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Properties of the extremal solution for a fourth-order
elliptic problem 18]

Baishun Lai - Zhuoran Du

Abstract Let A* > 0 denote the largest possible value of A such that
A2U = ﬁ in B,
O0<u<l in B,
U = % =0 on 0B.

has a solution, where B is the unit ball in R" centered at the origin, p > 1
and n is the exterior unit normal vector. We show that for A = A\* this
problem possesses a unique weak solution u*. We prove that u* is smooth
if n < 12 and singular when n > 13 for p large enough, in which case 1 —
C’orﬁ < ups(r) < 1-— 7+ on the unit ball, where Cy := (A*/X)PTll and

N = 8(10—1)[ _ 2(17—1)”” dp ],

— (p+1)? p+1 T opHl

Mathematics Subject Classification (2000) 35B45 - 35J40.

1. Introduction and main result

The main purpose of this paper is to investigate regularity of the extremal solution
for a class of fourth-order problem

A%y = (# in B,

1—u)P
O<u<l in B, (1.1)x
U = g—z =0 on 0B.

Here B denotes the unit ball in R™ (n > 2) centered at the origin, A > 0,p > 1 and a%
the differentiation with the respect to the exterior unit normal, i.e., in radial direction.
We consider only radial solutions, since all positive smooth solutions of (1.1), are radial,
see Berchio et al. [3].

The motivation for studying (1.1), stems from a model for the steady sates of a simple
micro electromechanical system (MEMS) which has the general form (see for example [19],
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2, _ 2 Af(z) ;
alNu = (B [, |Vul*dz 4+ ~v)Au + ey in Q,
O<u<l1 in €, (1.2)
u = OK% = 0 on 89,
n

where a, 3,7, x > 0, are fixed, f > 0 represents the permittivity profile, €2 is a bounded
domain in R™ and A > 0 is a constant which is increasing with respect to the applied
voltage.

Recently, Equation (1.2) posed in Q = B with =5 =x =0, =1 and f(x) = 1,
which is reduced to
Azu = (1+ in B,

u)?

O<u<l in B, (1.3)
u—g—Z—O on 0B,

has been studied extensively in [§]. For convenience, we now give the following notion of
solution.

Definition 1.1. If u, is a solution of (1.1), such that for any other solution v, of
(1.1)) one has
uy < vy, a.e. r € B,

we say that uy is a minimal solution of (1.1),.

It is shown that there exists a critical value A* > 0 (pull-in voltage) such that if
A € (0,A%) the problem (1.3) has a smooth minimal solution , while for A > A* (1.3)
has no solution even in a weak sense. Moreover, the branch A\ — wu,(z) is increasing
for each z € B, and therefore the function u*(z) := limy_, - uy(z) can be considered as
a generalized solution that corresponds to the pull-in voltage A\*. Now the issue of the
regularity of this extremal solution-which, by elliptic regularity theory, is equivalent to
whether sup, u* < 1- is an important question for many reasons. For example, one of
the reason is that it decides whether the set of solutions stops there, or whether a new
branch of solutions emanates from a bifurcation state (u*, \*) (see Figures 1,2). This issue
turned out to depend closely on the dimension. Indeed by the key uniform estimate of
(1 —u)73||z1, Guo and Wei [16] obtained the regularity of the extremal solution for small
dimensions and they proved that for dimension n = 2 or n = 3,u* is smooth. But from
their result, the regularity of extremal solution of (1.3) is unknown for n > 4. Recently,
using certain improved Hardy-Rellich inequalities, Cow-Esp-Gho-Mor [§] improved the
above result and they obtained that u* is regular in dimensions 1 < n < 8, while it
is singular for n > 9, i.e., the critical dimension is 9. So the issue of the regularity of
the extremal solution of (1.1), for power p = —2 is completely solved, but the critical
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In this paper, we investigated the relation between p and critical dimension of of
the extremal solution of the equation (1.1),, we find that the critical dimension n(p)
increase for p increase, and if p is large enough, the the critical dimension is 13, which is
independent of p, i.e., the extremal solution of (1.1), is singular (supg u* = 1) for n > 13.
Our result is stated as follows:

Theorem 1.1 (i) There exists pg > 1 large enough such that for p > pg, the unique
extremal solution of (1.1),« is regular for n < 13; while it is singular for n > 13;
(ii) For any p > 1, the unique extremal solution of (1.1)« is regular for n < 4.

From the technical point of view, one of the basic tools in the analysis of nonlinear
second order elliptic problems in bounded and unbounded domains of R"(n > 2) is the
maximum principle. However, for high order problems, such principle dose not normally
hold for general domains (at least for the clamped boundary conditions u = % =0 on
0f2), which causes several technical difficulties. One of reasons to the study (1.1), in a ball
is that a maximum principle holds in this situation, see [I], [5]. The second obstacle is the
well-known difficulty of extracting energy estimates for solutions of fourth order problems
from their stability properties. Besides, for the corresponding second order problem,
the starting point was an explicit singular solution for a suitable eigenvalue parameter A
which turned out to play a fundamental role for the shape of the corresponding bifurcation
diagram, see [4]. When turning to the biharmonic problem (1.1), the second boundary
condition g—z = 0 prevents to find an explicit singular solution. This means that the
method used to analyze the regularity of the extremal solution for second order problem
could not carry to the corresponding problem for (1.1),. In this paper, we, in order to
overcome the third obstacle, use improved and non standard Hardy-Rellich inequalities
recently established by Ghoussoub-Moradifam in [13] to construct a semi-stable singular

H?(B)— weak sub-solution of (1.1)j.

This paper is organized as follows. In the next section, some preliminaries are reviewed.
In Section 3, we give the uniform estimate of ||(1 — u)?™!||;:1 according to the stability of
the minimal solutions. We study the regularity of the extremal solution of (1.1), and the
Theorem 1 (ii) is established in Section 4. Finally, we will show that the extremal solution
u* in dimensions n > 13 is singular by constructing a semi-stable singular H?(B)— weak
sub-solution of (1.1),.

2. Preliminaries
First we give some comparison principles which will be used throughout the paper

Lemma 2.1. (Boggio’s principle, [5]) If u € C*(Bg) satisfies

u=2%=0 on 0Bp,

{ A2y >0  in Bp,
on

then v > 0 in Bp.

Lemma 2.2. Let u € L'(Bg) and suppose that

/ uA2<p >0
Br
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For a proof see Lemma 17 in [1].

Lemma 2.3. If u € H*(Bp) is radial, A*u > 0 in Bp in the weak sense, that is
| Bubpz0 Vo€ G (Ba). 20
Br

and u|gp, > 0, %‘8&3 < 0 then v > 0 in Bp.

Proof. We only deal with the case R = 1 for simplicity. Solve

A?uy =A%u in B
ulz%:() on OB

in the sense uy € Hg(B) and [, AuiAp = [, Aulp for all ¢ € C5°(B). Then u; > 0 in
B by lemma 2.2.

Let uy = u—uy so that A?uy = 01in B. Define f = Auy. Then Af = 0 in B and since
f is radial we find that f is a constant. It follows that us = ar? +b. Using the boundary
conditions we deduce a + b > 0 and a < 0, which imply us > 0.

As in [§], we are now led here to examine problem (1.1), with non-homogeneous
boundary conditions such as
A%y =2 _ in B,

a<u<l in B, (2-1))\,a,'y
u:a,g—z =7  on 0B,

where «,y are given.

Let @ denote the unique solution of

A2D =0 in B,
{ @za,g—fzv on 0B. (2:2)

We will say that the pair (a,~) is admissible if ¥ < 0, and o — 3 < 1. We now introduce
a notion of weak solution.

Definition 2.1. We say that u is a weak solution of (2.1)) 4., if @ <u <1 a.e. in Q,
~—t— € L) and if

(1—u)P

/Q(u — B)A%p = A/Q a fu)p Vo € CY(B)( | Hi(B),

where ® is given in (2.1). We say u is a weak super-solution (resp. weak sub-solution) of
(2.1)x,0,y, if the equality is replaced with > (resp.<) for ¢ > 0.

Definition 2.2. We say a weak solution of (2.1),,, is regular (resp. singular) if
|ul|oo < 1 (resp. ||ul| = 1) and stable (resp. semi-stable) if
2

o) =intl [ (@A) = [ o BB, ol = 1)

is positive (resp. non-negative).

We now define



and

Ai(a,y) :=sup{A > 0:(2.1),,4, has a weak soltion}.

Observe that by Implicit Function Theorem, we can classically solve (2.1)) .~ for small
Ns. Therefore, \*(a,7y) and A.(«,7) are well defined for any admissible pair (a, ). To
cut down notations we won’t always indicate o and ~.

Let now give the following standard existence result.

Theorem 2.1. For every 0 < f € L'(Q) there exists a unique 0 < v € L'(Q) which

satisfies
/quwdx:/fgod:c
Q Q

The proof is standard, please see [14], here we omit it. From this Theorem, we imme-
diately have the following result.

for all p € C*(B) (N HE(B).

Proposition 2.1. Assume the existence of a weak super-solution U of (2.1), 4. Then
there exists a weak solution u of (2.1)) 4 so that « <u < U a.e in B.

For the sake of completeness, we include a brief proof here, which be called “weak”
iterative scheme: uo = U and (inductively) let w,,n > 1, be the solution of

[n—mate=x [ 2 e ccrm o).

given by Theorem 2.2. Since « is a sub-solution of (2.1) 4., inductively it is easily shown
by Lemma 2.2 that o < u, 1 < u,, < U for every n > 0. Since

(1—u,)*<(1-U)"? eLB),
by Lebesgue Theorem the function u = lim,,_, u, is a weak solution of (2.1)y 4, so that
a<uyu<U.

In particular, for every A € (0,\,), we can find a weak solution of (2.1)) 4. In the
same range of \'s, this is still true for regular weak solutions as shown in the following
lemma.

Lemma 2.4. Let (o, ) be an admissible pair and u be a weak solution of (2.1)) 4,
Then, there exists a regular solution for every 0 < pu < .

Proof. Let € € (0,1) be given and let @ = (1 — €)u + P, where @ is given in (2.2).
by lemma 2.2 supy ® < supzu < 1. Hence

supt < (1 —¢€)+esup® < 1, infu > (1—e)a—|—ei%ftl>:a
B B

/B(a—cb)(m%—m@ - (1—6)/B(u—<1))(5A290—TAs0) = (1—6)A/B 1fu)p

(
p+1 ¥ p+1 ¥
= (-9 A/]3(1—a+e(<1>—1))zoZ“_E) A/]_@(1—11)19'
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solution B of (2.1)(1—¢p+1ra, S0 that o < w < @. In particular, supp @ < 1 and w is a
regular weak solution. Since € € (0, 1) is arbitrarily chosen, the proof is done.

Now we recall some basic facts about the minimal branch
Theorem 2.2. \* € (0, +00) and the following holds:

1. For each 0 < A < A\* there exists a regular and minimal solution uy of (2.1)x4,+;
2. For each x € B the map A\ — u,(z) is strictly increasing on (0, A*);
3. For A > \* there are no weak solutions of (2.1)y q.,-

The proof is standard, see [§], here we omit it.

3. Stability of the minimal solutions

In this section we shall show that the extremal solution is regular in small dimensions.
Let us begin with the following priori estimates along the minimal branch u,. In order
to achieve this, we shall need yet another notion of H?(B)- weak solutions, which is an
intermediate class between classical and weak solutions.

Definition 3.1. We say that u is a H?(B)- weak solution of (2.1)y,5 if u — ® €
H}B),a<u<l1€eB € L'(B) and if

’(lu

B ¢
/BAuA¢>—)\/Bm, Vo € CY(B)( ) Hqa(B)

where @ is given in (2.2). We say that u is a H?*(B)- weak super-solution (resp. H?(B)-
weak sub-solution) of (2.1), 4 if for ¢ > 0 the equality is replaced with > (resp.<) and
u > «a (resp. <), Oyu < 3 (resp. >) on 0B.

Theorem 3.1. Suppose that (a, ) is an admissible pair.
1. The minimal solution wu, is stable, and is the unique semi-stable H— weak solution
of (2.1))\’,177;
2. The function uv* := limy_, = uy is a well-defined semi-stable H— weak solution of
(2.1)x a0
3. u* is the unique H— weak solution of (2.1)« o, and when u* is classical solution,
then py (u*) = 0;
4. If v is a singular, semi-stable H— weak solution of (2.1)) 4., then v = «* and
A=A\
The main tool which we use to prove the theorem 3.1 is the following comparison

lemma which is valid exactly in the class H.

Lemma 3.2. Let («a,7) is an admissible pair and u be a semi-stable H— weak solution
of (Pya,y). Assume U is a H— weak super-solution of (2.1), . Then

1. u < U a.e. in
2. If u is a classical solution and p;(u) = 0 then U = u.

A more general version of Lemma 3.2 is available in the following.

Lemma 3.3. Let («,7) is an admissible pair and 7/ < 0. Let u be a semi-stable H—
weak sub- solution of (2.1)) 4~ With u =o' < o, Au= " > [ on 0€2. Assume that U is a
H— weak super-solution of (2.1)) 4, with U = a, AU =  on 0§2. Then U > u a.e. in .



We need also some a priori estimates along the minimal branch w.

Lemma 3.4. Let (o, ) be an admissible pair. Then for every A € (0, \*), we have

where ® is given by (2.1). In particular, there is a constant C' independent of A so that

1
Auy|?d —— < C. 3.1
[ 1w [ < (31)
Proof. Testing (2.1)y 4., on uy — ® € W*?(B) N HZ(B). We see that

A/B(Wi :/B(A(uk—é)fdx sz/ (i —®F

1 —uy)P 5 (1 —uy)Pt!

in the view of SA%2® — 7A® = (. In particular, for § > 0 small we have that

/ 1 1 (it —®? _ 1 1

r—ajzs (L= )Pt = 0% Jiu g (L—up)P*t = 0% Jp (1—uy)P
1

<ot ——— 4

A /B TN + Cs

by means of Young’s inequality. Since for ¢ small

1
- <c
/|uA—<I>§5 (1 — uy)PHt

for some C' > 0, we get that

1
I
Lu—mwﬂ—c

for some C' > 0 and for every A € (0, \*). By Young’ s and Hélder’s inequalities, we have

/|Aux|2da: = /AukAédij)\/ udm
B B B (L—uy)?
1 p

2 - \pti
< 5/B|Au>\| d:l:—l—Ca—l-C(/B (1—U>\)1’7+1)p+ .
So we have

1
Auy? — <
Jytmbas+ [ G <€

where C' is absolute constant.

Proof of the Theorem 3.1. (1) Since ||uy|l« < 1, the infimum defining 1 (uy)
is achieved at a first eigenfunction for every A € (0, A*). since A — u,(z) is increasing for
every x € B, it is easily seen that A — 1 (uy) is a decreasing and continuous function on
(0, \*). Define

Aix i=sup{0 < A < X" : py(uy) > 0}

We have that \.. = M\ Indeed. otherwise we would have u+(ux ) = 0. and for everv



since Lemma 3.2 implies u, = u,,,. Finally, Lemma 3.2 guarantees the uniqueness in the
class of semi-stable H— weak solutions.

(2) It follows from (3.1) that uy — u* in a pointwise sense and weakly in H?(B), and
—— € LP*! In particular, u* is a H— weak solution of (Py« 4,,) which is also semi-stable
as the limiting function of the semi-stable solutions {uy}.

(3) Whenever ||u*||o < 1, the function u* is a classical solution, and by the Implicit
Function Theorem we have that p;(u*) = 0 to prevent the continuation of the minimal

branch beyond A*. By Lemma 3.2, v* is then the unique H— weak solution of (P« 4 ).

(4) If A < A*, we get by uniqueness that v = uy,. So v is not singular and a
contradiction arises. Now by theorem 2.5 (3) we have that A\ = A*. Since v is a semi-
stable H— weak solution of (P« ,,) and u* is a H— weak super-solution of (Py« o), We
can apply Lemma 3.2 to get v < u* a.e. in 2. Since u* is also a semi-stable solution, we
can reverse the roles of v and v* in Lemma 3.2 to see that v > u* a.e. in . So equality
v = u* holds and the proof is done

4. Regularity of the extremal solutions and the Proof of the Theorem 1.1

(ii)

In this section we first show that the extremal solution is regular in small dimensions
by the uniformly bounded of uy in HZ(B). Second, using the refined version of Hardy-
Rellich inequality, we prove the extremal solution is singular for n > 13 and p large
enough. Now we give the proof of Theorem 1.1 (ii).

Proof of Theorem 1.1 (ii). As already observed, estimate (3.1) implies that f(u*) =
(1—u*)?e L%(B). Since u* is radial and radially decreasing. We need to show that
u*(0) < 1 to get the regularity of v*. In fact, on the contrary suppose that «*(0) = 1. By
the standard elliptic regularity theory shows that u* € W By the Soblev imbedding
theorem, i.e. WS o C"0<m<4-— 1%, 1 <n <4). We have u* is a Lipschitz
function in B for 1 <n < 3.

Now suppose ©*(0) =1 and 1 < n < 2. Since

1 C
>

1—u*_m

in B

for some C > 0. One see that

1 1
_ op+1
+oo=C /B|x‘p+1§/87(1_u*)p+l<+oo.

A contradiction arises and hence u* is regular for 1 <n < 2.
p+a  —
For n = 3, by the Sobolev imbedding theorem, we have u* € C»+1(B), if % > 2,
then u*(0) = 1, Du*(0) = 0 and

|Du*(e) — Du*(0)] < M|e| < M|x|

where 0 < |¢] < |z|. Thus
[u(z) — u(0)] < [Du(e)|lz| < Mlz|”.

This inequality shows that



.. . . . 4
A contradiction arises and hence u* is regular for n = 3; if % < 2, then

|Du(e) — Du(0)] < Mg~ < Mla|7
where 0 < |¢] < |z|. Thus
[u(@) = u(0)| < |Du(e)||a] < Mlz|,
and a contradiction is obtained as above. .
For n = 4, by the Sobolev imbedding theorem, we have u* € C'7+1(B). If 1 < ]ﬁ <2,
then u*(0) = 1, Du*(0) = 0 and
|Du(e) = Du(0)] < Mle|#+1™" < M|
where 0 < |e| < |z|. Thus

[u(z) = u(0)] < |Du(e)||z| < Mz|7.

If ﬁ < 1, then u* is a Holder’s continues and

1 —u*(z) < Mlz|r,

and we obtain a contradiction as above.

We now tackle the regularity of u* for 5 < n < 12. We start with the following crucial
result.

Lemma 4.1. Let n > 5 and (u*, \*) be the extremal pair of (1.1),, when u* is
singular, then

1—u*§C’0|x\ﬁ,
e 3 8(p—1 2(p—1
where Cp := (A*/3) 77 and X := 22ty — 22y, — Ao

In order to prove the Lemma 4.1, we need the lower bounds of \* and state as follows
Lemma 4.2. \* satisfies the following lower bounds for n > 4

AF >\

Y 8(p-1 20p—1
where \ = (I(fjrl)z) [n — g’H )][n — I%] )

Proof. the proof is standard, here we include the proof for the sake of completeness.
4
Notice that for n > 4 the function u = 1 — |x|»+! satisfies

1
————c LB
Ty < LB
and u is a weak solution of 5
A= ———,
(1—a)
and u(1) = 0 = uy(1); %(1) > aaiyj(l). Therefore, 4 turns out to be a weak super-solution

of (1.1), provided A < A. Thus necessarily, we have



The proof is done.

Proof of Lemma 4.1. First note that Lemma 4.2 gives the lower bound:
N>

For § > 0, we define us(z) :=1— C’g|x|p;jr1 with C := ()\T + 5)1’L+ > 1. Since n > 5. we
have that us € H2 (R"), = € L} (R") and us is a H?-weak solution of

) 1—ug loc

Alys=-"—"—" in R"

We claim that us < u* in B, which will finish the proof by just letting o — 0.
Assume by contradiction that the set

[:={re(0,1): us(r) >u*(r)}
is non-empty, and let r; = supI'. Since
us(1) =1-=Cs < 0=u*(1),
we have that 0 < r; < 1 and one infers that

a=u'(r) = us(r), B=(u")(r1) = ug(r).

a4
Setting us,, (1) =7 " (us(rir) —1)+1, we easily see that the function us,, (r) is a H?(B)-
weak super-solution of (2.1)y+, 43 o g, Where

__4 p—:
O/ = Tl P+l (u*(’f‘ﬂ”) - 1) + 1, B/ = Tlp+1ﬁ.
_a
Similarly, define u} =7 """ (u*(rir) — 1) + 1, we have u} is singular semi-stable H*(B)-
weak solution of (2.1)« 4 g

Now we claim that (o, f) is an admissible pair. Since u* is radially decreasing, we
have that 5’ < 0. Define the function

wlr) = @ = D)+ e 44 (2),

where v(z) is a solution of A%y = \* in B with v = 9,7 = 0 on dB. Then w is a classical

solution of
A%w = \* in B
w=dao,0,w=p0 on 0B.

Since (1_’;7)1, > X*, by Lemma 2.1 we have
1
u, >w a.e. inB

Since w(0) = o/ — £ 4 ~4(0) and ~(0) > 0, we have

/

|
Ty
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Since (o, A’) is an admissible pair and us,, is a H*(B)-weak super-solution of (2.1) 1 53 o 5-
We get from Proposition 2.1, the existence of a weak solution of (2.1) ., sx o g~ Since

A4+ 0A > N\
we contradict the fact that A* is the extremal parameter of (2.1)) o .

Thanks to the lower estimate on u*, we get the following regular result.

Theorem 4.1. If p is large enough, the extremal solution u* is regular in dimensions
for 5 <n <12

Proof. Assume u* is singular. For ¢ > 0, define ¢(z) := |z| 2" *¢ and note that:
(Ap)* = (Hy + O(e)) || 7",
n?(n—4)2

where H,, = —5z—. Given n € C§°(B) and since n > 5, using a standard approximation
argument, we can use the test function n¢ € HZ into the stability inequality to obtain

B

since the contribution of the integrals outside a fixed ball around the origin remains
bounds as € — 0 ( Here O(1) denotes a bounded function as € — 0). By Lemma 4.2 and
Rellich’s inequality, we find

_ 1 _ 2
pAB,— = p)\/ P dx < /(Agp)de—l—O(l)
B B

2 BE

H
< (H,+ O(s))/ |z| "% dz = B, =~ + O(1),
B 2e

where B, is the surface area of the unit n-1 dimensional sphere S"~!. Obviously we have
pA < H, + O(e).

Letting ¢ — 0, we get pA < H,,, i.e.,

2(n —4)2 -1 2(p—1 4
(=47 Splp )H_L)(n__l?). (4.1)
16 (p+1)2 p+1 p+1
As p — 400, we have
n?(n — 4)?

L s -4+ 0(%).

Graphing this relation one see (4.1) holds only for n > 13. So the extremal solution u* is
regular in dimensions for 5 < n < 12 and the proof is done.

We can now slightly improve the lower bound of \*

Corollary 4.1. In any dimension n > 1, we have

oy Se=1),  2p-1), ip

n —



Proof. The function @ :=1 — |x|ﬁ is a H?*(B)-weak solution of (2.1)5\707_%. If by

contradiction \* = X, then @ is a H?(B)-weak super-solution of (1.1), for every A € (0, \*).
By Lemma 3.2 we get that uy, < u for all A < \*, and then v* < @ a.e. in B.

If 1 <n <4, u*is then regular by Theorem (i). By Theorem 3.1 (3) there holds
p1(u*) = 0. By Lemma 3.2 then yields that u* = @, which is a contradiction since then
u* will not satisfy the boundary conditions.

If now n > 5 and A* = A, then Cy = 1 in Lemma 4.1, and we then have u* > @. It
means again that u* = u, a contradiction that completes the proof.

In what follows, we will show that the extremal solution u* of (1.1), in dimensions
n > 13 is singular. To do this, first we give the following lemmas which are the key for
the proof of the singularity of v* in higher dimensions.

5. The extremal solution is singular for n > 13

We prove in this section that the extremal solution is singular for n > 13 and p large
enough. For that we will need a a suitable Hardy-Rellich type inequality which was
established by Ghoussoub-Moradifam in [13]. As in the previous section (u*, \*) denotes
the extremal pair of (2.1),

Lemma 5.1. Let n > 5 and B be the unit ball in R™. Then there exists C' > 0, such
that the following improved Hardy-Rellich inequality holds for all ¢ € HZ(B):

2
) n?(n — 4)? /
>
/B(Ago) dr > 16 ‘x|4dx+C'

Lemma 5.2. Let n > 5 and B be the unit ball in R". Then the following improved
Hardy-Rellich inequality holds for all ¢ € HZ(B):

S e
/BW” = 16 / <\x|2 09|xﬁ+1><\x|2— 5
(n—l
5 ER ] 50)

As a consequence, the following improvement of the classical Hardy-Rellich inequality

holds: 2( 4)2 )
n(n — ®

Ag)’dr > / -

/B( ) 16 o jel2eP — 121

Lemma 5.3. If n > 13, then u* <1 — |:)3|P;*4r1

Proof. Recall from Corollary 4.1 that A < X*. Let & =1 — \x|ﬁ, we now claim that
uy < @ for all A € (A, \*). Indeed, fix such a A and assume by contradiction that

Ry :=inf{0 < R<1:uy<u in the interval (R,1)} > 0.

From the boundary condition, one has that uy < @(r) as » — 17. Hence, 0 < R; <
l,a:=uy(Ry) = u(Ry) and B := u)\(R;) < @' (Ry). The same as the proof of Lemma 4.1,
we have uy > @ in Bg, and a contradiction arises in view of the fact that lim,_,ou(z) =1
and [|uy]|s < 1. Tt follows that uy < @ in B for every A € (A, A*) and in particular u* <



Lemma 5.4. Let n > n(p). Suppose there exists A’ > 0 and a singular radial function
w(r) € H*(B) with -1 € L2 (B \ {0}) such that

2w <
A’w W< Toop )/ for 0 <r <1, (5.1)
w(l)=0, «'(1)=0,
and )
¥ 2 2
1. If > N, then \* < ).
2. If either 8 > N or g = XN = %, then the extremal solution u* is necessarily
singular.

Proof. (1). First, note that (5.2) and = € L{5.(B \ {0}) yield to

L crum)

l-w
At the same time, (5.1) implies that w(r) is a H?(B)- weak stable sub-solution of (1.1),.
If now ' < A*, then by Lemma 3.3, we have
w(r) < uy,
which ia a contradiction since w is singular while uy: is regular.

(2) Suppose first that § = N = % and that n > 13. Since by part (1) we have
A< %, we get from Lemma 5.3 and improved Hardy-Rellich inequality that there exists
C > 0 so that for all ¢ € H2(B)

Jroor - [tz faor-m [ fmze [ o

It follows that u(u*) > 0 and u* must therefore be singular since otherwise, one could
use the Implicit Function Theorem to continue the minimal branch beyond A*.
Suppose now that 8 > )\, and let %' < 7 < 1in such a way that

YA*
)\/

o= (e <1,

Setting w := 1 — a(1 — w), we claim that
w*<w in B. (5.3)

Note that by the choice of o we have o™\ < \*, and therefore to prove (3.4) it suffices
to show that for a?T')\ < X < A\*, we have uy < @ in B. Indeed, fix such A and note that
aN aP iy A

Ao=adv s G ST Sa

Assume that u, < @ dose not hold in B, and consider

. - . ) DR o~ o



Since w(1) =1 —a > 0 = uy(1), we then have
R; < 1,U)\(R1) = (I)(Rl) and u'/\(Rl) < @/(Rl).

Introduce, as in the proof of the Lemma 4.1, the functions uy r, and wgr,. We have that
uy g, is a classical solution of (2.1) 4 s, where

4 p—3

o =R " (ua(Ry) = 1) + 1,8 = R{™ (ua)' (Ry).

Since A < \* and then

PA pA” - pp
(1—a) = aptt(1 —w)ptt = (1 —w)ptt’

by (3.3) wg, is a stable H?(B)-weak sub-solution of (2.1)) o . By Lemma 3.3, we deduce
that uy > w in By, which is impossible, since @ is singular while wuy is regular. This
establishes claim (3.4) which, combined with the above inequality, yields

P pA” __p
(1 — u*)lﬁ‘l’l - ap+1(1 _ w)p+1 (1 _ w)p’

and Thus o
. Js(Ap)? — %
inf 5
peCEe (B) %%
This is not possible if u* is a smooth function, since otherwise, one could use the Implicit
function Theorem to continue the minimal branch beyond A*.

Proof Theorem 1.1 (i).
We have proven that the u* is regular for n < 12. Now we only prove that u* is a
singular solution of (1.1)y« for n > 13, in order to achieve this, we shall find a singular

H —weak sub-solution of (1.1),/, denote by w,,(r), which is stable, according to the Lemma
0.4.

> 0.

Choosing
. s 8p-1), 2(p-1) 4p
Wn(r) =1—ar»™ +apr™, A= n— - —
since w(1) = w'(1) = 0, we have
m 4
ap = ) Ay = p+14
M= M=

For any m fixed, when p — 0o, we have

4
a; = 14 )m + O(p_l) and Ay = A1 — 1=

4 -1
o+ m m P

(p+1

and 8 2 4
LU R
p




Note that

A PUDY
—mt A, (r)= —
L= wn)) wnlr) = T
- p — 92 _ _
it gl =m0 2)m
T m
h

(alrﬁ — agrm)p
m(m —2)(m+n—2)(m+n—4)
7»4—m
/
= 5\7’_% |: )\TL 1 - CLl
(ay — agr™ »H1)P

aom(m —2)(m+n —2)(m+n — 4)r%+m_4}

A
T A
g )\7’_% |: n 1 - CLl
(ay — agr™ PP
asm(m —2)(m+n —2)(m+n —4) m_%}
— — r p
A
_ 4p
AT
- e N HOT ) (5.4)
(a1 — agr™ PP
with ) ) A
H(x) = (a1 — agx)? {al + azm{m — 2)(m +;L —2)(mtn - )x} . (5.5)
(1) Let m = 2, then we can prove that
sup H(z) = H(0) = ¥ — €% as p — 4.
[0,1]
So (5.4) > 0 is valid as long as
N o= e
At the same time, we have (since a; — apr® P > ay —ap > 1 in [0,1])
2 —4 2 1 » 2 —4 2
n (n ) — - pﬁ _ > 7”_4 n (n ) _pﬁn ) (56)
16 r 4 (a; — agr? e )Pl 16

Let (3, = (X, +€)), where ¢ is arbitrary sufficient small, we need finally here

n?(n — 4)?
16

For that, it is sufficient to have for p — +o0

2 _42 B
_pﬁn = 717(7116 ) —p)\;LA > 0.

n?(n — 4)? 9 1
— 8(e+e)(n—2)(n—4)+ O(]_9> > 0.

So (5.6) > 0 holds only for n > 32 when p — +00. Moreover, for p large enough



Thus it follows from Lemma 5.4 that u* is singular and \* < e2\.

(2) Assume 13 < n < 31. We shall show that u = ws 5 satisfies the assumptions of
Lemma 5.4 for each dimension 13 < n < 31. Using Maple, for each dimension 13 < n < 31
one can verify that inequality (5.4) > 0 holds for the X/, given by Table 1. Then, by using
Maple again, we show that there exists /3, > A/ such that

(n—2)%(n — 4)* 1
16 (l2]* = 0.9]=[Z*H) (|2 — |[2)
m-De-42 1 B,
4 22 (|2 = |=[2)  — (1 —wss)P

+

The above inequality and and improved Hardy-Rellich inequality (5.0) guarantee that the
stability condition (5.2) holds for /3, > A/ . Hence by Lemma 5.4 the extremal solution is
singular for 13 < n < 31 the value of X/, and 3, are shown in Table 1.

Remark 1 The values of X, and 3, in Table 1 are not optimal.

Tablel

n X | Bn

31 3.15\ | 4\
30-19 | 4X 10X
18 319X\ | 3.22)
17 3.15) | 3.18\
16 3.13X | 3.14\
15 276\ | 3.12)
14 2.34)\ | 2.96\
13 2.03\ | 2.15\

Remark 2 The improved Hardy-Rellich inequality (5.0) is crucial to prove that u* is
singular in dimensions n > 13. Indeed by the classical Hardy-Rellich inequality and
u = wy, Lemma 5.4 only implies that u* is singular n dimensions n > 32.
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Properties of the extremal solution for a fourth-order
elliptic problem 18]

Baishun Lai - Zhuoran Du

Abstract Let A* > 0 denote the largest possible value of A such that
A%y = (lj‘u)p in B,
O0<u<l in B,
U = % =0 on 0B.

has a solution, where B is the unit ball in R™ centered at the origin, p > 1 and
n is the exterior unit normal vector. We show that for A = A\* this problem
possesses a unique weak solution u*, called the extremal solution. We prove
4
that u* is singular when n > 13 for p large enough and 1 — Corr+t < u*(z) <
4 — 1 —
1—77+1 on the unit ball, where Cp := (\*/A)7+1 and A := $oi [n— 22—
1%]’ Our results actually complete part of the open problem which [11] left

Mathematics Subject Classification (2000) 35B45 - 35J40.

1. Introduction and main result

A’u=—2_ in B,

(1—u)P
O<u<l in B, (1.1)x
U = g—z =0 on 0B.

Here B denotes the unit ball in R™ (n > 2) centered at the origin, A > 0,p > 1 and a%
the differentiation with the respect to the exterior unit normal, i.e., in radial direction.
We consider only radial solutions, since all positive smooth solutions of (1.1), are radial,
see Berchio et al. [3].

The motivation for studying (1.1), stems from a model for the steady sates of a simple
micro electromechanical system (MEMS) which has the general form (see for example [20],
23])

- ) M (x) i

al*u = (B fQ [Vul*dr +v)Au + (1=w)?(4x fo 7 %052) e

O<u<l1 in €, (1.2)
u = Oé% =0 on aQ’

*B. S. Lai

"nstitute of Contemporary Mathematics, School of Mathematics and Information Science,Henan Uni-
versity Kaifeng 475004, P.R.China
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Figure 1 (The bifurcation diagram in the Figure 2 (The local bifercation diangram in .
case the extremal solution is singular) the case the extremal solution is regular)

where a, 8,7, x > 0, are fixed, f > 0 represents the permittivity profile, €2 is a bounded
domain in R™ and A > 0 is a constant which is increasing with respect to the applied
voltage.

Recently, Equation (1.2) posed in Q = B with 5 =7 =x =0, =1 and f(z) = 1,

which is reduced to
A%y = (# in B,

1—u)?
O<u<l in B, (1.3)
u = g—z =0 on 0B,

has been studied extensively in [§]. For convenience, we now give the following notion of
solution.

Definition 1.1. If u, is a solution of (1.1), such that for any other solution v of
(1.1), one has
uy < Uy, a.e. r € B,

we say that uy is a minimal solution of (1.1),.

It is shown that there exists a critical value \* > 0 (pull-in voltage) such that if
A € (0,A%) the problem (1.3) has a smooth minimal solution , while for A > A* (1.3)
has no solution even in a weak sense. Moreover, the branch A\ — wu,(z) is increasing
for each x € B, and therefore the function u*(x) := limy_,\« uy(z) can be considered as
a generalized solution that corresponds to the pull-in voltage A\*. Now the issue of the
regularity of this extremal solution-which, by elliptic regularity theory, is equivalent to
whether sup, u* < 1- is an important question for many reasons. For example, one of
the reason is that it decides whether the set of solutions stops there, or whether a new
branch of solutions emanates from a bifurcation state (u*, \*) (see Figures 1,2). This issue
turned out to depend closely on the dimension. Indeed by the key uniform estimate of
(1 —u)73||z1, Guo and Wei [17] obtained the regularity of the extremal solution for small
dimensions and they proved that for dimension n = 2 or n = 3,u* is smooth. But from
their result, the regularity of extremal solution of (1.3) is unknown for n > 4. Recently,
using certain improved Hardy-Rellich inequalities, Cow-Esp-Gho-Mor [§] improved the
above result and they obtained that u* is regular in dimensions 1 < n < 8, while it
is singular for n > 9, i.e., the critical dimension is 9. So the issue of the regularity of
the extremal solution of (1.1), for power p = —2 is completely solved, but the critical
dimension for generally negative power is unknown.

Recently, Juan Davila etal [I1] gave the deep research about the multiplicity phe-
nomenon of (1.1), radial solutions of and the regularity of the extremal solution of (1.1),
for a large range of negative powers.



For convenience, we now define:

n+2—+v4+n2-4yN?+ H,

De = for n > 3;
N-—6-—+4+N2—4y/N?2+ H,
L n+2++4+n2-4/n2+ H,
pe =
N—6++4+n?—4y/n2+ H,

with H,, = (n(n—4)/4)? and the numbers p. and p/ are such that when p = p. or p = pF
then

for n >3, n#4

4 4 4 4
(E+4)(E+2)(n_2_ﬁ)(n_4_ﬁ>:Hn

Now we give the main result of [I1]

Theorem A Assume
n=3 and pf <p<p, or 4<n<12 and —oo<p<p,. (1.5)

Then there exist a unique A; such that (1.1), with A = A has infinitely many radial
smooth solutions. For A # A, there are finitely many radial smooth solutions and their
number goes to infinity as A — A;. Moreover, A, < \* and u* is regular.

From this Theorem, we known that the extremal solution of (1.1), is regular for a
certain range of p and n. At the same time, they left a open natural problem: if

N =3and p € (~3,p7]Ulpe, 1) o
5<N<12 and p.<p<—1, or
N >13 and p < —1,

is u* singular?

In this paper, by constructing a semi-stable singular H?(B)— weak sub-solution of
(1.1),, we prove that, if p is large enough, the extremal solution is singular for dimensions
n > 13 and complete part of the above open problem. Our result is stated as follows:

Theorem 1.1 ; (i) For any p > 1, the unique extremal solution of (1.1),« is regular
for dimensions n < 4;

(ii) There exists py > 1 large enough such that for p > pg, the unique extremal solution
of (1.1)« is singular for dimensions n > 13.

From the technical point of view, one of the basic tools in the analysis of nonlinear
second order elliptic problems in bounded and unbounded domains of R"(n > 2) is the
maximum principle. However, for high order problems, such principle dose not normally
hold for general domains (at least for the clamped boundary conditions u = % =0 on
0f2), which causes several technical difficulties. One of reasons to the study (1.1), in a ball
is that a maximum principle holds in this situation, see [I], [5]. The second obstacle is the
well-known difficulty of extracting energy estimates for solutions of fourth order problems
from their stability properties. Besides, for the corresponding second order problem,
the starting point was an explicit singular solution for a suitable eigenvalue parameter A
which turned out to play a fundamental role for the shape of the corresponding bifurcation



method used to analyze the regularity of the extremal solution for second order problem
could not carry to the corresponding problem for (1.1),. In this paper, we, in order to
overcome the third obstacle, use improved and non standard Hardy-Rellich inequalities
recently established by Ghoussoub-Moradifam in [14] to construct a semi-stable singular
H?(B)— weak sub-solution of (1.1)j.

This paper is organized as follows. In the next section, some preliminaries are reviewed.
In Section 3, we give the uniform estimate of ||(1 — u)?™!||;1 according to the stability of
the minimal solutions. We study the regularity of the extremal solution of (1.1), and the
Theorem 1 (ii) is established in Section 4. Finally, we will show that the extremal solution
u* in dimensions n > 13 is singular by constructing a semi-stable singular H?(B)— weak
sub-solution of (1.1),.

2. Preliminaries

First we give some comparison principles which will be used throughout the paper
Lemma 2.1. (Boggio’s principle, [5]) If u € C*(Bp) satisfies
A%u >0 in Bg,
{ u:g—Z:O on 0Bg,
then v > 0 in Bg.

Lemma 2.2. Let u € L'(Bg) and suppose that

/ uA2<p >0
Br

for all p € C*(Bpg) such that ¢ > 0 in Bpg, ¢|sn, = g—i = 0. Then u > 0 in Bg. Moreover
u=0oru>0a.e.,in Bp.

For a proof see Lemma 17 in [I].

Lemma 2.3. If u € H?(Bg) is radial, A%y > 0 in Bg in the weak sense, that is

| Bubpz0 Vo€ GE(Ba). 20
Bpr

and u|gp, > 0, %bBR < (0 then v > 0 in Bp.

Proof. We only deal with the case R = 1 for simplicity. Solve

A?uy =A%u in B
ulz%zo on 0B

in the sense uy € Hg(B) and [, Au;Ap = [ Auly for all ¢ € C5°(B). Then u; > 0 in
B by lemma 2.2.

Let uy = u—u; so that A?uy = 01in B. Define f = Auy. Then Af = 0 in B and since
f is radial we find that f is a constant. It follows that us = ar? +b. Using the boundary
conditions we deduce a + b > 0 and a < 0, which imply uy > 0.

As in IRl we are now led here to examine problem (1.1). with non-homogeneous



A2y = A _ in B,

(1—u)P
a<u<l in B, (2-1))\,a,'y
u = q, g—z =7 on 0B,

where «, v are given.

Let ® denote the unique solution of

AP =0 in B,
{ @za,g—izv on 0B. (2:2)

We will say that the pair (a, ) is admissible if ¥ < 0, and o — 3 < 1. We now introduce
a notion of weak solution.

Definition 2.1. We say that u is a weak solution of (2.1)y 4+, if @ <u <1 a.e. in Q,

ﬁ S L1 (Q) and lf

/Q(u — D)A%p = /\/Q i fu)p Vo € CY(B)( | H3(B),

where ® is given in (2.1). We say u is a weak super-solution (resp. weak sub-solution) of
(2.1) 0,4, if the equality is replaced with > (resp.<) for ¢ > 0.

Definition 2.2. We say a weak solution of (2.1),,, is regular (resp. singular) if
|ulloo < 1 (resp. ||ul] =1) and stable (resp. semi-stable) if
2

o) =intl [ (Apf = [ o BB, ol = 1)

is positive (resp. non-negative).

We now define
N (a,y) = sup{A > 0:(2.1),,4,, has a classical soltion}

and

Ai(a,y) == sup{A > 0:(2.1),,4, has a weak soltion}.

Observe that by Implicit Function Theorem, we can classically solve (2.1)) .~ for small
Ns. Therefore, \*(a,~y) and A.(«,7) are well defined for any admissible pair (a, 7). To
cut down notations we won’t always indicate o and ~.

Let now give the following standard existence result.

Theorem 2.1. For every 0 < f € L'(Q) there exists a unique 0 < v € L'(Q) which

satisfies
/uA2<pd:B:/fg0dx
Q Q

The proof is standard, please see [15], here we omit it. From this Theorem, we imme-
diately have the following result.

for all p € C*(B) (N HZ(B).

—_— P o N o N . - - N P o .



For the sake of completeness, we include a brief proof here, which be called “weak”
iterative scheme: uy = U and (inductively) let u,,n > 1, be the solution of

/Q(Un —0)A%p = )\/Qm Vo € 04(B)ﬂHo2(B)a

given by Theorem 2.2. Since « is a sub-solution of (2.1) 4., inductively it is easily shown
by Lemma 2.2 that o < u, 1 < u,, < U for every n > 0. Since

(1—u,)*<(1-U)"? eLB),
by Lebesgue Theorem the function u = lim,,_, u, is a weak solution of (2.1)y 4, so that
a<u<U.

In particular, for every A € (0,\,), we can find a weak solution of (2.1)) 4. In the
same range of \'s, this is still true for regular weak solutions as shown in the following
lemma.

Lemma 2.4. Let (o, ) be an admissible pair and u be a weak solution of (2.1)) 4,
Then, there exists a regular solution for every 0 < pu < .

Proof. Let € € (0,1) be given and let @ = (1 — €)u + P, where ® is given in (2.2).
by lemma 2.2 supy ® < supgu < 1. Hence

supt < (1 —¢€) +esup® < 1, infu > (1—e)a—|—ei%ftl>:a
B

[a-weate—rag = (-9 [u-o)ne-rag - - [ T2

p+1 ¥ p+1 ¥
= (-9 A/3(1—1-”6(@@—1))10Z“_E) A/3(1—11)19'

Note that 0 < (1 —€)(1 —u)=1—u+¢€(® —1) <1 —1u. So u is a weak super-solution
of (2.1)q—¢p+1ra,y such that supy < 1. By Lemma 2.2 we get the existence of a weak
solution B of (2.1)q_¢pt1xa, S0 that & < w < @. In particular, supp @ < 1 and w is a
regular weak solution. Since € € (0, 1) is arbitrarily chosen, the proof is done.

Now we recall some basic facts about the minimal branch
Theorem 2.2. \* € (0, +00) and the following holds:

1. For each 0 < A < A\* there exists a regular and minimal solution uy of (2.1)x4,4;
2. For each x € B the map A\ — wuy(x) is strictly increasing on (0, \*);
3. For A > A* there are no weak solutions of (2.1) 4.

The proof is standard, see [§], here we omit it.

3. Stability of the minimal solutions

In this section we shall show that the extremal solution is regular in small dimensions.
Let us begin with the following priori estimates along the minimal branch u,. In order
to achieve this, we shall need yet another notion of H?(B)- weak solutions, which is an
intermediate class between classical and weak solutions.



Definition 3.1. We say that u is a H?(B)- weak solution of (2.1)) 45 if u — ® €
H:B),a<u<l1le€B, = € L'(B) and if

_ ¢ 4 2
/BAUAQS—)\/B(l_u)p, Vo € CY(B)(He(B

where @ is given in (2.2). We say that u is a H?*(B)- weak super-solution (resp. H?(B)-
weak sub-solution) of (2.1), 4 if for ¢ > 0 the equality is replaced with > (resp.<) and
u > o (resp. <), dyu < B (resp. >) on 0B.

Theorem 3.1. Suppose that («, ) is an admissible pair.
1. The minimal solution u, is stable, and is the unique semi-stable H— weak solution

Of (2-1)>\,a;y;
2. The function u* := limy_,y+ uy is a well-defined semi-stable H— weak solution of

(2'1))\*706,’}/;

3. u* is the unique H— weak solution of (2.1)« 4, and when u* is classical solution,
then py(u*) = 0;

4. If v is a singular, semi-stable H— weak solution of (2.1),,., then v = u* and
A =A%

The main tool which we use to prove the theorem 3.1 is the following comparison
lemma which is valid exactly in the class H.

Lemma 3.2. Let («,7) is an admissible pair and u be a semi-stable H— weak solution
of (Pya,y). Assume U is a H— weak super-solution of (2.1)y . Then

1. u < U ae. in
2. If u is a classical solution and p1(u) = 0 then U = u.

A more general version of Lemma 3.2 is available in the following.

Lemma 3.3. Let (a,7) is an admissible pair and 7' < 0. Let u be a semi-stable H—
weak sub- solution of (2.1)) 4., With u = o/ < a,Au = "> [ on 0f2. Assume that U is a
H— weak super-solution of (2.1)y ., with U = o, AU = § on 0. Then U > u a.e. in (.

The proof of Lemma 3.2 and Lemma 3.1 are same as [8, 22], we omit it here.
We need also some a priori estimates along the minimal branch wuy.

Lemma 3.4. Let (a,7) be an admissible pair. Then for every A € (0, \*), we have

where ® is given by (2.1). In particular, there is a constant C' independent of A so that

1
Auy|*d — < C. 3.1
[ [ ot (31)
Proof. Testing (2.1)) 4~ on uy — ® € W**(B) N HF(B). We see that

A/Bﬁ :/B(A(UA—QD))Qd:c zm/}g%m



in the view of SA%2® — 7A® = (. In particular, for § > 0 small we have that

/ 1 <1/ (uy =) _ 1/ 1
un—o|zs (L —wx)PT 7 62 Jiy _gizs (L —up)P™ 7 62 Jp (1 —uy)P

1
—1
Sép /;W_'_C&

by means of Young’s inequality. Since for ¢ small

1
- _<c
/|VuA—<I>§5 (1 —uy)rtt

for some C' > 0, we get that

1
— <
/Ba—m)pﬂ =¢

for some C' > 0 and for every A € (0, \*). By Young’ s and Hélder’s inequalities, we have

e
/|Aux|2da: = /AuAAédij)\/de
B B B (1 —uy)P

1 P

2 FEaY

So we have

1
2 - <
/B|AuA| d:)s+/B(1_UA)p+1_C

where C' is absolute constant.

Proof of the Theorem 3.1. (1) Since ||uy|l« < 1, the infimum defining ()
is achieved at a first eigenfunction for every A € (0, A*). since A — u,(z) is increasing for
every x € B, it is easily seen that A — u(uy) is a decreasing and continuous function on
(0, A*). Define

Ais i=sup{0 < A < X" : py(uy) > 0}.

We have that A.. = A*. Indeed, otherwise we would have pq(uy,,) = 0, and for every
p € (A, A*), u, would be a classical super-solution of (Py,, o~). A contradiction arises
since Lemma 3.2 implies u, = u,,,. Finally, Lemma 3.2 guarantees the uniqueness in the
class of semi-stable H— weak solutions.

(2) Tt follows from (3.1) that uy — u* in a pointwise sense and weakly in H?(B), and
—— € LP*! In particular, u* is a H— weak solution of (Py« 4,,) which is also semi-stable
as the limiting function of the semi-stable solutions {uy}.

(3) Whenever ||u*||. < 1, the function u* is a classical solution, and by the Implicit
Function Theorem we have that p;(u*) = 0 to prevent the continuation of the minimal
branch beyond A*. By Lemma 3.2, v* is then the unique H— weak solution of (P« 4 ).

(4) If A < X*, we get by uniqueness that v = uy,. So v is not singular and a
contradiction arises. Now by theorem 2.5 (3) we have that A\ = A*. Since v is a semi-
stable H— weak solution of (P« ) and u* is a H— weak super-solution of (Py« o), We
can apply Lemma 3.2 to get v < u* a.e. in 2. Since u* is also a semi-stable solution, we

~an rovoran fthe rAaloa AF 99 and 9 F v T oermima 2D +A aoo that v > oF ana 1 O QA oant1alityr



4. Regularity of the extremal solutions and the Proof of the Theorem 1.1

(i)

In this section we first show that the extremal solution is regular in small dimensions
by the uniformly bounded of uy in HZ(B). Second, using the refined version of Hardy-
Rellich inequality, we prove the extremal solution is singular for n > 13 and p large
enough. Now we give the proof of Theorem 1.1 (ii).

Proof of Theorem 1.1 (i). As already observed, estimate (3.1) implies that f(u*) =

(1—u*)Pe L%(B). Since u* is radial and radially decreasing. We need to show that
u*(0) < 1 to get the regularity of u*. In fact, on the contrary suppose that ©*(0) = 1. By

the standard elliptic regularity theory shows that u* € W By the Soblev imbedding
+1

theorem, i.e. WS < C™0<m<4-— I%,l < n < 4). We have u* is a Lipschitz

function in B for 1 <n < 3.

Now suppose ©*(0) =1 and 1 < n < 2. Since
1 - C

> — in B
1—wu* — |z

for some C' > 0. One see that

1 1
_ o+l
+oo=C /B|x‘p+1§/87(1_u*)p+l<+oo.

A contradiction arises and hence u* is regular for 1 <n < 2.
ptd , —
For n = 3, by the Sobolev imbedding theorem, we have u* € C»+1(B), if % > 2,
then u*(0) = 1, Du*(0) = 0 and

|Du*(e) — Du*(0)| < Mle| < M|x|
where 0 < |¢] < |z|. Thus
[u(z) — u(0)] < [Du(e)|lz| < Mlz|”.

This inequality shows that

1 1
_ (pt+l _
+o00 = /B 22D < /B A=) < +o00.

A contradiction arises and hence u* is regular for n = 3; if % < 2, then

|Du(e) — Du(0)| < M|e|7 1" < M|z|7
where 0 < |¢] < |z|. Thus
lu(z) — u(0)] < |Du(e)|[z] < M|z|7 T,

and a contradiction is obtained as above. .
For n = 4, by the Sobolev imbedding theorem, we have u* € C7+1(B). If 1 < ﬁ < 2,
then u*(0) = 1, Du*(0) = 0 and



where 0 < |e|] < |z|. Thus
u() — w(0)] < |Du(E)Je] < Mlz|7.

If ﬁ < 1, then u* is a Holder’s continues and

. 4
1 —u*(z) < Mz|rit,
and we obtain a contradiction as above.

Now we give the point estimate of singular extremal solution for dimensions n > 5.

Theorem 4.1. Let n > 5 and (u*, A*) be the extremal pair of (1.1),, when u* is
singular, then

1—u" < C’o|x|ﬁ,

— L — _ —_
where Gy := (*/)77 and A= ghsg{n — 220 — S5,

In order to prove the Theorem 4.1, we need the lower bounds of A\* and state as follows
Lemma 4.1. \* satisfies the following lower bounds for n > 4

\F >\

T _ 8(p-1 2(p—1
where \ = (15‘11)2)[ - (;5+1)H —1%]-

Proof. the proof is standard, here we include the proof for the sake of completeness.
4
Notice that for n > 4 the function u = 1 — |z|»+T satisfies

1
——— ¢ LYB
and % is a weak solution of 5
A= ————
(1 —a)
and u(1) = 0 = uy(1); %(1) > %Lnx(l)_ Therefore, u turns out to be a weak super-solution

of (1.1), provided A < A. Thus necessarily, we have
A=A >\

The proof is done.

Proof of Theorem 4.1. First note that Lemma 4.1 gives the lower bound:
>

For § > 0, we define us(z) :=1— C’g|x|fil with Cs := (& + 5)7%+ > 1. Since n > 5. we
have that us € H2, (R"), —— € L} (R") and us is a H2-weak solution of

loc ) 1—ug loc

PRI
A%y = BANRELLY in R"
(1 - u(g)P
We claim that us < «* in B, which will finish the proof by just letting § — 0.
Assume by contradiction that the set



is non-empty, and let r; = supI'. Since
U5(1) =1- C5 <0= u*(l),
we have that 0 < r; < 1 and one infers that

a=u'(r) = us(r), B=(u")(r1) = us(r).

4

Setting us., (1) = r; "7 (ug(rir) — 1)+ 1, we easily see that the function us,, (r) is a H?(B)-
weak super-solution of (2.1)y+,4x o g, Where

4 p—3

o =1 T (ut(rr) = 1) +1, B i=r"T4.

4
Similarly, define w! =r; "' (u*(rir) — 1) + 1, we have u}, is singular semi-stable H?*(B)-
weak solution of (2.1)« 4 pr.
Now we claim that («/, ) is an admissible pair. Since u* is radially decreasing, we
have that 5’ < 0. Define the function

=y

wlr) = @ = D)+ D 44 (0),

where v(z) is a solution of A%y = \* in B with v = 9,7 = 0 on dB. Then w is a classical

solution of
A%w = \* in B
w=dao,0,w=0 on 0B.

Since (1_’;7),, > \*, by Lemma 2.1 we have
1

u, >w a.e. inB

Since w(0) = o/ — £ 4 ~4(0) and ~(0) > 0, we have
/

- <1
¢

So (o/, ') is an admissible pair and by Theorem 3.1 (4) we get that (u; ,\*) coincides
with the extremal pair of (2.1)y . g in B.

Since (o, A’) is an admissible pair and us,, is a H*(B)-weak super-solution of (2.1) 1 53 o 5-
We get from Proposition 2.1, the existence of a weak solution of (2.1)., sx o~ Since

N+ 0A > N\,
we contradict the fact that A* is the extremal parameter of (2.1)) o .

Thanks to the lower estimate on u*, we get the following result.

Corollary 4.1. In any dimension n > 1, we have

>\ = _
(p+1)2 p+1 p+1

[n -

Proof. The function @ := 1 — |x\% is a H?(B)-weak solution of (2.1);\70’_%

B N . - N N . . o



If 1 <n <4, u*is then regular by Theorem (i). By Theorem 3.1 (3) there holds
p1(u*) = 0. By Lemma 3.2 then yields that «* = u, which is a contradiction since then
u* will not satisfy the boundary conditions.

If now n > 5 and \* = X, then Cy = 1 in Theorem 4.1, and we then have u* > 4. It
means again that u* = u, a contradiction that completes the proof.

In what follows, we will show that the extremal solution u* of (1.1), in dimensions
n > 13 is singular.
5. The extremal solution is singular for n > 13

We prove in this section that the extremal solution is singular for n > 13 and p large
enough. For that we will need a a suitable Hardy-Rellich type inequality which was
established by Ghoussoub-Moradifam in [14]. As in the previous section (u*, \*) denotes
the extremal pair of (2.1))

Lemma 5.1. Let n > 5 and B be the unit ball in R™. Then there exists C' > 0, such
that the following improved Hardy-Rellich inequality holds for all ¢ € HZ(B):

2(n — 4)2 2
A 2dx>n(n / dx+C/ 2dx
lé(@> SRS AT 5

Lemma 5.2. Let n > 5 and B be the unit ball in R". Then the following improved
Hardy-Rellich inequality holds for all ¢ € HZ(B):

, (n — 2)2(n — 4)? P
A €T = =
‘é<¢>d = 16 Ava—omﬂwﬂuﬂtwﬂa
(n—1)(n —4)? Yidx
+ i AJﬂMﬂ%ﬁﬂ%' (59)

As a consequence, the following improvement of the classical Hardy-Rellich inequality

holds: 2( 4)2 )
Ap)idx > pART / 1d —.
é<¢) 16 JyleP(al? = 25)

Lemma 5.3. If n > 13, then u* <1 — \:c|w;11

Proof. Recall from Corollary 4.1 that A < X\*. Let & =1 — |x|ﬁ, we now claim that
uy < @ for all A € (A, \*). Indeed, fix such a A\ and assume by contradiction that

Ry :=inf{O0 < R<1:u,<u in the interval (R,1)} > 0.

From the boundary condition, one has that uy < @(r) as r — 17. Hence, 0 < R; <
1,a:=uy(Ry) = u(Ry) and B := u\(Ry) < @/(R;). The same as the proof of Lemma 4.1,
we have uy > @ in Bg, and a contradiction arises in view of the fact that lim, o @(z) = 1
and [|uy]|so < 1. Tt follows that uy < @ in B for every A € (A, A*) and in particular u* < @
in B.

Lemma 5.4. Let n > n(p). Suppose there exists A" > 0 and a singular radial function
w(r) € H*(B) with = € Ly (B \ {0}) such that

Va ) o \/ . o



and

2
¥ 2 2

1. If B > N, then \* < N

2. If either 8 > N or g = XN = %, then the extremal solution u* is necessarily

singular.

Proof. (1). First, note that (5.2) and = € L{5.(B \ {0}) yield to

1
—— e LY(B).
T €L (B)
At the same time, (5.1) implies that w(r) is a H?(B)- weak stable sub-solution of (1.1),.
If now M < A*, then by Lemma 3.3, we have
w(r) < uy,

which ia a contradiction since w is singular while )/ is regular.

(2) Suppose first that § = X' = % and that n > 13. Since by part (1) we have

A< %, we get from Lemma 5.3 and improved Hardy-Rellich inequality that there exists
C > 0 so that for all ¢ € HZ(B)

/B<A¢>2—pv/3$z/}g(Aasf—Hn/L%%zc/B&

It follows that u(u*) > 0 and u* must therefore be singular since otherwise, one could
use the Implicit Function Theorem to continue the minimal branch beyond \*.
Suppose now that > )\, and let %/ < 7 < 1in such a way that

YAT L
>\/

a= " <1

Setting w := 1 — a(1 — w), we claim that
u*<w in B. (5.3)

Note that by the choice of o we have o™\ < \*, and therefore to prove (3.4) it suffices
to show that for a?T'\ < X\ < X\*, we have uy < @ in B. Indeed, fix such A and note that
aN aP iy A

Ao = aAw < — < .
e G RS R PR ST

Assume that uy < @ dose not hold in B, and consider
Ry :=sup{0 > R < 1|ur(R) > w(R)} >0
Since w(1) =1 —a > 0 = uy(1), we then have
Ry < 1,uy(Ry) = @(Ry) and u\(R;) < &'(Ry).

Introduce, as in the proof of the Lemma 4.1, the functions uy p, and wg,. We have that
uy g, is a classical solution of (2.1), 4 g, where



Since A < \* and then

PA pA* . P8
(1—@)p = artl(l —w)pt! (1 —w)ptt’

by (3.3) wg, is a stable H%(B)-weak sub-solution of (2.1)y « . By Lemma 3.3, we deduce
that uy > w in By, which is impossible, since @ is singular while wuy is regular. This
establishes claim (3.4) which, combined with the above inequality, yields

pA” 2% - pB
(]_ — u*)p+1 - ap+1(1 — w)P+1 (]_ — w)p7

and Thus oo
. J B(A<P)2 - %
inf >
€G3 (B) %
This is not possible if u* is a smooth function, since otherwise, one could use the Implicit
function Theorem to continue the minimal branch beyond \*.

Proof Theorem 1.1 (ii).

We have proven that the u* is regular for n < 12. Now we only prove that u* is a
singular solution of (1.1)y« for n > 13, in order to achieve this, we shall find a singular
H —weak sub-solution of (1.1),/, denote by w,,(r), which is stable, according to the Lemma

> 0.

5.4.
Choosing
. S, 20-1), 4
m = 1 — p+1 m7 )\ — — -],
Wi (1) a1rrtt 4+ aor (p+1)2[n | Il p+1]
since w(1) = w'(1) = 0, we have
. 4
a; = 4 ) Gy = AR 4
For any m fixed, when p — oo, we have
1t +o(p~') and -t +o(p7")
a; = 0 and ap=a;—1= )
T e m Y S R IR
and . ) A
5\ _ (n B )(n - ) + O(p_l).

p



Note that

A PUDY
—mt A, (r)= —
L= wn)) wnlr) = T
- p — 92 _ _
it gl =m0 2)m
T m
h

(alrﬁ — agrm)p
m(m —2)(m+n—2)(m+n—4)
7»4—m
/
= 5\7’_% |: )\TL 1 - CLl
(ay — agr™ »H1)P

aom(m —2)(m+n —2)(m+n — 4)r%+m_4}

A
T A
g )\7’_% |: n 1 - CLl
(ay — agr™ PP
asm(m —2)(m+n —2)(m+n —4) m_%}
— — r p
A
_ 4p
AT
- e N HOT ) (5.4)
(a1 — agr™ PP
with ) ) A
H(x) = (a1 — agx)? {al + azm{m — 2)(m +;L —2)(mtn - )x} . (5.5)
(1) Let m = 2, then we can prove that
sup H(z) = H(0) = ¥ — €% as p — 4.
[0,1]
So (5.4) > 0 is valid as long as
N o= e
At the same time, we have (since a; — apr® P > ay —ap > 1 in [0,1])
2 —4 2 1 » 2 —4 2
n (n ) — - pﬁ _ > 7”_4 n (n ) _pﬁn ) (56)
16 r 4 (a; — agr? e )Pl 16

Let (3, = (X, +€)), where ¢ is arbitrary sufficient small, we need finally here

n?(n — 4)?
16

For that, it is sufficient to have for p — +o0

2 _42 B
_pﬁn = 717(7116 ) —p)\;LA > 0.

n?(n — 4)? 9 1
— 8(e+e)(n—2)(n—4)+ O(]_9> > 0.

So (5.6) > 0 holds only for n > 32 when p — +00. Moreover, for p large enough



Thus it follows from Lemma 5.4 that u* is singular and \* < e2\.

(2) Assume 13 < n < 31. We shall show that u = ws 5 satisfies the assumptions of
Lemma 5.4 for each dimension 13 < n < 31. Using Maple, for each dimension 13 < n < 31
one can verify that inequality (5.4) > 0 holds for the X/, given by Table 1. Then, by using
Maple again, we show that there exists /3, > A/ such that

(n—2)%(n — 4)* 1
16 (l2]* = 0.9]=[Z*H) (|2 — |[2)
m-De-42 1 B,
4 22 (|2 = |=[2)  — (1 —wss)P

+

The above inequality and and improved Hardy-Rellich inequality (5.0) guarantee that the
stability condition (5.2) holds for /3, > A/ . Hence by Lemma 5.4 the extremal solution is
singular for 13 < n < 31 the value of X/, and 3, are shown in Table 1.

Remark 1 The values of X, and 3, in Table 1 are not optimal.

Tablel

n X | Bn

31 3.15\ | 4\
30-19 | 4X 10X
18 319X\ | 3.22)
17 3.15) | 3.18\
16 3.13X | 3.14\
15 276\ | 3.12)
14 2.34)\ | 2.96\
13 2.03\ | 2.15\

Remark 2 The improved Hardy-Rellich inequality (5.0) is crucial to prove that u* is
singular in dimensions n > 13. Indeed by the classical Hardy-Rellich inequality and
u = wy, Lemma 5.4 only implies that u* is singular n dimensions n > 32.
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