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A MINI-MAX PROBLEM FOR SELF-ADJOINT TOEPLITZ
MATRICES

DENNIS COURTNEY* AND DONALD SARASON

ABSTRACT. We study a minimum problem and associated maximum problem
for finite, complex, self-adjoint Toeplitz matrices. If A is such a matrix, of size
(N 4+ 1)-by-(N + 1), we identify A with the operator it represents on Py, the
space of complex polynomials of degrees at most N, with the usual Hilbert
space structure it inherits as a subspace of L? of the unit circle. The operator
A is the compression to Py of the multiplication operator on L? induced by
any function in L*° whose Fourier coefficients of indices between —N and N
match the matrix entries of A. Our minimum problem is to minimize the L>°
norm of such inducers. We show there is a unique one of minimum norm, and
we describe it. The associated maximum problem asks for the maximum of the
ratio of the preceding minimum to the operator norm. That problem remains
largely open. We present some suggestive numerical evidence.

1. INTRODUCTION

To begin we consider an (N + 1)-by-(N + 1) complex Toeplitz matrix A (N a

positive integer):

A= (ajfk)é\,,kzo-
By L? we shall mean the L? space of normalized Lebesgue measure on the unit
circle, T. The subspace of L? consisting of the complex polynomials of degrees at
most N will be denoted by Px. We identify A with the operator it induces on Py,
i.e., the operator on Py whose matrix with respect to the monomial basis is A.

The operator A is the compression to Py of the multiplication operator on L?
induced by any function f in L of the circle whose Fourier coeflicients indexed
between —N and N match the matrix elements of A, in other words, for which
f(n) =a, forn=—-N,-N+1,...,0,...,N — 1, N. The family of such functions
f will be denoted by G4. We pose the problem of minimizing || f|| over the class
Ga. Standard reasoning shows the minimum is attained; we denote it by ca. It is
evident that || Al < ca.

In the cases where A is lower triangular or upper triangular, our problem fits
into the classical interpolation problem of C. Carathéodory and L. Fejér, dating
back 100 years [2]. Perhaps surprisingly, the more general problem seems not to
have been considered until recently [I], [4], [5] — more details later.

In this paper we focus on the case where A is self-adjoint. For this case we show
that the minimizing function in G4 is unique, and we describe it: it alternates the
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values c4 and —c4 on a family of subarcs that partition T, are even in number, and
number at most 2N.

If the matrix A is self-adjoint but not diagonal, then the minimizing function is
not a rational function and so multiplies every nonzero function in Py outside of
Pn. It follows that ca > ||A||. Let Ty 41 denote the class of (N +1)-by-(N +1) self-
adjoint Toeplitz matrices. We pose the problem of maximizing the ratio ca/|lA|
over the nonzero matrices A in Tyy1. As in the minimum problem, standard
reasoning shows that the maximum is attained; we denote it by cy.

It is proved in [5] that ¢; = 7/2. The other cases remain open. We have
numerical evidence, presented in Section[7] that ¢y > 7/2 for N > 1, and suggesting
that ¢y increases with N. We are able to prove that the preceding inequality holds
for infinitely many N.

It is known, and nontrivial, that the numbers cy have a common bound.
M. Bakonyi and D. Timotin obtain in [I] the bound ¢y < 2. The interpolation
problem they consider is slightly different from ours, but their reasoning applies in
our case. L. N. Nikolskaya and Yu. B. Farforovskaya obtain in [4] the bound ¢y < 3,
and their reasoning applies even in the non-self-adjoint case. In both papers [I] and
[], the inequality obtained is an outcome of a matrix extension problem.

In Section 2] we state what we shall need concerning the Carathéodory—Fejér
interpolation problem. Section [ recasts our minimum problem in a form that
fits into the Carathéodory—Fejér framework. The minimizing functions for our
minimum problem are identified in Section @] and studied further in Section Bl The
inequality ¢; < /2 is reproved in Section [0l in a way that exploits the results from
SectionsFland[Bl The concluding Section [§contains open questions and conjectures.
The maxi part of our mini-max problem remains largely mysterious, while strongly
enticing. New ideas are needed.

2. CARATHEODORY-FEJER INTERPOLATION PROBLEM

The Carathéodory—Fejér problem asks whether there is a holomorphic function
in the unit disk D having prescribed power series coefficients of orders 0,1,..., NV
and having a prescribed supremum norm. Carathéodory and Fejér’s solution, recast
in our context and in our notation, can be stated as follows:

THEOREM CF. If A is lower triangular then ca = ||A||, attained by a unique
function in Ga, a Blaschke product of order at most N multiplied by || A|l.

This is actually a mild generalization of what Carathéodory and Fejér prove,
because their minimization problem is over H* functions, not L°° functions. But
once one knows their result, one easily generalizes it to the one stated above. The-
orem CF forms the basis of the analysis to follow.

3. REFORMULATION OF THE MINIMUM PROBLEM

Let A be a matrix in the class Ty4+1, and let the function f belong to G4. Then
Re f is also in G4 and || Re f|loo < ||f|lco- Hence cy4, the minimum of || f||. over
the class G4, equals the minimum of || f||o over the class G4 = {f € Ga : f = f}.

We let P, denote the orthogonal projection of L? onto the Hardy space H? =
{h € L?: h(n) = 0 for n < 0}. As is customary, we identify the functions in H?
with their holomorphic extensions in D.
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Suppose f is a function in the class G%. Then the function h = P, f —ao/2 is in
H?, and f = h+h = 2Reh. We have
h(z) = ao/2+ a1z + - +anz + 0T (2 —0).
Let H denote the class of functions h in H? that satisfy the preceding condition
and for which Reh is in L°°. Then 2Reh is in G} for such an h. Accordingly, our

minimum problem can be restated as the problem of minimizing 2| Reh||s over
the class H4.

4. THE MINIMUM PROBLEM

Let A be a matrix in Ty41. To eliminate a trivial case, we assume here that
A is not diagonal. Suppose h is a minimizing function in Hy4, i.e., a function in
H 4 satisfying 2|| Re h||oo = ca. To simplify the notation we temporarily write ¢ in
place of c4 below.

We introduce the domain

SC:{ZGC:—§<Rez<g},

an open vertical strip in the plane bisected by the imaginary axis, of width ¢. The
domains D and S, are conformally equivalent under the map h. : D — S, given

by
c 1+ 2
hc :_L )
(2) i Og<1—z)

here, Log denotes the principal branch of log. The inverse map h ! :S, — D is
given by

Tz

(h;)(2) =itan (%) .

b=ho'oh=itan (”_h)
2c

is a self-map of . We write its power series about 0 as
b(2) =bo+biz+ - +byz¥ + OV,
The relation between the coefficients aq, ...,an of h and by, ..., by of b is rather

complicated. To illustrate, we exhibit below the expressions for by, by, b2, b3 in terms
of ag,a1,as,as.

bp = itan (%) ,

7Tia1 Tao
by = — sec? (—) ,
2c 4c

. 2.
mTias 9 (TQ0O mTTran 9 (TQA0 Tagop
be = sec (—) sec (—) ta (—),
2 2¢ 4c + 22¢2 4c AP

: 2
_ma3 2(7‘1’&0) T™a1a2 2(7‘1’&0) (TF(LQ)
by = sec” | — sec” | — ) tan [ —
3 2¢ 4c + 22¢2 4c 4c
3

;3
miay { 9 (wao) 9 (wao) 4 (wao)}
——— |2sec” (| — ) tan* [ — sect [— )| .
+ 3.23.¢3 4c 4c + 4c
However, for our purpose these complications are not an obstacle. From the rule

for composing formal power series one knows that, for 0 < n < N, the coefficient
b, depends only on ¢, ag, ..., a,, and vice versa. That is all we shall need.

The composite function
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Let B denote the (N +1)-by-(N+1) lower triangular Toeplitz matrix with entries
bo,b1,...,by in the first column. By Theorem CF, there is a unique Blaschke
product w of order < N such that

| Bllw(z) = bo + b1z + -+ byz™ + O(zNTH).
We then have
(b1 o (IBlw) = +arz+---+anz" + O("*).
But in fact || B|| = 1, for the inequality || B|| < 1 would imply that twice the real part

of the preceding composite function has L°°-norm less than ¢ = c4, contradicting
the assumed minimizing property of h. Hence

1
hzhcow:c—A_Log(l—’——w).

™

Definition 4.1. For ¢ > 0 and n a positive integer, an alternating step function
of height ¢ and order n is a function in L*> that assumes alternatively the values ¢
and —c on 2n subarcs that form a partition of T.

For example, the function
; 1 O<f<m
0\ __ ) )
vle )_{—1, —T<0<0,

is an alternating step function of height 1 and order 1.
For the function h = h.ow above, we have, on T (with Arg denoting the principal
value of arg),
—w

SReh = 24 Arg (1*—“> — 24 A re((1 4+ w)(1 - @)
s ™

_ a Arg(w —w) = Za Arg(iImw)
T T

2cq (7w | +0 ifsinw >0,
T 2 | -7 ifsinw <0,

_ Jea if sinw > 0,

N —cy ifsinw < 0.

Let n be the order of w. The Blaschke product w wraps the unit circle T around itself
n times in the strictly counterclockwise direction. We thus see that the minimizing
function 2 Reh is an alternating step function of height c4 and order n.

The following theorem summarizes what has been proved. To include the diag-
onal case in the statement, we define an alternating step function of order 0 to be
a constant function. The constant is defined to be the height of the function.

Theorem 4.2. For A a matriz in Tnyi1, there is a unique function in Ga of
minimum L°-norm. It is an alternating step function of height ca and order
at most N.

The reasoning that led to the theorem can be reversed. Start with a nonconstant
Blaschke product w of order n < N. Fix a positive number ¢, and form the function

h = = Log (%f—g) Then 2 Re h is an alternating step function of height ¢ and order
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n. We show that 2 Re h is the minimizing function for the corresponding minimum
problem.

In view of the analysis that produced Theorem [4.2] it will suffice to show that,
among all H* functions g satisfying g(k) = @(k) for k =0,..., N, the function w
has the least norm. By Theorem CF, this amounts to showing that the compression
B to Py of the operator on L? of multiplication by w has norm 1.

Let z1,..., 2, be the zeros of w. Then w has the form
bl -z
= \2 J
“(z) H<1—5j2)’
=1

where X is a constant of modulus 1. Defining the polynomials r and s by
n n
r(z) = A H(z —zi), s(z)=2A H(l —Z;2),
j=1 j=1

we have w = r/s. The polynomials r and s belong to Py, and we have ||r]|2 = ||s]|2,
plus Bs = r. The desired equality, ||B|| = 1, follows. (The preceding argument is
of course well known.)

The question whether every nonconstant alternating step function is obtained by
the preceding procedure now arises. That question is addressed in the next section.

5. INNER FUNCTIONS AND ALTERNATING STEP FUNCTIONS

We are unsure how much of the following result can be found in the literature.
We include its proof for the sake of completeness.

Theorem 5.1. Let ¢ be an alternating step function of height ¢ and order N > 0.
Then there is a Blaschke product w of order N such that

¢:%Arg<1+‘“>
iy

1-—w
on T.
Proof. We assume (without loss of generality) that ¢ = 1. d
STEP 1. Let the real numbers a,...,ay, 81, ..., By satisfy

0<a<fi<ag<Pa<--<any<pPy<a+2m:=anNi1.
Let the arcs x,, and x;/ (n =1,...,N) be defined by
o =1 an <0< B}, xf=1{e:8.<0<an}
The function 1) that takes the value 1 on each arc x; and the value —1 on each
arc x; is, to within a sign, the general alternating step function of height 1 and

order N. We let
a=o1+---+any, B=p+ - +0nN.

STEP 2. We introduce the polynomials

N N
p(z) = e—io/2 H(Z _ eian)7 q(z) = e~ 8/2 H(Z _ ei,é’n)-
n=1 n=1

It is asserted that the polynomial ¢—ip has degree V. In fact, the leading coefficient
of q—ipis e /2 —je~"/2_ For this to vanish we must have e?(f=®/2 = _j = ¢37i/2,
However 0 < 8 —a < 27, s0 0 < '8%0‘ < m, and the assertion follows.
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STEP 3. We show that the rational function ¢/p is real valued on T (except at
its poles e’®» n = 1,..., N), and that on each arc y, := x;, Ux;. U{e"} it is an
increasing function with range R.

We have

N N
q(eié)/p(eié) _ ei(B—a)/2 H(eié _ eiﬁn) H(eié _ eian)
lﬂﬂﬁLﬂ%Wﬁw

ei(7F) _ i)

Thus ¢/p is real valued on T.
For a,, < 6 < an41, the function sin (9*20‘") is positive, while the function

sin (972ﬁ"> is negative for § < (3, and positive for 8 > 3,. For j # n and a, <

0 < an41, the functions sin (9 20”) and sin (%) have the same sign (negative

for j < n, positive for j > n). Together with the expression above for ¢/p, this tells
us that ¢/p is negative on ,, and positive on ;. As e‘®* and e!®+1 are poles of
q/p, we thus must have g(e?)/p(e?®) — —oco as 6 \, a,, and q(e??)/p(e?) — +o0
as 0 7 a,41. Hence g/p maps the arc x, onto R. It must be monotone on each
such arc because, being a rational function of degree N, it assumes no value with
multiplicity greater than N.

STEP 4. We show that the function w = (¢ —ip)/(q + ip) is a Blaschke product
of order N satisfying

1) w=§MgGiﬂ)

1l—w

In fact, since w can be rewritten as w = (% — z) /(% + z) , it follows by Step 3

that w is unimodular on T. From the definition of w we see immediately that
w(e’@n) =1 for each n and w(e*’n) = —1 for each n.

We can re-express w as @ o (%), where ¢(z) = (2 —i)/(z + 1), a linear-fractional

transformation that maps the upper half-plane to D and R to T \ {1}, with ¢(z)
moving counterclockwise on T as z moves in the positive direction on R. We know
from Step 3 that on each arc x,, the function ¢/p is increasing with range R. We
can conclude that argw undergoes an increment of 27 on each arc x,, hence an
increment of 27N on T. By the argument principle, w has N zeros in D, thus is a
Blaschke product of order N.

Because 12 = o if q(e?)/p(e?) > 0, i.e., if (according to Step 3) €% is in one
of the arcs I, we have Arg (%) = —5+0 = —3. Similarly, if e is in one of
1+w(e?)

the arcs x;, then Arg (l—w(ew)) = —3% +m = 7. The desired equality (1) follows.
This concludes the proof of Theorem (.11
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To conclude this section we discuss the extent to which the Blaschke product w

?—nggg’ = 1. In fact

produced in the preceding proof fails to be unique. Note that ’
1+w(0)  ¢0) _ i)/
1—w(0) ~ ip(0)

Suppose the Blaschke product ¢ of order n satisfies (1) when substituted for w.
Then the argument of i‘—i must undergo a jump of —7 across each point e!® and a

jump of 7 across each point e*#». This implies, by a standard argument, that each
point e*®» is a simple pole of }J_r—:z and each point e is a simple zero of }J_F—Z. The
i—g and }f—z are thus rational functions with the same zeros and poles,
so they are constant multiples of each other. It follows that one can obtain ¢ by
composing w from the left with a conformal automorphism of . That conformal
automorphism must fix the points 1 and —1, so it has the form z — ff:z, where
_ wt
—1<r <1 Weget p=175.
A calculation produces the equality

I+ (147 1+w
l—¢ \1-—7 l-w)/’

Thus ’HL%O;‘ =1 only if r =0, i.e., only if ¢ = w. We see that w becomes unique

functions

1—¢(0

14w (0) | _
1-w(0) =1

if one imposes the supplementary condition ’

Theorem 5.2. If v is an alternating step function of order N, then 1 is uniquely
determined by the Fourier coefficients 1(0),1(1),...,9%(N), in the sense that if
those coefficients are known then the coefficients (N + 1),¢(N + 2),... can in

principle be found.

Proof. Let 1 be such a function, and let ¢ be its height. We may assume N > 0
(the case N = 0 being trivial). By Theorem 5] there is a Blaschke product w of
order N such that @) = h + h, where

hziLog(i—i——w).

i3 —w

From this we see that, for any n, the coefficient 12)\(71) can be expressed in terms of

¢ and the coefficients @(0),...,0(n). As w is a rational function of degree N, the
coefficients W(N + 1),0(N + 2),... can be expressed in terms of &(0),...,o0(N).
The desired conclusion follows. 0

Corollary 5.3. Let E be the union of N closed disjoint subarcs of T. Then E is
uniquely determined by the coefficients Xg(0),...,Xr(N).

Proof. 1t suffices to apply Theorem[(.2]to the alternating step function 2yg—1. O

The phenomenon described in the corollary is treated at length in [3].

6. TWO DIMENSIONS
We indicate how the equality ¢; = 3§ can be deduced from our characterization

of minimizing functions. The inequality states that ca/||Al| < & for all nonzero

matrices A in 75. For such a matrix A we know from Theorem that the min-
imizing function in G4 is an alternating step function of order 1 and height c4.
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We can thus try to establish the inequality by starting with an alternating step
function v of order 1 and a given height, computing the corresponding matrix A,
finding || A||, and checking the ratio of interest. And it will clearly suffice to treat
the case where 1 has height 1 and has a discontinuity at the point 1 with a jump
there of 2.

Let « be a point in the interval (0, 27), and define ¢ by

, 1 0<f<a
0N ) )
vle )_{—1, a <6< 2.

Then ¢ is the general alternating step function of interest. The corresponding

matrix A is given by
o1
¥(0)

Calculations give

~ a—mT o~ 2e~i/2gin 2
0) = )= ——2
¥(0) — ¥(1) p.
Thus
A:l a—m 2ei0‘/251n% '
T 2e‘za/251n% a—T

The eigenvalues of A can be found by the standard procedure. The calculations
yield

la — 7| + 2 |sin &|

1Al =

3

As ¢y = 1, the desired conclusion is m < % We have

1 T

. b
I A] |a—7r|+2‘s1n%‘

so we need only verify that
T — a4+ 2sin % > 2

for 0 < a < 7. Differentiation with respect to a shows that the function on the left
side is decreasing on [0,7]. At @ = 7 it has the value 2, so the desired inequality
holds, and it reduces to an equality only for a = .

7. THE NUMBERS cn

We present here what we have learned about the maxima cp, including numerical
results for small N > 1. For f afunction in L* we let Ay y denote the compression
to Pn of the multiplication operator on L? induced by f.

The inequality ¢y > 7 is easily seen at this point. For example, let ¢ be the
alternating step function of height 1 and order N associated with the inner function
w(z) = 2" as in the proof of Theorem

1 1+ 2N
¥(z) =2Re <E Log <1 —ZN>) .
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Referring to that proof, one sees that i alternates the values 1 and —1 on 2NN
consecutive subarcs of T, each of length &. For 2 — 0 we have

142N

)

= % Im(Log(1 + 22™)) + O(|z|*)

SO

= 2 m(2:") + O(|=)

2B v

™

2
= = (N =7) + O(2),

We see that the matrix Ay y has only two nonzero entries, % in the lower left

corner and —; in the upper right corner. In particular, ||Ay| = ;, and the ratio
H'J&HNH ”A T equals 7, telling us that cy > 3

The followmg observation produces a generahzatlon of the last inequality.

Proposition 7.1. Let the function f be in L™, let k be a positive integer, and let
the function g on T be defined by g(e'®) = f(e*?). Then || Ay n| = || Ag.n]-

Proof. To simplify the notation, let T' = A, rn. For p in Prn, the m-th Fourier
coefficient of T'p is given by

(Tp)"(m) = > Gm—p).
0<j<kN
—kN<m—j<kN

If this coeflicient is nonzero, there must be a j such that k divides m — j, in other
words, such that j = m (mod k).

For 1 =0,...,k—1, let S; be the subspace of Py consisting of the polynomials
p such that p( ) =0 1f j # 1 (mod k). These subspaces are mutually orthogonal,
they span Py, and, by the observation above, they are T-invariant. Hence T is
the direct sum of its restrictions to the subspaces S;.

If p is in Sy then there is a ¢ in Py such that p(z) = ¢(2*). For the km-th
coefficient of T'p we have

(Tp)"(km) = » g(km — kj)p(kj)

~

(m = 7)a(9);

Mz EMZ

<.
Il
o

showing that T' | Sy is unitarily equivalent to Ay n.
For p in S; with [ # 0, the (I + km)-th coefficient of Tp (m = 0,...,N — 1) is
given by
(Tp)Ml+km)= > Gl+km—j)p(j).

j=l (mod k)
1<j<l+k(N-1)
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In the summation on the right, j — [ runs through the numbers 0, k, ..., (N — 1)k,
and correspondingly, j runs through the numbers I,{ + k,...,l + k(N — 1). The
equality can be rewritten as

=2

-1
(Tp)* (I +km) = D> _g((m —j)k)p( + jk).

J

Il
=]

A polynomial p in S; (I # 0) can be written as p(z) = 2q(z*), where ¢ is in Py
and g(N) = 0. This gives us

=2

~

(Tp) (1 +km) = ) f(m—35)q(),

J

i
=]

showing that the restriction of T' to S; is unitarily equivalent to the N-by-IN
principal minor of Ay n, hence is of norm at most that of Ay ny. The equality
lAs NIl = |Ag.kn || now follows. O

The following corollary generalizes the inequality cy > 5.
Corollary 7.2. For k a positive integer, cxny > ¢cnN -

Proof. 1t suffices to apply Proposition [l Il with f equal to an alternating step func-

i o ¥llee
tion 9 of order at most IV for which Ay nT = CN-

One way to obtain better lower bounds than cy > 5 for N > 1 is to find
alternating step functions ¢ of height 1 and order N for which ||Ay n| can be
shown to be smaller than % We do this for a number of values of N. Our method
is to consider a family of step functions involving a number of parameters, and to
observe that when the parameters are judiciously chosen, the Fourier coefficients
of 1 are related to one another in a way that permits calculation of ||Ay n||. A
computer was used to assist in the search for relations between Fourier coefficients
that would yield nontrivial lower bounds on cy. ([

THE CASE N = 2. For any positive L and M satisfying 0 < L+ M < m, there is
a unique alternating step function v of order 2 taking the value 1 at 1 and having
discontinuities at e**X and e*("*M)  Calculations show that

By = 2EH2M o 5y 2L =siM) 5y sm@M) +sin(2L)

m m m

The values of L and M can additionally be chosen so that the relations 1 (1) = 212)\(0)
and 1?(2) = —zZ(l) are also satisfied, and these choices are unique subject to the
conditions L € [0,1] and M € [0,2]. (To abbreviate the argument: one can show
that subject to the inequalities on L and M, each equation of Fourier coefficients
defines M implicitly as a monotone function of L on [0, 1], and use the intermediate
value theorem to see that the functions intersect exactly once.) These relations
allow one to explicitly compute || Ay 2|l = 3|1Z)\(O)|

CONCLUSION. If L and M are the unique real numbers satisfying the relations
0O0<L+M<mnm Lel0l], Mel0,2], 2L+2M —7 = sinL —sin M, and
—2(sin L —sin M) = sin(2M) + sin(2L), then
™

7.1 > T
(7.1) =320 +2M — 7|
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One must find L ~ .2138 and M =~ 1.0263 to several digits to deduce that this
estimate improves on the known cz > 7, but it can be shown that the right hand
side of (1)) is between 1.6185 and 1.6186.

THE CASE N = 3. For any L in (0, §) there is a unique alternating step function
¥(e'?) of order 3 and height 1 taking the value 1 at 1 and having discontinuities at
el i EL) Jand e*7/2. Calculations show that (0) = 1(2) = 0 and

2 (2sin(3L) + 1).

™

N 2 ~
S(1) = 2@2snL—1), $(3)
7r
There is a unique L in (0, §) satisfying sin(3L) + 3sin L — 1 = 0. For this value of
L we have 1(1) = —t(3), and therefore Ay 3]l = V2|1(1)]. We deduce
7T

c3 > —— .
® = 9\B(1 - 2sinL)

Trigonometric identities imply that sin L is the least positive root of the polynomial
1 — 62 + 423. Using this polynomial one can find a similar characterization of
1

1-2sinL "

CONCLUSION. If k is the largest root of the polynomial p(z) = 1 -3z — 322+ 323,
then

T
7.2 c3 > ——k.
(7.2) 32575

It can be checked by hand that p(%) < 0, and thus k& > %, SO c3 > 4‘0’\—% > 5 can
be shown by hand. Working to greater precision one can show that the right hand
side of (T2)) is between 1.6825 and 1.6826.

Our higher dimensional examples are similar to those just given. The difference
is that, with the exception of the case N = 5, the number of parameters involved
makes exact formulas difficult to prove. We can nevertheless give numerical values
of parameters that produce a ¢ with the property that || Ay ~] is small enough to
give new information about cy.

THE CASE N = 4. For any positive L, M, N, O satisfying L+ M+ N+ 0 < m
there is an alterating step function of height 1 and order 4 taking the value 1 at
1 and having discontinuities at el ¢(L+M)  iL+M+N) = oi(L+M+N+O) an( their
complex conjugates. Taking L ~ .1396, M ~ 1.1143, N = 1.096, and O =~ .2724
one obtains a function ¢ for which || Ay 4| can be shown to be between 1.7065 and
1.7066. These values of L, M, N, O appear to approximate a tuple with the property

that the corresponding list of Fourier coefficients (@(j))?:o is a scalar multiple of

(1,-v5-1,1—-+5,V/5—1,14++/5). If L, M, N, O can be chosen so that this holds,
we would have ¢y > (5/%(0)]) ™" = 558207

THE CASE N = 5. For any positive L and M satisfying L + M < 5 there is
a unique alternating step function v of height 1 and order 5 taking the value 1 at
1 and having discontinuities at e'l, e/L+M) gin/2  gi(r—L) = pilr—L=M) an( their
complex conjugates. It can be shown that there are unique L and M in the interval
(0,1) with the property that

(73) D(1) = ~20(3) = ¥(5)
and for these values of L and M we deduce that | Ay 5| = %|7:/1\(1)|
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ConNcLUSION. If L and M are the unique numbers in (0, 1) for which the equa-
tions (Z3) hold, then

o
(1+2sinL — 2sin(L + M))"

Numerical calculations can show that L =~ .4304, M ~ .2326, and that the right
hand side of (T4)) is between 1.7353 and 1.7354.

THE CASE N = 6. For any positive L, M, N, O, P,Q whose sum is less than
m, there is a unique alternating step function ¥ of height 1 and order 6 taking
the value 1 at 1 and having discontinuities at the points e?F, e!(L+M) gi(L+M+N)
LAMANFO) oi(L+M+AN+O+P) - oi(L+M+N+O0+P+Q) and their complex conjugates.
Taking (L, M,N,O, P,Q) =~ (.0989,.7269,.2002,.7702,.7755,.2109) one obtains a
function ¢ for which ||Ay || can be shown to be between 1.7504 and 1.7505.
These parameter values appear to approximate a tuple with the property that
the list of Fourier coefficients of the corresponding function 1 is proportional to
(1,a,—b,c,—c,b,—a,1), where a < b < ¢ are the roots of 8 + 4z — 4x? — x3.

(74) Cs 2 3

THE cASE N = 7. For any positive L, M, N satisfying L + M + N < 3,
there is a unique alternating step function v of height 1 and order 7 taking the
value 1 at 1 and having discontinuities at e’ e(L+M)  i(m/2=N) " gin/2 gi(n/2+N)
elm=L=M) " oilm=L) "and their complex conjugates. Taking L ~ .0877, M ~ .6343,
and N ~ .6713 one obtains a function ¢ for which it can be shown that ||Ay 7| is
between 1.7677 and 1.7678. These values of L, M, N appear to approximate a tuple

with the property that the corresponding list of Fourier coefficients W(j));:o is a

scalar multiple of (0, —1—+/2,0,1,0, —1,0,1++/2). If L, M, N can be chosen so that
(V2+1)m
44/24+v/2(1-2 cos N—2 sin L+2sin(L+M))

this holds exactly, we can conclude that c; >
for these values of L, M, N.

In summary, along with the exact value ¢; = ~ 1.5707963, we have the

following lower bounds for ¢ — ¢7, found numericall}gz
co > 1.6185
c3 > 1.6825
cq > 1.7065
cs > 1.7354
ce > 1.7505
cr > 1.7677.

8. QUESTIONS AND CONJECTURES

We present some problems for future research suggested by the numerical results
of Section [7, which tell us, in particular, that cy > 5 for N = 2,3,4,5,6,7. (As
noted in Section [, for N = 3 the inequality can be verified by hand.) By the
corollary to Proposition [T, we can conclude that cy > 7 for infinitely many N.
We conjecture that the following question has an affirmative answer.

QUESTION 1. Iscy > 5 for all N > 17
Our estimates for ¢;—c; suggest the following question.

QUESTION 2. Does cy increase strictly as N increases?
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Again, we conjecture the answer is affirmative.
As noted in Section[I] the inequality ¢y < 2 holds for all NV, suggesting the next
question.

QUESTION 3. What is sup{cy : N > 1}¢

We have no conjecture to offer on this one.

We have seen that the maximum ratio cy is attained by an alternating step func-
tion of order at most N, i.e., there is such a function 1 for which ||9||oc/|| Ay N =
cy. The function v here is not unique, because one gets the same ratio if one
replaces ¥ by a nonzero real scalar multiple of itself, or by a composite (from the
right) with a rotation of the circle, or by a composite with complex conjugation on
the circle. Two questions are suggested, which we combine into one.

QUESTION 4. Are the alternating step functions of order at most N that attain
the mazimum ratio cn actually of order N, and are any two of them related via the
transformations listed above?

Otherwise put, the question asks whether an alternating step function attaining
the ratio ¢y has 2N discontinuities, and whether the set of discontinuities is unique
to within rotations and reflections on T. We conjecture the answer is affirmative.

The questions above are of course part of the underlying problem of “finding,” in
some reasonable sense, the maximum cy and the corresponding maximizers. There
must be an interesting underlying structure, one would think, which so far escapes
us. Answers to one or more of Questions 1-4 should provide clues to that structure.
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