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Covariant Dirac Operators on Quantum Groups

Antti J. Harju*

Abstract

We give a construction of a Dirac operator on a quantum group based on any simple Lie algebra
of classical type. The Dirac operator is an element in the vector space cly(g) ® Uq(g), where the
first tensor factor is a deformation of the classical Clifford algebra. The tensor space clg(g) ® Uq(g)
is given a structure of the adjoint module of the quantum group and the Dirac operator is invariant
under this action. This work generalizes the operator introduced by Bibikov and Kulish in [I].
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Introduction

The Dirac operator on a semisimple Lie group G is an element in the noncommutative Weyl algebra
cl(g)®U (g), where U(g) is the enveloping algebra for the Lie algebra of G. The vector space g generates
a Clifford algebra cl(g) whose structure is determined by the Killing form of g. Since g acts on itself
by the adjoint action, cl(g) ® U(g) is a g-module. The Dirac operator on G spans a one dimensional
invariant submodule of ¢l(g) ® U(g) which is of the first order in cl(g). Kostant’s Dirac operator [13]
has an additional cubical term in cl(g) which is constant in U(g).

The noncommutative Weyl algebra acts on a Hilbert space which is also a g-module. Since the
Dirac operator is the invariant subspace it follows that it commutes with the action of g and hence
the Dirac operator acts as a constant on each irreducible component in the representation of g on
the Hilbert space. The spectrum of the Dirac operator captures the metric properties of the the
Riemannian manifold G [3].

In [1] Bibikov and Kulish considered the quantum group deformation of su(2) and constructed a
Dirac operator which is invariant under the adjoint action of the quantum group. In this approach,
however, the spectrum of the operator grows exponentially as a function of the highest weight of the
representation of the quantum group. This Dirac operator cannot be applied in the noncommutative
differential calculus because the metric properties do not deform in a reasonable way. This led to a
new approach to build a Dirac operator on a quantum group as an operator on a Hilbert space with
a classical spectrum and in this case the axioms of the noncommutative geometry were fulfilled. This
was first applied for U,(su(2)) in [2, [4]. More generally a geometric Dirac operator was constructed
using the Drindfeld’s twist in [I5] where it was defined for any compact quantum group.

The purpose of this paper is to study further the approach of the reference [I]. We are looking for an
operator in the vector space cly(g) @ Uy (g), where cly(g) is a trivial g-deformation of the Clifford algebra
which transforms covariantly under the action of the quantum group. Furthermore, we postulate the
following defining principles for the covariant Dirac operator D:

1. D transforms covariantly in the one dimensional trivial module under the adjoint action of Uy(g).

2. D commutes with the representation of U,(g).
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For the Lie algebras the property 2. is a consequence of 1. However, if we let a quantum group act
on the tensor product cl,(g) ® U,(g) with its coproduct, we need to choose the module structures in
cly(g) and U,(g) carefully to make an operator with property 1. verify 2. This is not a general fact
and will be discussed in Section 2.

Even though this Dirac operator is not suitable for a spectral triple, it can be used to study
topological properties of quantum groups. The covariant Dirac operator can be used in a Fredholm
or Kasparov module and it carries K-theoretical and homological (in the sense of cyclic cohomology)
information of a quantum group.

We consider the adjoint representation of the quantum group and define a bilinear form in this
module which is invariant under the action. The braiding operator R commutes with the coproduct
of U,(g) and it can be considered as a g-analogue of the permutation of a tensor product. We let R
act on a tensor product of adjoint representations and use the spectral decomposition of this action
to define the ¢-Clifford algebra. The eigenvectors of R split into two parts which can be considered
as g-deformations of symmetric and antisymmetric tensor products. We identify the ’¢g-symmetric’
tensors with their image in the bilinear form. The practical difficulty in this approach is that there is
no general formulas for the spectral decompositions. However, the explicit form of the R-matrix is well
known and so one can solve the eigenvalue problem with some mathematical software for any chosen
quantum group and apply our results.

We give a constructive proof for the existence of the covariant Dirac operator with the properties
1. and 2. on any quantum group based on any complex simple Lie algebra of classical type. The
deformation parameter g is supposed to be strictly positive real number. We write an explicit formula
for the operator on Uy(sl(n)).

Conventions. Let g be a simple finite dimensional Lie algebra with a set of simple roots A = {a; :
1 <i<n} and Cartan matrix a;;. Let ¢ # 1 be a complex number. The quantum group Uy(g) is the

unital associative algebra with generators ¢, ti_l, e, fi (1 < i< n) subject to [0, [10]

[tit;] =0, tit;' =1 tiejt;' =qie;,  tifit; =q; “fj,
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les, fi] = 0ij ——",

qi — 4q;
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where ¢; = ¢%, d;’s being the coprime integers such that d;a;; is a symmetric matrix and the g-binomial
coefficients are defined by

[m]%‘ = (qi - qfl)(qg - q;2) T (q;n - q;m), [O]% =1

B

In the limit ¢ — 1 the algebra U,(g) reduces to U(g). Uq(g) is a Hopf algebra with a coproduct
A Uq(g) — Uqg(g) @ Uy(g), an antipode S : Uy(g) — Uy(g) and a counit € : Uy(g) — C. The vectors
t; and t; ! are grouplike so that e(t;) = €(t; ') = 1 whereas €(e;) = €(f;) = 0. The coproduct A is
noncocommutative and there exists a universal R-matrix such that

RA(z)R™' = o A(x),

where o permutes the tensor product. The R-matrix is an infinite sum defined in some completion of
the tensor product U, (g) @ Uy(g) but only a finite number of terms are nonzero in any finite dimensional
representation. Here we always assume that the parameter g is a strictly positive real number. In this
case the braiding operator R = oR is a selfadjoint operator in any finite dimensional representation.
In the limit ¢ — 1, R becomes the permutation operator.



If V' is a module for the algebra U,(g) then a weight of v € V is a linear functional p €
U;(til, ...,t*") defined in a dual space of the quantized Cartan subalgebra so that z.v = ¢y
for all x € U, (tF1, ... t%7).

As was shown in [T4] [T6] the theory of finite dimensional representations of semisimple Lie algebra
g and quantum group U, (g) are identical in the case ¢ is not a root of unity. A highest weight module
L of Uy(g) is finite dimensional if and only if A € PT. If X\ € P™ then the dimension of each weight
space is equal to the dimension of the corresponding weight space in the highest weight module module
Ly of U(g). The category of representations is semisimple with simple objects L§, A € P*.

The adjoint action of the quantum group on itself is an algebra homomorphism U,(g) x U,(g) —
Uy(g) defined by

x abd y =x'yS(z"). (1)

One can find a finite dimensional submodule in U,(g) which is isomorphic to the adjoint representation
of the quantum group [5]. Let ¢ = e, Z = h1(R'R — 1) where R! = ¢ Ro and

A= (7le & id)Z eC® Uq(g) ~ Uq(g), (2)

where 7, are the matrix elements of the defining representation of U,(g). Denote by 7* the dual
representation

mi(x) = mi(S(x)).
The vectors Z;;; transform covariantly under the adjoint action
ad
W Ty = Zigmh (@ )m(2”),  forall x € Uyg).

According to the termionology of [5], a (weak) quantum Lie algebra is an invariant submodule in
U,(g) which is a deformation of g and transforms covariantly under the adjoint action. Denote by
{u;} and {u}} the basis vectors of the defining representation and its dual and by {v;} the basis of the
adjoint representation. Using the matrix coefficients of the module isomorphism v, +— K% (u} ® u;)
we define

Zy =K (m; ®id)Z.
Z,’s span a quantum Lie algebra £,(g) inside U,(g) which is isomorphic to the adjoint representation
of Uq(g).
1 Covariant Clifford algebra

Let g be a simple Lie algebra of classical type. Denote by (U, 7) and (U*, 7*) the defining representation
of Uy(g) and its dual. The adjoint representation is an invariant submodule V' C U* @ U. The action
is given by
ad
x> (uf @ up) = mi(S(a")ui @ mi(a")u;

for all z € Uy(g) and v =u] @ u, € V.

Proposition. There exists a nondegenerate bilinear form By : V ® V' — C which is invariant under
the adjoint action of Uy(g), i.e.

By(z ¥ (v ®@w)) := By(a' Tood ¥ w) = €(z)By(v @ w).



B, is unique up to a multiplicative constant.

Proof. There exists a module isomorphism f : V — V* defined as follows. The action of R gives a
module isomorphism R : U*®@U — U®U*. Composing this with the identification U@U* ~ (U*@U)*
and restricting the composition to the invariant submodule V' defines the module isomorphism f.

Choose a basis {v;} of V and let {v}} be the dual basis. The canonical pairing defined on the
generators by eval(v; ® vy) = vj(vx) = d; is nondegenerate. Thus, the composition

B, VeV 3vievc,
v @ w — eval(f(v) ® (w))

is nondegenerate. B, is invariant because

By(@' E v’ ¥ w) =evalla’ & fv) @ 2" 5 w) = F(0)(S(@)a" B (w)) = e(z)By(v @ w),
for all z € Uy(g) and v,w € V.
Let ¢ be the map V — V* which sends v € V' to the functional ¢(v)(w) = B,y(v @ w) € V*. Using
the Hopf algebra axioms we see that ¢ is a module homomorphism:

ad

bz B v)(w) =d(a’ ¥ v)(e(@”)w) = oz’ T o)((@”S")) ¥ w)
=B, Tvea" ¥ (S@") T w) = (@) By(v® S(") ¥ w)

— $(v)(S(z) B w)

for all z € Uy(g) and v, w € V. Furthermore, ¢ is a module isomorphism because By is nondegenerate.
If 6 is another module isomorphism 6 : V — V* we can define a module isomorphism § 'o¢: V =V
which commutes with the action of the quantum group. g is simple and so the adjoint module V is
irreducible and the uniqueness follows from the Schur’s lemma. [J

In practical calculations the form B, is easiest to find by fixing the costants directly from the
invariance condition.

Let R; = o;R; (1 <4< N —1) be the linear operator where R; is the R matrix acting on the ¢’th
and (i + 1)’th component in the tensor product space VY and o; permutes the tensor components.
The braiding operator R; commutes with the action of U,(g) on the tensor product and thus the
eigenspaces of R; are invariant subspaces of Uq(g). R; is a selfadjoint operator and its eigenvalues are
real. Furthermore, the eigenvalue of a nonzero eigenspace is not equal to zero for any g > 0 because
R; is an isomorphism. Thus, the tensor product splits into parts consisting of the vectors with strictly
positive eigenvalues and strictly negative eigenvalues for any allowed value of ¢. In the classical limit
q — 1 these eigenspaces become the symmetric and antisymmetric tensor products in the ¢’th and
(i + 1)’th component.

Given a spectral resolution of R, denote by {a;r : k € I} the negative eigenvalues and by {b; 1, :
k € J} the positive eigenvalues of R;. The brading operators form a generalized Hecke-algebra with
relations

RiRi+1Ri = Ri+1RiRi+l

RiR; = R;R;,
H( Vz - az,k) H(Rz - bz,l) =0
kel leJ

forall1 <i,j <n-—1and |i—j| > 1.
Let T (V) be the tensor algebra of V. We define the covariant Clifford algebra as a projection of
T(V) on the g-antisymmetric tensor products by

cly(g) =T(V)/3



where the ideal J is defined by
J={@1d - Bé)v v € Ker(R; —b; ) forsome €N keJ}

B is the invariant pairing of i’th and (i 4 1)’th tensor component. cly(g) transforms covariantly under
the adjoint action of U,(g) because B; is invariant and the operators R; — bir, commutes with the
action of Uy(g).

A finite dimensional classical Clifford algebra considered as an assosiative algebra is isomorphic to
a finite dimensional matrix algebra with entries in C. The obstruction to infinitesimal deformation of
associative algebras is given by the condition H?(A, A) = 0 in the Hochschild cohomology group [7, [§].
For any associative separable semisimple algebra A and two sided module P the cohomology groups
H™(A, P) (n > 0) are trivial. Especially the classical Clifford algebras are rigid algebras i.e., do not
deform. The deformations cl,(g) are isomorphic to matrix algebras.

It follows that the irreducible representations of cl;(g) can be constructed as in the classical case
(see, e.g. [9]). If V is 2n-dimensional, then there exists linearly independent vectors U1,y oy € cly(g)
which generate cly(g) as an algebra and satisfy {1/31,%} =0= {1/A)i+n,1/3j+n} and {1/31-,1/371“} = §;; for
all 1 <4,5 < n. The vectors 1&1, e ,1&,1 generate a subalgebra which we denote by clq(z/;l, . ,1&,1) If
J is the smallest left ideal in cly(g) containing the elements z/AJnJrl, . ,z/AJgn then the vector space

S = clg(hr, - ) /3

is an irreducible cly(g)-module. The vectors {¢; : 1 < ¢ < n} can be considered as creation operators
and {¢; : n+ 1 <1 < 2n} as annihilation operators in a finite dimensional Fock space which satisfy
the CAR algebra relations.

If V is (2n + 1)-dimensional then one can choose 1, ..., ¥a, € cl,(g) as above and form the Clif-
ford module S. Now cly(g) contains an additional element z/AJgnH anticommuting with each 1&1- and
J’%n 41 = —1. This polarizes S into two eigenspaces with eigenvalues £i. Thus, S is an irreducible
cly(g)-module.

Proposition. There exists a representation of Uy (g) on S which is compatible with the action of the
Clifford algebra cly(g) in the sense that

o .S(2") = (¢ B ). U (3)
for any x € Uy(g), ¥ € cly(g) and ¥ € S.

Proof. The Clifford algebra cl(g) is a Hopf module algebra for the envoloping algebra U(g) and the
generators of U(g) act as derivations on cl(g). The isomorphism of associative algebras ¢ : cl(g) —
Mat(n x n) induces a Hopf module algebra structure on Mat(n x n). All the derivations of Mat(n x n)
are matrix commutators. Thus there exists a representation x of U(g) on C" so that the action on
Mat(n x n) = C™ ® (C™)* is defined by

x> (w@ f) = x(@)we x (2")f = x(@)w e fox(S")), (4)

for all w® f € Mat(n x n).

The algebra cl(g) is generated by the vectors ¢, which span the adjoint representation as a vector
space. Let Mat”(n xn) denote the subspace of Mat(n x n) spanned by ¢(¢})’s. This is also a submodule
of Uy(g) isomorphic to the adjoint representation. The fact that cl(g) and Mat(n x n) are equivalent
Hopf module algebras implies the following: The projection of Mat’(n x n) ® Mat’(n x n) on the
symmetric tensor products is a module homomorpshim

P(¥;) ® p(15) = (W) d(15) + (1) d(¥) = By, v5)1,



which gets values in the trivial module C1, i.e. B is an invariant bilinear form.

Since the categories of the representations of U(g) and U,(g) have the same morphisms, we have a
U,(g)-module homomorphism ¢, : cl;(g) — Mat(n x n) so that the action on the matrix algebra is the
action (@) applied to the coproduct, antipode and a representation x, of Uy(g). Furhermore, if ¢;’s
are the generators of cl,(g) the matrices ¢4(1;) span a submodule Matg (n x m), which is isomorphic
to the adjoint representation of Uy(g). The projection on the ¢g-symmetric subspace (the invariant
eigenspace of R with positive eigenvalues) is a module homomorphism and gets values in the trivial
module C1. It follows from the homomorpshim property that the trivial module is determined by an
invariant bilinear form which is unique. Thus, the map ¢, is a Hopf module algebra isomorphism and
satisfies

S0 B 1) = Xg(2)bg ()X (S(2")).

The representation x4 is given by n X n matrices and thus can be embedded into the Clifford algebra
cly(g) to define @). O

2 Covariant Dirac operator

Let (V,p) and (V*,p*) denote an adjoint representation of U,(g) and its dual. We first define an
invariant one dimensional subspace in the vector space V ® V* and then define D in the image of
this subspace in a module isomorphism from V @ V* to cly(g) ® Uy(g). The module structure of
cly(g) ® Uqy(g) is chosen so that D commutes with the representation.

Proposition. Let {v;} and {v}} be bases of V and V*. The vector D € V @ V* defined by
~ = Z (] ® ’U;‘
is invariant under the action of Uy,(g).

Proof. For all z € Uy(g)

‘5 Zplﬂ Uk®plz( )
ikl

= Z pri(x")pa (S(@")) vk ® vf

i,k,l

—Zplk ('S (z"))vr @ vf

= Z )0pvE @ v = e(a:)ﬁ O

The representation is dependent on the choice of a Hopf structure for the quantum group. If we fix
a Hopf structure, then by definition, the adjoint action on a tensor product ¥ ® Z € cly(g) @ U,(g) is

ay ay ad
s Fwez) =0 Yyed ez (5)

Let cl}; (g) be a submodule of cl;(g) which is isomorphic to the adjoint representation. If ¢ : V —
clV( )and ¢ : V* — £,(g) C Uy(g) are module isomorphisms we could try to define the Dirac operator

= (¢1 ® ¢2)(D). This is certainly invariant under the action (5) of the quantum group. Let us
Wr1te A =37 aiji ® Z; for some complex numbers a;;. Assume that the elements of cly(g) @ Uq(g)
act on a vector space H = S@W, where W is a finite dimensional Uj(g)-module and S is an irreducible



Clifford module with compatible quantum group action. Even though A is invariant it fails to commute
with the representation of U,(g) on H. This can be seen using z = z’¢(2”) and e(z) = S(z')z” twice

a ad
r.Ah=(2'® x”).(z Qi @ Zj).h = Z a;j(a’ N i@ » Z;). (2" @a"").h
i,j 0,
# e(x’)(z a;j; @ Z;).(2" @ 2").h = Ax.h
0,J
for some = € Uy(g) and h € H because of the noncocommutativity of the coproduct. This problem
can be cured by forcing the quantum group act on the modules cly(g) and U,(g) with opposite Hopf

algebra conventions.
Let us choose the primary Hopf algebra structure for U,(g) by

ANe)=e@ti+1®e, Af)=fi@1l+t; ' fi, Alt) =t
S(t)) =t; ', S(e) = —eit;',  S(fi) =—tifi

The Sweedler’s notation A(z) = 2’ ® z” is always applied to this one. Denote by {Z;} a basis of the
quantum Lie algebra £,(g). The adjoint action of the quantum group on £,(g) is given by ().

The following opposite Hopf algebra can also be applied to construct a representations on tensor
products and duals

St)=t7"  Sle)=~t"es, S(fi)=~fits

Denote by V°P the adjoint representation applied to the opposite Hopf algebra conventions. The action
is defined by

T O_Dad (u] @ ug) = Wzi(ﬁ(fﬂ”))u;‘k ® (2" )uy (6)

for all z € U,(g) and u}f ® u, € V® C U* @ U. R = oR! is a brading operator which commutes
with the opposite coproducts. Denote by B, the bilinear form invariant under the opposite adjoint
representation and by cl,(g) the corresponding Clifford algebra which, by construction, transforms
covarianly under the following action of Uqy(g)

n) o—ad

o—ad o—ad
e ity e, = (2t Py ) (@ 7T ).

Theorem. Let cl}z (g) ~ V°P denote the embedding of V°P in cl,(g). Define

D = (¢1 @ ¢2)(D) € cly(g) @ £4(9)

where ¢; : V — clé(g) and ¢2 : V* — £,(g) are module isomorphisms. D spans a one dimensional
invariant subspace in cl;(g) ® Uy (g) and the representation of Uy,(g) and the action of D on the vecor
space H = S @ W commute if the actions of U,(g) and cly(g) on S are compatible.

Proof. D clearly spans a one dimensional invariant subspace because D does. Let us write D =
20 0ijYi @ Zj. Let Y@ w € S®W and z € Uy(g). Using the Hopf algebra properties

e(z) = S(@)z" = S(a")a’



we find that

2D.(V @w)=z()_ aijthi ® Z;).(¥ @ w)
ij
- (Z agje(x )" P @ (") Z;). (¥ @ w)
ij

= (Z aij$(3)¢i£($(2))$(l) @z Z;8(x)z®) (T @ w)
2%

— (Z aij(x” OT>ad ¢1) ® (.’IIW a»d ZJ))(CE/ ®£L'W/).(\I] ®U})
]

=e(2")D(2' @ ") (¥ @w) = Dz.(¥ @w). O

We can also add a cubical term in cly(g) to the Dirac operator. The tensor product V°P & V°P
contains a submodule isomorphic to the adjoint representation which lies in the g-antisymmetric part
and thus is mapped nontrivially into the algebra cl,(g). Let 2 C cly(g) denote this submodule and
¢3 : V* — 2 a module isomorphism. The cubical part of the Dirac operator is defined by

D =m(¢1® ¢3)(D) @ 1,
where m is the product of cl;(g). D, is invariant and commutes with the representation.
D spans an invariant subspace in cly(g) ® U,(g) which is a ¢-deformation of the noncommutative

Weyl algebra cl(g) ® U(g). In the limit ¢ — 1 we get the classical Dirac operator on a Lie group with
a suitable choice of the coefficients.

Example: U, (sl(n)). The defining representation of Uy(sl(n)) on U = C" = @, Cu; can be written
by
Cith = Opigrth—1,  fitk = Opittpyr, iy = ¢ PRy,

Let @ = {& — & 1@ # j;1 < 4,5 < n} be the set of roots of the Lie algebra sl(n). The adjoint
representation of Uy(sl(n)) is the invariant subspace of U* ® U with the highest weight & — &, € ®.
The highest weight vector is u), ® u;.

Let us choose two sets of basis vectors for U* @ U:

+ o ok
Ugy—g = Ugy—g = W ® uk, I<k#I<n

+ -1 x x
Uo ke = (uk @ uj, — Uk+1 ® Ugyq)
Ugp = Uk @ Up — U1 @Upyq, 1<k<n—1

We consider the (n? — 1)-dimensional vector space spanned by {ugrrgl , u(‘; ) as a module where the
quantum group acts with the primary Hopf algebra conventions. Let us denote this module by V.
Similarly, {u;c_& s U, ) is a module (V°P) where the action is given by the opposite Hopf algebra. The
quantum group acts on these vectors as follows

B T 41 ok
€U ¢ = 5’““”5%1*51 q 6”“5;675”1’ >k or k>I1+1
+ _*1 +
b Ugpyr—er — 4 51‘,1@“07]@
+ 1 + —1 + +1 +
€ib Yok = q:F 5k’i+lu~fk—1*§k o (q +4q )6i’ku§k*5k+1 +4q 6k7i_1u£k+1*§k+2

fiv> ui_& = 5ivku§c+1—£z — q$517i+1u§c_5171, k>l or [I>k+1

+ _ +
fiv Ugp—&p1 = _5i7ku07/€
. + _ F2 ) + F2\ 5. + ) +
fl > Yo = —4 6k71+1uﬁk—5k—1 + (1 +4q )6Z’ku5k+l_5k - 6k’z_lu5k+2_£k+l
+ —&,a4),,E + _ +
t; PUg ¢ = q<£k b >U5k75lu ti'uo,k = Ug, (7)



ad —ad
where > means & or * . The dual module V* of the module V is given by

€Uz, ¢, = —q0i kg, ¢ t q25i7l—1u2r&71= k>l o I>k+1

e g, gy = Oin(=qug gy + (g + ¢ ugp — ¢ g i)

e; g = —q35i,kuzk+17§k

fiug, ¢ = —q_15i7k_1u5*k71_5l + q_25i7luzk_&+l, I>k o k>I0i+1
[, e, = q725i,k(u3,k71 —(1+ qu)ug,k + q72ug,k+1)

fi*'us,k = 5i,k“zk—£k+1

tr'“zr& = q7<5k7£l’ai>uzk*§z7 tr'ug,k = US,k-

Let cly(sl(n)) denote the Clifford algebra transforming covariantly under the opposite adjoint rep-
resentation. The module clé(sl(n)) is spanned by the vectors {ti¢, —¢,, %01} in cly(sl(n)), where the
vectors g, —¢, and ¢k are the images of u;, ., and g, in the embedding of VP — cly(sl(n)).

Let us choose a basis for £,(sl(n)) by
TEk*EL:Zlkv 1§I€§£l§n
Tok =4 (Zkk = Zrs1,641),s

where Z;; € Uy(sl(n)) are given by (2). These vectors transforms in the adjoint action (IJ) precisely as

the vectors {ug’rgl , ua' «t in [@). To write down explicite formulas for these vectors one can use the
R-matrix from [12].

Next we need module isomorphisms ¢; : V. — clé(s[(n)) and ¢o : V* — £.(sl(n)). The first
isomorpshism is the diagonal map

¢1(uzrk—gl) = kg g, 01 (Uar,k) = ag‘/’o,k

where the coefficients are defined, up to a multiplicative constant, by

2 —2 k
Qg = Qg4+1,0, Ol = q Qg i+1, Ogk+l =4 Qkylk, Qg = Qg kt+1-

The second isomorphism is given by

b2(ug, —¢,) = BraTe—ep,  P2(ugy) Z BTy

and the coefficients can be fixed from the relations

Bia = Brs1ts Bri = a0 *Brast,  Brgt1 = CBrt1k
kil _ —2(k—1) (=2(n —1-k))q(2( - 1))
for =1 (20— 1)),
Rl _ (_2(n -1- l))q(_ (k ))q Brks
0 (=2(n—1))q "
(£m)y =1+ ¢=2 +.. + ¢,

LBkt (1<k)

(k<)

The Dirac operator is defined by

D= arifratbe, ¢ ® T, +Z%1/10k ® Zﬂngoz
kil



The spectrum. To understand the behaviour of the spectrum of D it is sufficient to study Ug,(sl(2)).
The quantum Lie algebra £,(sl(2)) is spanned by

hWTo=—qlqg—q ')e
hWTo=q '(t™" —t+qlg—q ") fe)
hT_ o =—(q—q ")ft,

where &1 — & = « is the simple root. The ﬁ-matrix in the opposite adjoint representation (@) is

ﬁ =e11 ® (q2€11 + e + q72€33) +exn®l+e33® (q72€11 + €22 + q2€33)
+(* =g Hear @erz — (1 — g Hera®@eas — (1 + ¢ 2)(¢* — ¢ %)esa @ ern
+ (¢ —q Pes2@eas + (g — g (1 +q ?es1 ® exs.

There are three invariant eigenspaces in V°P ® V°P for the operator ﬁ The g-antisymmetric part is

three dimensional and its eigenvalue is —¢~2. There are also one and five dimensional g-symmetric

eigenspaces with eigenvalues ¢=% and ¢?. The invariant g-antisymmetric subspace has a basis

Aa = ¢a®¢0 _q2¢0®¢a
Ap=—(1+ "0 ®@¢-a—(¢* =D @ o + (1 +¢*) -0 @ Yo
Afa = 1/)0 X 1/1701 - q21/}70¢ & 1/)0-

The coefficients are chosen so that these transform as the opposite adjoint representation in (7). We
shall use the same symbols for these vectors after they have been embedded into the algebra cl,(sl(2)).
The invariant bilinear form B, : VP @ V°P — C is given by

BQ(dja ® ¢—o¢) = b7 Bq(¢0 & /lbO) = (1 + qz)ba BQ(w—a & 'Q[Ja) = q2b7

and the rest of the generators are in the kernel of By. bis an arbitrary constant. The following Clifford
algebra relations can be written down immediately from the spectral decomposition by identifying the
g-symmetric vectors with their image in By:

Yoo =P_aP—a =0
¢ Yath-a = ¢*1oto + P—atha =0
¢*Patho + Yot =0
CYot—a + Y—atho =0
YaY—a +Y—aPa = (1 + q2)b'
Let us normalize the form By so that b = (1 + ¢*)~!. The irreducible representation of cl,(sl(2))

on S = ,_, ; Cv; which is compatible with the defining representation of the quantum group (the
n = 1 representation in (&) is given by

’lﬁa.’vo = O, ’g/Ja.’Ul = Vo

—1
Yo.vo = quo,  YPo.v1 = —q v
Y_a.Vo = V1, Y_q.v1 = 0.

Let W,, be the (n + 1)-dimensional Uy,(sl(2))-module of the highest weight n defined by [11]

evp=[n—p+1vpy_1, ewy=0,
fop=[p+ g1, fup=0, tw,=q""Py, (8)

where 0 < p <n and [k] = (¢" —¢7*)/(a—q7").
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For each n € N one can define a vector space H,, = S®@W,,. As a Uy(sl(2))-module this decomposes
as

1®n=n+1¢én-1.
The covariant Dirac operator with a cubical term is defined by

D=(1+q)Wa®@)(Aq@1+1@hT o)+ (1+q %) (V-0 ®1)(¢*4a ®1+1® hT,)
+ (Yo ® 1)(Ao ® 1 + 1 ® hTy),

where we have fixed the coefficients of the Dirac operator and its cubical part, of course, any other
choice can be made. The Dirac operator has (n + 2) and n-dimensional eigenspaces H, and H,, and
its action on H,, is given by

Dhy=(q"=¢" = (¢ +q¢ " +2¢+ +)hy, hy€Ht
Dho=(=(¢"?=¢"") (¢’ +¢ " +2¢+¢*+¢")h-, h_€H,.

The spectrum grows exponentially as a function of n. The operator in [I] has the same spectrum as
D except for the term independent of n which comes from the cubical term.
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