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Abstract

We solve some forms of non homogeneous differential equations in one
and two dimensions. By expanding the solution into whell-posed closed
form-FEisenstein series the solution itself is quite simple and elementary.
Also we consider Fourier series solutions of linear differential operator
equations. In the third section we study operators which are functions of
the Leibnitz derivative. The last result is the complete solution of a non
homogenus 2-degree ODE with linear coeficients. The non homogenous
part is an arbirtary function of L2(R).

1 The Divisor Sums and ODE

Proposition 1. If z, is positive real number and f is analytic in (-1,1),
with f(0) =0, then

oo ([ e yar) = [T e 2 55200

Where g is the Moebius function. See also and [Ap] chapter 2 for the
Moebius as also for other multiplicative functions.
Proof. See [B]

Examples of such identities are
1) Let % =1[n]=1ifn=1, 0else. X(n)=Lpu(n)

oo

[Ta-an™ =
n=1
) Let f(n)(o) ,n=1, 2 . then f(x) = ﬁ and

Zdl n/d )
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Where ¢(n) is the Euler Totient function.
Proposition 2. If A(n) is arbitrary sequence of numbers we have for

x>0
u(n/d n/d
dxu (j : Ed\nenz — / )> j : Ed\ " ( / ) (2)

n=1 n=1

Proof.
See also [B]

We will use Proposition 1 to find the solution of the N — th degree linear
differential equation

N 5 n/d) oo
Zau%u(x) Z%——l/ ZC’(n)(fmc 3)

v=0 n=1

Lemma 1. Set

= Z ayz” 4)

v=0
then the solution of (3) is

n/d) > n
u(x) = Z Lan 7C s il Z: PCE(_T)L){M (5)

ent — 1
n=1

Proof 1. From Proposition 2, it is clear that if

n/d
u(z) = Z—Zd‘ 1 9

n=1

for a certain A(k), then (3) becomes

- 2 Ald)p(n/d) 2y C(dp(n/d)
>t (3 —) -3 Zen RIS

v=0 n=1 n=1
or
al > “p(n/d) > p(n/d)
d‘” d\n
) IS =y S O
v=0 n=1 n=1
or

= 2 gpn Ad)P(=d)p(n/d) > n/d)
yo = e 72 d\

n=1

Hence it must be

> A@P(=d)u(n/d) = Z C(d)p(n/d) (6)
d|n



Eq.6 shows clearly that

n=1 d|n
e 5 g W (d)pa(n/d)
i W(d)u(n/d i
d|n _ —nx
YT e = We
n=1 n=1
Proof 2. Let -
u(z) = Une "
n=1

then setting into (3) the above expansion we get the same result in a more
easy way.

Theorem 1. If

N 0o
W)y — C(n)
ay v u(z) = Z e
v=0 n=1
Then -
@) 2anCd) _ .
u(x) = S
—  Pu(n)
, where
N
Py (w) = Z apw”
k=0

Proof. As in Lemma 1.

Next we proceed with the 2-dimension problem with a similar way.

We set
N
Po(w) =Y apw” (7)
k=0
and
M
Py(w) = bu' (8)
=0
Also




Theorem 2. The equation

N,M
Z akblu(k)'(l) (:C7 y) = G(:C7 y) (10)
k,1=0
have solution -
B S(n,m)
u(%y) - nm2:1 (enz — 1)(6my — 1) (11)
where
S(n,m)= > B(d,8)u(n/d)u(m/d) (12)
d|n,8|m
and 1
B(n7 m) = m k‘;’r‘m C(k7 T‘) (13)
Proof. Let

3D g Aa(y)p(n/d)

u(z,y) =y =

n=1

Then differentiating with respect to = we get

n=1

then with respect to y we get

- Zd\nAfil)(y)(—d)ku(n/d)

WOy = e (®)
- S B(d,8)(~8) pu(m)/)
AP =y = = (o)

combining the above we get the result.

Note. The polynomials P apparently must have no solutions in natural
numbers.

Examples.
1) Set
Po(w) =14 V2w + v’

also set
Py(w) =1+V2w
Then the equation

(@, y) +V2us (2, y) + tias (@, y) +V 2y (2, )+ 2uay (2, y) +V2uawy (2, y) =



oo oo

1 1
:;e"”—lzemy—l

m=1

have solution
_ > oo(n)e™ " > oo(m)e™™Y
ov(n) = Z d”’
din

where

2) If
Py (w) = 24 V3w +w®

Py(w) =14V3w+w’

then the solution of

2u 4 V3 4 Uzza + 2V 3Uy + 3y + VBUszry + 2Uyy + VBUsyy + Uswayy =

_ = log(n + m)
= 2 @EonEew D

n,m=1

is

U($7y): i Zd‘"ZﬂmB(d:d)H(n/d)u(m/(S)

(e —D)(em — 1)

n,m=1
where
Zd\n Za\m log(d +9)
(2 —V3n —n3)(1 — V3m + m?2)
Observe that in this example we are not able to split the solution into two

parts in z and y.
Note. For no confusion the form of the equation is defined by

B(n,m) =

N,M

> anbmu™ ™ (2,y)

n,m=0

where the a, and b, are respectively that of P, and P,.

2 Series Solutions

If F' is an operator such that

2L (tNE dF "
rey =Y ki = @
k=0

We will try to solve the equation

0 0
au(a@7 t) = %u(n t)



Assume that

then
el
Zu(x,t) = e'os

0 0 ;.2 0
5 %f(:c) = ae oz f(x) = au(:mt)
0

Hence the operator exp (t 5= ) produces the solution. From Eq.(3) and
Lemma one can take the limit N — co then

d 9 N —na
F (%) u(z,t) = exp (—t%) u(z,t) = f(z) = Zlc(n)e
thus according to Lemma the solution of the above equation must be
- C) s
U($7 t) = Z et—ne
n=1

Using the parameter A which can take and complex values one can arrive
to the conclusion that

0 0
wu(x,t) + 8:c”u(x’t) =0 (14)
have solution -
_ Z C(n) e
ul@,t) = — exp [eim/vnt] c (15)

One can see that, a solution of Schrodingers equation

m

ox™

ue(z,t) = — u(z,t) + V(t)u(zx,t) (16)

is
oo

- C(n)efnx
“@ =D S n =) "

n=1

where
f(x):/ V(w)dw (18)

This is the general case in which the potential depends only in time.

Let again
N
P(x) = Z arz” (19)
k=0
Consider now the equation
N
ary®(z) =P (%) ylz)=az—= (20)
k=0



the solution is

N
_ xap —aoem —ai zpy
ymf——a——+2aw (21)
k=1
Where pj is the roots of P(x) = 0 The same equation have solution

according to the Theorems of section 1:

V@ =Y e (22)

nezZ*

An interesting question is how one can extract from (21) and (22) the
roots py.
Anyway when if we let N — oo, then
Theorem 3.
i)
? inT
v@) = D orame (23)

ii)

() ) =2 (24)

i) )
ylo) = 4 Y O (25)

k=1

the pi are roots of Eq. F(z) = x — m. The function F' must have not
integer roots in the imaginery line.

Now consider the function F(z) = e ™ +x—n—1. Itis ap = F(0) = —7
and a1 = —27i + 1 and pr = k. Hence the two representations are

. inx

ie
y(@) = Z n(e?"™ +in —m — 1)

nezZ*
w4+l 42mi— 1 -
_ _ inx
y(z) = = + ) Cn)e

the differential equation is
y(x —2mi) +y'(z) —y@)(r+ 1) =z -7

Examples
1)
Fz)=e¢"+z+1

then

{ inT
y(:l)) - Z n(—n—|—1—|—6")e

nezZ*



and also

o e T T
y(z) = — +e Z C(k)e**

in this example the diferential eq. is
yle+1) +y' (@) +yl@) =z —m
2) For F(z) = cosh(x) + = + 1 the DE is

ye+ D) +ylz—1)
2

+y' (@) +yl@)=a—m7

with solution

_ { inT
y(@) = Z nF(in) ¢
nezZ*

The series in a first view can not become more fast convergent. If we
consider for example

F(x)=cos(z)+x+1
then .

1 inT

ym(z) = Z n(cosh(n) + in + 1)6

[n|<M

But for the diferential equation holds

ym(z +) + ym(z — )
2

+he @) +yar(@) w41 =0 (57

If we try with F(z) = cos(mz) + x + 1 then we have

i inT
ym (@) = Z n(cosh(nm) 4+ inm + 1) ¢

In|<M

and for the diferential equation holds

ym(x +im) + ym (z —im)
2

+he(@) + (@) — w7 =0 (57)
which is the same.

Thus we can say that even the equations are not easy to solve numericaly,
the solutions itself under certain conditions may behave very good i.e
ym () is very fast convergent.

3) Let us consider now a curius case. The L2(R) function h(z) = e®
then if F(x) = h(x) + z + 1 (we dont need the roots), we have

—e%

) (_1!1) yle+1+1)+y (@) +yl@) =z - (26)
=0
and i i
v = n; n(in 4 1 + ein—e'") ‘ 0

is the solution indeed.



3 Functions of %

We proceed with the following
Lemma 2. Let

= Z foz”

n=0
be analytic function in R such that for every a,b > 0 there exist constant
depending from f, Mj:

|f(@)] < My(L+|a]*)e""! (28)

Let also ¢(z) real valued function with values in C, such that for every
¢ > 0 there exist costant My:

lp(2)] < M| (29)
then
oo . 82k L 82k+1 L
/0 F(@)o(@)e " do Zf% I ) Zfzm 0Lk
(30)
Proof.
See [Ba]

If happens L¢ = y(z) then
/°° F@) (L Vy)(z)e " da =
0

f(2k) d2k > (2k+1) d%Hy( )

_Z )! ds% Z 2k+1 ds?F1 1)
k=0

hence we can write

| s @i = g () v = 4o (3F) o

| sen@ e s = g () e (32)
Theorem 4.
i) It holds
7 (5 w) = L (F=0) (L)) ) (33
ii) The solution of
£(5) o) = 9(s) (34)
o= [ L9, )



This theorem shows clearly that we can find solutions in integral-closed-
form, of the general not homogeneous equation (if existing the Laplace
transforms).

Examples.
1) If hapens g(z) = 1/22, then (L~ g)(x) = 2 and thus the solution of

7 (5) o) =15 (36)

/ e e dx (37)

where the form of the equations (36) and (37) is that of (34) and (35). In
the same way as in the above example we can set other values for g(z)
2) Set

is

oo

h(z) = Z ez le kT

k=0
Then the equation

> ey (@ = 1k) = g(x) (38)

% (1D ) (w0
y(:c):‘/o (LTSZ)()e*wxdw (39)

This method is like solving (38) with Fourier or Laplace transforms but
we avoid some restrictions of y and g to be in L2(R). Note also that it is

solved with Laplace theory.
3) We try now to evaluate T = 1+1d . Let Ty(z) = g(x), then
iz

have solution

Lo d P&
1+%7 drx = dx? dx3
d d? d
g(x) = Ty(z) = yo)=1- L+ 5 -2

1+ 4
we use (39) and get

y(z) = / (LD w)(1 - w)e ™ dw

0

solving with respect to g we have

o Do) (2
g(w) =Ty(w) = / weﬂcwdx
0

1—=z

In general holds

n(L) ) = / T LYy w)h(—w)e dw (40)

10



under certain conditions of convergence. For example if y(z) =polynomial
in z. Also for h(z) = log(1 + z), then

oz (14 L)y = 3 L

Thus for example if we consider the equation

d
7 (35) v@) = g(a) ©)
with f(z) = = + log(1 4+ ), then the differential equation (e) is actualy

the
diji(;) +/0 (LT Vy)(w) log(1 — w)e ™" dw = g(x)

and have solution

_ [T @)
y(fc)—/o me dw

Relation (40) is very useful if one can set a one to one relation between
h and a function of y. For example if one take h(z) = e” then for all the
functions

Qz) +e”
with Q(z) = Zi\;o axz®, the equation will be

N k

S arty(@) +y(e+ 1) = (o)
k=0

will have the same solution type

— = (L(il)g)(w) —zTw

Can we say that for a given function h(x), (€¢” in the examples) exists a

unique form of y(z) (such as y(z + 1) in the examples)? The exponential
and polynomial functions behave very good, but what happens with other
values of h. For example: Exist ho(z) giving us the form y(z)? in the
differential equation? Then all the differential equations, with this term,
will be solvable in integral forms with knowing one function only. But
this seems not to happen. It happens with the differential functions, i.e.
h (L) y(z) = log(1 — £).

For example if we consider the equation

d? d

20 (e) — atby(e) —log (1 - = ) y(@) = g()

11



the solution is

oo YoV (w
y(z) :/ (L g)(w) e dup.

2w? + aw — log(1 4+ w)

Another related equation is

y(o+1) +log (1- ) y(a) = g(a)

which have a solution

(T W) e
y(@) = /0 e~ 4 log(1 + w)e dw

From the above examples and (39) and (40) one can see that the inversion
with respect to some g(x) is
Theorem 5. (Inversion)

d Y 1
h (%) ey (41)
This means if o (1)
o) = [ B e (12)
0
then -
V@ o) = [0 @)
Where J
h(4) v(@) = 9@) = (@)
and 1
dx
Example.
If h(z) = e ® 4+ 1 then K"V (z) = h(lx) = # This means that if
g(z) =1/a®
y(x+1) +y(x) = g(x)
then 1 +1
vio = (v (11+3) o (1557))
and

g(x) =y1(x) = / (LYY (w)(e” + 1)e " dw = 1/a>

Where 9 is the Polygamma function i.e

and



(see and Mathematica notes). The above example is trivial and can be
solved with Laplace theory.

Now we will find a way to solve the equation
(@12 +b1) " () + (2w + b2) f' () + (aaz + bo) f(2) = g(@)  (44)

where f, g € L2(R).
Let the Fourier Transform of a function of L2(R) is

ﬂw=/ F(t)e " de

the Inverse Fourier Transform is

f@) =5 [ Fweran

(oo}

Lemma 3.

/.mwvmm:mﬂWw (45)

F)() = (@) F(). (46)
/ [ (@)A(z)e” " Vde =

:/ f(@) A (z)e " Vdx + (—i’y)/ f(@2)A(x)e” " da. (47)
/ ﬂwmwam=/'ﬂmwmfmm+

ﬂ4w/ ﬂmﬁuk”%m+ewf/ f@)A@)e T dz. (48)

Proof.

The proof of (45) and (46) can be found in [Pa]. The relations (47) and
(48) are obtained with integration by parts.

Theorem 6.

When f, g € L2(R) and lim;| o | f(2)2°T¢] = 0, € > 0, equation (44)
can reduced in into

(i tary+ias) L4 (b 2iany-tibay +a+0) F2) = G0) (49

which is solvable.
Proof.
Take the Fourier Transform in both sides of (44) and use Lemma 3.

13
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