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A MAXIMUM RANK PROBLEM FOR DEGENERATE ELLIPTIC FULLY
NONLINEAR EQUATIONS

PENGFEI GUAN AND D. H. PHONG

ABSTRACT. The solutions to the Dirichlet problem for two degenerate elliptic fully nonlinear
equations in n + 1 dimensions, namely the real Monge-Ampere equation and the Donaldson
equation, are shown to have maximum rank in the space variables when n < 2. A constant rank
property is also established for the Donaldson equation when n = 3.

1. INTRODUCTION

The solutions of elliptic partial differential equations are known to have many remarkable con-
vexity properties, under suitable structure conditions. Some early works are those of Brascamp-
Lieb [5], Caffarelli and Friedman [6], Yau [26], with many important subsequent developments
(see [1, 18, 7, 16, 20, 2, 3] and also references therein). The constant rank theorem has been es-
tablished for a general class of fully elliptic nonlinear equations. But the situation for degenerate
elliptic fully nonlinear equations has remained largely unexplored, despite its considerable inter-
est for example in geometry. One exception is the beautiful work of Lempert [19] on the solution
to the homogeneous complex Monge-Ampeére equation on convex domains in C™ with prescribed
log singularity at an interior point (the pluri-Green’s function). Using a complex foliation, he
showed that the solution is smooth and the complex Hessian has maximum rank n — 1. Even for
that result, there is no known PDE proof.

In this paper, we study a maximum rank problem for the Dirichlet problem for two basic
models of such equations, on the space X™ x T', where X" = (R/Z)" is the n-dimensional torus
and T = (0,1) is the unit interval. The first model is the Monge-Ampeére equation

(1.1) det(Ditu +1,41)=¢

and the second is the equation introduced by Donaldson [13]
n
(1.2) ug(n + Au) — Z u?t =ec.
j=1

Here the variables in X x T" have been denoted by (z,t), and I, is the (n+ 1) x (n+ 1) matrix
with the n x n identity matrix I,, as its upper left block, and all zeroes on its (n + 1) row and
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its (n 4+ 1) column. The right hand side ¢ is a strictly positive constant, but may be arbitrarily
small. One imposes the Dirichlet condition

(1.3) u(z,0) = u’(z), u(z,1) = ul(z),

where the boundary data u? and u' are assumed to be C*. For the Monge-Ampeére equation,
the solution u is required to satisfy D2,u + I,+1 > 0, while for the Donaldson equation, it is
required to satisfy n + Au > 0.

Both cases of right hand side 0 < € << 1 and € = 0 are of importance in geometry and
physics: the geodesic and approximate geodesic equations for the space of Kéhler potentials
coincide with a complex version of (1.1) [12, 21, 25], and for toric varieties, they reduce to a
real version of (1.1) on polytopes with Guillemin boundary conditions. The equation (1.2) has a
similar interpretation as the geodesic and approximate geodesic equations for the space of volume
forms on a Riemannian manifold. It coincides with (1.1) when n = 1, but is more closely related
to Nahm'’s equation in theoretical physics as well as to some free boundary problems in applied
mathematics [13].

For fixed € > 0, the equations (1.1) and (1.2) are elliptic. The existence of a unique smooth
solution for € > 0 is a consequence of the general theory [11, 14] for the Monge-Amp‘ere equation
(1.1), and it has been established in [9, 17] for the Donaldson equation (1.1). For ¢ = 0, it has
been shown by D. Guan [15] that the partial Legendre transform of the solution of (1.1) is a
linear function of ¢, and thus the equation admits a smooth solution which is strictly convex in
x. The existence of C1® solutions for (1.2) is in [9, 17]. We refer to [8, 22, 23, 24] for various
regularity results on the complex Monge-Ampeére equation on Ké&hler manifolds.

The main question of interest is whether the equations (1.1) and (1.2) have maximum rank
in the space directions, in the sense that the Hessian satisfies D2u + I, > 0 for all ¢. Of course,
the boundary data have to satisfy the maximum rank property first. That is, for some strictly
positive constant A,

(1.4) D2’ +1,>\  DX'41,>\
We shall be interested in when there is an estimate
(1.5) D2u+1, > A,

with some constant A > 0 uniformly in €7 It does not appear that the Monge-Ampere and
Donaldson equations (1.1, 1.2) fall under the scope of the broad structure conditions which
have been introduced for partial convexity properties in [3]. However, by building on the strong
maximum principle methods of [6, 26, 7, 2, 3], exploiting the specific form of the Monge-Ampere
and the Donaldson equations, and pushing the desired estimates to the boundary, we can establish
the following:

Theorem 1. Let u be the solution of the Monge-Ampére equation (1.1) on X™ x T with D2,u +

In+1 > 0 and Dirichlet data (1.3) satisfying the strict convexity condition (1.4). Assume that
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n < 2. Then for allt € T and all € > 0, u(-,t) satisfies the same strict convezity condition in
the interior,

(1.6) D2u(x,t) + I, > A,
with the same X\ > 0 as in (1.4).

When e = 0, the solutions of (1.1) are explicit and manifestly satisfy the inequality (1.6) [15],
so the interest in Theorem 1 lies in the solutions for € > 0 themselves. They can be easier to
use than the solutions for ¢ = 0, see for example the complex case treated in [8, 10, 4]. For the
equation (1.2), lower bounds for D2u + I,, in both cases ¢ > 0 and € = 0 were not known. We
have

Theorem 2. Let u be the solution of the Donaldson equation (1.2) on X™ x T with n+ Au >0
and Dirichlet data (1.3) satisfying the strict convexity condition (1.4). Assume that n < 2. Then
the strict convezity condition (1.4) with the same lower bound X is preserved in the interior, that
is, for allt € T and all € > 0, u(-,t) satisfies

(1.7) D2u(z,t) + I, > \.

It would be interesting to determine whether one can lift the restriction of n < 2 in Theorem
1 and Theorem 2. For the Donaldson equation (1.2), we can prove the following partial constant
rank theorem.

Theorem 3. Suppose Q2 is a domain in R™ and 6 > 0. Let u be a solution of the Donaldson
equation (1.2) on Q x (0,6) satisfying D2u~+1I,, > 0 for each t € (0,6). Assume that n < 3. Then
the rank of (D2u + I,,) is constant for all (z,t) € Q x (0,6).

For the Monge-Ampere equation, ¢ > 0 and the convexity condition D?,u + I,,+1 > 0 imply
trivially the strict convexity condition D2?,u + I,11 > 0 and hence the strict space convexity
condition D2y + I, > 0. Thus the main interest in Theorem 1 lies in the fact that the lower
bound for D?u + I,, depends only on the boundary data. For the Donaldson equation, even the
mere space convexity of the solution does not seem so easy. We observe that it follows from
Theorem 3 when n < 3:

Theorem 4. Let u be the solution of the Donaldson equation (1.2) on X™ x T with n+ Au >0
and Dirichlet data (1.3) satisfying the strict convexity condition (1.4). Assume that n < 3. Then
the strict convexity of u is preserved in the interior, that is, for allt € T and all € > 0,

(1.8) D2u(x,t) + I, > 0.

There are many important questions related to the maximum rank problem which should be
investigated. Perhaps of greatest interest is the question of whether maximum rank theorems
such as Theorem 1 hold for the complex Monge-Ampere equation, i.e., the geodesic and approx-

imate geodesic equations for the space of Kéhler metrics. It is not clear whether the techniques
3



developed in [20, 16] for complex nonlinear equations can be adapted to treat the maximum rank
problem for the complex Monge-Ampere equation. One would also like to generalize Theorem
1 to general Riemannian manifolds of arbitrary dimension. The results of this paper should be
thought of as experimental. It is our hope that the paper can generate some interest for the
study of the maximum rank problem, as we believe that it is an important topic in PDE and
differential geometry.

The proof of Theorems 1, 2 and 3 is given in §5. The essential part is contained in Propositions
2 and 3, which are proved in §3 and §4 respectively.

2. THE GENERAL SET-UP

Both the Monge-Ampere and the Donaldson equations (1.1)(1.2) are equations of the form

(2.1) F(DZu+ Iny1) = e,
where F'(M) is a function of the symmetric n x n matrix M = (M,g). Recall that u is a function
on (z,t) € X" xT. It is convenient to denote by Latin letters 4, j, - - - the n indices for the “space”
variables x = (z;), and by Greek letters «, 3,--- the n +1 indices for the “space-time” variables
(x,t). As usual, we denote by FoB and FoP7 the derivatives of F with respect to Mg,
2
(2.2) B — oF FaBne — L
OMap’ OM,30M.s
Let o be the minimum over X™ x T of the lowest eigenvalue of D2u + I,,
(2.3) fio = min(, e xnrmingge_y (Dau(z, t) + In)E, €).

We would like to show that ug is attained at the boundary. For this, it suffices to show that
the set where the matrix D2u + I,, — uol, has a zero eigenvalue is open. In practice, it suffices
to show that for each K, the set where the matrix D2u + I,, — pol, has a zero eigenvalue of
multiplicity K is open. Let xg be an interior point of X" x T where D2 + I,, — oI, has a zero
eigenvalue of multiplicity K. Set

(2.4) o= Z iy Mg = On—k+1(A1, -+ 5 An)
1< <ip_K+1

where \; are the eigenvalues of D:%u + I, — pol, *. The strong maximum principle reduces the
desired statement to a key local, elliptic inequality near xg. The precise formulation we need is
the following:

Proposition 1. (a) Let z¢ be an interior point where D>u + I, — pol, has a zero eigenvalue of
some multiplicity K, and let ¢ be defined as in (2.4). If there is a constant C' so that
(2.5) F*pa5 < C(o+ Vo))

*The function ¢ depends obviously on the choice of order K. To lighten the notation for ¢, we have not
indicated this explicitly.
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for all points in a neighborhood of xq, then ¢ vanishes in a neighborhood of xg.

(b) If (2.5) holds for an arbitrary interior point xo where D*u + I, — pol, has a zero of
multiplicity K, and if @ vanishes at some point, then ¢ vanishes identically on X x T. In
particular, X is the largest lower bound for the boundary data D*u® + I, and D?u' + I,,, and we
have pg = X and, for all (z,t) € X" x T,

(2.6) D2u+ 1, > M,.

Thus we need to investigate estimates of the form (2.5). Let zy be an interior point as in Propo-
sition 1, (a), and let « be an arbitrary point in a neighborhood of . Choose a parametrization
A1, Ap of the eigenvalues of the matrix D?u + I,, — pol, which is continuous in a neighbor-
hood of xg. For each fixed z in this neighborhood, we can choose a coordinate system with D2
diagonal at x. Thus at z, we have

(2.7) wij + (1 — p0)0i; = Xidij.
Define the matrix v;; by

(2.8) vij = uij + (1 — po)ds;.
We divide the indices 7, 1 <7 < n, into two sets of indices,
(2.9) {1,---,n}=GUB

with the “good” set G consisting of those indices i for which \;(xzg) # 0, and the “bad” set B
consisting of those indices i for which A;(xg) = 0. Note that #G = n — K and #B = K, where
#G, #B denote the cardinalities of G and B. The starting point of our considerations is the
following

Lemma 1. Let #G be the number of good directions, and set ¢ = oyc1(A1,--- ,An). Then we
have
(a) The function ¢ is of size
(210) C1 Z Umm < 2 < ¢ Z Umm
meB meB

for some strictly positive constants cy, cs.
(b) The first derivatives of ¢ are given by

(2.11) Yo = (H Vgg) Z Umma + O(p)
geG meB
(¢) The second derivatives of ¢ are given by

212)  as = ([T ve) (X ttapmm —2 > Y M) +0(p + |Vel).

geG meB meB geG
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(d) The linearized operator F*’p,5 is given by

FeP Pap = H Ugg Z OBy, aBmUysm + 2 Z Z umgaumgﬁ)

geG meB meB geG
(2.13) +0(¢ + Vo)

Proof. The function ¢ is a linear superposition of terms, each of which is a product of #G + 1
eigenvalues of D2u + I,, — pol,. Thus it is of the size of the sum of the terms with exactly one
eigenvalue in B. This establishes (a). Formally, (b) and (c) can be established in the same way,
by differentiation of the eigenvalues if they are smooth. More generally, the same proof can be
adapted by expanding ¢ in terms of minors. As for (d), successive differentiations of the equation
F(D2,u+ I,41) = € gives

Fupp, =0
(2.14) FPpp = —FP 8,05,
Multiplying the expression for ¢, in (c) by F*®, and making use of this last identity gives (d).
Q.E.D.

3. THE MONGE-AMPERE EQUATION

We consider now more specifically the Monge-Ampere equation, where
(3.1) F(M) = det Mg
and ¢ is a strictly positive constant. Our main results in this situation can be stated as follows:
Proposition 2. Let u be a solution of the equation F(D2,u+1,) =0 on X" x T, which is convex
in the sense that D2,u+1I,11 > 0. Define ug as in (2.3), and let K be either n orn—1. Then the

set of interior points xo where the matriz D?u + I,, — gl has a zero eigenvalue of multiplicity
K is open.

Proof Let xy be an interior point where D?u + I,, — uol, has a zero eigenvalue of multiplicity
K. We treat first the easier case when K = n. In this case, the function ¢ is, explicitly,

n
m=1
Consider next the expression (2.13) for the function F*%p,4. Since |Vu;;| < C gpé forl1 <i,j <m,

we obtain modulo O(p + |V)),

(33) Faﬁﬁpaﬁ = - Z Fa@’yéuaﬁmu'y&m = -2 Z Fttﬁé“ttm“fy&m = -2 Z UttmamFtt'
meB meB meB

For the Monge-Ampere equation, F' is simply the determinant

n
(3.4) 22 L I8
i=1
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where p; denotes the eigenvalues of D?u + I. Since we have then \; = p; — g, we can write
(35) F'* = Z Un—p()\ly T 7)‘n)ug
p=0
Since 0 < A\; < o for all 4, we have
n—2
(36) Z‘van—p()\la 7)\n)’ SCQC% ‘val()‘la 7)‘n)‘ = ’VQO’
p=0

Thus |9, F*| < C(¢+|V|). Altogether, we obtain the inequality (2.5) and the desired statement
follows from Proposition 1.

We consider now the case when the matrix D:%u + I, — puol, admits at an interior point zg a
zero eigenvalue of multiplicity n — 1. Thus there is only one good direction, which we label g,
G = {g}, and all other space directions, B = {1 < m < n; m # g} are bad. The expression (c)
for Fo8 ¢Yap in Lemma 1 becomes in this case

(BNEPpup = — Z (vgg Z Faﬁ’wvaﬁm%ém + 22Fa6umgaumgﬁ) + O(|Ve| + |e).
meB oo af

The next step is to derive an identity for the term Faﬁumgaumgﬁz

Lemma 2. We have

(3.8) Faﬁumgaumgﬁ = (ugg +1) Z Fa@gg(umgaumgﬁ - umgguaﬁm) +O(IVe| + |¢l)
.B#g

Proof: Recall that differentiating the equation gives

(3.9) FPuppm =0
Extracting the terms involving the good direction g gives,
(3.10) F%ggm + 2 F%agm = — Y F*uggp,.
atg a,f#g
Returning to the expression F' O‘Bumgaumgg, we can write
Faﬁumgaumgg = F9UpggUmgg + 2 Z F%pgaUmgg + Z Fo‘ﬁumgaumgg
a#g a,fB#g
= Umgg(F"tmgg + 2 Z FUpga) + Z F aﬁumgaumgﬁ
a#g a,B#g
(3.11) = Z FoB (Umgaumgﬁ - umgguaﬁm)'
a,B#g

We exploit the fact that F' is an affine function of any of the entries to write

(3.12) FoP = FoP99(yy, + 1) + FP

lugg+1=0"
7



The identity in the lemma follows then from the following claim

S EY | mgatimgs = O(Vel+¢)
meDB a,B#g

(3.13) oD FY  umgguasm = O(Vel+9).
meB a,B7#g

To see the first identity above, we note that the terms with o € B and 5 € B are O(p). Thus
we need only consider the terms with at least a or 8 equal to t. But then the cofactor F‘(Zf Ji10
has either a full column or a full row of zeroes, and must be 0.

Next, we consider the second identity above. For the same reason as above, Fﬁf im0 = 0 if
either o or 8 is equal to t. Thus we can restrict to o, 8 € B. Write now

Z ﬂ(zfgﬂzouaﬁm - Z Fl(zfgﬂzouaﬁm +O(IVel + ¢)
a,B#g a,8€B
(3:14) = YR uwim 2 Y FY L uim +O(Vel + ).
i€B i,jEBi<j

By inspection, we observe that

e Ifi,j € B, then F”
ugg

e 1 = 0 unless i = j.

o If i € B, then F\ZZQQH:O = uZ; [ien jriluj; +1).
The last identity implies
Z F|Zzgg+1:ou""m - u?ﬁf'ug_Z Z uiim + O()

meB meB
(3.15) = O(|Ve| +¢).

The lemma is proved. Q.E.D.
For our purposes, it is convenient to rewrite the identity in the preceding lemma in the following

form: note that uagmuysm = O(|Ve| + ¢) if both o and 3 are in B. Since neither of them is g,
we can assume that at least one of them is ¢. Thus

Lemma 3. We have
Faﬁumgaumgﬁ = (Ugg + 1) (Ftt’gguzgm + 2 Z Fit’ggumgiumgt)
i€B
(3.16) —(ugg +1) Z Faﬁ’ggumgguocﬁm +O(|Vel| + |¢]).
a,B#g

Our next task is to simplify the expression

(3.17) > F U gt

aByyé
8



First, we isolate the contribution of the index (gg), which will cancel out with the corresponding
term from the first identity,

(3.18) Z F“ﬁ’yéuaﬁmuwm =2 Z Fo‘ﬁ’gguagmuggm + Z Faﬁﬁéuagmuwm.
afyé af (aB),(vd)#(g9)

Next, we work out the remaining contributions. For this, it is convenient to introduce the
following sets of indices, A = {(gt), (tg), (tt)} , and B = A€, so that (af) is in B if and only if at
least one of the indices « or § is in B.

o If both (af) € B and (vd) € B, then |uagm| + [tysm| = O((pé), and thus these contributions
are O(p) and can be neglected.

e The contributions when both (af) and (yd) are in A can be worked out explicitly,

(319 Fuppmugem = F9%G + P90 = —2up ] ujy = —2F™9%,,,.
(aB)EA,(v0)EA jeB

e The remaining contributions are
(3.20) 2 > P
(aB)eB,(vd)eA

To identify these terms, we divide the set B of indices (af) with at least one index in B into
three mutually disjoint sets:

By ={(aB);a € B, Be€ B}
By = {(aB);x € {g,t}, B € B}
By ={(ap);a € B, pBe€{g,t}}

The sum breaks up correspondingly
2 Z Faﬁﬁ(suoaﬁmu'yém = 2 Z Z (Fa67ttuaﬁmuttm
(aB)eB,(vd)eA a=0,1,2 (a)€B,
(3.21) +(FPat 4 Faﬁ’tg)uagmugtm).

Each of these terms can now be worked out explicitly. First, we have

(3.22) > PP g gmtgm =0
(aﬁ)GBluBz

because we can see by inspection that F®? is given then by a matrix with a column or a row
of 0 and hence must be 0.
Next, we have

(3.23) Z Fij’ttuijmuttm = Z Uiim Uttm H (ujj +1).
(i7)€Bo 1€EB j#i,j€EB
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This is because F* = ( unless i = j, and the entries F"* can be easily computed, giving the
formula above. Since we can replace u;; + 1 by 1o modulo O(yp), we obtain

(3.24) Z FPM 0ty = > Z UiimUttm + O(0) = O(|Ve| + ).
(17)€Bo i€B

It remains only to determine the sum

(3.25) S (FOP 4 POt
a=0,1,2 (afB)€B,

Consider first the contributions from (af) € Ba, i.e. (af) = (ag) or (o) = (at). Then it is
clear that we obtain

(ap) = (ag) : Fogty 4 paggt — paggt . pot.gg

(3.26) (af) = (at) : [otty | potgt _ potty _ _ pogitt _ ()
Thus we find
3.27 FoP9 4 FoBatyy o tigrm = — Y F99%, 00 tgim.
pmtg gm g
(aB)eB2 a€B

Similarly, the contributions from («a/3) € By correspond to (af) = (g8) or (a3) = (t3), and work
out to be

(aB) = (g8) : F9B:ta + F98.9t — p9Bits — _ [9gitB

(3.28) (aB) = (tB):  F'Pt9 4 pithat — _pitah — o

and

(329) Z (Faﬁ,tg + Fa@gt)uaﬁmugtm - _ Z Fgg’tﬁugﬁmutgm-
(aB)EBL BeB

Finally, we come to the contributions from (af) € By. Here it is seen by inspection that only
(af) = (ap) will contribute, and thus

(aB)eBo och
(3.30) = 2 Fugamgm.
aEB

But an inspection shows that for a« =1 € B,

(3.31) Fo19 =g [ (uj+1)
j#ijeB
10



so that
Z (Faﬁ,tg 4 Faﬁ’gt)uaﬁmugtm = 2ugt Zuiimugtm H (u]J + 1)

(aB)EBo i€B j#i,j€EB

= 2ugt,ug_2 Z UiimUgtm + 0(90)
7

= O(|Vel +¢).
(3.32)

In summary, we have proved

Lemma 4. We have the following identity
Z F aﬁ’wuaﬁmuvém = 2ZF aﬁgguaﬁmuggm
aBé af
(3.33) —2(F™9907 42 " F9u0mugm) + O(|Vip| + ).
1€EB

Comparing the identities in Lemmas 3 and 4, we obtain the main lemma in this case,

Lemma 5. We have

(3.34) Faﬁumgaumgﬁ = —(ugg +1) Faﬁ’yéuaﬁmuvém +O(IVe| + ¢).

and, finally, since vyy = ugy +1 — po,

(3.35) F“Bcpag = 2up F“B’V‘;uagmuﬁ,gm + O(|Ve| + o).

The first term on the right hand side is negative, modulo O(¢ + |V¢|): indeed, Lemma 5 shows
that it is given by —(ugg + 1) "L F*Pu00Umges. But ugy + 1 > 0 and, in the case of the Monge-

Ampere equation, the matrix F*? is just the matrix of minors of D2,u + I,,, 1, which is positive.
Thus we obtain again the key estimate (2.5). Q.E.D.

4. THE DONALDSON EQUATION

In our notation, the Donaldson equation (1.2) is an equation of the form (2.1), with F(M)
given by

(4.1) F(M) :Mtt(l‘*‘Zij)—ZMft-

Jj=1 Jj=1
We again consider the Dirichlet problem on the space X™ x T, with the usual boundary condition
(1.3). Our main result is the following:

Proposition 3. Let u be a solution of the Donaldson equation F(D?*u+I') =0 on X" x T
satisfying D2u+ I,, > 0, with F as in (4.1). Define pg > 0 as in (2.3), and let K be either n or

n—1. Then the set of interior points xo where the matriz D:%u + I, — uol, has a zero eigenvalue
11



of multiplicity K is open. If ug = 0 in (2.8), then the set of interior points xy where the matriz
D2y + I, has a zero eigenvalue of multiplicity K > n — 2 is open.

Proof. As in the previous sections, we work at an arbitrary point z in a neighborhood of a given
point zq where the matrix D?u + I,, — puol,, admits a zero eigenvalue of multiplicity K. The three
values K = n,n — 1,n — 2 correspond respectively to #G = 0,1, 2, where #G is the number of
good directions. The most difficult case is #G = 2 (corresponding to the case K = n —2). Thus
we write down the calculations for general #G, and then specialize to the cases of interest.

We use the same notations as in Section §2. If we use ¢ = 0,11 as before, and apply Lemma
1 with the function F(M) corresponding to Donaldson’s equation, we would find

Faﬁwaﬁ =2 Z Qm (H vgg) + O + [Vl),
meB geG
with

Qm = U AUy, — Z Utim + U Z ’I’L + A’LL) Z ﬂ _9 Z Z Utkut]mujkm

jeG j.keG Yij jeq Yii JEG k=1

We notice that there are linear terms of the form Vug,,,k,m € B. Whenn > 3 and K =n — 2,
these linear terms cannot be bounded by ¢ + |[V¢|. To overcome this obstacle, we use instead

On—K+42
On—K+1"

(4.2) Y =0n_Ki+1+¢q, whereq=

The regularity and strong concavity of ¢ was proved in [2]. Following the arguments in [2, 3] (e.g,
see eq. (60) in [3], in our case, F' is independent of Vu,u,z) for ¢ defined in (4.2), we obtain

N

i (B|m) — 02(B|m)
af - _
Z F Pap = 2 Z Jl O'%(B) ]Qm +O 90"1' Z |vuzy
a,B=1 meB i,jEB
VmVZ i jeB itj Yijaljis
4.3 o FO!B ZEB B i,JE€BiF#]

76 1

where

Qm = Uttm AUy, — Zut]m n+AU)Z ﬂ B ZZZ Utkut]mujkm

JjEG 7,keG jeG Yii JEG k=1

(44) = Qu+Q,

mjk
Qm = UnmAupy, — Zuktm—l-utt Z

keG j.keG 1+
2
Uit Utk Ut jm Umjk
(4.5) 4 Aw) S St gy Mkt timi
e 1 + Ujj jkeG 1 + Ujj



(4.6) Z ZFQB — = ! '_)umjaumjﬁa

U
meB jeG 14 uj;

and Ul(B) = ZiGB Viis O'l(B‘m) = Zi;ém,iGB Viis
(4.7) Via = wiia01(B) — ui ( Z ujja)-
JjEB

The term }; ;cp [Vu;j| in (4.3) can be controlled by ¢, |[V¢| and the last term in (4.3) in the
same way as in [2, 3]. We obtain, for some C' > 0,

(4.8) Z F*a5 < =20 ) (Qm + Q) + 0w + Vo))
Since pg = 0, we have t -1 +%ij > 0. It is easy to see that @}, in (4.6) is nonnegative

by the positivity of (F*?). Thus we would be done if we can show that @,, > 0, modulo
O(¢ 4 |V¢l). Since the contributions of each index m € B are entirely similar, we can consider
them individually. To simplify the notation, we set m = 1, and drop the subindex m from @,,.

4.1. Using the equation. Differentiating the equation gives

Aul
n+ Au + n—l—AuZut]utﬂ'

(4.9) Ul = — Uy

Thus @ can be written as
(4.10) Q=A+B+C

with A, B, C defined by

u?
A = ( —I— ttz Uk

—i—A ]keGl—FuH
_ Utk U1 Ujk1
B = n—i—A Auq Zut]utjl 2 Z T+
j,kEG )
n—+ Au
(4.11) C = >u %jt(ﬁ 1).

JjeG

4.2. The A terms. The A terms can be re-written as follows, modulo O(¢ + |V|),

2

(412) A = Uy ((1 + wgr)ujjn — (1 + ujj)ukk1)2 T U1k
. — v g it E .
2n A e (14 u5) (1 + uk) Gy L
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To see this, just write

2 2
(Auyp)? Uik 9 1 1 Ujj1Ukk1 (G
- = S ) - 3
n+ Au j%e:Gl—l—ujj Z 1 +u;;  n+Au §n+Au j%%l+ujj
2
_ Z uljj Z(l Fougy) — Z U1 UKk +Z “jk
(1+ujj)(n+Au)k#j #kn—FAu #kl—i-ujj
_ 1 1 1+upr o 1+u” 9
N 2§Cn+Au 1—|—u~ujj 1+u k1)
uljk
n—l—AuZuﬂlukkl+Z 1+ uyj
2
_ 1 5 (14 wgr)ujjn — (14 wjj)ugpr)? s Uik
2(n—|—AU) j#k (1+Ujj)(1 +ukk) ik 1+Ujj
4.3. The B terms. The B terms can be re-written as
ut]utjl 1
(4.B ’ 1) — G+1))—2 AU j——.
- Z (T uy,)(n + Au )(v]jl(ukk+ ) — ik (uj; + 1)) Zutkutjlulyk1+ujj

ik

To see this, we decompose the B terms as follows

2
(4.14) nt AuAul Z Ut Utk = n+ Au Z uﬂl Z Ut Utk1 = Bl + BQ
keG keG
and
(4'15) 9 Z Utk Utj1Ujk1 — By 2 Z Utk Utj1Ujk1
) 1+ Ujj ) ) Ujj
JkeG J,kEG,j#k
with the terms By, Bo, Bs defined by
Utk Utk1 Ukk1
B = 2
! Z n+ Au
utkutklu]jl
B, = 2
2 Z n+ Au
JF#k
Utk Utk1Ukk1
4.16 By = =2
( ) K Z 1+ ugg
The terms By and B3 can be regrouped as
1 1
Bi+Bs = -2 _
1+ B3 Zutkutklukkl(1+ukk T AY
1
(4.17) = -2 Z Utk Uth1 Ukk1 Z(l + ujj),

(1 + ukk)(n + Au)
14

JF#k



and, combined with Bs, as

1 utkutklu]jl
B By +By = -2 (1 2
1+ By + Bj Zutkutk1Ukk1(1+ukk)(n+Au); + ujj) + ]Z#;C n+ Au
Utk Utk
_ 22 th ikl (’Lijl(l + Ukk) - ukkl(l + ujj))'

1—|—ukk ’I’L—I—A’LL)

4.4. A second formula for @). For convenience, we write here the formula for ) obtained in
this manner

1 (1 4+ wpg)ujjn — (1 + ujj)up)” uiji
Q = u +Y
tt{Q(nJrAU) ;c (14 ) (1 + up) % 1+ujj}
2utjutj1 utkutjluljk
— (u--l(l—i—ukk) (1 —+ u; ukkl -2
(1 +uj;)(n+ Au) & ; 1+ uj;
n + Au
(4.18) +> uf (1o — — 1)
JjEG
We can complete the square in ug,u;j1 — ujjukr1, and obtain
Ugt 1
Q = Z {( A a0 T um)n Au))2 (1 + ugr)ujjn — (1 + wjj)ugrr)
J#k
Utk UgiUggn (14 w55) (1 + ugr) | 1
( - )2}
1+ Ukk 1+ Ujj utt(n + Au)
».
lyk Utk Utj1Ujk1
4.19 D -2 —
(119) D 3 3 ety
J#k ik 77
where we have introduced the D terms
(U4 g ) (1 + upr) , ugpierr  Ugjugin
D = _= ji) _ WUty | o
Z uttn—i-Au) 1+ ugg 1+ujj)
(T +wjj) (1 4 ugk) , Uteer  UgjUtjn n+ Au
4.20 = — is) — i/ —1).
( ) Z uttn—i-Au) 1+ukk 1+Ujj) +Zu (1+ )

jea

When #G < 1, the term @ reduces to the term D, and D reduces in turn to a manifestly positive
expression. Thus the cases #G < 1 are now proved.

4.5. The D terms. In the rest of the proof, we will assume g = 0 and #G = 2.
15



Expanding the squares in the D terms gives

1 1 14+ uy 14 ugg
D = —= JJ 2 2 LT Ykk 2 2
Zutt n—i—Au)(1+u Ugg Uggy + T+ u Utﬂtﬂ)

1 , 1
+ Z mutkutklutjutjl + Z U1jtrw Z(l + Ukk)

ik T k#j
2
1 ug; (1 + ugg,) Ul Uk Ut Ut j
2 tj thk Wtk1Utj Uty
uli(——— 14+ ugg) — — )+ —
1+ ugy we (1 4+ Au) — g Ul Utk Ut Ut j1
Zuljtz 14+wuj;  ug(n+ Au) +Z we(n + Au)
jeG  k#j 7 ik
We can now make use of the equation
(4.21) u(n + Au) — ut] Zuw +e
t#j
and obtain
1+ ugg Uiy 1
Z it Z 14 ujj ug(n + Au) Z;H; u(n + Au) ek Ut
14 ugg
+Zu?ﬁ2 (D uie+e).
Py l—l—u” ’LLtt ’I’L+A’LL fry
(4.22)
Thus we arrive at
1
Dz— wpjr ek (1 + wpr) + wgerug (14 ug;))?
Z L+ 1+ukk)utt(n+A )( tj1 Uk (1 4 k) + wera v (1 + uj5))
14 ugk
4.23 L
( ) +ZU1gt§1+uﬂ uttn+Au é%:kutﬂ-s

4.6. A third formula for ). We summarize the expression for () obtained in this manner

Q = ‘Z{ FER 1fzkk)(n_’_Au))%((l+Ukk)ujj1_(1+ujj)ukk1)

utkky Uty (14 u5)(1 +ukk))%}
1+Ukk 1+ ujj; ug(n 4+ Au)
1
*3 wpittgr (1 + ups) + wgrgugs (1 + w;:))?
Z 1+uJJ (1 + upr)uge (n + Au )( 11tk k) o1 Ut ( ii))

1 +ukk
(4.24) + uy ' +e)+E
Zutt n+Au ]t21+ Ujj Z;k t
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where the term F is defined by

k 1
(425) = uttz 1] - 2Zutkut]1u1jk1 —|—u
£k Ujj £k ¥
4.7. The E terms. We rewrite the E term as follows,
2
u1 ik Ulkj UkUtjl | UtjUtkl
E — - J Jy Urs ZL N
Z 1—|—u” 1+ukk) ]2 1]k(1+ujj 1+ukk)
1 1 9
_ 1 (1 iy 1

2 127&;“ (14 ujj) (1 + ups,) {uljk(( - ugg) + (L ) Jun

(4.26) —2uq i (wpkuggn (1 4 urk) + wgjuge (1 + u]]))}

4.8. Differences when #G > 3. It is here that there seems to be a significant difference between
the cases of #G = 2 and #G > 2. When #G = 2 and py = 0, we have, modulo O(y),

(4.27) (1 +ujj) + (14 upk) =n+ Au,Vj # k € G,
but not otherwise.

4.9. Case #G = 2. When #G = 2, the argument can be completed as follows. Using the fact
that (1 +u;;) + (1 4+ upk) = n + Au, we can write

(4-28) E = 1 Z u%jk(n + Au)uy — 2u1jk(utkuw—1(1 + ugk) + utjutkl(l + ujj))

2 (1 + u5) (1 + ugr)
and hence
Eo= % 2 (1+u; 1 + Ukk) {urje v/ (n+ Aujuy — ot (L ¥ i) g (14 ) }
= i) bk ug(n + Au)
: > : ! (ugruggn (14 urk) + e (1 + ug5))?
2 por (14 i) (1 + ugr) ue(n + Au) I J 77

Note now that the next to last term in F cancels a term in the third formula for Q.

4.10. A fourth formula for Q. Thus we have obtained, when #G = 2,

N

¢ - Z { (1 +uj;)(1 +t1tlkk)(n + Au)) (1 + urr)ugjn — (14 wjj)ugr)

+(

ugug w1+ ug)(1+ ukk))%}2
(U tunk)  (L4ugy) ™ u(n+ Au)

U1 (IHups) Fueiuee: (14ug5) 1 2
{urjpy/ (n + Au)uy — == . 224

1

\/utt(n-l—Au)
+_
2; (1 + ) (1 + wg)
1 1 + Uk 2
4.2 S — — T TRE )
(4.29) 2. utt(n+Au)“1ﬂg;j (1 +ujj)(£§k“t”€)
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This expression for () shows that it is non-negative. The proof of Proposition 3 is complete.

5. PROOF OF THE MAIN THEOREMS

Theorems 1 is a consequence of Proposition 2. In this case, since ¢ > 0, we have D2 u+ I, 11 >
0. If the matrix D2u+ I,, — pol, has a zero eigenvalue on the boundary of X x I, there is nothing
to prove. Otherwise, if g is an interior point with a zero eigenvalue of multiplicity K > 1, then
all possible values of K are covered by Proposition 2 when n < 2. Thus D?u+ I, — p,1I,, vanishes
everywhere, and in particular again on the boundary.

The argument for Theorem 2 is similar using Proposition 3, except that we need to show first
that the solution u satisfies the space convexity condition D?u + I,, > 0 for each t. In view of
Proposition 3, we need to create a homotopic deformation path. Note that u = 1 + ¢? is the
solution to the equation

n
u(n + Au) — Zu?k = 2n,
k=1

with boundary data
u(z,0) =1, wu(x,1)=2, VrelX.

For ¢ > 0 and given boundary data u",u! satisfying (1.4), for each 0 < s < 1, we consider the
following family of equations

(5.1) ug(n + Au) —Zufk =se+2n(1 — s),
k=1

with boundary data
(5.2) u(x,0) = su’(x) +1 —s, u(z,1) = su(z) +2(1 —s), VoeX.

It is easy to see that boundary data (5.2) satisfies the condition (1.4) (possibly with different
A > 0, but independent of s). By [17], the equation (5.1) has a unique smooth solution for each
s € [0,1]. By continuity, the solution u satisfies D2u + I,, > 0 for each ¢t when s > 0 is small.
Let so > 0 be the first value of s where D2u + I,, has a zero eigenvalue for some (z,t) € X x T,
if such a point exists. Then for all s < so, D2u + I, > 0 and we can apply Proposition 3 to the
equation with Dirichlet data corresponding to this value of s. It follows that D2u + I,, > \ for
s < sp. By continuity, this inequality still holds at s = s¢. This is a contradiction, and thus no
point with D2?u + I,, with a zero eigenvalue exists. This establishes the strict space convexity
of the solution for all 0 < s < 1. By applying again Proposition 3, we obtain the precise lower
bound D2u + I,, > A for all t, s € [0,1]. Theorem 2 is proved.

Finally, Theorem 3 follows directly from the last statement of Proposition 3, and Theorem 4

follows directly from Theorem 3.
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