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ALGEBRAIC TORSION IN CONTACT MANIFOLDS

JANKO LATSCHEV AND CHRIS WENDL

(WITH AN APPENDIX BY MICHAEL HUTCHINGS)

ABSTRACT. We extract an invariant taking values in N U {oo}, which we call the
order of algebraic torsion, from the Symplectic Field Theory of a closed contact
manifold, and show that its finiteness gives obstructions to the existence of sym-
plectic fillings and exact symplectic cobordisms. A contact manifold has algebraic
torsion of order 0 if and only if it is algebraically overtwisted (i.e. has trivial contact
homology), and any contact 3-manifold with positive Giroux torsion has algebraic
torsion of order 1 (though the converse is not true). We also construct examples
for each k € N of contact 3-manifolds that have algebraic torsion of order £ but
not £ — 1, and derive consequences for contact surgeries on such manifolds.

The appendix by Michael Hutchings gives an alternative proof of our cobordism
obstructions in dimension three using a refinement of the contact invariant in Em-
bedded Contact Homology.

1. INTRODUCTION

1.1. Main results. Symplectic field theory (SFT) is a very general theory of holo-
morphic curves in symplectic manifolds which was outlined by Eliashberg, Givental
and Hofer [EGHO00], and whose analytical foundations are currently under develop-
ment by Hofer, Wysocki and Zehnder, cf. [Hof]. Tt contains as special cases several
theories that have been shown to have powerful consequences in contact topology—
notably contact homology and Gromov-Witten theory—but the more elaborate struc-
ture of “full” SF'T has yet to find application, as it is usually far too complicated to
compute. Our goal here is to introduce a numerical invariant, which we call alge-
braic torsion, that is extracted from the full SF'T algebra and whose finiteness gives
obstructions to the existence of symplectic fillings and exact symplectic cobordisms.
Algebraic torsion is defined in all dimensions, and we illustrate its effectiveness by
proving explicit nonexistence results for exact symplectic cobordisms whose ends are
certain prescribed nonfillable contact 3-manifolds, see Corollary [l below. To the best
of our knowledge, results of this type are new and seem to be beyond the present
reach of 3-dimensional methods such as Heegaard Floer homology.

From the point of view taken in this paper, which is described in more detail in
g2 the SFT of a contact manifold (M, £) is the homology HSYT(M, &) of a Zy-graded
BV,.-algebra (A[[A]], Dspr), where A has generators ¢, for each good closed Reeb
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orbit v with respect to some nondegenerate contact form for &, h is an even variable,
and the operator
Dspr - A[[R]] = A[[A]]

is defined by counting rigid solutions to a suitable abstract perturbation of a J-
holomorphic curve equation in the symplectization of (M, ). The domains for these
solutions are punctured closed Riemann surfaces, and near the punctures the solutions
have so-called positive or negative cylindrical ends. It follows from the exactness of
the symplectic form in the symplectization that all such curves must have at least one
positive end. Algebraically, this translates into the fact that the ground ring R[[A]] of
A consists of closed elements with respect to Dgpr. This motivates the following:

Definition 1.1. Let (M, &) be a closed manifold of dimension 2n — 1 with a positive,
co-oriented contact structure. For any integer k > 0, we say that (M, ) has algebraic
torsion of order k (or simply algebraic k-torsion) if [h¥] = 0 in HSYT (M, ).

Note that although the version of SF'T described in [EGHO0] has coefficients in the
group ring of Hy(M), the homology HSFT (M, &) above is defined without group ring
coefficients—one can always do this at the cost of reducing the usual Z-grading to
a Zy-grading (see §2] for details). We will introduce group ring coefficients later to
obtain a more refined invariant, cf. Definition

In order to state our first main result, we need a few standard concepts. Recall
that a strong symplectic filling of a contact manifold (M, §) is a compact symplectic
manifold (W, w) with OW = M for which there exists a vector field Y, defined near
the boundary and pointing transversely outward there, with Lyw = w (i.e. Y is a
Liouville vector field) and such that tywly is a contact form for £ giving the correct
co-orientation. More generally, a symplectic cobordism with positive end (M, £T)
and negative end (M, £7) is a compact symplectic manifold (W, w) with boundary
M* U (—M™) and a vector field as above with £ = ker (tyw|y+), with the difference
that Y is required to point outward only along M* and inward along M ~. Note that
since Lyw = d(tyw) = w, the symplectic form is always exact near the boundary of
a symplectic cobordism, though it need not be exact globally. The flow of Y can be
used to identify a neighborhood of W with

([0, €) x M, d(e(syw)[ar-)) U ((—€,0] x M, d(e(syw)[ar+)),

and so any symplectic cobordism in the above sense can be completed by gluing a
positive half of the symplectization of (M™,£) and a negative half of the symplec-
tization of (M~,£7) to the respective boundaries. Holomorphic curves in completed
symplectic cobordisms are the main object of study in SF'T, with the symplectization
R x M being an important special case of a completed symplectic cobordism.

A symplectic cobordism (W, w) is called ezact if the vector field Y as described
above extends globally over W; equivalently, this means w = d\ for a 1-form A on W
whose restrictions to M* define contact forms for ¢*. From the above definition of al-
gebraic torsion and the general formalism of SFT, we draw the following consequence,
which is our first main result and is proven in §2
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Theorem 1. If (M, &) has algebraic torsion then it is not strongly fillable. Moreover,
suppose there is an exact symplectic cobordism having contact manifolds (M*, &) and
(M~,&7) as positive and negative ends respectively: then if (M™* &) has algebraic
k-torsion, so does (M~,£7).

Remark 1.2. Tt is time for a more or less standard disclaimer: All the theorems regard-
ing SF'T that we shall state in this introduction depend on the analytical foundations
of SFT, which remains a large project in progress by Hofer, Wysocki and Zehnder (see
e.g. [Hof]). In particular, the main technical difficulty which is the subject of their
work is to establish a sufficiently well behaved abstract perturbation scheme so that
HSYT(M, €) is well defined and the natural maps induced by counting solutions to a
perturbed holomorphic curve equation in symplectic cobordisms exist. We shall take
it for granted throughout the following that such a perturbation scheme exists and
has the properties that its architects claim (cf. Remark B)—the further details of
this scheme will be irrelevant to our arguments. Note however that our main applica-
tions, Corollaries[[land Bl can also be proved using the Embedded Contact Homology
techniques described in the appendix (cf. Theorem [M), and thus do not depend on
any unpublished work in progress.

Remark 1.3. Algebraic torsion has some obvious applications beyond those that we
will consider in this paper, e.g. it is immediate from the formalism of SF'T discussed in
g2 that any contact manifold with algebraic torsion satisfies the Weinstein conjecture.

The simplest example of algebraic torsion is the case k& = 0: we will show in §2I
(Proposition 1) that this is equivalent to (M, &) having trivial contact homology,
in which case it is called algebraically overtwisted, cf. [BN10]. This is the case, for
instance, whenever (M, §) is an overtwisted contact 3-manifold, and in higher dimen-
sions it has been shown to hold whenever (M, £) contains a plastikstufe [BN], or when
(M, €) is a connected sum with a certain exotic contact sphere [BvK].

In dimension three, there are also many known examples of contact manifolds that
are tight but not fillable. An important class of examples is the following: (M, ¢) is
said to have Girouz torsion if it admits a contact embedding of (72 x [0, 1], &7) where

&r = ker [cos(27t) df + sin(27t) do)

in coordinates (¢, 0,t) € T? x [0,1] = S x S1 x [0, 1]. It was shown by D. Gay
that contact 3-manifolds with Giroux torsion are never strongly fillable, and a com-
putation of the twisted Ozsvath-Szabé contact invariant due to Ghiggini and Honda
[GH] shows that Giroux torsion is also an obstruction to weak fillings whenever the
submanifold 7% x [0, 1] C M separates M. There are obvious examples of manifolds
with these properties that are also tight. On 7% = St x St x S! for example with
coordinates (¢, 0,t), the contact form

cos(2nrNt) df + sin(2r Nt) d¢

has Giroux torsion for any integer N > 2, but it also has no contractible Reeb orbits,
which implies that its contact homology cannot vanish. The original motivation for
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this project was to find an algebraic interpretation of Giroux torsion that implies
nonfillability. The solution to this problem is the following result, which is implied
by the more general Theorem [6] below:

Theorem 2. If (M,€) is a contact 3-manifold with Girouz torsion, then it has alge-
braic 1-torsion.

While it is possible that “overtwisted” and “algebraically overtwisted” could be
equivalent notions in dimension three, it turns out that the converse of Theorem [2 is
not true. We will show this using a special class of contact manifolds constructed as
follows: assume S, and S_ are compact (not necessarily connected) oriented surfaces
with nonempty diffeomorphic boundaries, and denote by

S=S,US_

the closed oriented surface obtained by gluing them along some orientation reversing
diffeomorphism 0S5, — 0S_. We shall assume S to be connected. The common
boundary of S1 forms a multicurve I' C S. Then by a construction originally due to
Lutz [Lut77], the product S! x S admits a unique (up to isotopy) S'-invariant contact
structure & for which the loops S* x {z} are positively /negatively transverse for z in
the interior of 54, and Legendrian for z € I'. (We will give a more explicit construction
of this contact structure in §l.) By an argument due to Giroux (see [Mas]), (S* xS, &r)
has no Giroux torsion whenever it has the following two properties:

e No connected component of I' is contractible in S,
e No two connected components of I" are isotopic in S.

It is easy to find examples (see Figure[Il) for which both these conditions are satisfied,
as well as the assumption in the following result:

Theorem 3. If cither of S, or S_ is disconnected, then the S'-invariant contact
manifold (S* x S, &r) described above has algebraic 1-torsion. In particular, there
exist contact 3-manifolds that have algebraic 1-torsion but no Girouz torsion.

Remark 1.4. Theorem [[]implies that the examples in Theorem [B] are not strongly fill-
able. The latter has been established previously via vanishing results for the Ozsvath-
Szabd contact invariant in sutured Floer homology, see [HKMMas|[Maf].

Examples showing that algebraic torsion is interesting for all orders can be con-
structed in almost the same way. In the construction of S!-invariant contact manifolds
(S! x S, &r) above, assume that Si are both connected with & > 1 boundary compo-
nents, and that S_ has genus 0 and S, has genus ¢’ > 0. The surface S obtained by
gluing will have genus g = ¢’ + k — 1. We denote the resulting contact manifold by
(Vy, &) := (S x S, &r). We then obtain:

Theorem 4. (V,, &) has algebraic torsion of order k — 1, but not k — 2.

The proof that (V,, ;) has algebraic torsion of order £ — 1 will be a consequence
of Theorem [@] below, which relates algebraic torsion in dimension 3 to the geometric
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FIGURE 1. A surface S = S, UrS_ such that (S' x S, &r) has algebraic
1-torsion but no Giroux torsion.

T
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notion of planar torsion recently introduced by the second author [Wenal]. This is
discussed in detail in §3l The proof that there is no algebraic torsion of lower order
occupies a large part of l It is based on a combination of algebraic properties of SF'T
and a construction of certain explicit contact forms for the contact structures &, for
which the Reeb dynamics and the holomorphic curves can be understood sufficiently
well.

Combining Theorems [I] and [] yields the following consequence.

Corollary 1. Suppose g > k > 2. Then for any exact symplectic cobordism with
negative end (Vy, &), the positive end does not have algebraic (k — 2)-torsion.
In particular, there exists no exact symplectic cobordism with positive end (Vi , &, )

and negative end (V,_, & ) if ky < k_ (Figure[2).

Remark 1.5. The inclusion of the word “exact” in the above corollary is crucial, as a
recent construction due to the second author [Wenb] shows that non-exact symplectic
cobordisms exist between any two contact 3-manifolds with planar torsion.

Remark 1.6. Sometimes exact cobordisms are known to exist when the negative end
has a smaller order of algebraic torsion than the positive end, e.g. Etnyre and Honda
[EHO2] have shown that any positive end is allowed if the negative end is overtwisted
(meaning O-torsion, in the present context). Similarly, Jeremy Van Horn-Morris has
explained to us that a Stein cobordism with negative end (V,, &) and positive end
(Vyt1, Eet1) does always exist; cf. Remark A I8 in §4lfor an outline of the construction.
Together with Corollary [I, this gives infinite sequences of contact 3-manifolds such
that each is exactly cobordant to its successor, but not vice versa.

Remark 1.7. The case k, = 1 of Corollary [l can be deduced already from the argu-
ment used by Hofer [Hof93] to prove the Weinstein conjecture for overtwisted contact
structures. Indeed, (V,,,&, ) is always overtwisted if k; = 1, and transplanting
Hofer’s argument from the symplectization to an exact symplectic cobordism shows
that (V,_, &, ) must then have a contractible Reeb orbit for all nondegenerate contact
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FIGURE 2. An example of an exact symplectic cobordism that cannot
exist according to Corollary [

forms, which is easily shown to be false if k_ > 2. In this sense, the obstructions com-
ing from algebraic torsion may be seen as a “higher order” generalization of Hofer’s
argument, which incidentally was the starting point for the developement of SF'T.

To obtain a more sensitive invariant, we now introduce a more general notion of
algebraic torsion using SFT with group ring coefficients. Namely, for any linear sub-
space R C Hy(M;R), one can define the algebra of SFT with coefficients in the group
ring R[H2(M;R)/R], which means keeping track of the classes in Ho(M;R)/R rep-
resented by the holomorphic curves that are counted. We shall denote the SF'T with
corresponding coefficients by HSYT(M, ¢;R). The most important special cases are
R = Ho(M;R) and R = {0}, called the untwisted and fully twisted cases respectively,
and R = ker ) with 2 a closed 2-form on M. We shall abbreviate the untwisted case
by HSFT(M, ¢) = HSFT(M, &; Hy(M;R)), and often write the case R = ker  as

HST(M, €,9Q) := HY (M, & ker Q).

Definition 1.8. If (M, ) is a closed contact manifold, for any integer £ > 0 and closed
2-form © on M we say that (M, &) has Q-twisted algebraic k-torsion if [h*] = 0 in
HEFT (M, €,Q). If this is true for all Q, or equivalently, if [A*] = 0 in HSFT (M, &; {0}),
then we say that (M, &) has fully twisted algebraic k-torsion.
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To see the significance of algebraic torsion with more general coefficients, we con-
sider a more general notion of symplectic fillings, for which the symplectic form need
not be exact near the boundary.

Definition 1.9. Suppose (W,w) is a compact symplectic manifold with boundary
OW = M, and £ is a positive (with respect to the boundary orientation) co-oriented
contact structure on M. We call (W w) a stable symplectic filling of (M,¢) if the
following conditions are satisfied:

(1) wl¢ is nondegenerate and the induced orientation on & is compatible with its
co-orientation

(2) ¢ admits a nondegenerate contact form A such that the Reeb vector field X
generates the characteristic line field on OW

(3) ¢ admits a complex bundle structure J which is compatible with both dA|¢
and wle

Note that a strong filling with Liouville vector field Y is also a stable filling whenever
the contact form tyw|y; is nondegenerate, which can always be assumed after a small
perturbation. In general, the boundary of a stable filling is a stable hypersurface
as defined in [HZ94], meaning it belongs to a 1-parameter family of hypersurfaces in
(W, w) whose Hamiltonian dynamics are all conjugate. In particular, the pair (A, w]|as)
defines a stable Hamiltonian structure on M (cf. [CV]).

Theorem 5. If (M,€) is a closed contact manifold with Q-twisted algebraic torsion
for some closed 2-form € on M, then it does not admit any stable filling (W,w) for
which w|y s cohomologous to ). In particular, if (M,£) has fully twisted algebraic
torsion, then it is not stably fillable.

Recall that for dim M = 3, (W,w) with OW = M is said to be a weak symplectic
filling of (M,€) if w|¢ > 0. Thus a stable filling is also a weak filling. What’s far
less obvious is that the converse is true up to deformation: by [NW] Theorem 2.8],
every weak filling can be deformed near its boundary to a stable filling of the same
contact manifold, hence weak and stable fillability are completely equivalent notions
in dimension three. Theorem [A] thus implies:

Corollary 2. Contact 3-manifolds with fully twisted algebraic torsion are not weakly
fillable.

In higher dimensions, it is not hard to find examples of stable fillings for which the
symplectic form is not exact near the boundary, though it’s not clear whether there
are also examples which are not strongly fillable. We shall not attempt to answer
this question here, but Theorem [l shows that at least in principle, the distinction
between strong and stable fillability can be detected algebraically.

As already mentioned, the second author [Wenal recently introduced a new class of
filling obstructions in dimension three called planar torsion, which also has a nonneg-
ative integer-valued order. A contact 3-manifold is then overtwisted if and only if it
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has planar 0-torsion, and Giroux torsion implies planar 1-torsion. We will recall the
definition of planar torsion in §3] and prove the following generalization of Theorem 2

Theorem 6. Suppose (M,§) is a closed contact 3-manifold, Q2 is a closed 2-form
on M and k > 0 is an integer.

(1) If (M, &) has planar k-torsion then it also has algebraic k-torsion.
(2) If (M, &) has Q-separating planar k-torsion then it also has Q-twisted algebraic
k-torsion.

Remark 1.10. Together with Theorem [l and Corollary 2 this yields new proofs that
contact 3-manifolds with planar torsion are not strongly fillable, and also not weakly
fillable if the planar torsion is fully separating. These two results were first proved
in [Wena] and [NW] respectively. The former also proves a vanishing result for the
ECH contact invariant which is closely analogous to Theorem [0l and has thus far been
inaccessible from the direction of Heegaard Floer homology. Our argument in fact
implies a refinement of this vanishing result in terms of the relative filtration on ECH
introduced in the appendix; see Theorem [7] below.

We can now state a more geometric analogue of Corollary [l The notion of planar
torsion gives rise to a contact invariant PT(M, &) € NU {0, 00}, the minimal order
of planar torsion, defined by

PT(M,¢&) := sup {k; >0 ‘ (M, &) has no planar ¢-torsion for any ¢ < k‘} .

This number is infinite whenever (M, ¢) is strongly fillable, and is positive if and
only if (M, ¢) is tight. Recall that contact connected sums and (—1)-surgeries always
yield Stein cobordisms between contact 3-manifolds (see e.g. [Gei08]). The following
can then be thought of as demonstrating a higher order variant of the well known
conjecture that such surgeries always preserve tightness.

Corollary 3. For any g > k > 1, PT(V,, &) = k — 1. Moreover, suppose (M,§) is
any contact 3-manifold that can be obtained from (V,, &) by a sequence of

e contact connected sums with itself or exactly fillable contact manifolds, and/or
e contact (—1)-surgeries.

Then PT(M,&) > k — 1.

At present, we do not know any example for which the minimal order of algebraic
torsion is strictly smaller than the minimal order of planar torsion, but Theorem
seems to suggest that such examples are likely to exist.

Here is a summary of the remainder of the paper. In §2 we review the algebraic
formalism of SFT as a BV_.-algebra, in particular proving Theorems [[land B In §3]
we review the definition of planar torsion and prove Theorem [G] as an easy application
of some results on holomorphic curves from [Wena]. The S'-invariant examples (S* x
S,&r) are then treated at length in §l leading to the proofs of Theorems [B] and [l
We close with a brief discussion of open questions and related issues in g5l
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In Michael Hutchings’s appendix to this paper, it is shown that the applications
to 3-dimensional contact topology described above can also be proved using methods
from Embedded Contact Homology. Indeed, as remarked above, all of our examples
of contact 3-manifolds with algebraic torsion can also be shown to have vanishing
ECH contact invariant, suggesting that a refinement of the latter should exist which
could detect the order of torsion. The appendix carries out enough of this program to
suffice for our applications. In particular, Hutchings associates to any closed contact
3-manifold (M, &) with generic contact form A, compatible complex structure J and
positive number T' € (0, oo, two nonnegative (possibly infinite) integers f7 (M, \, J)
and fi,.(M,X,J). These can be finite only if the ECH contact invariant vanishes,
and they have the property that

Famp (M55, T%) 2 f7 (M7, 07, 07)
whenever there is an exact cobordism (X, d\) with A = e*A* at the positive/negative
end and 7_ > T (cf. Theorem [A9). Since f* and fI,, are defined by counting
embedded holomorphic curves in symplectizations, our SF'T computations can be
reinterpreted as estimates of these integers, leading to the following:

Theorem 7.

(1) If (M, &) has planar k-torsion, then & admits a nondegenerate contact form X
and generic complex structure J such that f3, (M, A, J) < k.
(2) For any g > k > 1, (Vy, &) admits a sequence of generic contact forms and
complex structures (N;, J;) such that:
(a) f5i(Vy, My Ji) > k — 1 for some sequence of real numbers T; — +o0,
(b) For i < j, there is an exact symplectic cobordism (X,d\) such that X
matches e’ \; at the positive end and e’); at the negative end.

As mentioned in Remark above, this immediately implies an alternative proof
of Corollaries M and B}, ¢f. Corollary [A.10] in the appendix.

Acknowledgments. The authors would like to thank Kai Cieliebak, Helmut Hofer,
Patrick Massot, Klaus Niederkriiger and Jeremy Van Horn-Morris for helpful conver-
sations. The inclusion of Michael Hutchings’s appendix came about due to discus-
sions between Hutchings and the second author at the MSRI Workshop Symplectic
and Contact Topology and Dynamics: Puzzles and Horizons in March 2010.

CW gratefully acknowledges support from an Alexander von Humboldt Foundation
research fellowship. This work was started when both authors held positions at ETH
Ziirich, and significant progress was made during a joint conference visit to the Lorentz
Center in Leiden. It is a pleasure to thank these institutions for the stimulating
working environment.

2. REVIEW OF SFT As A BV,,-ALGEBRA

The general framework of SFT, in particular its algebraic structure, was laid out
in [EGHOO] (see also [EL07] for a more recent point of view), whereas the analytic
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foundations are the subject of ongoing work by Hofer-Wysocki-Zehnder (see [Hof]).
In this section, we will take the existence of SF'T as described in [EGHOQ] for granted
and review a version of the theory which is readily derived from this description (cf.
[CLO9] for some details of this translation). To keep the discussion reasonably brief,
we will frequently refer to these sources for details. Theorems [I] and B will be simple
consequences of the algebraic properties of SFT.

2.1. Review of the basic setup of SFT. Let (M,¢) be a closed manifold of di-
mension 2n — 1 with a co-oriented contact structure. To describe SFT, one needs
to fix a nondegenerate contact form A, as well as some additional choices, which we
denote by a single letter § (for framing). The most important of these are: a cylindri-
cal almost complex structure J on the symplectization of M, coherent orientations
for the moduli space of finite energy J-holomorphic curves, an abstract perturbation
scheme for the J-holomorphic curve equation and suitable spanning surfaces for Reeb
orbits.

Given a linear subspace R C Hy(M;R), let Rr := R[Hy(M;R)/R] denote the
group ring over R of Hy(M;R)/R, whose elements we write as > a;2% with a; € R
and d; € Hy(M;R)/R. Define A = A(\) to be the Zy-graded algebra with unit over
the group ring Ry, generated by variables ¢, where v ranges over the collection of
good closed Reeb orbits for A (cf. [EGHOQ, footnote on p. 566 and Remarks 1.9.2 and
1.9.6]), and the degree of ¢, is defined as

lgy| :==n — 34 pcz(y) mod 2.

Here pucz(7y) denotes the mod 2 Conley-Zehnder index of the closed orbit 7, which is
defined in terms of the linearized Poincare return map for v (cf. [EGHO0, p. 567]). We
also introduce an extra variable i of even degree and consider the algebra of formal
power series A[[R]].

To construct the differential, one chooses a cylindrical almost complex structure J
on the symplectization (R x M,w = d(e®\)). To be precise, we say that an almost
complex structure J on R x M is compatible with X if it is R-invariant, maps the
unit vector d, in the R-direction to the Reeb vector field X, of A, and restricts to a
compatible complex structure on the symplectic vector bundle (&, d)). After a choice
of spanning surfaces as in [EGHOQ, p. 566], (the projection to M of) each finite energy
holomorphic curve u can be capped off to a 2-cycle in M, and so it gives rise to a
homology class in Hy (M), which we project to define [u] € Hy(M;R)/R.

As explained in [CL0O9, section 6], the count of suitably perturbed .J-holomorphic
curves in R x M with finite Hofer energy gives rise to a differential operator

Dspr 1 A[[R]] — A[[A]]

such that

e Dgpr is odd and squares to zero,
[ ] DSFT(]-) == O, and
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e Dgpr =D, D", where D, : A — A is a differential operator of order
< k. -

More precisely,

1 0 0
Dk: E ng<F,7F+7d)7q ,qs, zd )
LT g cr-,Iy)™ T Ogyp 8q’v?+
T+ [+9=k

where the sum ranges over all nonnegative integers g > 0, homology classes d €
Hy(M;R)/R and ordered (possibly empty) collections of good closed Reeb orbits
Iy = (71,...,7%) such that s; + g = k. The number ny(I'_,I';,d) € Q denotes
the count of (suitably perturbed) holomorphic curves of genus g with positive asymp-
totics 'y, and negative asymptotics I'_ in the homology class d, including asymptotic
markers as explained in [EGHO0, p. 622f]. Finally, C(I'_,T'}) € N is a combinatorial
factor defined as

= ls \k — o g — R
C-,Ty) =slsilh k- ho+ Rt

where ., denotes the covering multiplicity of the Reeb orbit .

Observe in particular that for Q) = ¢, - - - ¢, , the constant coefficient (i.e. the ele-
ment of the ground ring) in Dy(Q) for & > r corresponds to the count of holomorphic
curves of genus k — r with positive asymptotics I' = {~;,---,7,} and no negative
ends.

The homology of (A[[h]], Dspr) is denoted by HZ¥T(M,\ f;R). Note that by
definition the operator Dgpr commutes with A and with elements of Rr. As Dgpr
is not a derivation, the homology is not an algebra, but only an Rg[[%]]-module.
However, the element 1 € A and all its Rg[[A]]-multiples are always closed by the
second property above, and so they define preferred homology classes. The special
case R = Hy(M;R) is of particular importance: then Rg reduces to the trivial group
ring R and we abbreviate

HI"N (M) i= HEFU (M, §; Ho(M; R)),

which we refer to as the SFT with untwisted coefficients. Similarly, for any closed
2-form €2 on M, we abbreviate the special case R = ker {2 C Ho(M;R) by

HETT (M §,9) = HFT(M, )\, f; ker Q)
and call this the SF'T with Q-twisted coefficients. The fully twisted SF'T is
HFT (M, 1 {0}),

defined by taking R to be the trivial subspace. Observe that the inclusions {0} —
ker Q < Hy(M;R) induce natural R[[A]]-module morphisms

HS"T (M, N, §:{0}) = HS"T(M, A\, §,Q) — HFT (M, \,§).

A framed cobordism (X,w,fx) with positive end (M™, A" §7) and negative end
(M~, A7, §) is a symplectic cobordism (X, w) with oriented boundary M* LI (—M ™),
together with the following additional data:
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a Liouville vector field Y, defined near the boundary, pointing outward at M™

and inward at M~ such that tyw|y+ = A%,

e a compatible almost complex structure J interpolating between the given
cylindrical structures J* at the ends,

e coherent orientations for the moduli spaces of finite energy J-holomorphic
curves in the completion of X,

e an abstract perturbation scheme compatible with §f* and f~, and

e the spanning surfaces for M* included in f*.

As explained in [CL0O9, section 8], such a cobordism gives rise to a morphism from
HESYT (M AT §7) to HSFT(M~, X\, §7) after suitably twisting the differential as fol-
lows.

Suppose R* C Hy(M*;R) and R(X) C kerw C Hy(X;R) are linear subspaces
such that the maps Ho(M*;R) — Ho(X;R) induced by the inclusions M* — X
map R* into R(X). Define the group rings Rp+ = R[Hy(M;R)/R*] and Rp(x) =
R[Hy(X;R)/R(X)], and let (A*[[A]], Dg;p) denote the BV, -algebras as defined above
for (M*, A%, §5) with coefficients in Rg+. We also denote by Ay the algebra gen-
erated by the ¢ with coefficients in Rg(x) instead of Rz-, Novikov completed as
described in [EGHO00, p.624] (note that integration of w gives a well defined homo-
morphism Hy(X;R)/R(X) — R). The inclusions M* — X give rise to morphisms
Hy(M*;R)/R* — Hy(X;R)/R(X) and Rzt — Rg(x), which in particular deter-
mine a morphism of algebras A~ — Ay.

Now (X, w, fx) gives rise to several structures, the first of which is an element A €
h=t AL [[h]] satisfying Dgpp(e) = 0, which is obtained from counting holomorphic
curves in X with no positive punctures (these may exist only if X is not exact).
Using this, one can define a twisted differential Dy : AL[[h]] — AX[[R]] by the
formula

D (Q) = ¢ Dgpr(e” - Q).
In this way, we get a twisted version of SFT for (M~,A\",§ ), which depends on
(X » W fX )

Remark 2.1. The attentive reader will have noticed that we have defined two kinds
of twisted versions of SFT, namely SFT twisted with respect to a closed two-form,
and the twisted SFT of the negative end of a (non-exact) symplectic cobordism. We
hope that it is always clear from the context which kind of twisting is meant.

The other structure one obtains is a chain map ® = ¢ : (AM[[h]], Ddpyp) —
(Ax[[A]], D%) determined by a map ¢ = ¢x : AT — AL[[h]] satisfying
e ¢ is even and ¢(1) =0,
e ¢’Ddpp = Dye?, and
o ¢ => ., &xh" !, where each ¢y : AT — Ay is a differential operator of order
< k over the zero morphismﬂ

IGiven a morphism p : A; — As between graded commutative algebras, a homogeneous linear
map D : A; — As is a differential operator of order < k over p if for each homogeneous element
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This ¢ counts holomorphic curves in X with at least one positive puncture. The
first condition above translates to the fact that ®(1) = 1. Again ® is A-linear, so it
induces a morphism of R[[]]-modules H, (A", Ddpy) — H.(Ay, DY), which maps the
preferred class [1] € H,(A",Ddpp) and its Rys+[[A]]-multiples to the corresponding
classes in H,(Ay,DYy).

To discuss the invariance properties of SE'T, one studies holomorphic curves in
topologically trivial cobordisms R x M. More precisely, given two contact forms A*
for the same contact structure &, there is a constant ¢ > 0 and an exact symplectic
form w = d(e’As) on R x M such that the primitive A, agrees with c¢A~ at the
negative end and with A™ at the positive end of the cobordism. Similarly, one finds
a framing fg.y compatible with given framings §= at the ends. Note that in this
case kerw = Hy(X) = Hy(M), so we can choose Rt = R = R(X) and observe that
the completion process in the definition of Ay is trivial since w is exact, giving rise
to a natural identification of Ay with A~. Likewise, A € h™' A~ vanishes as the
cobordism is exact. Since rescaling of A does not influence the count of holomorphic
curves, we obtain a chain map (A™[[h]], Ddpr) — (A7 [[A]], Dgpr)-

Reversing the roles of AT and A\™, one obtains a similar chain map in the other
direction, and a deformation argument implies that both compositions are chain ho-
motopic to the identity maps on (A*, DéEFT), respectively. In particular, they induce
Rgz[[A]]-module isomorphisms on homology, so that the contact invariant

HN(M,&R) = HN (M | R)

is well defined up to natural isomorphisms. It is important for us to observe that, by
construction, these morphisms are the identity on Rz[[h]] C A%, thus HSYT(M, & R)
comes with preferred homology classes associated to the elements of Rz|[[A]]. Consid-
ering the special cases where R is {0}, ker Q or Ho(M; R) again gives rise to the fully
twisted, Q-twisted and untwisted versions respectively, with natural R[[A]]-module
morphisms

(2.1) HZPH(M,6{0}) — HPH(M, €, Q) — HFT(M,€).

Remark 2.2. The above discussion of morphisms can be refined slightly as follows.
Given a nondegenerate contact form A and a constant 7" > 0, we can consider the
linear subspace A(X,T) C A(\) in the corresponding chain level algebra generated
by all the monomials of the form ¢, ...q,, for which the total action is bounded by

T, ie.
> [a<r
j=1""

Since the energy of holomorphic curves contributing to Dgpr is nonnegative and given
by the action difference of the asymptotics, the operator Dgpr restricts to define a

a € Ay the map x — D(ax) — (—1)/Pllelp(a)D(x) is a differential operator of order < k — 1, with
the convention that the zero map has order < —1.
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differential
Dser + AN T)([A]] = A T)[[R]]
Moreover, if w = d(e®);) is a symplectic form on R x M such that A agrees with A" at

the positive end and ¢\~ at the negative end, then the resulting morphism respects
the truncation with suitable rescaling, i.e. it gives rise to a chain map

O (A()‘JraT)HhHaD%LFT) — (A(C)‘_aT)HthDgFT) = (A()‘_vT/C)[[hH7D§FT)'

Beware however that, due to the rescaling of forms for the cylindrical cobordisms,
there is no meaningful filtration on HS¥T(M, &;R).

In the proof of Theorem (] will use this refinement in the situation where A\~ has
only its periodic orbits of action at most 7' nondegenerate, in which case the truncated
complex (A(A™,T)[[h]], Dgpr) can still be constructed with all the required properties.

It is useful to consider how the chain map @ : (A*[[A]], Ddpy) — (Ax[[A]],Dy)
induced by a symplectic cobordism (X,w) simplifies whenever certain natural extra
assumptions are placed on X. First, suppose that (X,w) is an ezact cobordism. As
we already observed above, in this case X contains no holomorphic curves without
positive ends, hence the “twisting” term A € h~'Ay[[h]] vanishes. Moreover, since
ker w = Hy(X;R), we can set R(X) = Hy(X;R) and reduce Rg(x) to the untwisted
coefficient ring R. Making corresponding choices R* = Hy(M*;R) so that Rp+ = R
for the positive and negative ends, we then have a natural identification of the two
chain complexes (Ay[[h]], D) and (A~[[A]], Dgpr), hence the aforementioned chain
map yields the following:

Proposition 2.3. Any exact symplectic cobordism (X,w) with positive end (M™,&T)
and negative end (M~,£7) gives rise to a natural R[[A]]-module morphism on the
untwisted SF'T,

Ox : HPPI(M*,€%) = HIPN(M™,€7).

Now suppose (X,w) is a strong filling of (M™,£"), which we may view as a sym-
plectic cobordism whose negative end (M~,£7) is the empty set. Now the Novikov
completion Rg(x) of Rz(x) need not be trivial, but the chain complex (Ax[[h]], DY)
has no generators other than the unit, and its differential vanishes, hence its homol-
ogy is simply Rg(x)[[]]. Note that since w is necessarily exact near 0X, the natural
map Hy(M™;R) — Hy(X;R) has its image in ker w, so we can choose R(X) = ker w
and RT = Hy(M;R) to obtain:

Proposition 2.4. Any strong symplectic filling (X,w) of (M, &) gives rise to a natural
R{[A]]-module morphism,

(I)X : HEFT<M7 g) — RR(X)[[h]]7

where Ry (x) denotes the Novikov completion of the group ring R[Hy(X;R)/ ker w].

Finally, we generalize the above to allow for stable symplectic fillings as defined
in the introduction. Recall that if (X,w) is a stable filling of (M,¢) and we write
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Q0 := w|p, then £ admits a nondegenerate contact form A and complex structure Jg
such that w|e and dA|¢ both define symplectic bundle structures compatible with Jg,
and the Reeb vector field X, generates ker Q). In particular, the pair (A, ) is then a
stable Hamiltonian structure, meaning it satisfies:

(1) ANQ >0,
(2) dQ2 =0,
(3) ker Q2 C kerdA.

A routine Moser deformation argument shows that a neighborhood of 0X in (X, w)
can then be identified symplectically with the collar

((—€,0] x M, d(t\) + Q)
for € > 0 sufficiently small. Choose a small number ¢, > 0 and define
T :={p € C®([0,00) — [0,€6)) | ¢ > 0 everywhere and ¢(t) = ¢ near ¢ = 0}.

Then if € is small enough, every ¢ € T gives rise to a symplectic form w, on the
completion X := X Uy, ([0, 00) x M), defined by

Jw on X,
TN d(e(ON) +Q on [0,00) x M.

Define a cylindrical almost complex structure on [0, 00) x M which maps J; to X, and
restricts to Je on &; due to the compatibility assumptions on Jg, this is w,-compatible
for all possible choices of ¢ € 7. We can thus extend it to a generic w,-compatible

almost complex structure J on X. Then one can generalize the previous discussion

by considering punctured J-holomorphic curves u : ¥ — X that satisfy the finite
energy condition

E(u) = sup/ U W
peT Jn

This definition of energy is equivalent to the one given in [BEHT03| in the sense
that bounds on either imply bounds on the other; it follows that the compactness
theorems of [BEHT03] apply to sequences u;, of punctured .J-holomorphic curves for
which E(uy) is uniformly bounded. Such a bound exists for any sequence of curves
with fixed genus, asymptotics and homology class. Note also that the restriction of J
to the cylindrical end is also compatible with A in the usual sense, thus the upper level
curves that appear in holomorphic buildings arising from the compactness theorem
are precisely the curves that are counted in the definition of HS¥T(M, A, §; R).

We apply the above observations as follows: set R(X) = kerw C Hy(X;R) and
R*T =ker Q C Hy(M;R), so the natural map Ho(M;R) — Hy(X;R) descends to an
inclusion Hy(M;R)/RT — Hy(X;R)/R and also defines an inclusion of the corre-
sponding group rings Rz = R[Hy(M;R)/ker Q] and Rg(x) = R[Hy(X;R)/ kerw].
The arguments behind Proposition 2.4l now also imply:
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Proposition 2.5. Suppose (X,w) is a stable filling of (M,&). Then defining a 2-form
on M by Q = wl|y, the Q-twisted SET of (M, &) admits an R[[h]]-module morphism

Oy : H(M, €, Q) = Reoo[[Rl],

where Ry (x) denotes the Novikov completion of the group ring R[Hy(X;R)/ ker w].

2.2. Algebraic torsion and its consequences. As above, we continue to write R
for some given linear subspace in Hy(M;R), and use the notation Rx = R[Hy(M;R)/R]
for the corresponding group ring. Recall the following definition from the introduc-
tion:

Definition 2.6. For any integer £ > 0, we say that (M, &) has algebraic torsion
of order k with coefficients in Ry if [A*] = 0 in HSYT(M,&;R). We single out the
following special cases:

o (M, &) has (untwisted) algebraic k-torsion if [A*] = 0 € HSYT(M, ).

e For a closed 2-form Q on M, (M, £) has Q-twisted algebraic k-torsion if [h*] =
0€ HSYT (M, €,9Q).

o (M,€) has fully twisted algebraic k-torsion if [A*] = 0 € HSYT(M, &; {0}).

By default, when we speak of algebraic torsion without specifying the coefficients,
we will always mean the untwisted version. Observe that due to the morphisms (2.1]),
fully twisted torsion implies Q2-twisted torsion for all closed 2-forms €2, and it is not
hard to show that the converse is also true. Likewise, Q-twisted torsion for any €2
implies untwisted torsion, and k-torsion for any choice of coefficients implies (k + 1)-
torsion for the same coefficients since Dgpr(Q) = A* implies Dgpr(hQ) = A"

The special case k = 0 is not a new concept; the following result is stated for the
untwisted theory but has obvious analogues for any choice of coefficients Ry.

Proposition 2.7. The following statements are equivalent.

(i) (M, &) has algebraic 0-torsion.
(ii) HSFT(M, &) = 0.
(111) (M, €) is algebraically overtwisted in the sense of [BNI0|, i.e. its contact
homology is trivial.

Proof. The only claim not immediate from the definitions is that (i) implies (ii), for
which we use a variation on the main argument in [BN10]. For @1, Q2 € AJ[h]], define

[Qh QQ] = DSFT(Q1Q2) - DSFT(QI)QQ - <_1)‘Q1|Q1DSFT<Q2)

to be the deviation of Dgpr from being a derivation. Note that since the first term
Dy in the expansion of Dgpr is a derivation, we always have (@1, Q2] = O(h). One
also easily checks that Dgpr is a derivation of this bracket, in the sense that

Dgpr[Q1, Q2] = —[DsprQ1, Qo] — (—1)9[Q1, Dgpr Q).

These signs are correct because the bracket has odd degree.
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Now suppose Dgpr(P) = 1, and define a map B : A[[h]] — AJ[[h]] as an alternating
sum of iterated brackets with P, i.e. as

B(Q):=Q—[PQI+[P[PA]]—-...
gleiﬂy [P, B(Q)] = @—B(Q) and Dgpr(B(Q)) = B(Dsrr(Q)), and so if Dspr(Q) =
, then
Dgpr(P - B(Q)) = [P, B(Q)] + Dspr(P) - B(Q) = Q — B(Q) + B(Q) = Q,
proving that every closed element in A[[A]] is exact. O

With the algebraic formalism in place, the proofs of Theorems [Il and B are now
immediate.

Proofs of Theorems[d and[3. Suppose (X,w) is an exact symplectic cobordism with
positive end (M*, ) and negative end (M~,£7). Then if [R¥] = 0 € HS¥T(M*, 1),
the same must be true in H3¥T(M~,£7) due to Proposition 2.3

Likewise, if (X, w) is a strong filling of (M, §), then Proposition 24 gives an R[[A]]-
module morphism from HY" (M, €) to Rr(x)|[[h]], where R x) is the Novikov comple-

tion of R[H5(X;R)/ kerw]. Since no power of i vanishes in Rg(x)[[R]], the same must
be true in HS¥T(M,€), completing the proof of Theorem [ Theorem [l follows by
exactly the same argument, using Proposition and observing that H5¥T(M, &, Q)
depends only on (M, ) and the cohomology class of €. O

3. RELATION TO PLANAR TORSION IN DIMENSION 3

This section describes the relation of algebraic torsion to planar torsion, and in
particular provides the proof of Theorem

3.1. Review of planar torsion. We begin by reviewing briefly the notion of planar
torsion, which is defined in more detail in [Wenal]. A planar torsion domain is a
special type of contact manifold with boundary which generalizes the thickened torus
(T?% x [0,1],&7) in the definition of Giroux torsion. We can define it in terms of open
book decompositions as follows.

Recall first that if M is a closed oriented (not necessarily connected) 3-manifold
with an open book decomposition 7 : M\ B — S*, then the open book can be “blown
up” along part of its binding to produce a manifold with boundary: for any given
binding component v C B, this means replacing v with its unit normal bundle. The
latter is then a 2-torus 7" in the boundary of the blown up manifold M, and it comes
with a canonical homology basis {u, A} C Hy(T'), where u is the meridian around the
boundary of a neighborhood of v and A is a boundary component of a page. Given
any two binding components 71,7, C B, one can then produce a new manifold via a
so-called binding sum, which consists of the following two steps:

(1) Blow up at 7; and 7, to produce boundary tori 77 and 7, with canonical
homology bases {1, A1} and {us, Ao} respectively.
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(2) Attach T to Ty via an orientation reversing diffeomorphism 77 — T5 that
maps A; to Ay and py to —ps.

Combining both the blow-up and binding sum operations for a given closed manifold
with an open book 7 : M \ B — S!, one obtains a compact manifold M, possibly
with boundary, carrying a fibration

M\ (BUI)— S

where B is an oriented (possibly empty) link consisting of all components of B that
have not been blown up, and Z is a special (also possibly empty) collection of 2-tori
which are each the result of identifying two blown up binding components in a binding
sum. The tori 7' C Z U OM each carry canonical homology bases {u, A\} € Hi(T),
where for T' € Z, p is defined only up to a sign. These homology bases together
with the fibration m determine a so-called blown up summed open book 7 on M,
with binding B and interface Z. Its pages are the connected components of the fibers
71 (const). We call a blown up summed open book irreducible if the fibers 7! (const)
are connected, which means it contains only a single S'-family of pages. In general,
every manifold M with a blown up summed open book 7t can be written as a union
of irreducible subdomains,

M=DMU...UM,

where M; are manifolds with boundary that each carry irreducible blown up summed
open books 7;, whose pages are pages of 7, and they are attached to each other along
tori in the interface of 7.

Just as an open book on M determines a special class of contact forms, we define a
Giroux form on a manifold M with a blown up summed open book to be any contact
form A\ with the following properties:

(1) The Reeb vector field X, is everywhere positively transverse to the pages and
positively tangent to the oriented boundaries of their closures,

(2) The characteristic foliation cut out by & = ker A on each boundary or interface
torus T' C Z U OM has closed leaves in the homology class of the meridian.

Note that whenever A is a Giroux form, the binding consists of periodic orbits of X,
and each torus in ZUOM is foliated by periodic orbits. A Giroux form can be defined
for any blown up summed open book that contains no closed pages, and it is then
unique up to deformation. We say that a contact structure £ on M is supported by
a given blown up summed open book if and only if it can be written as the kernel of
a Giroux form. The effect of a binding sum on supported contact structures is then
equivalent to a special case of the contact fiber sum defined by Gromov [Gro86] and

Geiges [Ge11].

Definition 3.1. A blown up summed open book is called symmetric if it has no
boundary and contains exactly two irreducible subdomains, each with pages of the
same topological type, and each with empty binding and (interior) interface.
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Symmetric examples are constructed in general by taking any two open books with
diffeomorphic pages, choosing an oriented diffeomorphism from the binding of one to
the binding of the other and constructing the corresponding binding sum on their
disjoint union. Supported contact manifolds that arise in this way include the tight
St x §? (with disk-like pages) and the standard T° (cylindrical pages).

We call an irreducible blown up summed open book planar if its pages have genus 0,
and a general blown up summed open book is then partially planar if it contains a
planar irreducible subdomain in its interior.

Definition 3.2. For any integer k& > 0, a planar torsion domain of order k (or
simply planar k-torsion domain) is a connected contact 3-manifold (M, &), possibly
with boundary, with a supporting blown up summed open book 7 such that:

(1) M contains a planar irreducible subdomain M¥ C M in its interior, whose
pages have k + 1 boundary components,

(2) M\ M” is not empty, and

(3) 7 is not symmetric.

We then call the subdomains M?” and M \ M? the planar piece and the padding
respectively.

A contact 3-manifold is said to have planar k-torsion whenever it admits a contact
embedding of a planar k-torsion domain.

Definition 3.3. Suppose (M, ) is a contact 3-manifold containing a planar k-torsion
domain My, C M with planar piece M for some k& > 0, and  is a closed 2-form
on M. If every interface torus T' C M, lying in M{ satisfies [, Q = 0, then we say
that (M, &) has Q-separating planar k-torsion. We say that (M, £) has fully separating
planar k-torsion if this is true for every closed 2-form on M, or equivalently, each of
the relevant interface tori separates M.

Example 3.4. The simplest examples of planar torsion domains are obtained by
assuming the fibration has trivial monodromy and the binding is empty. The resulting
domain always has the form S x S for some surface S (possibly with boundary), with
an S'-invariant contact structure. Moreover, the fibers {const} x S are then convex
surfaces, each consisting of a union of pages, and the interface and boundary together
are of the form S' x I where I' C S is the dividing set. Some special cases are shown
in Figure

Remark 3.5. Another phenomenon that is allowed by the definition but not seen in
the cases S* x S of Example B.4lis for an irreducible subdomain to have interface tori
in its interior, due to summing of a single connected open book to itself at different
binding components. Examples of this are shown in Figure [, which also illustrates
the fact that the choice of planar piece (and consequently the order of planar torsion)
is not always unique, even for a fixed planar torsion domain.
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FIGURE 3. Some examples of convex surfaces and dividing sets that
determine S'-invariant planar torsion domains, of orders 1, 0, 3 and 2
respectively. The examples at the top right and bottom left are both
fully separating. The bottom right example defines a closed manifold
contactomorphic to the example (Vj,&3) from Theorem Al Note that
in this case, it’s important that the two surfaces on either side of the
dividing set are not diffeomorphic (so that the summed open book is
not symmetric).

It is shown in [Wena] that a contact manifold has planar O-torsion if and only if
it is overtwisted, and every contact manifold with Giroux torsion also has planar
1-torsion. The latter is the reason why Theorem [0l implies Theorem

3.2. Proof of Theorem [6l. With these definitions in place, Theorem [6l follows easily
from an existence and uniqueness result proved in [Wenal for J-holomorphic curves in
blown up summed open books. Namely, suppose (M, £) is a closed contact 3-manifold
containing a compact and connected 3-dimensional submanifold M, possibly with
boundary, on which £ is supported by a blown up summed open book 7 with bind-
ing B, interface Z and induced fibration 7 : My \ (B UZ) — S*. Assume there are
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FIGURE 4. Schematic representations of two summed open books that
include “self summing”, i.e. interface tori in the interior of an irredubi-
cle subdomain. Assuming trivial monodromy, the example at the left
is obtained from the tight S x S? with its obvious cylindrical open
book by summing one binding component to the other: the result is a
Stein fillable contact structure on the torus bundle over S with mon-
odromy —1. At the right, the additional subdomain with disk-like pages
turns it into a planar torsion domain: the 3-manifold is the same, but
the contact structure is changed by a half Lutz twist and is thus over-
twisted. Note that in this example either irreducible subdomain can
be taken as the planar piece, so it is both a O-torsion domain and a
2-torsion domain.

N > 2 irreducible subdomains
My= M, U...UMy,

of which M; lies fully in the interior of My, and denote the corresponding restrictions
of m by

fori=1,...,N, with B; :== BN M, and Z; := Z N int M;. Note that while 7 itself
is not necessarily well defined at dM;, m; always has a continuous extension to dM;.
Assume the pages in M; have genus g; > 0, where g; = 0. In particular, M, is a
planar torsion domain with planar piece M;.

Proposition 3.6 ([Wenal). For any number 7o > 0, (M,§) admits a Morse-Bott
contact form A and compatible Fredholm regular almost complex structure J with the
following properties.

(1) On My, X is a Girouz form for .

(2) The Reeb orbits in B are nondegenerate and elliptic, and the components of
T UOMy are all Morse-Bott submanifolds.

(8) All Reeb orbits in By UZ; UOM; have minimal period at most 1y, while every
other closed orbit of the Reeb vector field X, in M has minimal period at
least 1.

(4) For each irreducible subdomain M; with g; = 0, the fibration m; : M; \ (B; U
;) — St admits a C*-small perturbation #; : M; \ (B; UZ;) — S such that
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the interior of each fiber #; (1) for 7 € S' lifts uniquely to an R-invariant
family of properly embedded surfaces

S C R x M;, (0,7) €R x S,

which are the images of embedded finite energy J-holomorphic curves
W, = (@) 0, F9) 5 Rox M,

all of them Fredholm reqular with index 2, and with only positive ends.

(5) Supposeu : X — RxM is a finite energy punctured J-holomorphic curve which
1s not a cover of a trivial cylinder, and such that all its positive asymptotic
orbits are simply covered and contained in By UZ; U OMy, with at most one
positive end approaching each connected component of By U My and at most
two approaching each connected component of I,. Then u has genus zero and
parametrizes one of the surfaces S((TZ)T described above.

Recall that a J-holomorphic curve is called Fredholm regular if it corresponds to
a transversal intersection of the appropriate section of a Banach space bundle with
the zero-section, see for example [Wenl0]. We also say that J is Fredholm regular if
every somewhere injective J-holomorphic curve is Fredholm regular; this is a generic
condition due to [Dra04]. If u is a rigid curve that is Fredholm regular, this implies
in particular that u can be perturbed uniquely to a solution of any sufficiently small
perturbation of the nonlinear Cauchy-Riemann equation.

Proof of Theorem[d. The following is an adaptation of the argument used in [Wenal
to show that planar torsion kills the ECH contact invariant, and it can similarly
be used to compute an upper bound on the integer S:’;mp(M, A, J) defined via ECH
in the appendix. Given a closed 2-form €2 on M, let ky < k be the smallest order
of Q-separating planar torsion that (M,¢) admits. We will prove that (M,¢) then
has Q-twisted algebraic kg-torsion, which as previously observed, implies algebraic k-
torsion. The statement for untwisted algebraic torsion is then the special case where

Q2 =0. For any A € Hy(M;R), denote by
A € Hy(M;R)/ ker Q
the corresponding equivalence class.

Suppose My C (M, €) is a planar kg-torsion domain with planar piece MI C My,
such that [T] C ker Q C Ho(M;R) for every interface torus T lying in M{". Denote
by

o MEN\ (BP Ul — St
the corresponding fibration in the planar piece. Write the connected components of
the binding, interface and boundary respectively as
BP:’VlU...U’}/m,
oM =T,u...UT,,

I =T, U.. . UTpr,
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where by definition we have
m4n+2r=ky+1 and n>1.

Now given the special Morse-Bott contact form )y and compatible almost complex
structure Jy provided by Proposition B.6] we consider the moduli space

M(JO) = M0(717 <o Ymo T17 cee 7Tn7 Tn+17 Tn+17 cee 7Tn+7’7 TnJrT; JO)

of unparametrized Jy-holomorphic curves u : ¥ — R x M such that
(1) S has genus 0, no negative punctures and m + n + 2r positive punctures

+ - + -
Z1yeeey Zmy Cly oy Cuowi Wy, W W

? T T

(2) For the punctures listed above, u approaches the simply covered orbit v; at z;,
any simply covered orbit in 7} at (; and any simply covered orbit in 7,,,; at
both w;” and w; .

By Prop. B.6, M is a connected 2-dimensional manifold consisting of an R-invariant
family of embedded Fredholm regular curves that project to the pages in M. Note
here we are using the fact that the blown up summed open book on M, is not
symmetric, so in particular the padding My \ M{" cannot contain additional genus 0
curves with the asymptotic behavior that defines M(Jy). It also cannot contain any
genus 0 curves asymptotic to a proper subset of the same orbits, as this would mean
the existence of an ()-separating planar torsion domain with order less than k.

We next perturb the Morse-Bott data (Ag, Jy) to generic nondegenerate data (X, J)
by the scheme described in [Bou(2], extend J to a suitable framing f and assume that
HEFT (M, X §,Q) is well defined (see Remark B.7] below). After this perturbation, we
may assume each of the tori T; for i = 1,...,n+r contains two nondegenerate simple
Reeb orbits 7¢ and !, elliptic and hyperbolic respectively. These orbits come with
preferred framings determined by the tangent spaces to T;, and in these framings
their Conley-Zehnder indices are

pez(v§) =1 and  poz(v)) =0
There are also two embedded J-holomorphic index 1 cylinders
vF i Rx ST Rx M

whose projections to M are disjoint and fill the two regions in 7; separated by 7¢ and
7P, so the homology classes they represent are related to each other by

0] = [v;] = [T}] € Ha(M;R),

)

and for a suitable choice of coherent orientation, these two together contribute terms
of the form

0

1] _ 1 __
(2 )Q'yih g
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to the operator Dgpr. The curves in M(.Jp) likewise give rise to a unique J-holomorphic
punctured sphere in the space

M(J) = MO(’Yl, N 7{17 757 s 771617 ’Yreerla ’Yreerl) s 7’Yrez+r7 ’YreLJrr; J)

with puncture ¢; asymptotic to 4 and all other punctures asymptotic to elliptic
orbits. This curve is embedded and has index 1, thus if A € Hy(M;R) denotes the
homology class defined by the pages in M with attached capping surfaces, then this
curve produces a term

s

zAhm+n+2nfl 9 ﬁ 9 ﬁ 0 Hl d d
8(1’7? i=1 9gy, i=2 Igye 2 8q7§+i 8q7§+i

i=1

in Dgpr. We thus define the monomial

F= Ay - - - q’qu’y{lq’Yze o q‘/ﬁq72+1q72+1 o q'YfL-rrq“/fL-w

and compute,

D F = Ahk‘o - (T3] 1 oFr
SPTE TS N Z(z B )q%h 8%¢ .
=2 @
Every term in the summation now vanishes since [T;] C ker 2, implying that h* is
exact. U

Remark 3.7. To make the above computation fully rigorous, one must show that the
relevant count of curves doesn’t change under a suitable abstract perturbation, e.g. as
provided by [Hof]. The curves that were counted in the above argument are Fredholm
regular and will thus survive any such perturbation, but we also need to check that
no additional curves appear. If any such curves exist, then in the unperturbed limit
they must give rise to nontrivial holomorphic cascades in the natural compactification
of M(Jy), see [BEHT03]. It suffices therefore to observe that in the above setup, all
possible cascades are accounted for by the Jy-holomorphic pages in M{", due to the
uniqueness statement in Prop.

4. S'-INVARIANT EXAMPLES IN DIMENSION 3

In this section we consider the special examples (S x S, &) described in the intro-
duction, and prove in particular TheoremsBland[dl Note that the examples (V;, &) of
Theorem [l can be constructed via a summed open book as follows. Fix g > k£ > 1, and
let (M_,&_) denote the closed contact 3-manifold supported by a planar open book
7_: M_\ B_ — S with k binding components and trivial monodromy. Similarly,
let (M, ,&,) be the contact manifold supported by an open book 7, : M\ B, — S*
with pages of genus ¢ — k + 1 > 0, k binding components and trivial monodromy.
Choosing any one-to-one correspondence between the connected components of B,
and B_, we produce a new closed contact manifold (M, &) by taking the binding sum
of (M, ,&,) U (M_,& ) along corresponding binding components as described in §3
this produces a closed planar (k — 1)-torsion domain which is contactomorphic to



ALGEBRAIC TORSION IN CONTACT MANIFOLDS 25

To complete the proof of Theorem [ we will have to show that certain types of
holomorphic curves in R x V,; do not exist (at least algebraically), which would need
to exist if A*~2? were exact (see Lemma below). To do this, we will construct a
precise model for contact manifolds of the form (S' x S,&r), in which all the rele-
vant holomorphic curves can be classified. The proof of Theorem B will also follow
immediately from this classification.

4.1. Holomorphic curves in (S'x S, ). The basic idea of our model for (S xS, &r)
will be to choose data so that the singular foliation of S defined by the gradient flow
lines of a suitable Morse function gives rise to a foliation of the symplectization by
holomorphic cylinders, which can be counted by Morse homology. We will then be able
to exclude all the other relevant curves by a combination of intersection arguments
and index estimates.

For the constructions carried out below, the following lemma turns out to be con-
venient.

Lemma 4.1. Suppose S is a compact connected oriented surface with nonempty
boundary, and h:S — R is a smooth Morse function with all critical points in the
interior and none of index 2, and with 05 = i~f1(1). Then there exists a conformal
structure 7 on S, compatible with the orientation, and a smooth, strictly increasing
function ¢ : R — R such that h:= @ oh: S — R satisfies

—d(dhoj) >0,

and each boundary component has a collar neighborhood biholomorphically identified
with (—6,0] x S* for some small 6 > 0, so that in these holomorphic coordinates
(s,t) € (—6,0] x S* we have
h(s,t) = e°.
Proof. To construct j with the required properties, we start by choosing oriented co-
ordinates (s,t) € (—29, 0] x S* on a collar neigbhorhood of each boundary component
such that h(s,t) = e® in these coordinates. In this collar neighborhood, we simply
define j by requiring j(0s) = 0y and j(0;) = —Js. Note that
—d(dhoj)=e*ds Adt >0

on these collars.
Next we choose oriented Morse coordinates near the critical points, such that locally

h(z,y) = 2° £ y* + h(0).

In such coordinates, we can define j such that j(9,) = Ad, and j(9,) = —0, for
some A > (0. A computation then yields

- 9
—d(dhoj) = (X + 2)\) dx N dy,

which is positive whenever 0 < A < 1.
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Now extend j arbitrarily to all of S and consider the function h = ¢ o h, where
¢ : R — R is a smooth function with ¢’ > 0 and ¢” > 0. Observe that the 2-form

p = —dh A (dh o j)

is everywhere nonnegative, and vanishes precisely at the critical points of h. We then
compute,

(4.1) —d(dhoj) = —(¢ oh)d(dhoj)+ (¢" o h)pu.

This is already positive whenever —d(diz o j) is positive, which is true on a neighbor-
hood of the critical points and the boundary. Outside of this neighborhood, we have
i > 0 and can thus arrange —d(dh o j) > 0 by choosing ¢ so that

2

d

—,>K
¥

for a sufficiently large constant K > 0. Since —d(dh o j) > 0 on the collar neigh-
borhoods (—26,0] x S of 95, we are free to set ¢” = 0 in [—§,0] x S*. Now since
—d(dhoj) > 0 everywhere, (4.1]) implies that this property will survive a further post-
composition with an increasing affine function, hence through such a composition we
can arrange without loss of generality that ¢(s) = s on the collar neighborhoods

[—6,0] x St O

Let S_ and S, denote compact oriented and possibly disconnected surfaces, such
that each connected component has non-empty boundary and the total number of
boundary components of S_ and S, agrees. On each of the surfaces S, we choose a
function Ay and conformal structure j1 as provided by the lemma and define a 1-form

by
B = —dhyojx.
This induces a symplectic form o+ and Riemannian metric g+ on S, defined by
oy = dfs, g = 0x(, jx)-

Since dhy = e® ds in holomorphic coordinates (s,t) € (—d,0]xS! near each component
of the boundary, we find

or =e*dsNdt, Vhy=0,.
Denote the union of all these collar neighborhoods of 051 by
Uy C Sy.
The gradient Vhy is a Liouville vector field pointing orthogonally outward at 9.5...

Remark 4.2. Since the subharmonicity condition on the pair (hy, j+) is open, there
is some freedom in the construction. In particular, by perturbing the conformal
structure if necessary we can achieve that the flow of Vh, is Morse-Smale.
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We now glue S, and S_ together along an orientation preserving diffeomorphism
0S5, — 0S_ to create a closed oriented surface

S = S+ U (_S*)7

divided into two halves by a special set of circles I' := 95, C S. We will always
assume S is connected, and as the above notation suggests we assign it the same
orientation as S, , which is opposite the given orientation on S_. On each connected
component of U, and U_, one can define new coordinates

St % [0,0) 2 (6, p) := (t, —s) for (s,t) € Uy,

St x (=6,0] 3 (0, p) := (t,s) for (s,t) €U_,
and then define the gluing map and the smooth structure on S so that each component
of == U, UU_ C S inherits smooth positively oriented coordinates (6, p) € S* x
(—0,9).

Choose a function gy : [—0,d] — R with go(p) = £1 for p near £6, go(0) = 0,
g6 > 0 and gj > 0 near p = 0 and a function ~ : [—0,d] — R with v(p) = Fe* for
p near £6, v/ > 0 wherever g, = 0, v(p) > 0 for p < 0 and y(p) < 0 for p > 0. For
e € (0,1), we then set

9¢(p) = 90(p) + €7(p),
which satisfies
e ¢/ > 0 for sufficiently small € > 0,
e g.(p) = (1 — €2eT*) for p near +4,
® g:(0) =0.
Now define a smooth family of functions A, : S — R by

1— €2h+ on S+ \Z/{+,
he = 4 9e(p) for (6, p) € U,
—1+e¢h. onS_\U_,

For each fixed € > 0, h is a Morse function with all its critical points in S\ U, and
they are precisely the critical points of h.

Next choose a function fy : [—d,d] — R such that fy(p) = 0 for p near +6, fo >0
everywhere and p - f(p) <0 for p # 0 and f{(0) < 0, and a function ¢ : [-J,6] = R
with ¥(p) = e** for p near F4, 1 > 0 everywhere and p - ¢/(p) < 0 for p # 0. Then
we define

fe(p) = folp) + eb(p).

With these choices in place, we denote the coordinate in S' by ¢ and define a
smooth family of 1-forms A\ on S! x S by

€6++h’e d¢ on Sl X (S+\Z/{+),

(4.2) Ae =< fe(p) dO +g(p) dp  on S x U,
ef_ + he do on St x (S_\U.).
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Observe that S x S admits a natural summed open book with empty binding, inter-
face T = S' x I, fibration

gb ifZ€S+,

W:slxw\rHSl:(‘bvz)H{—as ifz€5.,

and the meridians on S' x T' generated by the circles S* x {const}.

Proposition 4.3. There exists ¢ > 0 with the following properties.

(i) For any € € (0,€), A\c is a positive contact form on S' x S and is a Girouzr
form for the summed open book described above. Moreover, for all these contact
forms each component of the interface S* x T' is a Morse-Bott submanifold of
Reeb orbits pointing in the Op-direction.

(ii) For any € € (0,¢y] and for each ¢ € S*, the leaves of the characteristic foliation
on {¢} x S are precisely the gradient flow lines of h..

(iii) The 2-form w = d(e*)) is symplectic on (0, €] x S x S, where s denotes the
coordinate on the first factor.

Proof. To prove (i), note that the natural co-orientation induced by the summed open
book on its pages is compatible with the orientations defined on Sy by j, for which
oL are positive volume forms. To prove the contact condition on S' x (Si \ Uy),
observe that \. — 4d¢ on this region as ¢ — 0, so the contact planes are almost
tangent to the pages. Thus it suffices to observe that d). is positive on Sy \ Uy, which
is clear since d\, = eo4 when restricted to the pages.

On S!' x U, a routine computation shows that the contact condition follows from
fegl — flge > 0. But this is easily computed to equal

fegl = fige = fogy — fogo + e(gy — ¥'g0) + O(€%).
Our conditions on the various functions ensure that all four summands are nonnega-
tive, with the first one strictly positive for p near 0 and the last one strictly positive
for p away from zero. So for ¢y > 0 suffficiently small, the contact condition holds for
all € € (0, €] on S' x U as well. Here it is also easy to compute the Reeb vector field
X, writing D, = f.g. — flg., we have

1 0 0

Our assumptions on f/(p) then imply that X, always has a component in the —0,-
direction for p € (—6,0), and the J,-direction for p € (0,4), while at p = 0 it points
in the dy-direction. Moreover the condition g.(0) = 0 implies that the contact planes
at p = 0 are tangent to the circles S* x {const}, thus A, is a Giroux form. The
Morse-Bott condition at S* x T" follows from f”(0) < 0, which for small € > 0 follows
from fJ/(0) < 0. This concludes the proof of (i).

Next we verify that the characteristic foliation on {¢} x S matches the gradient
flow of h.. This is obvious in U, where both characteristic leaves and gradient flow
lines are simply straight lines in the d,-direction. On Sy \ Uy, a vector v € T'Sy is
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tangent to the characteristic foliation if and only if f4(v) = 0, implying dh+(jrv) =0
and thus v is orthogonal to the level sets of h., which makes it proportional to Vh4
as claimed, and establishes (ii).

Finally, consider the two-form w = d(e®);). On R x S x U, we have \, = f, df +
gs d¢ and so

w=e*(ds N g+ dfs NdO + dgs N\ do),
with
af, = fldp+ v ds
dgs = g, dp + 2s7y ds.
One then computes
wAw =€ (fsgy — figs +Vgs — 2vsf;)ds NdO Ndp A\ do

here, and observe that all four terms are nonnegative, with the first one strictly
positive for small s > 0, so w is symplectic here.

On R x S x (S, \U), we have \; = s, +(1—s*h) d¢, and so another computation
shows

wAw=e*(sa; Nds Adp + O(s%))

here, which is also a positive volume form for small enough s > 0. A similar compu-
tation on R x S x (S_\ U) finishes the proof of part (iii).
O

From now on, denote the contact structure on S' x S for € € (0, ¢ by
& = ker \,.

Due to Gray’s stability theorem, &, is independent of € up to isotopy, and it is iso-
morphic to &p.

Remark 4.4. From the discussion above it is clear that for every ¢ € S*, {¢} x S
is a convex surface for & with dividing set I', positive part S, and negative part
S_. In particular, the Euler class e(¢.) € H?*(S' x S) satisfies (e(&), [{*} x S]) =
x(S3) — x(S_). It follows from the S'-invariance of & that the Euler class vanishes
on all cycles of the form S! x ~ for closed curves v C S. Thus

e(€) = [x(S4) — x(S-)| PD[S" x {+}].
The following assertion can be checked by a routine computation.

Lemma 4.5. The Reeb vector field Xy, on S* x (Si \ Us) is given by

1 0
4.4 X, = +—+€.Vhy |. ]
( ) Ae 1+ €2 (|Vh:|:|§i _ h:l:) ( a¢ €]+ :I:)
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In particular, this shows that every critical point z € Crit(h,) gives rise to a periodic

orbit
v, =St x {z}

of X.. We shall denote by 77 the n-fold cover of v, for any n € N and z € Crit(h).
Observe that there is always a natural trivialization of the contact bundle along 7,
defined by choosing any frame at a point and transporting by the S'-action.

We next define a compatible complex structure J; on &, as follows. On S* x (S3\T),
the projection S* x S — S defines a bundle isomorphism

TS - §5|Sl><(S\F) — TS|51><(S\F)a
which we can use to define J, : & — & on S* x (S \ Us) by
(45) Je = W;ji.
Since 9, € & on S' x U, we can now extend J, to this region by setting

Je0, = ae(p)[fe(p)0s — 9e(p) 4],

for any smooth family of functions a. : (—=d,0) — (0,00) which equals £1/g, near
p = 14, so in particular for € > 0, J. satisfies

dp(J.0,) =0 and dA.(0,,J.0,) > 0,
Extend J, to an R-invariant almost complex structure
Jo:T(Rx (S'x8)) =T (Rx(S"x09))
in the standard way, i.e. by setting J.0; = X, where s is the R-coordinate. Then for
each z € Crit(h,.), there is a trivial cylinder
R x S' = R x (S*' x 8): (s,t) = (s,t,2),

which can be reparametrized to define an embedded J.-holomorphic curve of Fredholm
index 0. We shall abbreviate this curve by R x 7., and similarly write R x 77 for the
obvious J.-holomorphic n-fold cover of R x ,.

Proposition 4.6. For e € (0, ¢, suppose x : R — S is a solution to the gradient
flow equation © = Vh(x) approaching z+ € Crit(h.) at £o00. Then there exists a
proper function a : R — R, unique up to a constant, such that the embedding

Uy R x S* = R x (S'x 9): (s,t) = (a(s),t,z(s))

1s a J.-complex curve. Both ends of u are positive if and only if the two critical points
zy and z_ lie on opposite sides of the interface.

Proof. For any z € S, regard Vh(z) as a vector in T(y.)(S' x S) for some fixed
¢ € S, and observe that Vh.(z) € (&). due to Prop. B3l Thus we can define an
S'-invariant vector field

v(p, z) = JVhe(z),
which takes values in & and vanishes only at S' x Crit(h.). For z € Sy \ Uy, ([EH)
implies that v(¢, 2) is a linear combination of j; Vh.(z) and 0y, and the same is true
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for z € U due to the condition dp(J.0,) = 0. By (43) and (4.4]), the Reeb vector
field X, is also a linear combination of the same two vector fields everywhere, and
is of course linearly independent of v except when the latter vanishes, from which we
conclude

8¢ € RX A D Rwv

everywhere on S' x S. Tt follows that J.0 is everywhere a linear combination of
and Vh,, so the desired complex curves are obtained by integrating the distribution

RO, & RJ.0,.

In particular, this generates a foliation whose leaves include an R-invariant family
of cylinders of the form wu, described above for each nontrivial gradient flow line
xR — S, and the trivial cylinders R x v, defined above for each z € Crit(h.). The
signs of the cylindrical ends can now be deduced from the orientations of the Reeb
orbits, using the fact that the orientations of . and 7, in the S'-direction match if
and only if z and ( lie on the same side of the dividing set I'. O

From the proposition it follows that each of the embeddings u, is a (not necessar-
ily Je-holomorphic) parametrization of a finite energy J.-holomorphic curve, whose
Fredholm index ind(u,) is the sum of the Conley-Zehnder indices at its ends if both
are positive, or the difference if one end is negative. We shall abuse notation by
identifying the map u, : R x ST — R x (S! x S) with the unique unparametrized
Je-holomorphic curve it determines, and do the same with the obvious unbranched
multiple cover

ul(s,t) := ug(s,nt)

for each n € N.

Proposition 4.7. Assume h, and h_ are chosen so that their gradient flows are
Morse-Smale (see Remark[{.3). Then after possibly adjusting the gluing map 0S+ —
0S_, there exist functions
(0,e0] = (0,00) : e — T.
(0,60] > N:er— N

with lim_,o T, = lim,o N, = 400 such that the following conditions hold for all € > 0:
(1) Vhe is Morse-Smale.
(2) Every closed orbit of X, with period less than T, is either in S x U or is 4"
for some z € Crit(h,) and n < N..
(3) Foralln < N, v is nondegenerate as an orbit of X and has Conley-Zehnder
index
1 ifind(z) =0 or 2,
4.6 ") =
(46) Hez7%) {0 ifind(z) = 1,
with respect to the S'-invariant trivialization of & along 47, where ind(z)
denotes the Morse index of z.
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Proof. Up to parametrization, the flow of VA, matches that of Vhy on Sy \ Us
and d, on Y. Thus if Vhy are both Morse-Smale, any flow lines of VA, connecting
two index 1 critical points must pass through I', and can thus be eliminated by a
small rotation of the gluing map 95, — 9S_. The existence of the function T, with
lim,_,o 7. = oo follows from (&), as all orbits outside of S' x I other than the 4" for
z € Crit(h,) correspond to closed orbits of j+Vhy in level sets of hy, with periods
that become infinitely large as ¢ — 0. We can then define

N, :=max{n € N | All 47 have periods < T, as orbits of X,_},

and observe that N, — oo as € — 0 since the periods of 7, converge to 1. The
formula for pcz(~?) is a standard computation from Floer theory relating Conley-
Zehnder indices to Morse indices, see for example [SZ92]. O

We will assume from now on that the conditions of Prop. 1] are satisfied. Then
Vh,. is Morse-Smale for all € € (0, €], and it will follow that each of the J.-holomorphic
cylinders wu, corresponding to gradient flow lines z : R — S between critical points
z_,zy € Crit(h,) has positive Fredholm index. Indeed, these cylinders come in five
types:

(1) z_ € S_ with index 0 and z; € S; with index 2: then ind(u,) = 2 and both
ends are positive.

(2) z_,z4 € S; with indices 1 and 2: then ind(u,) = 1 and one end is negative.

(3) z_,2z4 € S_ with indices 0 and 1: then ind(u,) = 1 and one end is negative.

(4) z_ € S_ with index 0 and z; € S, with index 1: then ind(u,) = 1 and both
ends are positive.

(5) z— € S_ with index 1 and z; € S, with index 2: then ind(u,) = 1 and both
ends are positive.

This classification is exactly the same for the multiply covered cylinders ul(s,t) for
alln < N,.

Proposition 4.8. For every gradient flow line x : R — S, the corresponding J.-
holomorphic cylinders ul! for n < N, are all Fredholm regular.

Proof. By the criterion in [Wenl1(, Theorem 1], an immersed, connected finite energy
Je-holomorphic curve u with genus g asymptotic to nondegenerate Reeb orbits is
Fredholm regular whenever

ind(u) > 2g — 2 + #I,

where the integer #1'g > 0 denotes the number of ends at which u approaches orbits
with even Conley-Zehnder index. In the case at hand, we always have g = 0 and
either ind(u) = 2 with #I'y = 0 or ind(u) = 1 with #I'y = 1, so the criterion is
satisfied in all cases. O

It follows that the embedded cylinders u, for all gradient flow lines x on S, together
with the trivial cylinders R x v, for z € Crit(h.), form a stable finite energy foliation

in the sense of [HWZ03,[Wen0§g].
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In the following, we will make use of the intersection theory for punctured holo-
morphic curves, defined by Siefring [Sie]. This theory defines an intersection number

u*xv €7

for any two asymptotically cylindrical maps u,v from punctured Riemann surfaces
into the symplectization of a contact 3-manifold, with the following properties:

e 1 * v is invariant under homotopies of v and v through asymptotically cylin-
drical maps.

e ux v > (0 whenever both are finite energy pseudoholomorphic curves that are
not covers of the same somewhere injective curve, and the inequality is strict
if they have nonempty intersection.

Lemma 4.9. Suppose u and v are finite energy pseudoholomorphic curves in the
symplectization R x M of a contact manifold (M,§), such that u has no negative
ends, and the positive punctures ¢ € 'l of v are asymptotic to Reeb orbits denoted
by v¢e. Then

UKV = Zu*(Rx%).

cery

Proof. By R-translation we can assume the image of u is contained in [0, 00) x M,
and can then homotop v through a family of asymptotically cylindrical maps so that
its intersection with [0, 00) x M consists only of the trivial half-cylinders [0, c0) x 7,
for ¢ € T'f. The lemma thus follows from the homotopy invariance of u * v. U

It is possible in general to have u v > 0 even if u and v are disjoint holomorphic
curves: in this case intersections can “emerge from infinity” under generic pertur-
bations, and excluding this typically requires the computation of certain winding
numbers. We will only need to worry about this in one special case:

Lemma 4.10. For any z € Crit(h.), a gradient flow line z : R — S that begins and
ends on opposite sides of the interface, and n < N, (R x ) % u, = 0.

Proof. The curves R x 42 and u, obviously do not intersect since x does not pass
through any critical points, so we only have to check that there are no asymptotic
contributions to (R x %) % u,. This is trivially true unless z is one of the end points
of x, so assume the latter. Then the definition of the intersection number in [Sic]
implies that (R x 4”) % u, = 0 if and only if the asymptotic end of u” approaching
~7 has the largest possible asymptotic winding about the orbit. This bound on the
winding is an integer a_(77), which is the winding of a particular eigenfunction of
the Hessian of the contact action functional, and was shown in [HWZ95] to be related
to the Conley-Zehnder index by

poz(vy) = 2a- (7)) + p(v7),

where p(72) € {0,1}. Since pcz(y2) is either 0 or 1 by Prop. A1, we conclude
a_(~) = 0, which is obviously the same as the winding of u! about 7 as it ap-
proaches asymptotically. O
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Proposition 4.11. Suppose u: Y — R x (S x S) is a finite energy J.-holomorphic
curve which is not a cover of a trivial cylinder and has all its positive ends asymptotic
to Reeb orbits of the form v for z € Crit(h.) and n < N.. Then wu is a cover of u,
for some gradient flow line x : R — 5.

Proof. If u is neither a cover of any wu, nor of a trivial cylinder over ~, for some
z € Crit(h.), then it must have a nontrivial intersection with one of the curves u,,
implying u *u, > 0. By a small perturbation using positivity of intersections, we can
assume also that x is a generic flow line, connecting an index 0 critical point z_ € S_
to an index 2 critical point z, € S;. Then u, has no negative ends, so u * u, is the
sum of the intersection numbers of u, with all the positive asymptotic orbits of u by
Lemma [2.9] But these are all zero by Lemma [ T0, giving a contradiction. O

Proposition 4.12. Suppose © : R — S is a gradient flow line of he and u = ¥ —
R x (S' x S) is a J.-holomorphic multiple cover of u, with covering multiplicity at
most N.. Then ind(u) > 1, and the inequality is strict unless the cover is unbranched,
.e. uw =ul for somen < N,.

Proof. The index formula for « is

ind(u) = —x(X) + 21 (u*E) + pez(u),
where pcz(u) is the sum of the Conley-Zehnder indices of its positive asymptotic
orbits minus those of its negative asymptotic orbits, and ¢;(u*€) is the relative first
Chern number of the bundle v*¢ — ¥ with respect to the natural trivialization of
each orbit 7”. The latter vanishes due to the S'-invariance (cf. Remark [£.4)). For the
Conley-Zehnder indices, we use Prop. 4.7 distinguishing between two cases:

e If x passes through I'; then both ends of u, are positive and thus all ends of u
are positive. Moreover, the Morse-Smale condition guarantees that u, cannot
have both its ends at hyperbolic critical points with Conley-Zehnder index 0,
hence pcoz(u) > 1.

e Otherwise u, has a positive end at an elliptic critical point z; with pcz(v., ) =
1 and a negative end at a hyperbolic critical point z_ with pcz(v,_) = 0, so
again pca(u) > 1

As aresult, ind(u) > —x(2)+1, which is strictly greater than 1 unless ¥ is a cylinder,
in which case there are no branch points. O

Proposition 4.13. Suppose z € Crit(h.) and v : ¥ — R x (S* x S) is a J.-
holomorphic multiple cover of R x ~, with covering multiplicity at most N.. Then
ind(u) > 0, and the inequality is strict unless u has exactly one positive end.

Proof. 1f ind(z) = 1, then Prop. 7 implies that all asymptotic orbits of u have
Conley-Zehnder index 0 in the natural trivialization, hence ind(u) = —x(X) > 0,
with equality if and only if ¥ is a cylinder, implying it has one positive and one
negative end. Otherwise, the asymptotic orbits of u all have Conley-Zehnder index 1,
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so if g > 0 is the genus of u and its sets of positive and negative punctures are denoted
by I't and I~ respectively, we have

ind(u) = —x(£) + #IF = #I7 = —(2— 29 — #I7 — #T7) + #IF — #I~
=29 — 2424 =29+ 2(#I'" —1) > 0.
O

Remark 4.14. The moduli spaces of J.-holomorphic curves in R x (S* x S) can be
oriented coherently whenever all asymptotic orbits are nondegenerate and “good”, see
[EGHO0,BMO04]. In particular, the spaces of cylinders u! covering gradient flow lines
can be given orientations that match a corresponding set of coherent orientations for
the spaces of Morse gradient flow lines.

4.2. Proofs of Theorems [3] and [4. The results of the previous subsection give
enough information on .J.-holomorphic curves in R x (S' x S) to prove the main
theorems. Recall that the natural compactification of the moduli space of finite
energy punctured holomorphic curves consists of holomorphic buildings, which in
general may have multiple levels and nodes, see [BEHT03].

Proof of Theorem[3. Assume S_ is disconnected and let S* and S? denote two of
its connected components. Then we can choose the Morse functions hy so that h_
has exactly one index 0 critical point in each of S* and S?, denoted by 2! and 22
respectively, and h, has an index 1 critical point z, € S, such that the two negative
gradient flow lines of h, flowing out of 2, end at 2! and 22 respectively. In particular,
there is a unique gradient flow line x; connecting 2! to z,. By Prop. I, the set
of all J.-holomorphic buildings with no negative ends and positive ends approaching
any subset of the two simply covered orbits 7., and «,: consists of the following:

(1) The cylinder u,, with two positive ends at ., and 7,1

(2) All cylinders u, corresponding to gradient flow lines z connecting z! to index 1
critical points in S*. Each of these cylinders has one positive and one negative
end, with the positive end approaching v, .

Since both of these orbits are nondegenerate and all of the holomorphic curves in
question are Fredholm regular by Prop. 48] they all survive any sufficiently small
perturbation to make A, nondegenerate and J. generic, as well as the introduction
of an abstract perturbation for the holomorphic curve equation. The chain complex
for SF'T can therefore be defined so as to contain two special generators ¢y, and

.., such that DSFT(qul q%+) is computed by counting the J.-holomorphic curves

listed above (cf. Remark B.7]). We claim now that for a suitable choice of coherent
orientations, the algebraic count of cylinders of the second type is zero. Indeed,
the orientations can be chosen compatibly with a choice of coherent orientations for
the space of gradient flow lines (cf. Remark [14)), thus the count of these cylinders
matches the count of all gradient flow lines connecting z! to index 1 critical points

in S. The latter computes a part of the term d(z!) in the Morse cohomology of S,
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but since z! is the only index 0 critical point in S, (z1) is a closed generator of the
Morse cohomology, and the claim follows. We conclude that only the cylinder wu,,
with two positive ends gives a nontrivial count, and thus

Dgpr (%Zl qu+) = h.
U

Recall from Remark that if all the Reeb orbits below some given action 7" > 0
are nondegenerate, then one can define a truncated complex (A(X, T')[[h]], Dspr). The
proof that (V, &) has no algebraic (k — 2)-torsion for k£ > 2 depends on establishing
the following criterion.

Lemma 4.15. Suppose K is a nonnegative integer and (M,§) is a closed contact
manifold admitting a contact form A, compatible almost complex structure J and
constant T > 0 with the following properties:

(1) All Reeb orbits of A with period less than T' are nondegenerate.

(2) For every pair of integers g > 0 andr > 1 with g+r < K+ 1, let M;T(J; T)
denote the space of all index 1 J-holomorphic buildings in R x M with arith-
metic genus g, no negative ends, and r positive ends approaching orbits whose

periods add up to less than T'. Then H;T(J; T) consists of finitely many
smooth curves (i.e. buildings with only one level and no nodes), which are all
Fredholm reqular.

(8) There is a choice of coherent orientations for which the algebraic count of

curves in M;T(J; T) is zero whenever g+r < K + 1.
Then if Dgpr = AN T)[[A]] — A\ T)[[A]] is defined by counting solutions to a

sufficiently small abstract perturbation of the J-holomorphic curve equation, there is

no Q@ € AN, T)[[h]] such that
DSFT(Q) — hK + O(hKJrl)

Proof. We begin by observing that since all the buildings in M;T(J ;T') are smooth
Fredholm regular curves, the count of the corresponding moduli space of solutions
under any suitable abstract perturbation will remain 0 (cf. Remark B.7).

Recall now that Dgpr has an expansion Dgpp = > Dk’ in powers of ki, where D,
counts (perturbed) holomorphic curves whose genus and number of positive punctures
add up to ¢. The assumption (3) now guarantees that, for every @ € A(\, T) each
term of D,(Q) with ¢ < K contains at least one g-variable. So if @ € A(X, T)[[h]] is
arbitrary, we can write its differential uniquely as

Dgpr(Q) = P+ O(h"H),

with P a polynomial of degree at most K in A whose nontrivial terms each contain
at least one ¢-variable. This establishes the claim. O
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We now fix one of our specific examples (V;, {). The two sides S, and S_ of S are
then both connected, so we can choose each of the functions hy : S — R to have a
unique local minimum; in this case h. : S — R for € > 0 has a unique index 0 critical
point in S_ and a unique index 2 critical point in S,. Recall that for any € € (0, €],
Proposition gives an exact symplectic cobordism

([e, €0] x (S* x S),d(e*),))

relating the contact forms e\, and e®\,. Then for any sufficiently C*°-small function
F.: S' xS — R, the subdomain

X.:i={(s,m) €eRx (S'x 9) | e+ F.(m) <s< e}

gives an exact symplectic cobordism between e\, and e“\., where A, is the perturbed
contact form
M= e,

By Prop. 27, \. has nondegenerate orbits up to period 7T, except in S* x U, thus one
can choose a generic C*-small function F. with compact support in S* x U so that )\’
has only nondegenerate orbits up to period 7T, (the fact that generic perturbations in
an open subset suffice follows from the appendix of [ABW10]). Choose a correspond-
ing complex structure J! on the perturbed contact structure & := ker Al such that J!
is C"*°-close to J.. The proof of Theorem [ now rests on the following observation.

Lemma 4.16. The assumptions of Lemma [{.13 are satisfied with A\ = \., J = J.,
T=1T, and K =k — 2.

Proof. Tt will turn out that it suffices to count holomorphic buildings for the unper-
turbed structure J,, so to start with, suppose u is an index 1 J.-holomorphic building
in R x (S! x S) with no negative ends and at most k — 1 positive ends, asymptotic
to orbits whose periods add up to less than 7T,. We claim that u is then a smooth
curve (with only one level and no nodes), and is a cylinder of the form u” for some
gradient flow line z : R — S of h, and n < N.. Indeed, we start by arguing that none
of the asymptotic orbits of u can lie in the region S* x Y. By Proposition A7, all
asymptotic orbits of u outside this region are of the form ~? for z € Crit(h,), and thus
have trivial projections to S. Moreover, all closed Reeb orbits in S x U project to U
as closed curves homologous to some positive multiple of a component of I', oriented
as boundary of S,. It follows that the projection of u to S is a capping chain for the
sum of these curves. Since there are k components of I', but only at most £ —1 ends of
u, there is at least one component of S' x U which does not contain any asymptotics
of u. Using this interface component, it is easy to construct a closed curve on S which
has nonzero intersection number with the asymptotics of u in S' x U, proving that
a capping chain cannot exist. This contradiction proves our claim that none of the
asymptotics can lie in S x U.

Now Proposition [.7] implies that all the asymptotic orbits of u are of the form ~?
for z € Crit(h.) and n < N,. Proposition .11] then implies that every component
curve in the levels of u is one of the following;:
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(1) A cover of a trivial cylinder R x ~, for some z € Crit(h,).
(2) A cover of the cylinder u, for some gradient flow line z : R — S of h,,
connecting critical points of h. on opposite sides of T'.

By Proposition .13l all curves of the first type have nonnegative index. Proposi-
tion implies in turn that all curves of the second type have index at least 1, and
there must be at least one such curve since u has no negative ends. Since ind(u) = 1,
it follows that u contains exactly one curve of the second type, which is an unbranched
cover u} for some gradient flow line x and n < N, and all components of u that are
covers of trivial cylinders have exactly one positive end. Combinatorically, this is
only possible if u has precisely one nontrivial connected component, which is of the
form ul.

By Prop. 4.8 the curves u} are all Fredholm regular, thus they will all survive the
small perturbation of J, to J/; in fact the lack of nontrivial J.-holomorphic buildings
means that no additional J!-holomorphic buildings can appear under this perturba-
tion. Thus it will suffice to show that the algebraic count of the J.-holomorphic
cylinders u} for n < N, is zero. For this, choose a system of coherent orientations
for the gradient flow lines of h., and a corresponding system of orientations for the
moduli spaces of J.-holomorphic curves (see Remark [L14). The relevant count of
holomorphic curves is then the same as a certain count of gradient flow lines: we are
interested namely in all index 1 holomorphic cylinders u! for which both ends are
positive, and these correspond to the gradient flow lines x that pass through I' and
connect an index 1 critical point on one side to an index 0 or 2 critical point on the
other. Consider in particular the set of all gradient flow lines that connect the unique
index 2 critical point z, € S, to any index 1 critical point in S_. The count of these
flow lines calculates part of the differential 0(z,) in the Morse homology of S, but
since there is no other critical point of index 2, (z,) is necessarily closed in Morse
homology, implying that the relevant algebraic count of flow lines is zero. Applying
the same argument to the unique index 0 critical point in S_ using Morse cohomology;,
we find indeed that the algebraic count of cylinders u! with two positive ends for any
n < N, vanishes. O

Remark 4.17. The preceding result also establishes the conditions of Proposition [A.6]
in the appendix, thus implying the lower bound stated in Theorem [7.

Proof of Theorem[. In light of Theorem [ it remains to show that [h*~?] does not
vanish in HX*T(V,, &).

We will argue by contradiction and suppose A*~2 vanishes in H5*T(V,, &). Choose
a nondegenerate contact form A\ such that there is a topologically trivial cobordism
X with positive end (V}, \) and negative end (V,, e®\). Choose all necessary data
to define Dgpr on A(M)[[R]] such that it computes HSFT(V,, &). In particular, there
exists @ € A(M)[[R]] such that
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Writing Q = Q1 + O(R*~1), we find a polynomial Q; of degree at most k — 2 in h
with the property that

Dgpp(Qy) = A2 + O(R* ).

Note that since ()7 is a polynomial in the g-variables, there exists some T" > 0 such
that in fact Q1 € A\, T)[[R]].

Now choose € > 0 so small that eI, > T. Gluing the cobordism X, constructed
above to X, we obtain an exact cobordism with positive end (V,, A) and negative end
(Vy, e°AL) which according to Remark gives rise to a chain map,

Op (AN D[R], Dser) — (A(X e “T)[[A]], Dspr),

where the right hand side admits the obvious inclusion into (A(M, T;)[[%]], Dser)-
But then Dgpr®7(Q1) = ®rDspr(Q1) = A*2 + O(h*~1), which contradicts Lem-
mas and This contradiction shows that 7*~2 cannot vanish in H5"T(V,, &),
completing the proof of the theorem. O

Remark 4.18. We conclude this section by giving the rough idea of how to construct
the exact cobordisms with positive end (V,11,&,+1) and negative end (V, &) alluded
to in Remark [LG this was explained to us by J. Van Horn-Morris. First observe
that if V, = S x S with § = S, Upr S_ and Vi1 = S* x §" with &' = S, Up 57,
then one can transform the former to the latter by picking two distinct points p_, py
in the same connected component of I' and attaching 2-dimensional 1-handles H :=
D! x D' along the corresponding points in both 95, and dS_, producing S/, and S”
respectively with a preferred orientation reversing diffeomorphism 0S5, — 95". A
Stein cobordism between (V;, &) and (Vj41, £k+1) is then constructed by “multiplying
the handle attachment by an annulus”. More precisely, we define the two Legendrian
loops ¢+ = S x {p+} C V,, and attach to these a 4-dimensional round 1-handle

Ho=Hx[-1,1] x S = D! x (D? x S')
with boundary
o =0 HUo,H = (D' x (D* x 5") ) U (D! x 0 (D? x 8) ).

This produces a smooth cobordism from V, to V.1, and one can make it into a Stein

cobordism by regarding H as an “Sl-invariant Weinstein handle”, with a Morse-Bott
plurisubharmonic function with critical set {(0,0)} x S*, isotropic unstable manifold
D x {0} x St and coisotropic stable manifold {0} xD?x S!. Perturbing the Morse-Bott
function to a Morse function with critical points of index 1 and 2 along {(0,0)} x S,
one sees that the same cobordism can be obtained by attaching a combination of
standard Stein 1-handles and 2-handles. One can then use open book decompositions
[VHM] to show that the resulting contact structure on Vg is the one determined by
the dividing curves [V C S’.
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5. OUTLOOK

We close by mentioning a few questions that arise from the results of this paper.

As shown in the appendix, algebraic torsion in dimension three seems to be closely
related to the ECH contact invariant; indeed, all of our examples are contact man-
ifolds for which the latter vanishes, and they exhibit a correspondence between the
minimal order of algebraic torsion and the integers (M, ¢) and ff, (M, &) defined
by Hutchings. It is unclear however whether a precise relationship between these
invariants exists in general, as SF'T counts a much larger class of holomorphic curves
than ECH.

It is presumably also possible to define a corresponding invariant in Heegaard Floer
homology, but the latter is apparently still unknown.

Question 1. Is there a Heegaard Floer theoretic contact invariant that implies ob-
structions to Stein cobordisms between pairs of contact 3-manifolds whose Ozsvdth-
Szabd invariants vanish?

Remark 5.1. There is an obvious Stein cobordism obstruction in Heegaard Floer ho-
mology, defined in terms of the largest integer £ > 1 for which the contact invariant
is in the image of the kth power of the so-called U-map. (Note that one could define
an exact cobordism obstruction in ECH in precisely the same way.) Nontrivial exam-
ples of this obstruction have been computed by Cagr1 Karakurt [Kar]. Interestingly,
since this invariant is only really interesting in cases where the contact invariant is
nonvanishing, Karakurt’s results are completely disjoint from ours.

In contrast to ECH or Heegaard Floer homology, SFT is also well defined in higher
dimensions, and it remains to find interesting examples beyond the O-torsion examples
that are known from [BN/[BvK]. We also expect that there should be examples that
have untwisted algebraic torsion but admit stable fillings (and thus do not have fully
twisted torsion), mirroring the “weakly but not strongly fillable” phenomenon that is
well known in dimension three.

Conjecture. For all integers k > 1 and n > 2, there exist infinitely many closed
(2n — 1)-dimensional contact manifolds that have algebraic torsion of order k but not
k — 1. There also exist (2n — 1)-dimensional contact manifolds that have (untwisted)
algebraic k-torsion but admit stable symplectic fillings.

Finally, one wonders to what extent algebraic torsion might also give obstructions
to non-ezact cobordisms. Results in [Wenb| show that Corollary [ for instance is
false without the exactness assumption, and the reason is that a non-exact cobordism
between (M &) and (M~,£7) does not in general imply a morphism

HN(M*,€5) — HPH (M, €0).
On the other hand, if (M™,£71) has algebraic torsion, then (M, &™) clearly cannot

be fillable, and as was explained in §2] a non-exact cobordism does give a map from
HSYT(M*,£7) to a suitably twisted version of HSFT(M~, ¢7), where the twisting is
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defined by a count of holomorphic curves without positive ends in the cobordism. It
is however unclear whether the vanishing of [h¥] in this twisted SFT also implies a
result for the untwisted theory. A promising class of test examples is provided by
the so-called capping and decoupling cobordisms constructed in [Wenb], for which the
holomorphic curves without positive ends can be enumerated precisely.

Question 2. If (M*,&%) and (M~,£7) are related by a non-exact symplectic cobor-
dism and (M, &%) has algebraic torsion of some finite order, must (M~,£7) also have
algebraic torsion of some (possibly higher) finite order? Is there a precise relation be-
tween these orders for the capping/decoupling cobordisms constructed in [Wenb)] ¢

APPENDIX (by Michael Hutchings). ECH ANALOGUE OF ALGEBRAIC k-TORSION

The purpose of this appendix is to define an analogue of algebraic k-torsion in
embedded contact homology (ECH). Specifically, given a closed oriented 3-manifold
Y, anondegenerate contact form A on Y, and an almost complex structure J on RxY
as needed to define the ECH chain complex, we define a number f(Y, A, J) € NU{o0},
which is similar to the order of algebraic torsion. It is not known whether this
number is an invariant of the contact manifold (Y, = Ker\). Nonetheless this
number, together with some variants thereof, can be used to reprove some of the
results on nonexistence of exact symplectic cobordisms between contact manifolds
that are proved in the main paper using algebraic torsion. In addition, the results in
this appendix do not depend on any unpublished work: in particular we do not use
any symplectic field theory or Seiberg-Witten theory here.

A.1. Basic recollections about ECH. We begin by recalling what we will need to
know about the definition of ECH.

Let Y be a closed oriented 3-manifold with a nondegenerate contact form \. Let
R denote the Reeb vector field determined by A, and let £ = Ker(\) denote the
corresponding contact structure. Choose a generic almost complex structure J on
R x Y such that J is R-invariant, J(0s) = R where s denotes the R coordinate, and
J(&) = &, with d\(v, Jv) > 0 for v € . To save verbiage below, we refer to the pair
(A, J) as ECH data for (Y,€). From these data one defines the ECH chain complex
ECC(Y, )\, J) as follows.

An orbit set is a finite set of pairs @ = {(a;, m;)} where the «a;’s are distinct
embedded Reeb orbits and the m;’s are positive integers. The homology class of
the orbit set « is defined by [a] := > .mylog] € Hi(Y). The orbit set « is called
admissible if m; = 1 whenever «; is hyperbolic (i.e. its linearized return map has real
eigenvalues). The ECH chain complex is freely generated over Z by admissible orbit
sets.

Now let @ = {(cv, m;) } and 5 = {(B;,n;)} be two orbit sets with [a] =[] € H1(Y).

Definition A.1. Define M ;(a, ) to be the moduli space of holomorphic curves
u:(X,7) = (R xY,J), where the domain 3 is a (possibly disconnected) punctured
compact Riemann surface, and u has positive ends at covers of a; with total covering
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multiplicity m;, negative ends at covers of 3; with total covering multiplicity n;, and
no other ends. We consider two such holomorphic curves to be equivalent if they
represent the same 2-dimensional current in R x Y.

Let Hs(Y, o, B) denote the set of relative homology classes of 2-chains in Y with
oY =5 . ma; — Zj n;f3;; this is an affine space over Hy(Y'). Any holomorphic curve
u € My(a, ) determines a class [u] € Ho(Y, o, B). If Z € Ho(Y, o, B), define

My, 8, Z) = {u e My(a, ) | [u] = Z}.
Also the FCH indez is defined by

(A.1) I, 8,7) = c.(2) +Q.(Z +ZZCZ ZZCZ (B5).

Here 7 is a trivialization of £ over the Reeb orbits «; and S;; ¢,;(Z) denotes the
relative first Chern class of & over Z with respect to the boundary trivializations 7;
Q-(Z) denotes the relative self-intersection pairing; and CZ,(7*) denotes the Conley-
Zehnder index with respect to 7 of the k' iterate of . These notions are explained
in detail in [Hut02/[Hut09]. The ECH index of a holomorphic curve u € M ;(a, f) is
defined by I(u) := I(a, 3, [u]).

We will need the following facts, which are proved in [Hut09, Thm. 4.15] and
[HS06l Cor. 11.5]:

Proposition A.2.

(a) If u € My(a, ) does not multiply cover any component of its image, then
ind(u) < I(u), where ind denotes the Fredholm index.
(b) If J is generic and u € M ;(a, ), then:
o [(u) >0, with equality if and only if u is R-invariant (as a current).
o If I(u) = 1, then u = wug U uy where uy is embedded and connected,
ind(uy) = I(uy) = 1, and ugy is R-invariant (as a current).

The differential 0 on the ECH chain complex is now defined as follows: If « is an
admissible orbit set, then

Oa = Z Z e(u) - .

B {ueMy(a,B)/R|I(u)=1}

Here the sum is over admissible orbit sets 5 with [a] = [5], and e(u) € {£1} is a
sign explained in [HT09, §9]. The signs depend on some orientation choices, but the
chain complexes for different sign choices are canonically isomorphic to each other.
It is shown in [HTO7[HT09] that 0 is well-defined and (what is much harder) 9% = 0.
The homology of the chain complex is the embedded contact homology ECH (Y, A, J).
Note that the empty set @) is a legitimate generator of the ECH chain complex, and
90 = 0. The homology class [0)] € ECH(Y, ), J) is called the ECH contact invariant.

Taubes has shown that ECH(Y, A, J) is canonically isomorphic to a version of
Seiberg-Witten Floer cohomology [Taul, and in particular depends only on Y. In
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addition, under this isomorphism the ECH contact invariant depends only on ¢ and
agrees with an analogous contact invariant in Seiberg-Witten Floer cohomology. How-
ever we will not need these facts here.

There is also a filtered version of ECH which is important in applications. If
a = {(a;,m;)} is an orbit set, define the symplectic action

It follows from the conditions on J that the ECH differential decreases symplectic ac-
tion, i.e. if (O, B) # 0 then A(«) > A(f). Hence for each L € (0, 0o], the submodule
ECCL(Y, A\, J) of ECC(Y, ), J) generated by admissible orbit sets of action less than
L is a subcomplex. The homology of this subcomplex is denoted by ECH*(Y, \, J),
and called filtered ECH . Of course, taking L = oo recovers the usual ECH.

It is shown in [HT] that filtered ECH does not depend on J (we will not use this
fact here). However filtered ECH does depend on the contact form A. In particular,
if ¢ is a positive constant, then an almost complex structure J as needed to define
the ECH of A determines an almost complex structure (which we also denote by J)
as needed to define the ECH of ¢\, with the same holomorphic curves. There is then
a canonical isomorphism of chain complexes

(A.2) ECCH(Y, N\, J) = ECC*(Y,cA, J),
induced by the obvious bijection on generators.

A.2. The relative filtration J,. We now recall from [Hut09, §6] how to define a
relative filtration on ECH which is similar to the exponent of A in SF'T.

Let @ and f be admissible orbit sets with [a] = [5] € Hi(Y), and let Z €
Hy(Y, «, 8). Similarly to (AT]), define

m;—1 n;—1

(A3) Ji(a.B.2) = —c(Z2)+Q-(2)+) Z CZ(af)=Y " CZ.(B5)+|a|—|BI.
7 k=1

J

Here |a| denotes the cardinality of the admissible orbit set a. (There is also a more
general definition of J, when the orbit sets are not necessarily admissible, but we will
not need this here.) If u € M (a, ), define J, (u) := Ji (o, B, [u]). There is now the
following analogue of Proposition [A.2] proved in [Hut09, Prop. 6.9 and Thm. 6.6]:

Proposition A.3. Let o and [ be admissible orbit sets with [o] = [f].
(a) If u € M j(c, B) is irreducible and not multiply covered and has genus g, then

(A.4) Ji(u) >2 <g — 1o+ (NF =1+ (N; - 1)) :

Here N;© denotes the number of positive ends of u at covers of «;, and Ny
denotes the number of negative ends of w at covers of B;. Moreover, equality

holds in ([A.4l) when ind(u) = I(u).



44 JANKO LATSCHEV AND CHRIS WENDL

(b) If J is generic, and if u € M (o, B), then Ji(u) > 0.

Note that if u contributes to the ECH differential, then J (u) is even. (Comparing
(A1) and (A.3]) shows that the parity of J, (u) — I(u) is the parity of the number of
Reeb orbits «; or 3 that are positive hyperbolic, which is the parity of ind(u).) Thus
we can decompose the ECH differential 0 as

(A5) a:ao+8l—|—a2_|_...

where 0y, denotes the contribution from holomorphic curves u with J, (u) = 2k.

Since J, is additive under gluing [Hut09, Prop. 6.5(a)], it follows that 95 = 0,
D01 + 010y = 0, etc. Thus we obtain a spectral sequence E*(Y,\,J), where E' is
the homology of 9y, and E? is the homology of d; acting on E'. Unfortunately this
spectral sequence is not invariant under deformation of the contact form. The reason
is that although an exact symplectic cobordism induces a map on ECH which (up to
a given symplectic action) is induced by a chain map that somehow counts (possibly
broken) holomorphic curves [HT], Proposition [A.3[(b) does not generalize to exact
symplectic cobordisms. That is, the chain map induced by a cobordism can include
contributions from multiply covered holomorphic curves with J, negative. However
we can still use this spectral sequence to define a useful analogue of the order of
algebraic k-torsion.

A.3. The analogue of order of algebraic torsion. Let Y be a closed oriented
3-manifold, and let (A, J) be ECH data on Y.

Definition A.4. Define f(Y, A, J) to be the smallest nonnegative integer k such that
there exists z € ECC(Y, A\, J) with

(Oo+ -+ Op)x = 0.

Equivalently, f(Y,\,J) is the smallest k& such that () does not survive to the E**1
page of the spectral sequence E*(Y, A, J). If no such k exists, define f(Y, A, J) := oc.

Of course, f(Y, A, J) < oo if and only if the ECH contact invariant vanishes. One
can use the cobordism maps on ECH defined in [HT] (using Seiberg-Witten theory)
to show that f(Y,\,J) does not depend on .J. However we will not need this fact
here.

There are now two difficulties in using f to obstruct exact symplectic cobordisms.

First, we would like to show that if there is an exact symplectic cobordism from
(Y, Ap) to (Y-, A_) then

(AG) f(Y+7>‘+aJ+) > f(Y—a)‘—"]—)'

This would imply that f depends only on the contact structure and is monotone with
respect to exact symplectic cobordisms. Unfortunately, we cannot prove ([A.G]) or these
consequences (and we do not know whether these are true), due to the aforementioned
lack of invariance of the spectral sequence. Second, f(Y, A, J) is difficult to compute
in practice, because often one only understands the ECH chain complex up to a given
symplectic action.
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To deal with the latter difficulty, we can define a filtered version of f.

Definition A.5. Given L € (0, 0], define fL(Y, A, J) to be the smallest nonnegative
integer k such that there exists x € ECCE(Y, \, J) with

(Oo+ -+ + O)x = 0.
The following proposition can be used in calculations to give lower bounds on f*.

Proposition A.6. Let (A, J) be ECH data on'Y, and fix L € (0,00]. Let k be a
positive integer. Suppose that the algebraic count

Z e(u) =0

{ueMy(a,0,2)/R}
whenever:

o « is an admissible orbit set with A(a)) < L, and

o 7 € Hy(Y, a0, 0) is such that I(ca,0,Z) =1, and

o curves in Mj(a, 0, Z) have genus g and N, positive ends with g+ N, < k.
Then fE(Y N\, J) > k.

In the third bullet point above, note that curves in M ;(«, 0, Z) are embedded and
connected by Proposition [A.2(b), and then g and N, are uniquely determined by
a and Z. Here N, is determined by [Hut09, Thm. 4.15], while g is determined by
Proposition [A3|a).

Proof. Let a be an admissible orbit set with A(a) < L and let Z € Hy(Y,a, ()
such that I(«,0,Z) = 1 and J,(«,0, Z) < 2k. Then by Proposition [A2(b), curves
in M;(a,0,Z) are embedded and connected, so by Proposition [A.3[(a), such curves
have g + N, < k. Then by hypothesis, the algebraic count of such curves is zero.
This means that (J;cr, 0) = 0 whenever 7 < k. O

We now prove a weaker version of ([A.6]), which will still allow us to obstruct exact
symplectic cobordisms. This requires the following additional definitions.

Definition A.7. An orbit set o = {(cv;, m;)} is simple (with respect to J) if:

e m; = 1 for each 7.
o If 5 ={(Bj,n;)} is another orbit set (not necessarily admissible), and if there
is a (possibly broken) .J-holomorphic curve from a to 3, then n; = 1 for each j.

Given L € (0,00], let ECCL (Y, ), J) denote the subcomplex of ECC(Y, A, J) gen-

simp

erated by simple admissible orbit sets a with A(«a) < L.

Note that even when L = oo, the homology of the subcomplex ECCE  is not

simp
invariant under deformation of A, as shown by the ellipsoid example in

Definition A.8. Define Sfmp(Y, A, J) to be the smallest nonnegative integer j such

that there exists x € ECCJ, (Y, A, J) with
(80+---+8k)x:@.
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If no such z exists, define fX (Y, \ J) := oo.

simp

Of course we always have fL (YA, J) > fE(Y,),J). The main result of this

simp

appendix is now the following theorem.

Theorem A.9. Let (A\+, J1) be ECH data on Yi. Suppose there is an exact symplectic
cobordism from (Yy,Ay) to (Y_,A_). Then

Fimp (Vs Ay Jy) > fH(Y, A, )

simp
for each L € (0, 00].

Here is how Theorem [A.9 can be used in practice to obstruct symplectic cobordisms.
Below, write femp 1= fou

simp*

Corollary A.10. Suppose there exists an exact symplectic cobordism from (Y, ,&,) to
(Y_,&). Fiz ECH data (A, Jy) for (Y., &) and a contact form N with Ker(\_) =
&_. Fiz a positive integer k. Suppose that for each L > 0 there exist ECH data
(A, J) for (Y_,& ) with fX*(Y_,A\_,J_) > k and an exact symplectic cobordism
from (Y_,\_) to (Y_,A_). Then fsmp(Yy, Ay, J1) > k.

Proof. The first hypothesis implies that there exist a positive constant ¢ and an exact
symplectic cobordism from (Y, cA;) to (Y_, X ). The second hypothesis then implies
that for each L > 0 there exist ECH data (A_, J_) for (Y_,£_) with f2(Y_,A_,J_ ) >
k and an exact symplectic cobordism from (Y,,cAy) to (Y_,A_). By the scaling
isomorphism ([A.2)) and Theorem [A.9 we have

o (Vi A, ) = fh (Vi edy Jy) > k.

simp simp

Since L was arbitrary, we conclude that famp(Y5s, A, J4) > k. O

Here is another corollary of Theorem [A.9 which tells us a bit more about the
meaning of f.

Corollary A.11. Suppose (Y,§) is overtwisted. Then f(Y,\,J) =0 whenever (X, J)
is ECH data for (Y,§).

Proof. The argument in the appendix to [Yau0O6] shows that one can find ECH data
(Ay, Jy) for (Y,&) such that there is an embedded Reeb orbit v with the following
properties:

e v has smaller symplectic action than any other Reeb orbit.
e There is a unique Fredholm index 1 holomorphic plane u in R XY with positive
end at 7.

The holomorphic plane u is embedded in R x Y, so I(u) = 1 also, and J,(u) = 0.
This means that dy{(7,1)} = £0. Since v has minimal symplectic action, {(, 1)} is
simple. Thus femp(Y, A+, J4+) = 0. We can also assume, by multiplying A, by a large
positive constant, that there is an exact (product) symplectic cobordism from (Y, Ay)

to (Y, A). Theorem [A.9 with L = oo then implies that f(Y,\, J) = 0. O
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One might conjecture that the converse of Corollary [A.T1] holds:

Conjecture A.12. Given a closed contact 3-manifold (Y, €), if f(Y,\,J) =0 for all
ECH data (X, J) for (Y,§), then (Y,&) is overtwisted.

Remark A.13. Conjecture [A.12] implies the well-known conjecture that if (Y_,£ )
is a closed tight contact 3-manifold, and if (Y,&,) is obtained from (Y_,&_) by
Legendrian surgery, then (Y, ,&,) is also tight.

Proof. Suppose (Y,,£,) is obtained from (Y_,£ ) by Legendrian surgery. Recall
from [Wei91] that there is an exact symplectic cobordism from (Y,£.) to (Y_,& ).
If (Y,,&,) is overtwisted, then as explained above one can find ECH data (A, J, ) for
(Yy, &4 ) such that famp(Ys, Ay, J4) = 0. Theorem[A.9/then implies that f(Y_,\_,J_) =
0 for all ECH data (A_, J_) for (Y_,&_). If we knew Conjecture [A-T2] then we could
conclude that (Y_,£_) is overtwisted. O

A.4. A cobordism chain map. We now state and prove the key lemma in the proof
of Theorem

Lemma A.14. Under the assumptions of Theorem[A9, there is a chain map

®: ECCL, (Yi A, Jy) — ECCH(Y_, A_, J)
with the following properties:
(a) ©(0) = 0.
(b) There is a decomposition ® = &g+ 1 + - -+ such that

i+j=k
for each nonnegative integer k.

Proof. The proof has four steps.

Step 1. We begin with the definition of ®. Let (X,w) be an exact symplectic
cobordism from (Y, ,A;) to (Y_,A_). Let A be the corresponding 1-form on X. There
exists a neighborhood N, ~ (—¢,0]x Y, of Y} in X in which A = e* A, where s denotes
the (—¢, 0] coordinate. Likewise there exists a neighborhood N_ ~ [0,e) x Y_ of Y_
in X in which A = e®*A_. We then define the “completion”

X = ((—00,0] X Y_) Uy X Uy, ([0,00) x Y,),

with smooth structure defined using the above neighborhoods. Choose a generic

almost complex structure .JJ on X which agrees with J, on [0,00) x Y., which agrees

with J_ on (—o00,0] x Y_, and which is w-tame on X. If a™ and o~ are orbit sets in

Y, and Y_ respectively, define M ;(a™, a™) to be the moduli space of J-holomorphic

curves in X satisfying the obvious analogues of the conditions in Definition [A1l
The crucial point in all of what follows is this:
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(*) If the orbit set a™ is simple, then a holomorphic curve in M ;(a™, a™) cannot
have any multiply covered component. Also, a broken holomorphic curve
arising as a limit of a sequence of curves in M (a™, o) cannot have any
multiply covered component in the cobordism level.

Note that the proof of (*) uses exactness of the cobordism to deduce that every
component of a holomorphic curve in X has at least one positive end.

Another key point is that the definition of the ECH index I, and the index inequality
in Proposition [A2)(a), carry over directly to holomorphic curves in X, see [Hut09,
Thm. 4.15]. In particular, if o™ is simple and if u € M j(at, o) has I(u) = 0, then
the index inequality applies to give ind(u) < I(u), and since J is generic we conclude
that I(u) = 0 and wu is an isolated point in the moduli space, cut out transversely. As
a result, we can define the map ® as follows: If o™ is a simple admissible orbit set in
Y, with A(a™) < L, then

(A.8) JEREEY > e(u),

a” {ueM;(at,a™)|I(u)=0}

where the first sum is over admissible orbit sets o~ in Y_, and ¢(u) € {£1} is a sign
defined as in [HT09, §9].

Step 2. We now show that & is well-defined, i.e. that the sum on the right hand
side of ([A.g)) is finite, and we also prove that ® satisfies property (a).

To start, note that if there exists u € M j(a™, a™), then exactness of the cobordism
and Stokes’s theorem imply that A(a™) > A(a™), with equality only if u is the empty
holomorphic curve. This has three important consequences. First, ® maps ECCSLimp
to ECCL as required. Second, ®(f)) = (). (The sign here follows from the conventions
in [HT09, §9].) Third, for any simple admissible orbit set o™, only finitely many
admissible orbit sets a~ can make a nonzero contribution to the right hand side of
(Ag). So to prove that ® is well-defined, we need to show that if a™ is a simple
admissible orbit set in Y, and if o~ is an admissible orbit set in Y_, then there are
only finitely many curves u € M (a™, ™) with I(u) = 0.

Suppose to obtain a contradiction that there are infinitely many such curves. By
a Gromov compactness argument as in [Hut02, Lem. 9.8] we can then pass to a
subsequence that converges to a broken holomorphic curve with total ECH index and
total Fredholm index both equal to 0. By (*), the level of the broken curve in X cannot
contain any multiply covered component. Consequently the index inequality implies
that this level has I > 0, and so by Proposition [A.2[a) all levels have I = 0. The
proof of [HTOT, Lem. 7.19] then shows that there is only one level (i.e. there cannot
be symplectization levels containing branched covers of R-invariant cylinders). Thus
the limiting curve is also an element of M ;(a*, a™) with I = 0, and since this is an
isolated point in the moduli space we have a contradiction.

Step 3. We now show that @ is a chain map. If at is a simple admissible orbit
set in Y, then to prove that (0® — ®9)at = 0, we analyze ends of the I = 1 part
of M (a™,a™) where a~ is an admissible orbit set in Y_. Again, by (*), a broken
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curve arising as a limit of such curves cannot contain a multiply covered component
in the cobordism level. Thus the proof of [HTO7, Lem. 7.23] carries over to show that
a broken curve arising as a limit of such curves consists of an ind = I = 0 piece ug
in the cobordism level, an ind = I = 1 piece u; in a symplectization level, and (if
up is in R x Y_) possibly additional levels in R x Y_ between uy and wu; consisting
of branched covers of R-invariant cylinders. The gluing analysis to prove that the
ECH differential has square zero [HT07, Thm. 7.20] then carries over with minor
modifications to prove that 90® = 0.

Step 4. We now show that ® satisfies property (b). To do so, note that if u is a
holomorphic curve counted by ®, then J(u) is even by the same parity argument
as before. Also, since u contains no multiply covered component, and since every
component of u has a positive end, the proof of [Hut09, Thm. 6.6] carries over to
show that Ji(u) > 0. We now define @, to be the contribution to ® from curves u
with J, (u) = 2k. Equation (A7) then follows from the fact that J, is additive under
gluing. O

A.5. Conclusion.

Proof of Theorem[A.d. The decomposition (AH) of the differential for (\,,.J,), re-
stricted to the subcomplex ECCL (Y, A, J.), gives rise to a spectral sequence

simp
PES e (Ye, Ay, J4), whose E' term is the homology of 9 acting on ECCE (Yo, Ay, J4),

simp
and so forth. Likewise the decomposition ([A.D) of the differential for (A_, J ),
restricted to the subcomplex ECCL(Y_,\_,J_), gives rise to a spectral sequence
LE*(Y_,A_,J_). By Lemma [AT4(b), ® induces a morphism of spectral sequences

O PEL (Y Ay, Jy) — FER(YL, AL, D),
which by Lemma[AT4(a) sends 0 to 0. If f& (Y, X\, J,) =k < oo, then () does not

simp
: k41 . . . .
survive to LEsiEp. Applying the morphism ®* then shows that () does not survive to

LERLY_ XN_,J ), s0 fUY_ A, J) <k, O
Acknowledgments. I thank Patrick Massot for helpful discussions.
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