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Noether’s problem for some 2-groups
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Abstract. Let G be a finite group and k be a field. Let G act on the rational
function field k(x4 : g € G) by k-automorphisms defined by g - x, = x4, for any
g,h € G. Noether’s problem asks whether the fixed field k(G) = k(x, : g € G)Y
is rational (i.e. purely transcendental) over k. We will prove that, if G is a group
of order 2™ (n > 4) and of exponent 2¢ such that (i) e > n —2 and (ii) (3e-1 € k,
then k(G) is k-rational.

§1. Introduction

Let k& be any field and G be a finite group. Let G act on the rational function
field k(xz, : ¢ € G) by k-automorphisms such that g - x;, = x4, for any g,h € G.
Denote by k(G) the fixed field k(z, : g € G)“. Noether’s problem asks whether k(G)
is rational (=purely transcendental) over k. It is related to the inverse Galois problem,
to the existence of generic G-Galois extensions over k, and to the existence of versal
G-torsors over k-rational field extensions [Swi [Sal [GMS| 33.1, p.86]. Noether’s problem
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for abelian groups was studied extensively by Swan, Voskresenskii, Endo, Miyata and
Lenstra, etc. The reader is referred to Swan’s paper for a survey of this problem [Sw].

On the other hand, just a handful of results about Noether’s problem are obtained
when the groups are not abelian. It is the case even when the group G is a p-group. The
reader is referred to [CK], [Kall, [HuK];, [Ka4] for previous results of Noether’s problem
for p-groups. In the following we will list only those results relevant to the 2-groups
which are the main subjects of this paper.

Theorem 1.1 (Chu, Hu and Kang [CHK; [Ka2|) Let k be any field. Suppose that G
is a non-abelian group of order 8 or 16. Then k(G) is rational over k, except when
char k # 2 and G = Qq4, the generalized quaternion group of order 16. When char k # 2
and G = Q1¢, then k(G) is also rational over k provided that k((s) is a cyclic extension
over k where (g is a primitive 8-th root of unity.

Theorem 1.2 (Serre [GMS, Theorem 34.7]) If G = Qu6, then Q(G) is not stably

rational over @Q; in particular, it is not rational over (.

We don’t know the answer whether k(G) is rational over k or not, if G = Q)16 and
k is a field other than @Q such that k((g) is not a cyclic extension of k. The reader is
referred to [CHKP: [CHKK] for groups of order 32 and 64. Now we turn to metacyclic

p-groups.

Theorem 1.3 (Hu and Kang [HuK}; [Kad]) Let n > 4 and G be a non-abelian group
of order 2". Assume that either (i) chark = 2, or (ii) chark # 2 and k contains a
primitive 2" 2-th root of unity. If G contains an element whose order > 2"~2, then
k(G) is rational over k.

The main result of this paper is the following theorem which strengthens parts of
the above Theorem

Theorem 1.4 Let n > 4 and G be a group of order 2" and of exponent 2° where
e > n — 2. Assume that either (i) chark = 2, or (ii) chark # 2 and k contains a
primitive 2°71-th root of unity. Then k(G) is rational over k.

We claim that in order to prove Theorem [[.4] we may assume the following extra
conditions on G and k without loss of generality

(1.1) n>5, |G| =2", exp(G) =2""2, G is non-abelian, chark # 2 and (yn-s € k.

For, it is not difficult to prove Theorem [[.4 when G is an abelian group by applying
Lenstra’s Theorem [Le]. Moreover, Kuniyoshi’s Theorem asserts that, if chark =p > 0
and G is a p-group, then k(G) is rational over k [Ku; [KPl Corollary 1.2]. Thus we may
assume that G is non-abelian and char k # 2. When G is a non-abelian group of order
2", the case of Theorem [I.4] when n = 4 is taken care by Theorem [[.I, and the case
when exp(G) = 27! is taken care by Theorem [[L3. Thus only the situation of (LT
remains.



The key idea to prove Theorem [I.4] is, by applying Theorem 2.2, to find a low-
dimensional faithful G-subspace W = @, _,.,, k- y; of the regular representation space
@D, cq k-x(g) and to show that k(y; : 1 <i < m)% is rational over k. The subspace W is
obtained as an induced representation from some abelian subgroup of G. This method
is reminiscent of some techniques exploited in [Kad]. However, the proof of Theorem
L4 is more subtle and requires elaboration. For examples, in [Kad], the following two
theorems were used to solve the rationality problem for many groups G; in Theorem

2.1

Theorem 1.5 ([Kall]) Let k be a field and G be a metacyclic p-group. Assume that (i)
chark = p > 0, or (ii) chark # p and (. € k where e = exp(G). Then k(G) is rational
over k.

Theorem 1.6 (|[Ka3, Theorem 1.4]) Let k be a field and G be a finite group. Assume
that (i) G contains an abelian normal subgroup H so that G/H is cyclic of order n,
(i) Z[Cs] is a unique factorization domain, and (iii) (. € k where e is the exponent of
G. If G — GL(V) is any finite-dimensional linear representation of G over k, then
k(V)Y is rational over k.

Because we assume (on-3 € k (instead of (on—2 € k) in (IL]), the above two theorems
are not directly applicable in the present situation. This is the reason why we should
find judiciously a faithful subspace W. Fortunately we can find these subspaces W in
an almost unified way. In fact, the proof for the group Gg in Theorem 2] is a typical
case; the proof for other groups is either similar to that of Gg or has appeared in [Ka4].

We organize this paper as follows. In Section 2 we recall Ninomiya’s classification
of non-abelian groups G with |G| = 2" and exp(G) = 2"72 (where n > 4). We also
recall some preliminaries which will be used in the proof of Theorem [[L4l The proof of
Theorem [L.4] is given in Section 3.

Standing Notations. Throughout this article, K(x1, ..., z,) or K(z,y) will be ratio-
nal function fields over K. (, denotes a primitive n-th root of unity. A field extension
L of K is called rational over K (or K-rational, for short) if L ~ K(xy,...,x,) over K
for some integer n. L is stably rational over K if L(yi,...,¥y,) is rational over K for
some yi, . .., Y, which are algebraically independent over L. Recall that K (G) denotes
K(z,: g € G)Y where h -z, =z, for h,g € G.

The exponent of a finite group G, denoted by exp(G), is lem{ord(g) : g € G} where
ord(g) is the order of g.

If G is a finite group acting on a rational function field K(z1,...,x,) by K-
automorphisms, the actions of GG are called purely monomial actions if, for any o € G,
any 1 <j <n,o-z; =[], i’ where a;; € Z; similarly, the actions of G are called
monomial actions if, for any 0 € G, any 1 < j < n, 0-z; = X\;(0) - [[1<;c,, 7; where
a;j € Z and X\;(0) € K\{0}. All the groups in this article are finite groups.



§2. Preliminaries

Theorem 2.1 (Ninomiya [Ni, Theorem 2]) Let n > 4. The finite non-abelian groups
of order 2" which have a cyclic subgroup of index 4, but haven’t a cyclic subgroup of
index 2 are of the following types:

(I) n > 4
=(o,7:0”  =7t=17""1 O’T = g2,
= (0,7, \: 0¥’ —)\2—1 o =12 7 lor =07l oA = Ao, TA = A7),
=(o, 7, \: 0% =12 = )\2 =1, 7ot =07 o\ = Ao, TA = A7),
=(o, 7 A0 =2 =X =101 =70,0\A = Ao, A\ 'TA = 0% 1),
=(o, 7, A0 =12 =X =101 =70, \"'o\ =0T, TA = A1).
(1) n>5
Ge =lo,7:00 =1t =1,7"lor =071),
Gy ={o,7:00 =14 =1,77lo7 = ¢~ 1277,
Gs =(o,7:07 " =107 =7 77lor =07 1),
Gy =(o,7:07 " =7t=1,0"170 = 7"1>,
Gio= (0,7, A:0% " =72 =X2=1,7"t07r = 02"’ o)\ = o, 7\ = A7),
Gy = (o, T, \: o P =r2=)2=1r1"lor = 0‘1+2n 3,0)\ = Ao, TA = A7),
Go= (o, A0 =2=X=1lor=70, A "'oA=0"" A\ tA=0¥"7),
Gis= (0,7, A:0 " =12 =X =1, 0r =70, Ao\ =0~ '7,7A = A7),
Gy = (o, T, \: o P =r2=10"" = N or=710, oA =011, T\ = AT),
Gis= (0,1, A:0¥ =12 =X =171 107’ = g!t?" e ATl = o rh = A7),
Gig= (o, A 0¥ =12 =)\ = 1,7"107' = g1t ,)\ o\ = o7 12" 3,

Grr=(o,m,\:0¥ =m2=X X =1,7"tor =¥’ N lo)\ =01, 7A = A7),

n—2 *3 —
Gig= (0,7, :02  =m2=1, N =7r71lor =" A loA=0"17).
(D) n > 6
n—2 _ 1—4

Gy=(o,7:0" =1t=1,7tor =012
Goo = (0,707 " =714 =1,77lo7 = g~ 2",

_ Lo2nm2 on=3 4 1 _ -1
G21—O',7‘.0' —1,0 =70 lro=1"1),

n—2 _ n—4 _ n—3
o, 02 =12=X =101 =70, Ao =0T T AT A =02 1),
n—2

0
N
[\
I
P e e e e e

Gosz = (0,7, \ : 02 2 =XN=10r=710\" 0)\—0_1””77)\ L\ = o2 737),
Goy = (0,7, \ : 02 72—7'2—>\2—17' 07—01”73)\ 10)\—0_”2”47')\ AT),
Gos = U,T,)\102n72—7'2—1,02n 3—)\2 o = o2 ATlg) = o 2
TA = AT),
(IV) n=5

Gy = (0,1, A:08=12=1,0"= )\ 77lor =0® A\ loA = o7, 7N = A\T).

Theorem 2.2 ([HK| Theorem 1]) Let G be a finite group acting on L(x,...,x,), the
rational function field of n variables over a field L. Suppose that
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(i) for any o € G, o(L) C L;
(i) the restriction of the action of G to L is faithful;

(iii) for any o € G,

O'(.Z’l) hal
72 ). 1+ B
o(xy,) T

where A(o) € GL,(L) and B(0o) is an n x 1 matriz over L.

Then there exist elements z1,...,2, € L(xy,...,x,) such that L(zy,...,z,) =
L(z1,...,2,) and 0(z;) = z; for any o € G, any 1 <i < n.

Theorem 2.3 (JAHK| Theorem 3.1]) Let L be any field, L(x) the rational function
field of one variable over L, and G a finite group acting on L(x). Suppose that, for any
c€G,o(l)CL ando(xr)=a, x+b, where ay,by, € L and ay, # 0. Then L(z)% =
LE(f) for some polynomial f € Llx]. In fact, if m = min{deg g(z) : g(x) € L[x]°\L},
any polynomial f € L[] with deg f = m satisfies the property L(x)® = LY(f).

Theorem 2.4 (Hoshi, Kitayama and Yamasaki [HKY| 5.4]) Let k be a field with
chark # 2, ¢ € {1,—-1} and a,b € k\{0}. Let G = (o,7) act on k(z,y,z) by k-
automorphisms defined by

o:r—ajr, y— aly, 2w ez,
T:x—y—x, 2 b/z.

Then k(x,y,2)¢ is rational over k.

Theorem 2.5 (Hajja [Hal) Let G be a finite group acting on the rational function field
k(z,y) be monomial k-automorphisms. Then k(x,y)¢ is rational over k.

Theorem 2.6 (Kang and Plans [KPL Theorem 1.3]) Let k be any field, Gy and Gy two
finite groups. If both k(G1) and k(Gz) are rational over k, then so is k(G x Gs) over
k.

8§3. The proof of Theorem 1.4

We will prove Theorem [I.4] in this section.

By the discussion of Section 1, it suffices to consider those groups G in Theorem
2.1 (with n > 5) under the assumptions of (L], i.e. chark # 2 and (3n-3 € k. These
assumptions will remain in force throughout this section.
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Write ¢ = Con-s € k from now on. Since n > 5, (""" € k and ¢2"° is a primitive
4-th root of unity. We write (2" = /—1.

Case 1. G = Gy where (G is the group in Theorem [2.1]

G is a metacyclic group. But we cannot apply Theorem because (on—2 ¢ k.

Let V' be a k-vector space whose dual space V* is defined as V* = @k - z(g)
and h - z(g) = z(hg) for any g,h € G. Note that k(G) = k(z(g) : g € G)¢ = k(V)“.
We will find a faithful G-subspace W of V*.

Note that (o2, 7) is an abelian subgroup of G' and ord(c?) = 2"~3. Define

X = Z (T a(0™) + 2(0™'T) + 2(0¥7?) + 2(c¥T7)]

3.1 iy o
(3:1) Y = E (vV-1) Ta(oBr).
0<i<2n—3_1
0<j<3

We find that

o’ X = (X, Y=Y,
T: X=X, Y —Vv-1YV.

Define xg = X, 1 =0X, ygo =Y, y; = oY. The actions of o, 7 are given by

o xo > T1 > (To, Yo Y1 > Yo,
T 1 Zo > To, T1 > —T1, Yo V—1%, y1— vV —1ly.

It follows that W = k2o ® k- -x1 ® k- yo D k -y is a faithful G-subspace of
V*. By Theorem 22 k(G) is rational over k(xo, 1, yo,%1). It remains to show that
k(xo, 21, Yo, y1)'"™) is rational over k.

Deﬁne 21 = Il/xo, Z9 = Z/1/y0- Then ]{Z(Io,l’l,yo,yl) = ]{3(21, Zg,l’o,y(]) and

0T 21T, Yo > 2o, 21 ([, 2o 1) 2,

T X To, Yo — V—1yg, 21— —21, 2o > 29.

By Theorem 23, k(z1, 22, 20, %0) %" = k(z1,2)%7 (23, 24) for some z3, 2z, with
o(z;) = 71(z;) = z; for j = 3,4.

The actions of o0 and 7 on 27, 2o are monomial automorphisms. By Theorem 2.5
k(z1, 2)%7) is rational. Thus k(xg, 21, 3o, y1)'>™ is also rational over k.

Case 2. G = GQ, G3, G10 or Gn.

These four groups are direct products of subgroups (o, 7) and (\). We may apply
Theorem to study k(@) since H := (o, 7) is a group of order 2"~ 1, ord(c) = 272
and (on-3 € k. By Theorem [[.3] we find that k(H) is rational over k.



Case 3. G = Gy4.

As in the proof of Case 1. G = G, we will find a faithful G-subspace W in
V* = @,cck - x(g). The construction of W is similar to that in Case 1, but some
modification should be made.

Although (02, 7) is an abelian subgroup of G, we will consider (c?) instead. Ex-
plicitly, define

X= Y o) +a(o®n)].

0<i<2n—3-1

It follows that o?(X) = (X and 7(X) = X.
Define 2o = X, 1 = 0 X, 0 = AX, 3 = Ao X. We find that

0 x9— 11— (T, To > x3 — (Xo,
T .%o+ Xy, 1 — X1, Tog — —Tg, T3+ —I3,
)\ZLU()'—)LUQI—)LU(), T > T3 +— I1.

Note that G acts faithfully on k(z; : 0 < i < 3). Hence k(G) is rational over
k(z;:0<i<3)by Theorem

Define yy = x%nfs, Y1 = T1/To, Y2 = T2/x1, y3 = x3/T2. Then k(z; : 0 < i < 3)<"2> =
k(y; : 0 <i<3)and

n—3 _
oY — yf Yo, Y1 — C/y1, Y2 = ¢ 1y1y2y3, ys — (/ys,
T Yo — Yo, Y1 — Y1, Y2 = —Y2, Y3 — Y3,

n—3 n—3
A yo y% y% Yo, Y1 > Ys = Y1, Yo = 1/(y1y2y3).

By Theorem 3, we find that k(y; : 0 < i < 3)0™N = k(y; : 1 < i < 3)@7N(yy)
for some y, with o(ys4) = 7(ys4) = Mys) = va.

It is clear that k(y; : 1 <i < 3)<T> = k(y1, Y3, Ys3).

Define 21 = y1, 22 = Y3, 23 = y1ysy3. Then k(y1,93,y3) = k(2 : 1 < i < 3) and

021 ()21, 20> ([z2, 23+ 23,
Aizi > 29 2y, 23> 1)z

By Theorem 2.4, k(z : 1 < i < 3)@" is rational over k.

Case 4. G = Gs.

The proof is similar to Case 3. G = G4. We define X such that ¢?(X) = (X,
A(X) = X (note that in the present case we require A(X) = X instead of 7(X) = X).

Define g = X, x1 = 0 X, 19 = 7X, 3 = 70 X. It follows that

0 xg > x1— (T, To+—> x3 > (o,
T X9 > To—> Tg, T1 — T3 — T,

>\I.§L’0'—>ZL’0, X1 > T3 = Ty, To — To.



It follows that G acts faithfully on k(x; : 0 <14 < 3). By Theorem it suffices to
show that k(z; : 0 < i < 3)¢ is rational over k.

Define yo = 29 — 22, y1 = 1 — T3, Yo = XTo + T9, Y3 = 1 + x3. It follows that
k(x; :0<i<3)=k(yo:0<1<3) and

o Yo = Y1 CYo, Y2 > Y3 > CYa,
T Yo > —Yo, Y1 = —Y1, Y2 7 Y2, Y3 — Y3,
A Yo Yo, Y1 =YL, Y2 B Y2, Y3z b ys.

By Theorem E(y; + 0 < i < 3)% = k(yo,y1)%(ys, y5) for some y,, ys with
9(ys) = ya, 9(ys) = ys for any g € G. Note the the actions of G on yg, y; are monomial
automorphisms. By Theorem k(yo,y1)¢ is rational over k.

Case 5. G = Gg, G7.

Consider the case G = G first.

Note that (o2, 72) is an abelian subgroup of G. As in the proof of Case 1. G = G,
we define X and YV in V* =@ k- 2(g) by

X = Z ¢ a(e™) + (o™ 7?)],
Y = Z (\/—_1)_J w(o®7).

0<i<2n—3_1
0<5<3

(3.2)

It follows that 0?(X) = (X, 72(X) = X, o?(Y) =Y, 7(Y) = /—1Y.
Define g = X, 21 =0 X, 20 =7X, 23 =70 X, yo =Y, y1 = Y. We get

. —1
o x> T (o, T2 > (T3, Tz T2, Yo > Y1 Yo,
T :Togr> Ty To, T1—> T3 +—= L1, Yor= V —1y0, Y1 — vV —1y1

Note that G acts faithfully on k(z;, 0,11 : 0 < ¢ < 3). We will show that
k(xi, 40,71 : 0 < i < 3){%7 is rational over k.

Define y, = y1/yo. It follows that o(y2) = 1/y2, o(y0) = y2yo, 7(¥2) = Y2, 7(y0) =
v/ —17. By Theorem 2.3 - E(zi, yo,y1 0 0 <4 < 3)97 = k(25,y2,90 : 0 <4 < 3)o07) =
k(xi,y0 0 < i < 3)7) (y3) for some y3 with o(y3) = 7(y3) = vs.

Define y4 = (1 — y2)/(1 + y2). Then a(y4) = —y4, T(ys) = ys. By Theorem
k(2,010 < <3)07 = k(x; : 0 < i < 3)@7)(ys5) for some ys with o (ys) = 7(ys) = vs.

Define zg = xg, 21 = x1/T0, 20 = T3/ T2, 23 = T3 /x1. We find that

020 2120, 21— (2, 2o (Jza, 23+ (2212023,

T 2o > 212320, 21 4> 29 > 21, 23— 1/(212923).

By Theorem 23 k(z; : 0 < i < 3)97 = k(z : 0 < i < 3)97 = k(
3)(@7) (24) for some z; with o(z4) = 7(24) = 2.

I/\
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Define uy = 22" . Then k(z : 1 <i < 3)") = k(z1, 2, uy) and

o210 /21, 200> /20, up (2122)2%4111,
27L74 -1
Tz 29— 2, U ((2122) -ul)
Define U = (2122)2n75U1. Then ]{3(21, 29, U1> = ]{7(21, ZQ,UQ) and
021 (/z1, 22 ()22, ug — —ug,

T .21 29— 21, ’LLQ'—>1/U2.

By Theorem B4l k(z1, 2o, u2){"™ is rational over k. This solves the case G = G

When G = G5, we use the same X and Y in [B2]). Define zy, x1, x9, x3, yo, y1 by
the same formula. The proof is almost the same as G = Gg. Done

Case 6. G = Gg.
Note that 78 = 1 and o072 = 720
Define X and YV in V* =@, k- z(g) by

X = E (ot Y = E
0<i<an—3_1 0<i<2an—3_1
0<j<3 0<j<3

(\/—_1) E z(o? 7).

It follows that 0?(X) = (X, o2(Y) =Y, 72(X) = X, 72(Y) = V/—1Y

Define g = X, o1 = 0X, 20 = 7X, 23 = 70X, yo =Y, 11 = oY, ys = 7Y
ys = 7oY. We find that

0 x> 1 > (o, Ty > (s, Ty Ty, Yo Y1, Yo Y,
T 1T > T2, T1 > Ty, Yo > Yo = V—1yo, y1 = ys = vV—1y
Since G = (o, 7'> acts faithfully on k(z;,y; :

: 0 <4 < 3), it remains to show that
k(x;,y; 0 <i < 3)7 is rational over k.
Define z; = x;y; for 0 < i < 3. We get

(3.3) 0 zg— 2z — (2, z2»—>C_1z3, 23 > 29,
' T:izogr> 29—V —1zy, 21— 23— V—121.

Note that k(z;,y; : 0 < i < 3) = k:(a:i,z, : O §
k(z : 0 < i < 3). By Theorem k(x, 2z :

< ) and G acts faithfully on
(Xo,Xl,XQ,X3) for some Xz (0 <1< 3) Wlth

SZ 3)() —k:(zz 0<i<3)n
( ) 7(Xi) =

Define wy = 2o, uy = 21/20, Us = 23/29, ug = 29/21. The actlons are given by

(3.0 0 Uy > upttg, uy > CJur, us > (fug, uz — (T Pugugus,

T Ug > UUzlg, Uy <> Uz, Uz — vV —1/(ujugus).



By Theorem 23 k(z; : 0 < i < 3)7 = k(u; : 0 < < 3)07 = k(u,; : 1 <i < 3)lom
(ug) for some uy with o(uy) = 7(us) = uy.

Define v; = 12" ". Then k(u; : 1 < i < 3)") = k(uy, ug,v1) and o(vy) = (uyus)
vy, T(v1) = 5/((u1u2)2"74u4) where e =1ifn>6,and e = -1 if n = 5.

Define vy = (ulug)wsvl. Then o(vy) = —vy, T(v2) = €/vy. Since k(uy, ug, v1)@7 =
k(uy, us, v2)!%7) is rational over k by Theorem 2.4], the proof is finished.

ogn—4

Case 7. G = Gy.
Note that 0?7 = 1072.
Define X and YV in V* =@, k- 2(g) by

X = Z (lw(o?), Y = Z (vV-1) - x(o 7).
0<i<2an—3_1 0<i<an—3_1
0<5<3 0<5<3

It follows that 0?(X) = (X, o?(Y) =Y, 7(X) =X, 7(Y) = /-1Y.
Define xg = X, 21 =0X,ygo=Y, y1 =Y. We get

0 xo > T1 > (To, Yo Y1 > Yo,

T 1 Zo > To, T1 > 1, Yo = V—1yo, y1 = —vV—1ly1.

It remains to prove k(zo,x1, Yo, y1)'”™ is rational over k. The proof is almost the
same as Case 1. G = GG;. Done.

Case 8. G = Glg.
Define X € V* =P, h - x(g) by

X = Z ¢ x(0™) + 2(0”'T)].

0<i<2n—3-1

Then 02X = (X, 7X = X.
Define g = X, z1 = 0 X, 29 = A\X, 23 = Ao X. We find that

0T 11— (g, To > (T lag, x5 > o,
T Xy > Ty, T1 — T1, T9g —> —To, T3+ —T3,
)\ZLE()HLUQ, T1 <> T3.
Since G = (o,7,A) is faithful on k(z; : 0 < ¢ < 3), it remains to show that

k(x; : 0 < i< 3)@™N is rational over k.
Define yo = zo, y1 = x1/%0, Yo = T3/%2, Y3 = x2/x1. We get

o Yo = Y1, Y1+ CJyn, Y2 = (s vz > (R yyays,
(3.5) T Yo — Yo, Y1 > Y1, Yo > Yo, Yz > —Ys,
A Yo = Y1YsYo, Y1 & Yo, Yz — 1/ (Y1yays).
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By Theorem k(yi - 0 <0 < 3)7™ = k(y; : 1 < i < 3)7N(yy) for some y,
with o(ys) = 7(ya) = Mya) = va.

Define 21 = y2. Then k(y; : 1 < i < 3) = k(y1,vy2,21) and o(z1) = (ydyia,
M=) = 1/(yiys=). ) not

Define 2, = 22"°. Then k(y1,y2,z1)<a> = k(y1,y2, 22) and o(zg) = (y1y2)2 22,

n—4

Mz) = 1/ ((n1y2)*" 22).

Define z3 = (y12)%" 25 We find that k(y1, 3o, 20) = k(y1,y2, 23) and o(z3) = —23,
A(z3) = 1/23. By Theorem B4, k(y1, y2,y3)'>™ is rational over k. Done.

Case 9. G = Glg, G14.
We consider the case G = G13 only, because the proof for G = G4 is almost the

same (with the same way of changing the variables).
Define X and YV in V* =P ., k- 2(g) by

X = Z ¢ [x(0®) + x(0™T)],

0<i<on—3-1
Y = g z(0?) — g x(o¥T).
0<i<2n—3-1 0<i<2n—3-1

We find that ¢*(X) = (X, o*(YV) =Y, 7(X) = X, 7(Y) = =Y.
Deﬁne Lo = X’ Ty = UX? Ty = )‘X7 T3 = >\UX7 Yo = Y7 Yy = O'Y7 Yo = )\Yv
ys = Aoy . It follows that

i 1
0 xo Ty > (T, To = (T3, Ty > Ta, Yo < Y1, Y2 & —Ys,
TIT; = Ty Yi = —Yi,

A1y > T, Ty T3, Yo < Y2, Y1 Y3

Note that G acts faithfully on k(z;,y; : 0 < i < 3). Thus it remains to show that
k(xi,y; 0 0 <4 < 3)@7N is rational over k.

Define 24 = yo + 41,75 = Y2 + Y3, T6 = Yo — Y1, T7 = Y2 — y3. Then k(x;,y;: 0 < i <
3)=Fk(x;:0<i<7),and o(z;) = x; fori =4,7, o(z;) = —x; fori = 5,6, 7(x;) = —x;
for 4 <i <7, A:xy < x5, Tg <> T7.

Apply Theorem to k(x; : 0 <4 < 7). It suffices to prove that k(x; : 0 < i <
5){mA) is rational over k.

Define Z = x5/x4. Then k(z; : 0 < i <5) = k(z;,Z : 0 < i <4)and 0(2) =
—Z,7(Z) = Z,\NZ) = 1/Z. Apply Theorem to k(z; : 0 < ¢ < 5). It remains
to prove that k(z;, Z : 0 < i < 3)@7™Y is rational over k. Note that the action of 7
becomes trivial on k(z;, Z : 0 <i < 3).

Define uy = wg,u1 = x1/Tg,us = x3/x9,u3 = To/w1,us = Z. By Theorem 2.3
k(zi, Z 10 < i < 3)0N = k(u; : 1 < i < 4)@N(U) for some element U fixed by the
action of GG. The actions of o and A\ are given by

g Uy — C/Ul, Ug — C/Ug, Uz C_2U1U21,L3, Ug > —Uy,

A Uy <> U2, U3 > 1/(U1U2’LL3>,U4 — 1/U4

11



Note that o? fixes uy, ug, us and o2(uz) = (" 2us. Define us = u2"™". Then k(u;
1<i <)) = k(uy, us, ug, us) and o(us) = (uu)?" us, AMus) = 1/((uguz)?" " us).
Define ug = (uqus)?"  us. Then k(uy, ug, g, us) = k(uq, us, ug, ug) and we get

o uy > Cfuy, ug = CJug, ug — —ug, Uy —Uy,
A U1 <7 Uz, Ug — 1/U6, U4>—)1/U4.

Define u; = uqug. Then o(uz) = uz, AN(uy) = 1/uy. Define ug = (1 — uy)/(1 + uz).
Then o(ug) = ug, A(ug) = —ug. Since k(uy, us, uy, ug) = k(u1, us, ug, ug), we may apply
Theorem Thus it suffices to prove that k(u;,us,ug)!" is rational over k. By
Theorem 24 k(uy, uy, ug)'> is rational over k. Done.

Case 10. G = G15, Gig, Gir, Gis, G, Gas.
These cases were proved in [Kadl Section 5]. Note that in Cases 5 ~ 8 of [Kadl
Section 5], only (on-3 € k was used. Hence the result.

Case 11. G = Glg, Ggo.
We consider the case G = G1g9 only, because the proof for G = Gy is almost the
same.

Define X € V* =@ s k- z(g) by

X = Z ¢ [SL’(O'%) + SL’(O'%TZ)} .

0<i<2n—3 -1

Then 0%(X) = (X and 72(X) = X.
Define xg = X, 1 = 0 X, 19 = 7X, x3 = 70 X. We find that

0 X9 x1— (To, To >V —lxz, 13—V —1(x9,
T Xy <> T, T1—> T3~ —T7.

Thus G acts faithfully on k(z; : 0 < ¢ < 3). It remains to prove k(z; : 0 < i < 3)©7)
is rational over k.
Define ug = g, w3 = x1/x0, us = x3/x9, uz = xo/x;. We find that

O Uy > o, Uy = Cug, us > CJug, uz > V=1 uugus,

(3.6)
T Ug > U1U3Ug, U F> Ug > —Up, U3 > 1/(U1UQU3).

Compare the formula (3.6) with the formula (8.4]) in the proof of Case 6. G = Gs.
It is not difficult to see that the proof is almost the same as that of Case 6. G = Gy (by
taking the fixed field of the subgroup < ¢ > first, and then making similar changes of
variables). Done.

Case 12. G = Go.
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Note that 78 = 1 and o271 = 702.
Define X and YV in V* =@, k- z(g) by

X= > (¥, v= > (V1) a(e¥Y).
0<i<2n—3_1 0<i<2n—3_1
0<5<3 0<j<2

Then o*(X) = (X, o*(Y) =Y, 7(X) = X, 72(Y) = /-1Y.
Define g = X, 11 = 0X, 22 = 7X, 13 = 70X, yo = Y, y1 = oY, yo = 7Y,
ys = 7oY. We find that

0 xo > T > (T, T > T3 > (T, Yo < Y1, Yo < V—1ys,
T 1o 4> Xg, T1 4> Tz, Yo > Y2 = V—1yo, 11— ys— —vV—1y1.
Since G is faithful on k(x;,y; : 0 < i < 3), it remains to show that k(z;,y; : 0 < i <

3){7) is rational over k.
Define z; = z;y; for 0 < i < 3. It follows that

0z 21— (2o, 29— V=123, 23— —V—1(29,

3.7
(3.7) T:izZgr> 29— V—129, 21— 23— —vV/—121.

Compare the formulae (3.7) and (3.3). They are almost the same. Thus it is obvious
that k(z;,y; : 0 <i < 3)7 is rational over k.

Case 13. G = G22, G23.

We consider the case G = (a3, because the proof for G = G99 is almost the same.
Define X € V* =P, k- x(g) by

X = Z ¢ a(0™) + z(c™'T)] .
0<i<2n—3-1
Then o%(X) = (X, 7(X) = X.
Define g = X, z1 = 0 X, 19 = AX, 23 = Ao X. We find that

(o W i Al e CZL’(], Ty > \/—_1§_1.§L’3, T3 —r \/—_11172,
T .%o+ To,T1 > T1, Tg — —T9, T3 > —IT3,
)\IZL’QHZL’Q, Tl <> T3.
Note that G acts faithfully on k(z; : 0 < i < 3). It remains to show that k(z; : 0 <
i < 3)™N is rational over k.
Define yo = xo, y1 = 1/, Y2 = 3/, Y3 = T2/x1. We get

o Yo = Y1vo, Y1+ CJyn, Yo = CJya, Yz = V=12 y1y0s,
(3.8) T Ilo = Yoo Y1 Y1, Yo Y2, Yz — —s,
A Yo > Y1YsYo, Y1 € Y2, Ys <> 1/ (vayays).
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Compare the formula (3.8)) with the formula (3.5]) in the proof of Case 8. G = G1,.
It is not difficult to show that k(x; : 0 < i < 3)<"’T”\> is rational over k in the present

case.

Case 14. G = Gag.
Note that \* = 1 and o7 = 702.
Define X € V* =@ s k- z(g) by

X = Z (\/—_1)_Z [2(0*) + z(07)] .

0<i<3

Then 0%(X) = /-1X, 7(X) = X.

Define g = X, x1 = 0 X, 29 = A\X, v3 = Ao X. We find that
0:x9— T — V—1x0, To — 3 = —V/ —1x9,
T :Zy V> Ty, T1 —> —T1, To — To, T3 +— —T3,

)\ZLE‘OI—>LE2'—>—SL’0, Tl T3 — —Tq.

Since G is faithful on k(x; : 0 <4 < 3), it remains to show that k(z; : 0 < i < 3){0mV

is rational over k.
Define yo = o, y1 = ©1/%0, Yo = x3/T2, y3 = x2/x1. We get

o Yo = Yo, Y1 V=1 y1, Yo = —V—=1/y2, Y3 = —V —1y1y2s3,
T %Yo — Yo, N1 — —Y1, Y2 — —Y2, Y3 — —Ys3,
A Yo = 1Yo, Y1 < Yo, Ys = —1/(y1yays).

By Theorem E(y; 0 0 < i <3)0mN = k(y; : 1 < i < 3)@™N(y,) for some g4

with o(ys) = 7(ya) = Mys) = ya. 5
Define vy = y2. Then k(y; : 1 <14 < 3)) = k(vo, y1,92) and

o(vo) = —(y2)*v0,  T(ve) = w0,  A(vo) = 1/(yiy5v0)-

Define v; = Y12, v2 = y1/1y2. Then k(vo, y1, 1) = k(v; : 0 < i < 3) and

UZU1'—>1/’U1, Ug'-)-l/vg, ’UOI—>—U%U0,

Avp v, vy 1 v, vg = 1/ (vg).
Define u; = v1vg, ug = v9, uz = (1 —vy)/(1 + v1). Then k(v; : 0 < i < 2) = k(u; :

1 <i<3)and
0 :Up— —U, Us — —1/U2, Uz — —us,
)\IU1>—)1/U1, UQ>—)1/U2, Uz — Us.

By Theorem k(w0 1 <4 <3)97) = k(uy, up)%™ (uy) for some uy with o (uy
7(uy) = uy. By Theorem 2.5 k(uy, us)'™ is rational over k. Hence k(u; : 1 <14 < 3)¢
is rational over k.

=

*II

0
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