z,y) in (&8), that depends
on « and affects the behavior at infinity, is skipped in [GGR] formula
(3.6)]. Moreover, Lemma[8Tlreveals that, in general, f(y) is not rapidly
decreasing. It follows that the reasoning from [P67, Rail], related to
analytic continuation of the distribution |x|*/T',((A 4 p)/2) cannot be
directly applied to ([8.6). To understand the essence of the matter,
the reader is encouraged to perform analytic continuation in detail for
m = 1. Note also that, the integral operator on the right-hand side of
(B0 is not O(n)-invariant, unlike the left-hand side of (8.6]).

In the preceding work [GGS70], the result was deduced from [GGS67],
using transition to the Radon transform on the space of matrices. This
transition requires careful inspection because it does not lead to rapidly
decreasing functions, which are assumed in [GGS67].

8.2. A useful integral.

Lemma 8.4. Let A = (A1,..., ) € C", w e Vi, v € Vo,
1<m<k<n. Then

1N _ 1o\ _FM(m/Q)FQ()‘+k0)
(8.9) /(vuuv) dyov = /(vuuv) du = T, (h/2) ToA T o)

Vn,m Vn,k:

This integral converges absolutely if and only if Re\; > j —k — 1 for
each 7 =1,2,...,m.

Proof. The first equality follows from Lemma 2.4l Both integrals are,
in fact, constants. Thus, it suffices to evaluate

(8.10) I = / (v'uoufv)™ d,v, Uy = [ Ig } € V.

Vn,m
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Consider an auxiliary integral
(8.11) A= / (z'uguhz) e~ da.
mtn,m

We compute it in two different ways. Let first

a
xr = |: b :| , a € My m, be Myt m-

upT = T = we hav
Then ujr = a, 2’ a'a + b'b, and we have

(8.12) A=A Ay, AlZ/(a’a)Ae_tr(“/“)da, Ay= / e~ gp,
mkvm mnfk,m

Passing to polar coordinates, owing to (2.2I]) and (2.23)), we obtain

(8.13) Al = 2_mak7m/r)‘+k°e_tr(r)d*r = 27"k m La(X + ko),
Q

provided ReA; > j —k —1, Vj = 1,2,...,m. The last condition is
sharp. It gives the “only if” part of the lemma. For A, we have

0o m(n—k)
Ay = / e ds = qgm(n=k)/2
Thus
an/2 FQ()\ + ko)
14 A= A > —k—1.

On the other hand, by setting x = vt, v € V,, ,, t € T},,, owing to
Lemma 2.2] we obtain

A:/e_tr(tlt) du(t) /(t'v'uougvt)Adv,

Tm Vn,m

du(t) = [ [ #57 dt;jdt.,  dt. =] ] dti.
j=1

i<j
By (2I8), one can write
(8.15) A=BI,
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where [ is our integral (8.10) and
B = O'mm/(t/t) —tr(t't) d,u()

Tm

= Unm H/ )\—HLJ ]]dt]]XH/ ”dtZ]
= 10 1<J —00

— 9—m 7Tm(m—l)/4 Un,mHF()\j +n2—] + 1)

j=1
= 27" 0pm Ca(A+ny), ReXj>j—n—1.
Combining this with (814) and (8.IH), we obtain
A1Ay Tp(m/2) Ca(X + ko)
B Lon(k/2) To(A+ng)

I =

In the case A\ = ... = \,, = A we have the following.

Corollary 8.5. Let 1 <m <k<n, ReA>m—k—1. Then

ROV A2 gy — Lm(1/2) T (A+K) /2)
(8.16) /|vuuv\ / dv—/\vuuv|/ du= T (52 T (V) [2)

Vnym Vn,k
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