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THE FIRST BOUNDARY VALUE PROBLEM FOR
ABREU’S EQUATION

BIN ZHOU

ABSTRACT. In this paper we prove the existence and regularity of solutions to the
first boundary value problem for Abreu’s equation, which is a fourth order nonlinear
partial differential equation closely related to the Monge-Ampere equation. The
first boundary value problem can be formulated as a variational problem for the
energy functional. The existence and uniqueness of maximizers can be obtained by
the concavity of the functional. The main ingredients of the paper are the a priori
estimates and an approximation result, which enable us to prove that the maximizer
is smooth in dimension 2.

1. INTRODUCTION

Abreu’s equation was first introduced by M. Abreu [AD] in the study of existence
of extremal metrics on toric Kahler manifolds. It is a fourth order equation given by

n 02 ij

(11) Z &Eﬁxj

t,j=1

where u is a convex function in a bounded domain  in R", f € L>(Q), and (u¥) is the
inverse matrix of the Hessian (u;;). This equation was later studied by S. Donaldon.
In a series of papers D3l [D4], Donaldon established various a priori estimates
for Abreu’s equation and proved the existence of constant scalar curvature metrics
on toric Kahler surfaces under the assumption of K-stability.

Abreu’s equation can also be written as
(12) Uijwij = f,
where (U%) is the cofactor matrix of (u;;) and

(1.3) w = [det D*u]™*
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The energy functional of Abreu’s equation is given by

) = Ap(u) —

(1.4) Jo(u) = Ao(u) /qud:c,

where

(1.5) Ao(u):/logdetDzud:c.
Q

We formulate a variational problem for Abreu’s equation. Let
(1.6) S[p, Q] = {u € C*(Q) NC°Q) | uis convex ulan = p(z), Du(Q) C Dp(Q)},

where ¢ a smooth, uniformly convex function defined in a neighborhood of €. The
problem is to find a function w in S{p, 2] such that

(1.7) Jo(u) = sup{Jo(v) | v € Slp, Q}.
The main result in this paper is as follows.

Theorem 1.1. Suppose the domain 2 is bounded and smooth. Assume f € C*(2)N
L>(Q). If n = 2, there exists a unique, smooth, locally uniformly convex maximizer
u of the variational problem (1.7).

The variational problem (1.7) corresponds to the first boundary value problem for
equation (1.1),

(1.8) u = ¢ on df,
(1.9) Du = Dy on 09.

Indeed, if we have a classical, locally uniformly convex solution u € C*(Q2) N C*(Q)
to (1.1), (1.8) and (1.9), u will also solve (1.7) uniquely. The uniqueness follows from
the concavity of the functional Ajg.

A motivation for our investigation of the above problem is that the study of
boundary value problems for elliptic equations has been a focus of attention since
1950s. The Dirichlet problem for Monge-Ampere type equations, which is somehow
related to our boundary condition (1.8) above, has been studied by many people,

see [CNS| [GS1], S [U1]. The second boundary problem for the Monge-

Ampere equation, which is related to our boundary condition (1.9) above, has also

been studied in [Caf2l [Dell, [U2].

Another motivation to study the above problem is due to the increasing interest in
nonlinear fourth order partial differential equations. In recent years, nonlinear fourth

order equations, such as the affine mean curvature equation and Willmore surface
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equation, have attracted considerable attention. Abreu’s equation is similar to the
affine mean curvature equation, which is given by

(1.10) Ulw;j = f,
where

1
1.11 = [det D*u]~ (=9 9= .
(1.11) w = [det Du] , ——

When f = 0, (1.10) is called the affine maximal surfaces equation. The energy
functional of affine mean curvature equation is

(1.12) Jo(u) = Ag(u) — /Q fudz,
where
(1.13) Ag(u) = / [det D*u]’ dx

is called affine area functional [Cal, [LR]. In [TW2, TW5], N. Trudinger and X.-

J. Wang studied the first boundary value problem for the affine maximail surface
equation, and the more general affine Plateau problem, which can also be reduced to
a similar variational problem. In [TW2], Trudinger and Wang proved the existence
and uniqueness of smooth maximizers of Jy in S|y, (2] in dimension 2. Theorem 1.1
above is an analogue to their result. Very recently, they also obtained the regularity
of maximizers to the affine Plateau problem in high dimensions [TW35].

Our proof of Theorem 1.1 is inspired by Trudinger and Wang’s variational approach
and their regularity argument in solving the affine Plateau problem. But due to
the singularity of the function logd near d = 0, the approximation argument in
[TW2], [TW5] does not apply directly to our problem. To avoid this difficulty we
introduce in Section 2 a sequence of modified functionals J, to approximate .Jy, such
that the integrand in J; is Holder continuous at d = 0. We prove the existence and
uniqueness of a maximizer of the functional J;, (Theorem 2.6) in the set S[p, )], the
closure of S[y, 2] under uniform convergence.

The regularity of the maximizer is our main concern. In Section 3 we establish a
uniform (in k) a priori estimates for the corresponding Euler equation of the functional
Jr. Unlike the affine maximal surface equation, Abreu’s equation is not invariant
under linear transformation of coordinates R"*!. When we rotate the coordinates
in R""! we get a more complicated 4th order pde (§4). In Section 4, we establish
the uniform (in k) a priori estimates for the equations obtained after rotation of

coordinates in R™*+1.
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As the maximizer may not be smooth, to apply the a priori estimates we need to
prove that the maximizer can be approximated by smooth solutions. We cannot prove
the approximation for the functional Jy directly as log d is singular near d = 0. But for
maximizers of Ji, the approximation can be proved similarly as for the affine Plateau
problem [TW2, [TW5]. The approximation solutions are constructed by considering
the second boundary value problem, namely the Euler equation of Ji (see (2.6)) subject
to

(1.14) u = ¢ on 0%,
(1.15) w = 1 on 0.

We can prove the existence of locally smooth solutions to the boundary value prob-
lem (2.6), (1.14) and (1.15), in a way similar to that in [TW2l [TW5]. For reader’s
convenience we include a proof in the Appendix.

The a priori estimates in Sections 3 and 4 rely on the strict convexity of solutions.
In Sections 6 and 7 we are devoted to the proof of the strict convexity of solutions. The
proof for one case is similar to that for affine mean curvature equation in [TW1, TW2]
and is included in Section 6. But the proof for the other case uses the a priori
estimates, the Legendre transform and in particular a strong approximation (Theorem
7.1) and is contained in Section 7.

A cknowledgement The author would like to thank Xu-Jia Wang for many inspiring
discussions on this problem. He would also like to thank Xiaohua Zhu and Neil
Trudinger for their support and interest in the problem.

2. A MODIFIED FUNCTIONAL

In this section we introduce a modified functional J and prove the existence and
uniqueness of a maximizer of J.

We begin with some terminologies. Let u be a convex function in a domain 2 C R"
and z € Q be an interior point. The normal mapping of u at z, N,(z), is the set of
gradients of the supporting functions of u at x, that is

Nu(z) ={p € R" | u(y) > u(z) +p- (y — )}

IThis paper was submitted to a journal for publication in June. Recently, Chen-Li-Sheng posted a
related paper [CLS]. In their paper, the boundary value problem for (1.1) with u = ¢, Du = co and
w = oo was studied. They use solutions to the second boundary value problem of Abreu’s equation
directly as the approximating solutions. Their approach does not apply to the case considered in
this paper.
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For any subset ' C ©, denote N,,(Q') = U, cqy Nu(®). If uwis C', the normal mapping
N, is exactly the gradient mapping Du.

For a convex function u on €2, the Monge-Ampére measure u[u] is a Radon measure
given by
plul(E) = |Nu(E)]
for any Borel set E. By a fundamental result of Aleksandrov, p[u] is weekly continuous
with respect to the convergence of convex functions [Pl [TW3]. Tt follows that if {u;}

converges to u in L], then for any closed F C €,

(2.1) lim sup ufu;)(E) < plul(E).

Jj—00

Since the set S[g, 2] is not closed, we introduce
(2.2) Sle, Q] = {u € C°(Q) | uis convex u|gg = p(x), N,(Q) C Dp(Q)}.

Note that S|, Q] is closed under the locally uniform convergence of convex functions.
In , we proved that Ay is well defined and upper semi-continuous in another set
of convex functions. By a similar argument, we can also prove that A, is well defined
and upper semi-continuous in S[p, 2], which implies the existence of a maximizer of
Jo in S[p, Q).

To apply the a priori estimates to the maximizer, we need a sequence of smooth so-
lutions to Abreu’s equation to approximate the maximizer. Since the penalty method
in [TW2] does not apply to Jy, we must have a sequence of modified smooth approx-
imation solutions. For this purpose, we consider a functional of the form

(2.3) J(u) = A(u) — /Q fudzx,

where
(2.4) Au) = / G(det D*u) dx.
Q
Here G(d) = Gs(d) is a smooth concave function on [0, 00) which depends on a

constant & € (0, 1) and satisfies the following conditions.

(a) G(d) = logd when d > ¢.

(b) G'(d) > 0 and there exist constants C,Cy > 0 independent of ¢ such that for
any d > 0

G"(d) > —Cyd 2,
dG///(d)

< .
' Gd) ‘ =6
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(¢) The function F(t) = G(d), where t = di, is smooth in (0, +00) and satisfies
F(0) > —o0, F"(t) <0,
limy o F'(t) = oo, limy_,otF'(t) < Cj,

where ('3 is a positive constant.

Remark 2.1.

(i) The condition F"(t) < 0 in (c) implies that the functional A(u) is concave.

(it) The concavity of F, F"(t) < 0, is equivalent to dG"(d) + "=1G'(d) < 0; and
limg . F'(t) = oo is equivalent to d G'(d) — 00 as d — 0.

(i11) We point out the existence of functions G satisfying properties (a)-(c) above. A
function in our mind is

60 g6 5! 140
(2.5) Gla) = | o d ~d Flegd =5, d <,
logd, d> 3

where § = ;5. One can check that G € C*(0,00) and C* except at d = 6. It is

easy to see that G satisfies (a) and (c). We can also check that G satisfies (b) except
at d = 0. Hence, we can always mollify G to have a sequence of smooth functions
satisfying the properties (a)-(c) to approximate it.

The Euler equation of the functional J is

(26) Uijwij = f,
where
(2.7) w = G'(det D*u)

and (U%) is the cofactor matrix of D%u.

Remark 2.2. Equation (2.6) is invariant under unimodular linear transformation.
If we make a general non-degenerate linear transformation T : y = Tx and let
a(y) = u(x), then u(y) is a solution of

Uiy, = f, o = G'(det D*@),
where G(d) = G(|7:|2J), d = det D*a. Here G is a smooth concave function satisfying
(a), (b), (c) with § = |T|726, Cy = C4, Cy = Cy, C3 = Cs.

Now we study the existence and uniqueness of maximizers to the functional J(u).
The treatment here is same as that in [TW2| [ZZ], so we will only sketch the proof.

First, we extend the functional J to S[p, Q). It is clear that the linear part in J is

naturally well-defined. It suffices to extend A(u) to Sy, ). Since u is convex, u is
6



almost everywhere twice-differentiable, i.e., the Hessian matrix (D?u) exists almost
everywhere. Denote the Hessian matrix by (0?u) at those twice-differentiable points
in Q. As a Radon measure, pf[u] can be decomposed into a regular part and a singular
part as follows,

plu] = prlu] + prsfu].
It was proved in [TW2] that the regular part u,[u] can be given explicitly by

o [u] = det 0*u dx

and det 9*u is a locally integrable function. Therefore for any u € S[p, )], we can
define

(2.8) A(u) :/QG(detﬁzu) dzx.

Next, we state an important property of A(u). For any Lebesgue measurable set

E, by the concavity of G and Jensen’s inequality,

det O%*u d

(2.9) / G(det Pu)de < |E|G (—fE e|E| - ‘C)
E

< |EIG(E|™ plu)(E)).

By the assumption (a), d"'G(d) — 0 as d — oco. Note that G is bounded from
below. So the above integral goes to 0 as |E| — 0. With this property, we have an
approximation result for the functional A(u). For u € S|y, ], let

mie) = [ o) dy

where h > 0 is a small constant and p € C§°(B1(0)) with fBl(O) p = 1. Suppose that
u is defined in a neighborhood of ) such that u, is well-defined for any x € €. A
fundamental result is that (D%*u;) — (0*u) almost everywhere in 2 [Z]. Combining
it with (2.9), we have therefore obtained as in [TWTJ,

Lemma 2.3. Let u € S|, Q], we have

/ G(det 0*u) dx = lim/ G(det 0*uy,) da.
Finally, the existence of maximizers of J in S[ip, 2] follows from the following upper
semi-continuity of the functional A(u) with respect to uniform convergence.

Lemma 2.4. Suppose that u, € S[p, )] converge locally uniformly to u. Then

n—oo

lim sup/ G (det 9%uy,) do < / G(det 0*u) dx.
Q Q

7



Proof. The proof is also inspired by TWT], see also [ZZ]. Subtracting G by the
constant G(0), we may suppose that G(0) = 0. By Lemma 2.3, it suffices to prove it
for u, € C?(Q) and we may assume that u, converges uniformly to u in 2.

Denote by S the supporting set of us[u], whose Lebesgue measure is zero. By the
upper semi-continuity of the Monge-Ampere measure, for any closed subset F' C Q\ S,

(2.10) lim sup/ det D?u,, dx < / det 0%u dz.
n—00 F F

For given €,¢’ > 0, let
QU ={rcQ\S|(k—1)e<detd*u < ke}, k=0,1,2, ...,

and wy, C €2, be a closed set such that
/

€

For each wy, by concavity of G and (2.10), we have

1 [, det D*u,, dz
limsup—/ G(det D*u,)dr < limsup G k
n—00 |Wk| Wi n—00 |Wk|
[, det d*udx
< G ek
|
< G(ke).
It follows
lim sup / Gldet D) de < Gke)|ud
n—00 Wk
< G((k—1)e)|wr| + G(€)|wrl
< G (det 0*u) dx + G(€)|Q].
Qk
Hence,

lim sup G(det D*u,,) dx < / G(det *u) dx + G(€)|Q).
Q

n—o0 Uwg
By (2.9), letting € go to 0, we can replace the domain of the left hand side integral
by €. The lemma is proved. O

For the uniqueness of maximizers, we first prove a lemma.

Lemma 2.5. For any maximizer u of J(-), the Monge-Ampere measure ufu] has no
singular part.



Proof. We use an argument from [TW2] to prove the lemma. Suppose u[u] has non-
vanishing singular part pslu]. Then for any M > 0, there must exist a ball B, C Q
such that

(2.11) pslu](Br) = M (pr[u](B:) + | B, 1)
We consider the following Dirichlet problem for Monge-Ampere operator,
{ plv) = MpJu] + M in B,,
v =wu on 0B,.
By the Alexander theorem, the above equation has a unique convex solution v. Note
(2.12) det 0*v = M det O*u + M, in B,.

By comparison principle, u < v in B,, and the set £ = {v > u} is not empty. Define
another convex function @ by

u=vin K.

{ i=uinQ\ B,

Then @ € S[p, Q). We claim J(@) < J(u), so we get a contradiction to the assumption
that w is a maximizer. In fact, using (2.12), we have

J@)—J(u) = /EG(det821))dat—/

E

G(det 0%u) dw — / f(v—u)dx
B

= /EG(det 0*u) — G(M(1 + det 0*u)) dw — /Ef(v —u)dz.

By the definition of G, the first integral goes to —oo as M goes to co. The second
integral is bounded since f is bounded. The lemma is proved. U

In conclusion, we have obtained the existence and uniqueness of maximizers of J

in S[p, Q).

Theorem 2.6. Let Q2 be a bounded, Lipschitz domain in R™. Suppose ¢ is a convex
Lipschitz function defined in a neighborhood of Q and f € L>®(S). There exists a
unique function in S|y, Q] mazimizing J.

Proof. The existence follows from the upper semi-continuity of A(u). For the unique-
ness, note that by the concavity of the functional, if there exist two maximizers u and
v, then 9*u = 9%v almost everywhere. Hence by Lemma 2.5 we have plu] = u[v]. By
the uniqueness of generalized solutions to the Dirichlet problem of the Monge-Ampere

equation, we conclude that u = v. O
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In Theorem 2.6, we only need the Lipschitz condition on 2 and ¢. But later for
the regularity, we must assume the smoothness as stated in Theorem 1.1. We point
out again that the above argument applies to the functional Jy, and the existence
and uniqueness of maximizers also hold for J;. But we will not study the maximizer
of Jy obtained in this way.

For our purpose of studying .Jy, we choose a sequence of functions Gj = Gj,
satisfying (a)-(c) with 0, — 0 as k — oo, and consider the functionals
(2.13) Ju(w) = Ap(u) — /Q fudz,
where
(2.14) Ag(u) = /QGk(det D?u) dx.

By Theorem 2.6, there exists u® € S[p, Q2] maximizing the functional J; in S[p, Q).
It is clear that u®) converges to a convex function ug in S[p, ©2]. We will prove that in
dimension 2, ug solves the problem (1.7). The main point is to prove the smoothness
of up. Once we have the regularity of ug, the uniqueness follows immediately by the
concavity of Ay and the uniqueness of generalized solutions to the Dirichlet problem
of the Monge-Ampere equation. Hence, In the rest of this paper, we prove that ug is
smooth in 2 and satisfies Abreu’s equation.

3. INTERIOR ESTIMATES

In this section, we establish the interior estimates for equation (2.6).

Lemma 3.1. Let u be a conver smooth solution to (2.6) in a convex domain §.
Assume that v < 0 in Q and u = 0 on 02. Then there is a positive constant C'
depending only on n, sup |Vul|, sup |ul, sup |f| and independent of §, such that

(—u)"det D*u < C.

Proof. Let
z = —logd — log (—u)’ — |Vul?,
where [ is a positive number to be determined later. Then z attains its minimum at a

point p in Q. We may assume that d(p) > d so that w = d~! in a small neighborhood
of p. Otherwise, the estimate follows directly. Hence, at p, it holds

Zi = O, UijZij Z 0.
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We can rewrite z as
z =logw — log (—u)” — |Vul?

near p. By computation,

w; u;
w u
(3.2) zij = —% — —5 — —% + ——L — Qupup — 2upiug;.
w w u u

On the other hand, since det D?u = w1,

w
U™ty = (—logw); = ——.
w
Therefore we have
. W4 W W n uijuiu- w
u”zij:u”—]—u”—]—ﬁ—%—ﬁ I 420 — 2/,
w w2 u u? w
By (3.1),
WW w;u; 46| Dul?
u =L = gL+ A1l + duguiug,
w u
w Dul?
—kuk = M + QUijuin.
w u
It follows
23| Du?*

uijzij:f—%—QAu (ﬁz—ﬁ)u’j%z().

u
Choosing 8 = n, we have

(—u)[det D>u]» < (—u) Au< C
at p. The lemma follows. O

For the lower bound estimate of the determinant, we consider the Legendre function
u* of u. If u is smooth, u* is defined on Q* = Du(f2), given by

u(y) =z -y —u(z),

where z is the point determined by y = Du(x). Differentiating y = Du(z), we have
det D*u(x) = [det D*u*(y)] "
The dual functional with respect to the Legendre function is given by
JH(u") = A*(u") — / F(Du)(yDu* — w*) det D2u* dy,
Q*
where
A*(u*) = / G([det D*u*]™") det D*u* dy.
Q*
11



If u is a solution to equation (2.6) in €, it is a local maximizer of the functional J.
Hence u* is a critical point of J* under local perturbation, so it satisfies the Euler
equation of the dual functional J*, namely in Q*

(3.3) ww; = — f(Du*),
where
(3.4) w* =G(d*") —d*'G(d* ), d* = det D*u”.

Note that on the left hand side of (3.3), it is u*"/, the inverse of (u};).

Lemma 3.2. Let u* be a smooth convex solution to (3.3) in Q* in dimension 2.
Assume that u* < 0 in Q* and u* = 0 on 0Q*. Then there is a positive constant C'
depending only on sup |Vu*|, sup |u*|, inf f and independent of & such that

(—u*)?det D*u* < C.
Proof. We consider
2z = —logd* —log(—u*)’ — a|Vu*|?,

where «, § are positive numbers to be determined below. Since z tends to oo on 92*,
it must attain its minimum at some point p € 0*. At p we have

2z =0, u"z; > 0.

By (3.4), we compute
)

(35 w;« _ G”(d*_l)d*_gd:,
(3.6) wj; = —G"(d A did; — 3G (" )d T i dE + GV (& d T
On the other hand, by computation,
d* *
(3.7) 2= —d—i — 5% — 20y, uy,
d:;  did: uy; uru; R . .
(38) Zij = _d_j d*2J _ Bu_j + ﬁ u*QJ — 2aukijuk — 2aukiukj-
It follows
g whdr iy w dt
way =t _B%Jrﬁ g 2o - 2a b
By (3.6) and equation (3.3), we have
u*ijd;fj - d*2 f N d*—lG///(d*—l) u*ljd;kd;k . 3u*md:d;
dx G”(d*_l) G”(d*_l) d*? P

We may assume that f(p) < 0. By condition (b) for G,

d*2 d*—lG///(d*—l)

< _c!
Lo G”(d*_l)

< (.
G//(d*—l) — 2
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Hence,

u*ijdfj L. u*ijdfd;
7 >Cr inf f+ (3 —Cy) 72
So we have
L wdids fn uwulul di .
wzyz —Ctinf f 4+ (G = 2)——5— = S0+ Bt — 2actup — 2a A’
By (3.7),
W drdE Wtk |Vu*|?
i 2 ) 2k k%
d*2 J 5 Tj —+ 4aﬁ - + 4oy Up Uy Uy
d* . Vu* 2 .
d—’:uk = —ﬁ‘ o [ 20 uy ..
Therefore
Wik
—~Crtinf f 4+ [B+ (Cy — 2) B ———2L — o

u*2 u*
|Vu>k|2 2,k kK *
Choose «a small enough depending on sup |Vu*| such that

[4(Cy — 2) + 4] Pujufuf < a A u*.

Using the fact u*'t + u** = ﬁ in dimension 2, we have
w? T w? det D2u*

It follows

Vu*]?  Au* Bn |Vu*|?

—C7Vinf +C”| —— 4+ ——aAu* >0,
! / u*?  det D2u*  u* u* -
where C’, C" are constants depending only on «, 3, C| and Cy. If
v *|2 A *

gAu*_C,| u2| u SO,

2 u**  det D?u*
we obtain

(—u*)*det D*u* < C
at p. Otherwise, we have
* |2
—Cl—linff—@+c”m—%ﬁu* > 0.
u* *

Hence, we also obtain
(—u*)?det D*u* < (Au*)*(—u*)? < C

at p. The lemma follows by choosing 5 =n = 2.
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Remark 3.3.

(i) The determinant estimates above is independent of 6. This leads us to use the

approximation {Gy};

(i) The estimate depends only on inf f. This is crucial in Section 7;

(iii) In Lemma 3.2, the estimate only holds in dimension 2. Since if we do not have
Au* u*”u;‘u;

the relation u*' +u** = Yoz we can not deal with the term ——3—2 in the proof.

This is why we can not extend Theorem 1.1 to higher dimensions.

To apply the above determinant estimates, we first introduce the modulus of con-
vexity for convex functions. The modulus of convexity of u at x is defined by

(3.9) By (1) =sup{d >0 | Ssu(x) C By(x)}, 7>0
and the modulus of convexity of u on € is defined by

(3.10) hua(r) = inf hyo(r),

where

Ssu(r) ={y € Q | u(y) <+ a.(y)}

and a, is a tangent plane of u at x. When no confusions arise, we will also write
Ss.u(z) as Ss,, or Sy, for brevity.

Lemma 3.4. Let u € C*(Q) be a locally uniformly convex solution to (2.6) in dimen-
sion 2.

(i) Assume f € L>(Q2). Then
lullwar@y < C

for any p > 1 and ' CC Q, where C' depends on n, p, sup |f|, dist(QY,08) and the
modulus of convexity of u.

(ii) Assume f € C*(). Then
[ullote@y < C
for any o € (0,1) and Q' CC Q, where C' depends on n, o, sup |f|, dist(2',00Q) and
the modulus of convexity of u.
Proof. For any x € ), by Lemma 3.1, we have
det D*u(z) < C

where C' is a constant depending only on f, § = dist(z,0Q2) and h,q. Let y =
Du(x) € Q*. By (3.9), (3.10), we have

Sse ur(y) C 7,
14



where 0* = hy,0($). Furthermore, since |Du*| < diam(2), we also have

6*

' ) > — .
dist(y, 0) = 2diam(Q)

Hence, by Lemma 3.2,
det D*u(z) = [det D*u*(y)] ' > C',

where €’ is a constant depending only on f, § and h, q.

Once the determinant det D?u is bounded, we also have the Holder continuity
of det D?u by Caffarelli-Gutierrez’s Holder continuity for linearized Monge-Ampere
equation [CG]. Then we have the WP and C*“ regularity for u by Caffarelli’'s WP
and C?“ estimates for Monge-Ampere equation [Cafll [JW], respectively. Higher
regularity then follows from the standard elliptic regularity theory [GT]. O

We will estimate in Section 6 and 7 the modulus of convexity for the solution
u in dimension 2. In Section 4 we consider the change of equation (2.6) under a
coordinate transformation and establish the a priori estimates for the equation after
the transformation.

4. EQUATIONS AFTER ROTATIONS IN R"+!

Equation (2.6) is invariant under transformations of the z-coordinates in R™, but
it changes when taking transformations in R"*!. We note that the affine maximal
surface equation is invariant under uni-modular transformations in R"*!, which plays
an important part [TWI1]. In order to establish the estimate of the modulus of
convexity, we also need to consider the equation under rotations in R"*!. In this
section we will derive the new equation under a rotation in R"*! and establish the a
priori estimates for it.

For our purpose it suffices to consider the rotation z = Tz, given by

21 = —Tn+1,
29 = X2, .oy Zp = Tp,
Zn+1 = T,

which fixes x, ..., z,, axes. Assume that the graph of u, M = {(z,u(z)) € R""! | z €
2}, can be represented by a convex function z,.; = v(z1, ..., z,) in z-coordinates, in

a domain 2. To derive the equation for v, we compute the change of the functional

Ap.
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(4.4) Alw) = /Q G(det D*u) da

det D? n
- / G| L (14 |DuP)S | da
0 (14 |Dul?)=z

- / G (K(l + |Du|2)"7”) (1+ | Duf?)"% 4%,
M

where K is the Gaussian curvature of M and d> the volume element of the hyper-
surface. It is easy to verify that

1 n
(4.5) Up = ——, Uy = %, ey Uy = U—,
U1 U1 U1
where v; = g—;’i. So we have
1+ |Dvl?
|4 |Duf? = L2V
U1
Hence we obtain
(4.6) Alu) = / G(v; " det D*0)(v?)2 dz := A(v).
O

In addition,

/Qf(x)“(x)dx - /Mf'u'(lﬂDuP)‘%dz

1

_ / F(0, 2o 20) - (—21) - (62} .
Q
Let
J(v) = A(v) — / F(0, 205000y 20) - (—21) - (02)2 d.
9)
After computing the Euler equation for the functional J (v), we have

Lemma 4.1. Let u be a solution of (2.6). Let T and v be as above. Then v satisfies
the equation
(47) Vij(d_l)ij =g — flzlvl + lel + f

in the set {z | vy "2 d > 6}, where (V) is the cofactor matriz of (vi;), d = det D?v
and

1 v
g = 2vklvk11——(n+2)%,
f = fv,z2,...,20),
0
fl - ai(vvz%'”azn)-
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Remark 4.2. In the proof of strict convezity in Section 6, we will use the upper bound
estimate for det D*v given below. Since the lower bound for det D*v will not be used,
we do not need the explicit form of the equation for v outside the set {z | vl_("+2)d >0},
Therefore in (4.7), we calculate the Euler equation only in the set {z | vl_("+2)d >0},

Next we prove a determinant estimate for v. Assume v satisfies

v>0, v>2z, v >0, and v(0) is as small as we want such that

4.8 . . A
(4.8) for the positive constants € and ¢ in (0, %), 2. is a nonempty open set,

where

~

0=v—e€zn —cand Q.= {z]0(2) <0}
Then v satisfies
(4.9) Vi(d™")y=g— fizn(or+€) + frzn + f
in the set {z | (01 + €)~"*2d > 6} N Q,, where d = det D*0 and

. el ~ 1 U1y
4.10 = 20"y - —n+2)——,
( ) g kll’Ul +e€ ( )(Ul + 6)2
(4.11) f = f(v+ex+c¢ 29,0 20),

. 0 R
(4.12) fi = —f(v+ezl + ¢, 29,0y Zn)-

81’1

Lemma 4.3. Let v be as above. Then there exists C' > 0 depending only on sup |f|,
sup [V f|, supg__|0| and supg__|Dd|, but independent of 0, such that

(—0)™det D*0 < C.
Proof. Consider
n = logw — Blog (—0) — A|Dv|?,

where w = az_l, and [, A are positive numbers to be determined below. Then 7
attains its minimum at a point p in Q... Hence, at p, it holds

We can suppose that p € {z | (01 4+ €)~*2d > §}. Otherwise, we have
(0 +€)~ g < §

and then the estimate follows. By computation,

(4.13) mo= — - ﬁ?i — 2A00,
w v
Wi i w; W TA)Z ’(AJZTA) . . A
(414) Nij = j _ ng N Bﬁ J + 5@2 J _ 2A'Ukz’j'Uk — QA’ZJM'Ukj,
Wi ~GG A
(415) E = — ]Uijk-
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By (4.15),

A wn V11
=—2— — 2
g 'LUIA)1+€ (n+ )(@14-6)2
Therefore we have
i ’(AJZ]’UJZ’UJ ; w1 2 571, ’&11 BTA)”’(AJZTA) ; Wi .
Upe: = — J _ = - — 2 J 1942
v w2 w1§1+6 U (n_'_ >(’(A11—|—6)2+ 02 + Uk
—2A400 — fiz1(b + €) + fra + f.
By (4.13),
Y ww; . v,v o Dol?
2 o= ppY ] —|—4A21),jv,v] —|—4A5| |
2 2
ﬂA _ AﬁU1A+4A:U1kUk’
w U + € (01 +€)0 01 + €
D 2
W — BP9 g6
w 0
Hence, we have
~ A~ ~ n ~ ~ 2 A
Azgn” = —(n+2)—1 V11 _4A }1111)1 +Z })11@211@ _ B _9AAND
(01 +¢€)? bite L0t (01 +€)0
ﬁn D 5 0i0;
(4.10) DA _ (52— )2 (i )+ fra + .

We choose g > 1 such that BZ — B > 0. By the positive definiteness of 9;;, it holds
02, < 0110k for any k = 2, ..., n, so there is C" depending on n and |Dd|, such that

. |@1k@k| , O , U
4.17 C'— A C'—
(4.17) ZU1+€_4ZW+ 1+€) * (01 +€)?
k=

It follows

_ (n + QA— 4AC’)TA)11 _ 4A ?111}1 . 25{]1 _A A “ 571,

(01 +€)? O14+€ (01 +€) 0
Dol? . A -

(4.18) —2Aﬁ| fj| — fizi(01 +€) + fizi + f > 0.

Choosing A small enough such that n+2—4AC” > 0. Then by a Schwarz inequality,
there exists a Cy > 0 depending only on |Dv| such that
(n +2— 4AC’)TA)11

V1101

4.19 — —4A < CoA?0yy.
( ) (@1 + 6)2 ’&1 +e 0 Ui
By (4.18), (4.19), we have
. 230 n . Dor . . . A
OSC(]A2’U11—(65_7‘15)6—5T—AAU—2A5| | —f121(U1+€)—|—f121—|—f.
1

18



Choosing A small enough furthermore such that CyA? < g, and observing that
250, 203 2 20
(i +6p o (h+ed = 0

we have

~|2
_M_éA,&_2Aﬁ|DU|

0 2 0

- JE121(?71 +€)+ f121 + f >0,
which implies
(—0)Av < C
at p. Hence, choosing # = n, the lemma follows by
@) > ene) — CZ—l(_@)—ne—A\Dﬁ\Q > [(—@)A@

]—ne—A\Df}\z > C.
n

5. APPROXIMATION

We will use a penalty method and solutions to the second boundary value prob-
lem to construct a sequence of smooth convex solutions to (2.6) to approximate the
maximizer of J(u). This section is similar to §6 in [TW2].

First, we consider a second boundary value problem with special non-homogenous
term f. Let B = Bg(0) be a ball with Q CC B and ¢ € C?(B) be a uniformly convex
function in B vanishing on 0B. Suppose H is a nonnegative smooth function defined
in the interval (—1,1) such that

1—t)7", te(s1

(5.1) a =07 el

(1467, te(~1,535).
Extend the function f to B such that

Flou) = f(x) if z € Q,
’ h(u—p(z)) ifze B\Q,

where h(t) = H'(t).
Lemma 5.1. Let f(x,u) be as above. Suppose OS) is Lipschitz continuous. Then
there exists a locally uniformly convex solution to the second boundary problem
(5.2) Uw;; = f(x,u) in B,

w = G'(d), in B,

u = ¢ ondB,

w = 1 ondB
19



with u € Wi2P(B) N C%Y(B), for all p < oo, and w € C°(Q).

Proof. By the discussion of the second boundary problem in the Appendix, it suf-
fices to prove that for any solution u to (5.2), |f(z,u)] < C for some constant C'
independent of u. Note that by our choice of H, a solution to (5.2) is bounded from
below.

First, we prove an estimate of the determinant near the boundary 0B. By the
definition of H and the convexity of u, f is bounded from above near dB. For any
boundary point zy € 0B, we suppose by a rotation of axes that xy = (R,0,...,0).
There exists dy > 0 independent of z such that f is bounded from above in BN{z; >
R — dp}. Choose a linear function [ = axy + b such that [(zg) < u(xg) =0 and | > u
onr; = R— 4. Let

z =w + logw — flog(u — 1),
where 8 > 0 is to be determined below. If z attains its minimum at a boundary point
on 0B, by the boundary condition w = 1, 2 > —C' near dB. If z attains its minimum
at a interior point yo € {u > [}, we have, at yq,

L 1 Gl
(63) 0=z = wit_——B—F,

o wy wawy (u— )y (u—Di(u — 1)
(54) Zij = 'LUU—F w w2 5 u—1 ‘I’ﬁ (u—l)2 .
By (5.3),

w l+w u—1"
It follows by (5.4) and equation (5.2)

. [ Bn B2 ] u(u—Di(u—1);
0<uiy, =L+ L 77 _ .
S = e T ami TP T T 1y
We may suppose that w < 1. Choose f large enough such that
52
-7 <.
- rwp =0

So we have w(yy) > C. Therefore, det D?*u < C near dB.
By the above determinant estimate near 0B, it follows that |Du| is bounded near

0B. By the convexity of u,
sup |[Du| < C.
B

Next, we prove that f is bounded from below. We note that by the Lipschitz

continuity of 02, there exists positive constants r, x such that for any p € B\ ,
20



there is a unit vector 7 such that the round cone C, . C B\ €, where
Comrr ={x €R" | |z —p| <7, (x—p,7v) > cosk}.
Assume that M = —infp f is attained at xp € B. If 29 € Q, then M = || f||zoq). If

xo € B\ 2, we have
M = 2n[1 + u(wo) — p(x0)] 72",

w(zo) — (o) = <%)_+ Y

Let [y be the tangent plane of ¢ at zy. Since we have the gradient estimate of u, there
exists a uniform Jp such that
1
M\ ~zort
*(3)
2n

that is,

0<1+4+u(z)—¢z)<
and
1
M\ 2t
0<1+u(x)—Il(zx) <2 (%)
in the cone Cxo,v,éo(%)”"l“ﬁ' Let wy = {z | u(x) < lp(z)}. It is clear that when M

is sufficiently large,

C 1 C wo.

mo,fy,50(%)7m,n

Integrating by parts, we have
/ Uwgj(u—lo)dr = —/ U w;(u — ly); dx
wo wo

= —/ inj(u—lo)mdejL/ w det D*u dz,
Odwo

wo

where dS is the volume element of dwy. u — [y vanishes on the boundary, so U (u —
lo)iv; > 0. The first integral on the right-hand side is negative. Hence, we obtain

(5.5) / flz,u)(u—1ly) de < / wdet D*udx < C.

Note that the last inequality follows by the condition lim; .o tF’(t) < C3 in the as-
sumption (c) on G. Estimating the integral in the cone, we have

(5.6) /wof(x,u)(u—lo) do > 1) [1 9 <%>_+] C. (%)_+

Therefore M < C follows from (5.5), (5.6).
21



Finally, we prove that f is bounded from above. For any ¢ > 0, let
Q={u<—-0}CB

and v be the unit outward normal on 0{2s. We have
/ Uwij(u+6)de = —/ U wju; dv
Qs Qs

— _/ injumde—l—/ w det D*u dx
09,

Qs

> —/ wU" w7y dS
095

= —/ wU M, dS
a0

= —/ wuijst
9,

> —C'supwsup |Du|”,
8Q; B

where dS is the volume element of 9€)s and K is the Gaussian curvature of 0€s.
Letting 6 — 0, by w = 1 on 0B and the gradient estimate,

/ f(z,u)udx > —C.
B

By a similar argument as in the proof of lower bound, if u — ¢ is sufficiently close to 1
at some point x € B\ 2, u — ¢ is sufficiently close to 1 nearby in B\ €. This implies
the integral can be arbitrary large, which is a contradiction. Hence, f is bounded and
the lemma follows. O

Now we prove that the maximizer of J(u) can be approximated by smooth solutions
to (2.6). This approximation was proved for the affine Plateau problem in [TW2] by
a penalty method. We will also use this method.

Theorem 5.2. Let Q) and ¢ be as in Theorem 2.6. Suppose OS2 is Lipschitz contin-
uous. Then there exist a sequence of smooth solutions to equation (2.6) converging
locally uniformly to the maximizer u.

Proof. The proof for this approximation in [TW2] is very complicated, so we use a
simplified proof in [TW35].
Let B = Bg(0) be a large ball such that Q@ C Bg. By assumption, ¢ is defined in a

neighborhood of €2, so we can extend u to B such that ¢ is convex in B, ¢ € C%'(B)
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and ¢ is constant on 9B. Adding (|z| — R+ 3)% to ¢, where

1 1
(|I| - R_I_ 5)4— = max{|a7| - R_I_ 5)0}7

we assume that ¢ is uniformly convex in {z € R" | R — § < |z| < R}. Consider the
second boundary value problem (5.2) with

) f in Q,
fi(z,u) = {H;(u—@ in B\

where H,;(t) = H(47t) and H is defined by (5.1). By Lemma 5.1, there is a solution
u; satisfying

(5.7) luj — p| <477, x € Bp\ .

By the convexity, u; sub-converges to a convex function « in By as j — oo. Note
that @ = ¢ in Bg \ Q. Hence, 4 € S[p, Q] when restricted in Q. We claim that @ is
the maximizer.

Let v; be an extension of u, given by
v; =sup{l |l € D;},

where ®@; is the set of linear functions in By satisfying
1
l(x) <p(x) when |z|]=Ror |z| < R— -, and
J
1
l(z) <wuj(r) when R— - < |z| <R.
J

By our assumption, ¢ is uniformly convex in Bp \ Br. By (5.7), |uj — | <479 =
0(37%), x € B \ Q. So we have

(58) Vj = Uy in BR\BR—Z%J
(5.9) v =¢ in Bp_2\ §,
J
(5.10) v =@l <fuj =@l inBp 1 \ Bp_z:=Dj

Now we consider the functional
J;(v) :/ G (det 0%v) dx—/fvdx— H;(v—p)dx.
Br Q BR\Q
Subtracting G' by the constant G(0), we may assume that G(0) = 0. Note that u; is

the maximizer of J; in S[u;, Bg] and v; € S[u;, Bg]. So we have

Ji(v;) < Jj(uy).
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In the following, we denote by J;(v, £) the functional .J; over the domain £. By (5.8),
we have

(5.11) Jj(vj, Bp- 1) < Ji(uj, Bp_1).

By (5.9), (5.10), we obtain

(5.12) — / Hi(u; —¢)dx < —/ H;(v; — ¢) du.
By 1 \Q By 1 \0

For any € > 0, by the upper semi-continuity of the functional A(u),

/ G(det 0%u;) dz < / G(det 0%p) dx + ¢
Bp_2\Q Bp_2\Q

(5.13) = / G(det 0%v;) dx + €
By 3\9
provided j is large enough. In addition, by (2.9),
(5.14) 0< ; G(det 0*v) dz < |D;|G(|Dy] ' uv](D;)) — 0
i

as j — 00, where v = u; or v;.
Hence, by (5.11)-(5.14) and the upper semi-continuity of the functional A(u),
J(u) = J(vj) < J(uy) +2e < J(u) + 3e.
provided j is large enough. By taking ¢ — 0, this implies @ is the maximizer. By the

uniqueness of maximizers in Theorem 2.6, we obtain 4 = u. 0

Remark 5.3. We remark that the above approximation does not holds for the maxi-
mazer of the functional Jy. The reason is that since logd is not bounded from below,
we do not have the property

/ log det 0?u dx
E

— 0,

as |E| — 0. This is why we introduce the function G and consider the modified
functional J(u).

By Theorem 5.2, for each k, there exists a smooth solutions ugk) to
(5.15) Uw;; = f,
where
(5.16) w = G (det D*u),
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which converges locally uniformly to the maximizer u®) of (2.13). Then we have
(5.17) ugk) — ug, j,k — 00.

As we explained in Section 3, if ug is strictly convex, the interior a priori estimates
) will be independent of £ and j. Hence, by taking limit, we have the interior
regularity of ug in €2. Moreover, by the construction of Gy, uy will be a solution to

of ugk

Abreu’s equation (1.1). Therefore we have

Theorem 5.4. Let ug be as above. Assume that f € C*(Q2). Then if ug is a strictly
convex function, ug € C°(2) and solves (1.7).

In the last two sections, we will show the strict convexity of wuyg.

6. STRICT CONVEXITY I

We prove the strict convexity of uy in dimension 2. Let Mg be the graph of ug. If
ug is not strictly convex, M, contains a line segment. Let [(x) be a tangent function
of ug at the segment and denote by

C={z€Q|uyx)=1Ix)}

the contact set.

We first recall the definition of extreme points. Let €2 be a bounded convex domain
in R", n > 2. A boundary point z € 0f) is an extreme point of ) if there is a
hyperplane H such that {x} = H N 02, namely x is the unique point in H N 9S.

According to the distribution of extreme points of C, we consider two cases as
follows.

Case (a) C has an extreme point o which is an interior point of 2.
Case (b) All extreme points of C lie on 0f.

In this section, we exclude Case (a).
Proposition 6.1. C contains no extreme points in the interior of €1.

Proof. We prove this proposition by contradiction arguments as in [TW1]. By (5.17),
g-lz) converging to ug such that
uy is the solution to (5.15). Let My be the graph of u;. Then My converges in
Hausdorff distance to Mj. There is no loss of generality in assuming that [(x) = 0,

xo is the origin and the segment {(z1,0) | 0 <2, <1} CC.

we can choose a sequence of smooth functions u, = u

For any € > 0, we consider a linear function

le=—€ex; +¢
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and a subdomain Q. = {u < [.}. Let T, be the coordinates transformation that
normalizes €).. Define
1 1 -

(6.1) ue(y) = Eu(m), Up,e = Euk(:c), y € Q

where y = T.x and Qe = T.(€). After this transformation, we have the following
observations:

(i) By Remark 2.2, uy . satisfies the equation (2.6) with

O
e[ Te[?
and the right hand term ef. Note that |T,| > Ce™!, so 6y < Cdp — 0 for a constant
C independent of e.

G - Gk@(d) == Gk(€|ﬂ|2d), 0= (5k’€ =

(ii) Denote by M., My the graphs of u,, ug ., respectively. Taking k — oo, it is
clear that ug . — u. and My, converges in Hausdorff distance to M,. Then taking
€ — 0, we have that the domains QE sub-converges to a normalized domain Q and U
sub-converges to a convex function @ defined in . We also have M, sub-converges
in Hausdorff distance to a convex surface Mo e R3.

(iii) The convex surface M, satisfies
(6.2) Mo C {y1 >0} N {ys >0}
and MO contains two segments

(6.3) {(0,0,45) [ 0 <ys < 1}, {(1,0,0) [ 0 <y <1}

Hence, by (i), (ii), (iii), we can suppose that there is a solution @y to

(6.4) Uwy = erf in O,
where
(6.5) w = G%k(det D?u),

and 0, e, — 0, such that the normalized domain €, converges to €2, iy, converges
to @ and the graph of i, denoted by M, converges in Hausdorff distance to M.
It is clear that in y-coordinates, M, is not a graph of a function near the origin,
so we need to rotate the R® coordinates. Since the equation (2.6) is invariant under
unimodular transformation, we may suppose

Q C {y1 > 0}
Adding a linear function to @, g, we replace (6.2), (6.3) by

(6.6) M, C {1 > 02}(;0 {ys > —u1}



and MO contains two segments
(6.7) {(0,0,0) [0 <t <1}, {(£,0,—t) |0 <t <1}.
Let

L={(y1,y2,y3) € Mo | y1 = y3 = 0}.

L must be a single point (Case I) or a segment (Case II). In Case II, we may also
suppose that 0 is an end point of the segment which is

{(0,t,0) | —1<t<0}.

Later, we will discuss the two cases separately.

Now we make the rotation

21 = Y3, Z22=1VY2, Z3=1U1

such that M, can be represented by a convex v near the origin. By convexity, M,

k) is a solution of

can also be represented by z3 = v®) (21, 2,) near py, respectively. v
the equation given in Lemma 4.1 near the origin. As we know that M, converges in
Hausdorff distance to My, in new coordinates, v(*)

It is clear that

converges locally uniformly to v.

v(0) =0, v>0, when —1< 2z <0 and
v >z, when 0 < 2z, <1
and the two line segments
{(£,0,0) | —1<t<0}, {(t0,8)]0<t<1}

lie on the graph of v.

As in (4.9), let 9®) = v®) — 1z and o = v — 2. In the following computation we

omit the hat for simplicity. Then

1 1
(6.8) v > §|zl\ and v(z,0) = §\z1\.

Let
C={z]|v(z) =0}.
Observe that

in z-coordinates.

Case I. In this case, v is strictly convex at (0,0). The strict convexity implies that

Du is bounded on S, ,(0) for small A > 0. Hence, by locally uniform convergence,
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Dv®) are uniformly bounded on S e (0). By Lemma 4.3, we have the determinant
estimate

(6.9) det D> < C

near the origin.

For 6 < 2, by (6.8), Ss5.,(0) C {—
direction, we define

N[>

<y < 2} and (££,0) € 955,(0). In the 2z

ks = supq{|z2| | (21, 22) € S5.,(0)}.

By comparing the images of Ss,(0) under normal mapping of v and the cone with

bottom at 0S5,(0) and top at the origin,
J
[ No(S50(0))] = C—.
Rs

By the lower semi-continuity of normal mapping,

N, (S5.0(0)) C liminfy_,oo Nye (S5.(0)),

then
NU(S(;,U(O)) = NU(S&U(O)) g lim iIlfk_ﬂx,Nv(k) (5571,(0))
By (6.9),
(No(S(0))] < liminfy o[ Ny (S6,0(0))]
= liminfk_m/ det D?0™®) dz
S(S,'u(o)

S C|St5,v(0)|

(6.10) < Cbks.

Hence, k5 > C' > 0, where C is independent of §. Again by the strict convexity,
ks — 0 as 0 — 0. The contradiction follows.

Case II. In this case,
C={(0,2)] —1<z<0}

We define the following linear function:
l(2) =0cza + €

and w, = {z | v(z) <.}, where d. is chosen such that

,5i) = 1(0,2) = 2¢, v(0, ——

v(0 5 5

) = Z(Ov -
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We can suppose that € is small enough such that w, is contained in a small ball near
the origin. Hence, Dv® is uniformly bounded. By comparing the image of w, under
normal mapping of v and the cone with bottom at dw. and top at the origin,

(6.11) N, (w.)| > C6..

On the other hand, w, C {—e < z; < €} since v > |z;|. By the convexity and the
assumption above, w, C {—5—2 <29 < 53} Therefore,
2
T
Furthermore, subtracting all v*®) by [, they still satisfy the same equation. By the
determinant estimate in Lemma 4.3 and a similar argument as in (6.10),

jwe| < C

2
(6.12) [No(wen {z ] & > 0}) < C=.
Combining (6.11) and (6.12),
2

€

52 > C.
However, according to our construction, 5~ goes to 0 as € goes to 0. The contradiction
follows. O

Remark 6.2. The following property has been used in the above proof. Assume that
u 1S a 2-dimensional convex function satisfying

(6.13) u(0) =0, wu(z) >0 for x #0 and u(xy,0) > Clay|.
e Nu(Su(0))
u\FPh,u
—— " s 00 as h — 0.
|Sh.u(0)]
In other words, if
det D*u < C

and u vanishes on boundary, then u is C* in Q. This property can be extended to high
dimension if

(6.14) w(0) =0, w(,z,) > Cle,| and u(2', z,) > Clo'|?,
where &' = (T1, ..., Tp_1).
It 1s also known that a generalized solution to
det D*u > C'

in a domain in R? must be strictly convex. This result was first proved by Aleksandrov
but a simple proof can be found in [TW3].
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7. STRICT CONVEXITY Il

In this section, we rule out the Case (b) that all extreme points of C lie on the
boundary 0f).

First, we need a stronger approximation. In the case of the affine Plateau problem,
this approximation was obtained by [TW5]. Here, we extend it to our functional

J(u).

Theorem 7.1. Let p, € be as in Theorem 2.6 and u be the maximizer of the functional
J in S[p, Q). Assume that O is lipschitz continuous. Then there exist a sequence of
smooth solutions u,, € W4*(Q) to

(7.1) Uwij = fm = f + BmXp,, in
such that
(7.2) Uy — u uniformly in €,

where D,, = {x € Q | dist(z,00) < 2™}, x is the characteristic function, and [,
is a constant. Furthermore, we can choose [3,, sufficient large ((,, — 00 as m — o)
such that for any compact subset K C N,(£2),

(7.3) K C N, ()

provided m s sufficient large.

Proof. By subtracting the constant G(0), we assume that G(0) = 0 and G > 0. The
proof is divided into four steps.

(i) Let B = Bgr(0) be a large ball such that Q C Bg. By assumption, ¢ is defined in
a neighborhood of , so we can extend u to B such that ¢ is convex in B, ¢ € C%*(B)
and ¢ is constant on 0B. Consider the second boundary value problem with

f R f + ﬁmXDm n Qa
" Hi(u—¢) in Br\ L,
where H;(t) = H(47t) is given by (5.1). By Lemma 5.1, there is a solution u,, ;
satisfying
(7.4) [Um,; — | <477, 2 € Bg\ Q.

(ii) By the convexity, w,, ; sub-converges to a convex function u,, as j — oo and

Uy, = ¢ in Bp \ Q. Note that u,, € S[p, 2] when restricted in Q. By Theorem 5.2,
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U, 18 the maximizer of the functional

(7.5) I (V) = /QG(det O*v) dx — /(f+ﬁmxpm)v dx

Q

n Sy, Q).

(iii) Since u,, € S|, Q, u,, converges to a convex function u., in S[p, Q] as m — oco.
We claim that u., is the maximizer u. The proof is as follows.

Define
¢, = sup{l(x) | [ is a tangent plane of ¢ at some point in Br \ Q}.

Then ¢, € S[p, Q] and v > ¢, for any v € S[p,]. We consider the maximizer u.
Let
U, = sup{l(z) | [ is linear, | < win Q and [ < ¢, in D,,}.

Then i, € S[p, Q] and @, = ¢, in D,,. Since u is convex, it is twice differentiable
almost everywhere. By the definition of @,,, %,, = v at any point where D?u > 0
when m is sufficiently large. Therefore, we have det 0%, — det 9?u a.e.. By the
upper semi-continuity of the functional A(u) and Fatou lemma,

lim [ G(det*q,,)dr = / G (det 0*u)

m—o0 QO

It follows that for a sufficiently small ¢, > 0,
(7.6) J(u) < J(tm) + €

provided m is sufficiently large.

On the other hand, we consider the functional J,,. By (ii), u, is the maximizer of
Jm in S, 9], so we have

(7.7) Ta(iim) < Jon (1)

Note that u,, > ¢, = U,, in D,,. Hence, we obtain

Bt d > Bl dx.
Dy, D,

By the definition of J,,, it follows
(7.8) I () < J(um) + €o.

for sufficiently large m.
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Finally, by (7.6), (7.8) and the upper semi-continuity of A(u),
J(u) J(Um) + €0
J(Um> -+ €0

J(uoo> + 260.

VAN VAR VAN

By taking ¢y — 0, this implies that u., is the maximizer. By the uniqueness of
maximizers, Ue, = U.

(iv) It remains to prove (7.3). We claim that for any fixed m,

(7.9) Bligoo Um () < @u(x).

m

We prove it by contradiction. Suppose that there is zq € D,, such that w,,(zq) >
w.«(To) + € for some ¢y > 0. Since u, and ¢, are uniformly Lipschitz continuous,
U (7) > pu(2) + L in a ball Bee, (o) for some constant C'. Let

U = sup{l(z) | [ is linear, | < u,, in Q and [ < ¢, in D,,}.
Then u,,. € S[p, ], and satisfies
U < Uy 1N Uppse = @i I By (20).

Hence,

I () = T (Us) = T () — J(Upps) — ﬁm/ Uy, — Uppse AT

m

becomes negative when (3, is sufficiently large. This is a contradiction to that u,, is
a maximizer of .J,,. ]

Remark 7.2. If ¢ € C*, we can restate (7.3) in the theorem as

(7.10) |D(ty, — )| = 0 uniformly on 0S2.
Now we deal with Case (b). By Theorem 7.1, there exists a solution ulh) to
(7.11) U wij = fm,
where
(7.12) w = G(det D*u),
such that

ul) — u®m — oo,
and for any compact set K C Dp(),

(7.13) K c Du?(Q)
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for large m. Hence, we can choose a sequence mj, — oo such that
(k)
(7.14) Ug = Uy, — Up.
Lemma 7.3. Assume that ) and ¢ are smooth. Then Mg contains no line segments

with both endpoints on OM,.

Proof. Suppose that L is a line segment in M, with both end points on OM,. By
subtracting a linear function, we suppose that uy > 0 and [ lies in {z3 = 0}. By a
translation and a dilation of the coordinates, we may further assume that

with (0,4+1) € 0. Note that by Remark 2.2, these transformations do not change
the essential properties of equation (2.6).

Since ¢ is a uniformly convex function in a neighborhood of 2 and ¢ = uy at
(0,£1), L must be transversal to 02 at (0,41). Hence, by uy = ¢ on 92 and the
smoothness of ¢ and 92, we have

By the convexity of uy,
C
(7.16) up(z) < 53:%, x € (.

Now we consider the Legendre function ug of ug in Q* = Dp(2), given by
ug(y) = sup{z -y —uo(z),z € Q}, y € "

Note that (0,4+1) € 9€. By the uniformly convexity of ¢, 0 ¢ Dp(02). Hence,
0 € Q*. By (7.15), (7.16) and the smoothness of ¢, we have

(7.17) u(0,92) > |yl
) 1
(7.18) wy) = out

On the other hand, by the approximation (7.13), (7.14), the Legendre function of
uy, denoted by wj, is smooth in

QF ={y € | dist(y,00") > e }.
with ¢, — 0 as k — oo and satisfies the equation
(7.19) wws; = = fon, (Du”)
in 7 , where

(7.20) w* = Gp(d*™h) — &G (d ).
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By (7.17), (7.18), ug is strictly convex at 0. Then {y | ug < h} C Q7 providing
m is sufficiently large. Note that uj converges to u{. By Lemma 3.2, we have the
estimate

det D2uz <(C

near the origin in 2*. Note also that in Lemma 3.2, C' depends on inf f but not on
sup f. In other words, the large constant /3,,, in (7.1) does not affect the bound C.
Therefore sending k — co, we obtain

det Dzug <(C

in the sense that the Monge-Ampere measure of v is an L> function. This is a
contradiction with (7.17), (7.18) according to Remark 6.2. O

In conclusion, we have proved that wug is strictly convex in €2 in dimension 2. The-
orem 1.1 follows from Theorem 5.4.

8. APPENDIX: SECOND BOUNDARY VALUE PROBLEM

In order to construct approximation solutions to the maximizer of J(u), we employ
the second boundary value problem for equation (2.6). This section is just a modifica-
tion of the second boundary problem in [TW2]. We include it here for completeness.
Throughout this section, we will denote by d the determinant det D?u for simplicity.

We study the existence of smooth solutions to the following problem.

(8.1) Uwj = f(x,u), in Q,
(8.2) w=G'(d), in Q,

(8.3) w =1, on IS,

(8.4) u =, on 0,

where €2 is a smooth, uniformly convex domain in R", ¢, 1) are smooth functions on
00 with

0<Cit <y <.
f € L*(Q2 x R) is nondecreasing in u and there is ¢, < 0 such that
f(l’,t) S O> 13 S t0~

We note that this condition is not needed if u is bounded from below.

By Inverse Function Theorem, w = G’(d) has an inverse function d = g(w). ¢ is

an decreasing function which goes to 0 as w — co and goes to oo as w — 0. To solve
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the problem (8.1)-(8.4), we first consider the approximating problem

(8.5) Ulwy; = f, in Q,

(8.6) det D*u = mrg(w) + (1 — ng), in €,

where ¢ and 1 satisfy (8.3), (8.4) and n, € C§°(Q2) is the cut-off function satisfying
e =11in Q = {2 € Q| dist(x,00) > 1}.

Lemma 8.1. Suppose that f € L™ satisfies the condition above. If (u,w) is the C?
solution of (8.5), (8.6), there is a constant depending only on diam(Q), f, ¢, ¥ and
independent of k, such that

(8.7) Cl<w<C, inQ,

(8.8) |w(z) —w(xg)| < Clo — x|, for any z € Q, x5 € 0.

Proof. The proof of the upper bound for w is totally the same as that for affine
maximal surface equation in [TW2] by considering the auxiliary function

z = logw + Alz|?,

where A > 0 is a constant to be determined later. Suppose that z attains its minimum
at the point zg. If xq is a boundary point, then z(xy) > C, and hence w > C. If zg
lies in the interior of €2, we have, at x,
0=z = %—I—QAZL’Z',
w
wij . wiwj

0 2 Zij = w w2 + 2A(SZ]

Then

0o > uijZij
— i — 4A2uijx,~a7j + 2Au"
dw
> L aa
dw

Note here we choose A small. Therefore,
A w < C.

combining with the definition of d, w and using the condition F'(0) = oo in (c), we
obtain w < C.

By w < C, we have det D?>u > C. Suppose that v is a smooth, uniformly convex
function such that D?v > K > 0 and v = 9 on 9. Then, if K is large,

Ubv; > KU > K[det D] > CK > f,
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which implies U” (v — w);; > 0. By maximum principle, v — w < 0. We thus obtain

(8.9) w(z) — w(xg) > —Clx — x|, for any z € Q, zy € 0.

To prove the lower bound of w, let
z =logw + w — ah(u),
where a@ > 0 is a constant to be determined later and h is a convex, monotone
increasing function such that,

h(t) =t, when t > —tg and h > —ty — 1, when t < —t,.

Assume that z attains its minimum at zq. If xy is near 09, by (8.9), z(z¢) > —C.
Otherwise, xg is away from the boundary. Hence, we have, at x,
W
0=z =— 4w —ah'(u)u,
w
Wi w; W

0<z;= o gz Twi— ah”(u)uu; — ah'(w)u,;.

By maximum principle,

[ www; f

0<uzy; = i + e ah” (u)uuu; — ah'(u)n
f J /
< L 4L .
ot ah/(u)n

If u(zo) < to, f < 0, which immediately induces a contradiction. Hence, u(xy) > to,
and h/(u(xo)) > h'(tp). Then choosing « large enough, we obtain d < C' at zy by
the assumption (a). Using the relation between w and d, we have w(xy) > C. By
definition,
z =logw +w — ah(u) > z(xg) > —C.

This implies w > C.

Similarly, with the upper bound of the determinant, we can construct a barrier
function v from above for w and prove

w(z) —w(xg) < Clr — x0].
In conclusion, the lemma has been proved. O

Proposition 8.2. There is a solution u € C**(Q) N W4*P(Q) to the approzimation
problem (8.5), (8.6). If furthermore f € C%(Q), then u € C**(Q).

Proof. By (8.7), using Caffarelli-Gutierrez’s Holder continuity for linearized Monge-
Ampere equation [CG] we have the interior C estimate for det D?u, for some «a €

(0,1). Then by Caffarelli’s W?? and C*® estimates for Monge-Ampere equation
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7, [JW], we have interior W?%? estimate for u for some p > 1 and C** estimate when

f € C*(Q). Then the interior W*?P and C** estimates follow from the standard
elliptic regularity theory. Note that det D?u is constant near the boundary of €, we
also have the boundary W47 and C** estimates by [CNS, [GT] [K]. In conclusion, we
have

(8.10) [ullwar@) < C,
where C' depends on n, p, ¢, ¢ and f. and
(8.11) Julloue < C

when f € C%(2), where C depends on n, «, ¢, 1 and f.
Now we use the degree theory to prove the existence of solutions to the approxi-
mating problem (8.5), (8.6).

For any positive w € C%(Q), let u = u,, be the solution of (8.6) with u = ¢ on
0. Next, let wy, t € [0, 1], be the solution of

(8.12) Uw;; =tf in Q, w; =ty + (1 — t) on 9.
Therefore, we have a compact mapping
Ty :w € C"(Q) — w, € C¥HQ).

By estimate (8.10), the degree deg(T}, Bg, 0) is well defined, where By is the set of all
functions satisfying |[w[/co1 @, < R. When ¢ = 0, Ty has a unique fixed point w =1
by (8.12). Hence, deg(Ty, Br,0) = 1. By degree theory, we have deg(T}, Bg,0) = 1.
Namely, there is a unique solution when t = 1. The proposition follows. O

Finally, taking £ — oo, we obtain

Theorem 8.3. The second boundary problem (8.1)-(8.4) admits a solutionu € W2"N

COL Q) (p > 1) with det D*u € C°(Q). Moreover, if f € C*(QAxR) (0 < a < 1),
then u € C**(Q) N CYH(Q).

Remark 8.4. The second boundary problem we consider here is for the equation
(2.6). By checking the proof, it is easy to see that Theorem 8.3 also holds for Abreu’s
equation.
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