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A generalized Schrodinger-Poisson type
system *

A. Azzollinit & V. Luisi

Abstract

In this paper we study the boundary value problem

—Au+eq®f(u) = [ulP " u inQ
—AD = 2¢F(u) inQ

u=0 on 0N

®=0 on 9%

where Q ¢ R® is a smooth bounded domain, 1 < p < 5,& = £1, ¢ > 0,
f : R — Ris a continuous function and F is the primitive of f such that
F(0) = 0. We show that, if ¢ is sufficiently small, the problem has a solution
provided that f satisfies a subcritical growth assumption.

We study also the critical case for e = 1 and provide an existence result.
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1 Introduction and the main result
This paper deals with the following problem

—Au+eq®f(u) = |ulP~tu inQ
—AdP = 2gF(u) inQ

u=0 on 0f2

®=0 on 0f2

(P)

where Q ¢ R3 is a bounded domain, 1 < p<5,¢>0,e =41, f : R = Risa
continuous function and F(s) = [ f(t) dt.

When the function f(¢) = ¢ and ¢ = 1, this system represents the well known
”Schrodinger-Poisson (or Schrodinger-Maxwell) equations”, briefly SPE, that
has been widely studied in the recent past. In the pioneer paper of Benci
and Fortunato [3], the linear version of SPE (where the term |u|P~u does not
appear) has been approached as an eigenvalue problem. In [11] the authors
have proved the existence of infinitely many solutions for SPE when p > 4,
whereas in [12] an analogous result has been found for almost any ¢ > 0 and
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p €]2,5[. A multiplicity result has been obtained in [13] for any ¢ > 0 and p suf-
ficiently close to critical exponent 5, by using the abstract theory of Lusternik -
Schnirelmann. For the sake of completeness we mention also [10] where Neu-
mann condition on ® is assumed on 912, and [1] and the references within for
results on SPE in unbounded domains.
If f(t) = t and € = —1 the system is equivalent to a nonlocal nonlinear problem
related with the following well known Choquard equation in the whole space
RS
()
Au+u— | —*xu”|u=0.
|z]
We refer to [7, 8] for more details on the Choquard equation, and to [9] for a
recent result on a system in R? strictly related with ours.
Up to our knowledge, problem (P) has not been investigated when a more
general function f appears instead of the identity. Since, as showed in section
2, problem (P) possesses a variational structure, our aim is to find the weakest
assumptions on f in order to apply the usual variational techniques. In par-
ticular, the first step in a classical approach to such a type of systems consists
in the use of the reduction method. To this end, we need to assume suitable
growth conditions on f which let us invert the Laplace operator to solve the
second equation of the system. Then, after we have reduced the problem to
finding a critical point of a one variable functional, we check if the geometri-
cal and compactness assumptions of the Mountain Pass Theorem are satisfied.
If a suitable use of some a priori estimates makes almost immediate to show
that geometrical hypotheses are verified (at least for small ¢), some technical
difficulties arise in proving the boundedness of the Palais-Smale sequences. In
section 3 we will overcome these difficulties by means of a truncation argu-
ment based on an idea of Berti and Bolle [4] and Jeanjean and Le Coz [5] (see
also [6] and [2]) which allows us to find bounded Palais-Smale sequences tak-
ing ¢ sufficiently small.
The first result in this paper is the following

Theorem 1.1. Suppose that f : R — R is a continuous function satisfying
[f(s)] < er+eals|™! (f1)

for some v < 5 and for all s € R. Then, there exists ¢ > 0 such that forall 0 < ¢ < ¢
problem (P) has at least a nontrivial solution.

As well known, when we consider the Schrédinger equation in a bounded
domain 2 C R?
—Au+mu = |ulP"tu  inQ
{ u=0 on 9

the exponent p = 5 is critical, due to the fact that the space H3 () is compactly
embedded into LP*1(Q) for p < 5. In order to get compactness in our system,
we need to control the growth of nonlinear terms in both the equations. In
particular, a condition as (f;) seems to be the right one to have compactness
with respect to the variable ®. Actually, the exponent » = 5 turns out to be
critical for our system, and in this sense we are justified to refer to the limit
hypothesis

|£(s)] < e1 + cals|* (f2)
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as the critical growth condition for function f.

In the second part of the paper, we are interested in studying system () assum-
ing (f2) instead of (f1). The difficulties arising in this situation can be overcome
assuming a further hypothesis on the sign of the function f. We are able to get
this partial result concerning (P) only for e = 1

Theorem 1.2. Suppose that f : R — R is a continuous function satisfying (f2) and
f(s)s 20 @

forall s € R and assume that ¢ = 1. Then, there exists ¢ > 0 such that for all
0 < g < g problem (P) has at least a nontrivial solution.

The paper is organized as follows:

e In section 2 we introduce the functional setting where we study the prob-
lem and the variational tools we use.

e In section 3 we provide the proof of Theorem 1.1.
e Finally, in section 4, we consider the critical case, and give a proof for

Theorem 1.2.

Throughout the paper we will use the symbols H~! to denote the dual
space of Hg (), (-, -) to denote the duality between [, (Q2) and H ', and |[u| g3 :=

(Jo |Vu|2)% for the norm on H} (). Moreover || - ||, will denote the usual L?-
norm.

We point out the fact that in the sequel we will use the symbols C, C1, Cs,
('3 and so on, to denote positive constants whose value might change from line
to line.

2 Variational tools

Standard arguments can be used to prove that problem (P) is variational and
the related functional J, : H}(Q) x H}(2) — R is given by

1 1
Jy(u, @) = §/Q|Vu|2dac—Z/Q|V<I>|2dx+5q/QF(u)<I>dx—m/ﬂ |u|P T da

Since F(u) € L5 () — H~' forallu € L5 (), then certainly we have that
for all u € H} () there exists a unique ®,, € H;(£2) which solves

—AdD = 2¢F (u) (2)
in H~!. In particular, we are allowed to consider the following map

uwe L5 (Q) — &, € HL(Q) ©)
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which is continuously differentiable by the implicit function theorem applied
to 2 where, for any (u, ®) € L% (Q) x H(Q), H is defined as follows

H(u,®) = E VO] —q [ F(u)d.
4 Jo Q
So, it is well defined the C'! functional
1 2 € 2
I(u) == Jy(u,®,) = = [ |Vulde — = | |V®,|*dx
2 Jo 4 Jo
1
+e /F w) P, dr — —/ wlPtlde. (4
¢ [ F®uds — = | tae. @
Multiplying the second equation by ®,, and integrating, we have
VO, |* dr = 2q/ F(u)®, dx (5)
Q Q
and then, combining (5) with (4), we get
I, (u) ! |Vu|*dz + ed / F(u)®,dz — b |u|P T da. (6)
I 2 2 +1

Q Q p Q

By using standard variational arguments as those in [3], the following result
can be easily proved.

Proposition 2.1. Let (u, ®) € H}(Q) x H}(Q), then the following propositions are
equivalent:

(a) (u,®) is a critical point of functional J,;
(b) w is a critical point of functional I, and ® = ®,,.

So we are led to look for critical points of I,. To this end, we need to inves-
tigate the compactness property of its Palais-Smale sequences.
It is easy to see that the usual arguments to prove boundedness do not work.
Indeed, assuming that (u,), € (H}(Q))" is a Palais-Smale sequence, namely
Iy(uy) is bounded and I/(u,) — 0in H~', we should deduce the following
inequality

C1 + Collug|| = Iy(un) — <I¢;(un)7un>' )

p+1
Moreover, by the definition of map ®,,, we have that
<8<I>Jq (Un, (I)un )7 Q)/(un)un> =0
and then, since
<I¢II (un), un> = <3qu (una Dy, )7 un>7
from (7) we deduce that

1 1 q
- - — Vup|?de +e= | F(uy, ®,, dx
<2 p—l—l) sz| | 2 Ja (tn)
q
—€ Uy ) Uy, P dr < Cq + Colluy, ||
[ )y, de < O+ Calu
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In classical SPE (¢ = 1 and f(t) = t) we should deduce the boundedness of
the sequence (uy,), for p > 3. In our general situation we need a different
approach.
LetT > Oand x : [0, +00[— [0, 1] be a smooth function such that || x/|| L~ < 2
and
1 ifog<s<1
X(S)_{ 0 ifs>2.

We define a new functional 7, qT : H}(Q) — R as follows

1 q [l g2 1
T : 2 a 0 _ p+1
I, (u) = 5 /Q |Vu|*dz + e5X ( /QF(u)@ud:v p— /Q |ulPT dx (8)

for all uw € H}(£2). We are going to find a critical point of this new functional.

3 Subcritical case

First of all, we have to prove that functional ! satisfies mountain pass geom-
etry. More precisely, we have the following result:

Lemma 3.1. Under hypothesis (f1), there exists § € Ry U {400} such that for all
0 < q < q functional I satisfies:

(i) I (0) =0;
(ii) there exist constants p, o > 0 such that
IT(w)>a  forallue Hy(Q) with ull gy = p;
(iii) there exists a function u € HE () with @]l g2 > p such that IT (u) < 0.
Proof
(1) Itis trivial;
(ii) If e = 1 we deduce our assert for § = +oo observing that, by (5), it is

52/ F(u)®,dz > 0.
2 Jo

If ¢ = —1 we need some estimates. By Holder inequality we have

5/6 1/6
/ F(u)®,dr < < |F(u)|6/5dx) < |<I>u|6d:17> . 9)
Q Q Q
Then, from (2), by using Sobolev embedding H{ (2) < L5(Q), we get

|V, |2dr = q/ F(u)®,dx
Q ¢

2
5/6 1/6
<o [r@rera) ([ o)
Q Q

5/6
<Oq( |F<u>|°’/5d:r> ( |v<1>u|2dx>
Q Q

1/2
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So, we have obtained that

1/2 5/6
( i |V<I>u|2dx) < Oq (/Q |F(u)|6/5dx) (10)

By using this inequality in (9), taking again into account the continuous
embedding H{ () — L5(Q), we have

5/3
/ F(u)®,dx < Cq (/ |F(u)|6/5d:c) . (11)
Q Q

Since for (fy) it is
[F ()% < Culs|™® + Cals| (12)
for all s € R, by (11) and (12) we deduce that

| P < a(Cruls + Collul ) 13)

By using (13) and the immersion of H () into L?(2) spaces, we have

( ) > 1||u||Hl——/F )P dw——/ |u|P T da

2

1 2 p+1
> llully = S (Cillullys + Callullp) = — el
1 q2 1
5||U||H1 7(01HUHH1 + Collull7) — —H I

Thus, if ¢ is such that ¢?C; < 1 and p is small enough, there exists o > 0
such that I;*F(u) > aforallu € HE(Q) with lullzz = p-

(ili) Letu € Hj(Q),u#0and t > Tl ” —. Then, we have

2
Ig(tu) =5 /Q |Vu|>dz

t||u tpt1
—i—sgx( | |H1>/Ftu Oy da — /|u|p+1d:v
.2
5 [ 1vd
2 Ja

. tllull
since x ( THé ) =0.

Thus, for ¢ large enough, I (tu) is negative.

Lemma (3.1) allows us to define, for g < ¢,

ml = inf sup IT >0 (14)
¢ = Iaf sup g (V)
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where
I = {y€C([0,1], Hy(2)) [ 7(0) = 0,1 (v(1)) < 0}.

Certainly there exists a Palais-Smale sequence at mountain pass level m/,
that is a sequence (u,,), in H}(2) such that
T T
I, (un) — m, (15)

and
(L)) (un) — 0. (16)

Proof of Theorem 1.1 We show that for a suitable small g and every ¢ < g, the
Palais-Smale sequence previously obtained at mountain pass level m; admits
a subsequence converging to a critical point of /.

Let (uy, ) in H}(Q2) be a Palais-Smale sequence satisfying (15) and (16). Now
we show that, if ¢ is small enough, for n large enough (u,,),, lies in the ball of
H{ () of radius T, that is where functionals I] and I, coincide. In order to
prove it, we firstly estimate the mountain pass level i .

Setu € H§(Q),u # 0 and let £ > 0 be such that the path ¥(¢) = tfu belongs to
I. Forallt € [0,1]itis

~ t? ~
IT (ttu) = —/ |Viu|*dx
! 2 Ja

t[tul] g _ tptl _
4q Hg _ +1
+e= F(ttu) Pz, dr — tulPT dx.
2X ( T ) /Q (tiu) s p+1J/g 1

From (13) we obtain

max I (y(t)) < max (Clt2/ Vul? dz — Cgtp+1/ JufP L dw)
te[0,1] te[0,1] Q o

te[0,1] T
< C+ ¢ (CsT? + CT?)

ttl|ull . -
+ e (S ) (Ca il + ol

Then, from (14) we get
my < C+ ¢*(CsT? + CsT™").. (17)
We claim that, if T"is sufficiently large, then lim sup,, [|un | g1 < T

By contradiction, we will assume that there exists a subsequence (relabeled u,,)
such that for all n > 1 we have [u,||z; > T. From (8) we deduce that

<(I;‘F)'(un),un>:/ |Vun|2da;+An+BN+cN_/ i [P+
@ Q

where

Un Un
ANzaqx’(” ;H‘*> ” YUH‘* /QF(un)cbundx

Unp 1
B, = sgx <” 1|1H°> /Qf(un)unfl)und:c
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and Jun
Un 1
C, = agx <TH) /QF(un)cp;n [, da.

Since the functional
S(u) :/ |V<I>u|2d:c—2q/ F(u)®,dr, u € H}(Q)
Q Q

is everywhere equal to 0, we have that

0=(S"(u),u) = ‘/Q(V(I)U|V(I);[u])d$ - q/Q f(u)®,ude — q‘/QF(u)CI);[u]d:v

On the other hand, multiplying the second equation of the system for @/, [u],
we have that
/(V¢u|v¢;[u])da¢ = 2q/ F(u)®! [u)dx
Q Q
and then
F(u)®,[ulde = | f(u)®,udz.
Q Q
We deduce that B,, = C,, for any n > 1. By using (15) and (16) we obtain
1
T T T
my + On(l)”unHHg = Iq (un) — m«lq )/(Un),un>
_ b= 1 2
1 2

- A, —
p+1"" p+1

g (lunllm /
D, =¢€= = F(u,)®,, dz.
(M) [ e,
But for (f;) and (13) we have that

max (Anv B, Cy, Dn) < q2(01T2 + 02T2T).

B, (18)

where

Thus, by our contradiction hypothesis, (17) and (18), we obtain that
T? < ||un|@1[1) <O+ C1T + ¢*(CoT? + C3T%).

If T? > C + C,T, we can find g such that for any ¢ < g the previous inequality
turns out to be a contradiction.

The contradiction arises from the assumption that limsup,, [|un| g2 > T so we
have that the sequence (uy, ), is bounded in the Hj(Q2) norm by T, and I (uy,)
coincides with I,(u,). We deduce that {u,}, is a bounded Palais-Smale se-
quence of the functional I,,.

Let ug € H}(Q) be such that, up to subsequences, u,, — ug in Hg(£2). The last
step is to prove that this convergence is also strong. But this is an easy conse-
quence of the fact that, since H}(Q) < L*(Q2) compactly for any s € [1,6[, we
have

Up — up in LP(Q),

Up — ug in L5 ()
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and, then, for the continuity of the map (3), it is
®,, — By, in Hi(Q).

O
4 Critical case
In this section we are going to study the system
—Au+q®f(u) = |[ulP~tu inQ
—AD = 2gF(u) inQ (19)

u=20 on 0f2
D=0 on 0f2

assuming that f satisfies the hypotheses of Theorem 1.2.

Remark 4.1. From hypothesis (1) we may deduce something more about the sign of
®.,. Indeed, since F(s) = [ f(t)dt, certainly F is a nonnegative function. From this
and the maximum principle, also the solutions of the second equations of the system
must be nonnegative.

Proof Assuming (f2) instead of (f;) we can repeat the same arguments of
Lemma 3.1 in the previous section, and we can find ¢ sufficiently small such
that for any ¢ < ¢ there exists a bounded Palais-Smale sequence for I, at the
level m, := m? for some T. By (5) we deduce that also (®,,, ), is bounded in

a
H{(€2). Up to subsequences, there exist ug € H} () and ®¢ € H{ () such that

U — ug in Hy (Q) (20)
®,, — g in Hy(Q). (21)
By (f2) and (20) we also have
F(un) — F(ug) in L7 () (22)
F ()t = f(ug)ug in L3 (). (23)

We show that &y = ®,,,.
Let us consider a test function ¢ € C§°(£2). From the second equation of our
problem we obtain

/(Vfbun|V1/))d:17 = 2q/ F(up)yd.
Q Q
Passing to the limit and using (21) and (22), we have that
/(V¢0|Vz/1)d:v = 2q/ F(ug)wdx.
Q Q

So @y is a weak solution of —A® = 2¢F(ug), and then, by uniqueness, it is
®y = ®,,. Since (uy, )y is a Palais-Smale sequence, for any ¢ € C5°(€2) we have

[ (Ve +q [ 0, funyode = [ Junl unids + 0,(0).
Q Q Q
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Passing to the limit, by (20) and (23) we have

/ (VuolVeb)da + q / By f o) = / fuolP ugrpede (24)
Q Q Q

that is ug is a weak solution of (19).
It remains to prove that ug # 0.
By using the density of test functions in Hi (), from (24) we get

/ |Vug|*dx + q/ D, f(ug)uode — / luo|P T da = 0. (25)
Q Q Q
For (20) and (21), certainly

fup)un®y, — f(ug)ugPy, a.e.

up to subsequences. Taking into account Remark 4.1 and (1), Fatou’s Lemma
implies

F(uo)ug®yydr < liminf [ f(up)un®y,, de. (26)
Q " Q

Moreover, since p is subcritical, it is

lim / fun [P+ = / |+ da 27)
noJa Q

Since (uy,)n is bounded, we have that (I} (un), un) — 0, thatis

[ 1VuaPdotq [ fun)unt,do= [ [Gupride o). @9
Q Q Q

Now we prove that |[u| 1 (o) = [[uoll g3 () which, together with (20), ensures
us the strong convergence.
By lower weak semicontinuity we know that

/ |Vuo|?dz < 1iminf/ |V, |?dz.
Q n Q
On the other hand, for (26) and (27), from (25) and (28) we deduce

limsup [ |Vu,|*dz = limsup (—q fup)un @y, dx + |Vun|p+1dac>
n Q

n Q Q

:—hminfq/ f(un)unq)und:c—i-/ | Vg |PT da

n Q Q

S—q/f(uo)u0®ude+/ |Vu0|p+1d:c:/ |Vug|*dz.
Q Q Q

Then, we have

lim/ |Vun|2dx:/ |Vug|*d.
nJQ Q

By continuity of the functional I, we conclude that I, (ug) = mg, > 0, and thus
ug is a nontrivial solution. 1
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