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¢-BERNSTEIN POLYNOMIALS ASSOCIATED WITH
¢-STIRLING NUMBERS AND CARLITZ’S
¢-BERNOULLI NUMBERS

T. KIM, J. CHOI, AND Y.H. KIM

Abstract Recently, T. Kim([4]) introduced g¢-Bernstein polynomials which
are different g-Bernstein polynomials of Phillips([12]). In this paper, we give p-
adic g¢-integral representation for Kim’s g-Bernstein polynomials and investigate
some interesting identities of g-Bernstein polynomials associated with g-extension
of binomial distribution, ¢-Stirling numbers and Carlitz’s ¢g-Bernoulli numbers.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q,, C and C,, denote
the ring of p-adic integers, the field of p-adic rational numbers, the complex number
field and the completion of algebraic closure of @, respectively. Let N be the set of
natural numbers and Z; = NU{0}. Let v, be the normalized exponential valuation
of C, with |p|, = p~»®) = %.

When one talks of g-extension, q is variously considered as an indeterminate, a
complex number ¢ € C or p-adic number ¢ € C,. If ¢ € C, one normally assumes
lg| <1, and if ¢ € C,, one normally assumes |1 — ¢|, < 1.

The g-bosonic natural numbers are defined by [n], = 11%‘1: = 14q+¢*+- - +q" !
for n € N, and the ¢-factorial is defined by [n]y! = [n]q[n — 1] - [2]4[1]q. For the
g-extension of binomial coefficient, we use the following notation in the form of

(n) _ [n]q! _ [n]q[n_l]q"'[n_k'i‘l]q'
k q [n — ]! (k]! [k]q!

Let C[0, 1] denote the set of continuous functions on [0, 1](C R). Then Bernstein
operator for f € C]0,1] is defined by

n n

k. (n n k
Bafle) = Y- 1) (1) a1 =0 = 3 1) B,
k=0 k=0
where n, k € Z;. The polynomials By, (z) = (})2"(1 — 2)"~F are called Bernstein
polynomials of degree n (see [1]). For f € C[0,1], Kim’s ¢-Bernstein operator of
order n for f is defined by

Bua(fle) = 3 15 () ietla - o
k=0

n

=3 ) B,

k=0

Q=3

2000 Mathematics Subject Classification : 11B68, 11B73, 41A30.
Key words and phrases : ¢-Bernstein polynomial, Bernoulli numbers and poly-
nomials, p-adic g-integral.
1


http://arxiv.org/abs/1009.3439v1

2 T. KIM, J. CHOI, AND Y.H. KIM

where n,k € Zy. Here By n(z,q) = (})[x]F[1 - z]"~* are called the Kim’s ¢-

Bernstein polynomials of degree n (see [4]).
We say that f is uniformly differentiable function at a point a € Z,, and write

€ UD(Z,), if the difference quotient Fy(z,y) = £&=IW hag a limit f'(a) as
P f

r—y

(xz,y) = (a,a). For f € UD(Z,), the p-adic ¢-integral on Z, is defined by

p N_1
= /Zp f(x)dpg(z) = N; ,  (see [6]).

Carlitz’s g-Bernoulli numbers can be represented by p-adic g-integral on Z, as
follows:

pY -1
/ [I]Zd,uq(a:) = A}gnoo [pi]] Z [x]ng = Bn,q (see [6, 7). (1)

P =0

The k-th order factorial of the g-number [z],, which is defined by

_ _ (=g —=g"H (1 —g"
[Z]gg = [zlglz —1]g- - [z —k+ 1] = A= qF )

is called the g-factorial of x of order k (see [6]).

In this paper, we give p-adic ¢-integral representation for Kim’s ¢-Bernstein
polynomials and derive some interesting identities for the Kim’s ¢-Bernstein poly-
nomials associated with g-extension of binomial distribution, ¢-Stirling numbers
and Carlitz’s ¢g-Bernoulli numbers.

2. ¢-BERNSTEIN POLYNOMIALS
In this section, we assume that 0 < ¢ < 1. Let P, = {d a;[z]}| a; € R} be the
i

space of g-polynomials of degree less than or equal to n.
For f € C[0,1] and n,k € Z,, Kim’s g-Bernstein operator of order n for f is
defined by

Br,q(f]2) ZZf )Bi.n (2, q). (2)
k=0
Here By, n(z,q) = (})[2]F[1—- ]2 ¥ are the Kim’s ¢-Bernstein polynomials of degree

n (see [4]).

Kim’s ¢-Bernstein polynomials of degree n is a basis for the space of g-polynomials
of degree less than or equal to n. That is, Kim’s g-Bernstein polynomials of degree
n is a basis for P,.

We see that Kim’s g-Bernstein polynomials of degree n span the space of ¢-
polynomials. That is, any g-polynomials of degree less than or equal to n can be
written as a linear combination of the Kim’s ¢-Bernstein polynomials of degree n.
For n,k € Z, and x € [0,1], we have

Bin(a.q) = Z()() D, (see [4)) 3)

=



3

If there exist constants Cp, Cy,...,C, such that CoBy n(z,q) + C1.B1n(z,q) +
-+« 4+ CpBpn(z,q) = 0 holds for all z, then we can derive the following equation
from (3):

0 = CoBon(z,q)+CiBin(z,q) + -+ CpByn(z,q)
- ey () (o) azon () (e

TReS é(—l)” () (2t
Co+ {Z e (1) (3 e e () (3

Since the power basis is a linearly independent set, it follows that

Co =0,
! n\ (1
_1yi—1 _
> Ci(-1) (1) (Z> 0,
=0
. i—n [T n _
e ()() o
1=0
which implies that Co = C; = --- = C,, = 0 (Cp is clearly zero, substituting this

in the second equation gives C7 = 0, substituting these two into the third equation
gives Cy = 0, and so on).

Let us consider a g-polynomial P, (z) € P, which is written by a linear combina-
tion of Kim’s ¢g-Bernstein basis functions as follows:

Pq(x) = OOBO,n(Ia Q) + OlBl,n(Ia q) +-+ Can,n(Ia q)- (4)

It is easy to write (4) as a dot product of two values.

Co
Cq
Pq(x) - (BO,n(xuq)vBl,n(xaq)u'-'7Bn,n(x7q)) : . (5)
Cn
From (5), we can derive the following equation:
boo 0 0 --- 0 Co
bio 6110 --- 0 Gy
Pq(.I):(l,[I]q, 7[Iq . : : . : : B
bnO bnl bn2 o .. bnn Cn

where the b;; are the coefficients of the power basis that are used to determine the
respective Kim’s ¢g-Bernstein polynomials. We note that the matrix in this case is
lower triangular.
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From (2) and (3), we note that
Batesa) = [-alf =Y (7)1l = 1~ 2l + o,
Bia(z,q) = <

Byo(z,q) = <§>[az]§_[x]g.

In the quadratic case (n = 2), the matrix representation is

1 0 0 Co
Pa)= (Ll b2 [ -2 2 0 || &
1 -2 1 Cy

In the cubic case (n = 3), the matrix representation is

1 0 00 Co
-3 3 00 C
-1 3 -31 Cs

In many applications of g-Bernstein polynomials, a matrix formulation for the Kim’s
g-Bernstein polynomials seems to be useful.

3. g-BERNSTEIN POLYNOMIALS, ¢-STIRLING NUMBERS AND ¢-BERNOULLI
NUMBERS

In this section, we assume that ¢ € C, with |1 — ¢, < 1.
For f € UD(Z,), let us consider the p-adic analogue of Kim’s ¢g-Bernstein type
operator of order n on Z, as follows:

Bua(fle) = 3 (5 () )l — a1y Zf )Bin(z.9).

Let (Eh)(x) = h(z + 1) be the shift operator. Then the g-difference operator is
defined by

Q

Al = (E-1)y=[[(E-q¢ D), (6)

i=1
where (Ih)(z) = h(z). From (6), we derive the following equation:
=> (Z) (~1)*qG) f(n — k), (see [7)). (7)
k=0 a

By (7), we easily see that

- ;) (Z)qAZf(O), (see [6, 7).



The g¢-Stirling number of the first kind is defined by

ﬁ 1+ [k]q2) ZSl o(n,k)z (see [5, 6]), (8)

umber of the second kind is also defined by

H ZSQq n,k)z (see [5]). (9)

and the ¢-Stirling

for n,k € Z4 (see [6]).
Let us consider Kim’s g-Bernstein polynomials of degree n on Z, as follows

Bun(oa) = (1) lslt =l

for n,k € Z4 and x € Z,. Thus, we easily see that
n—=k

[ Beate i =3 (") () 0 [ e o)

P =0

By (1) and (10), we obtain the following proposition.

Proposition 1. Forn,k € Z, we have

/ Bion (2, q)dptg () = ni (” f k) (Z) (=1)' B kg

Zyp 1=0

where Biyk,q are the (I + k)-th Carlitz’s g-Bernoulli numbers.

From the definition of Kim’s ¢g-Bernstein polynomial, we note that

;EIBBknJJQ Zq () J1Saa (ki — k),

where 7 € N. From the definition of g-binomial coefficient, we have

(D)0 ()0,

k
By (12), we see that

! o= CD - e
/Zp <">qduq( ) [+ 1] » (see [6, 7). (13)

From (1), (11) and (13), we obtain the following theorem.
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Theorem 2. Forn,k € Z; and i € N, we have

EE B (e

_ K . (=1)F —(*
= k_0q< JH1a1S2.a(k i = 1) gy (),

It is easy to see that for i € N,
- (5)
= (z)

Biu(.q) = 2]}, (14)

=

By (11) and (14), we easily get

Zq () J!Sa.g (ki — k), (see [6]).

Thus, we have

[ Bl = 3OS0 ) [ () A 09

P k=0

—1)*
—qZ %2 (k ’“>[1i+)1]q'

By (1) and (15), we obtam the following corollary.

Corollary 3. Forn,k € Z, andi € N, we have

Kk
ﬂzq—qz 'qukl—k)( 1) .

[k +1],
It is known that
k .
k+n\[(j+n
Sanh) = e S0 (U (1) el o)
= J i/,

and

<:>q—§;<?)<q—1>j’w“—’“-

By simple calculation, we have that

w3 - 1) (). e (1)

()
I

and



From (17) and (18), we note that

(;) = Zn:(q— 1)~ m*’“( ) S1.q(k,m), (see [6]).

k=m
Thus, we obtain the following proposition.

Proposition 4. Forn,k € Zy, we have

Bu(ena) = ()l =ty = 307447 () 1m0 =l

1
a

q(®) <“’>q[n]q! = [@]ngdC Zslq n, k)| (19)

By (11) and (19), we obtain the following theorem.

Theorem 5. Forn,k € Z; and ¢ € N, we have

Z ZZslquSqu— k)[z]!.

k:lz k=0 1=0

By (14) and Theorem 5, we obtain the following corollary.

Corollary 6. Fori € Z,, we have

i k
Big =33 S1qlk,1)S2q(k.i —k)Brg.

k=0 1=0
The g-Bernoulli polynomials of order k € Z, are defined by

n

B = T D <”> v [ . / T ) di ). (20

Z )(z—i—k) (i—i—l)qm’ (see [6]).

z—i—k i+ 1],

The inverse g-Bernoulli polynomials of order k are defined by

3 (1'()a” . (see [6]). (21)

Bl (@) : .
* pardll PRRERN PR gt BTy (2) - - dpg ()

1—q"

In the special case x = 0, B,(f()z(O) = B,(f()z are called the n-th ¢-Bernoulli numbers

of order k and [3( k)( 0) = B,(;qk) are also called the inverse g-Bernoulli numbers of
order k.
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From (21), we have

(=n)  _ 1 : R E\[j+nlg---J+1]

i = T 2OV R o
ot GED Y [l
= T J:o(_l) (’“Z”)( n )qW (22)
B [n]q! 1 ~ jf(k+n\(j+n
GS) '{(1—q)’“;( )(n—J)( n )q}

By (16) and (22), we get
”_’! (’“ i ”) B = Sy 4(n, k). (23)

Therefore, by (11) and (23), we obtain the following theorem.

Theorem 7. Fori,n,k € Z+, we have

2 e =20 (1) 8

It is easy to show that

;) - LTI 6~ )

n

|
-
(-
—
I
—_
~—
o
83
B
n
it
<
—~
S
I
—_
)
~—

Thus, we have that

i(k)B x,q) = i i [2]F775) g (k=1 )k_' ¢ gk
(i) kn q 1,q 5] B\ ) Pika

k=1

where n, k,i € Z,..
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