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MULTIPLICITY-FREE SKEW SCHUR FUNCTIONS WITH INTERVAL
SUPPORT

OLGA AZENHAS, ALESSANDRO CONFLITTI AND RICARDO MAMEDE

ABSTRACT. It is known that the Schur expansion of a skew Schur function runs over the
interval of partitions, equipped with dominance order, defined by the least and the most
dominant Littlewood-Richardson filling of the skew-shape. We characterize skew Schur
functions (and therefore the product of two Schur functions) which are multiplicity—free
and the resulting Schur expansion runs over the whole interval of partitions, i.e., skew
Schur functions having Littlewood—Richardson coefficients always equal to 1 over the full
interval.

1. INTRODUCTION

A function which can be written as a non—negative linear combination of Schur functions
is said to be Schur—positive. Skew Schur functions and, in particular, the product of two
Schur functions are examples of Schur—positive functions.

In [21] it is completely classified the products of Schur functions that are multiplicity-
free, i.e., products for which every coefficient in the resulting Schur function expansion is
either 0 or 1, which is equivalent, when the considered Schur functions allow only finitely
many variables, to a classification of all multiplicity-free tensor products of irreducible
representations of GL(n) or SL(n), or in other word, it is completely determined when the
outer products of characters of the symmetric groups do not have multiplicity. Afterwards,
in [4] it is achieved the analogous classification for Schur P-functions, which solved a
similar problem for (projective) outer products of spin characters of double covers of the
symmetric groups, and finally in [19] it is solved the multiplicity—free problem for the
expansion of Schur P-functions in terms of the Schur basis, which in turn yields criteria
for when an irreducible spin character of the twisted symmetric groups in the product of
a basic spin character with an irreducible character of the symmetric groups is 0 or 1.
Moreover, recently in [17] it is studied the problem of the Schur—positivity for ribbon Schur
function differences, while the characterization of multiplicity—free skew Schur functions
was solved in [10, 23]. Furthermore, using a different combinatorial model, namely the
hive model, in [7] results similar to that ones investigated in [10} 21} 23] are obtained.

We remark that multiplicity—free representations have many applications, typically
based on the fact that their centralizer algebras are commutative, or that their irre-
ducible decompositions are canonical, see the survey article [12], as well as, e.g. [22], and
the references therein, and they are also closely related to Gelfand pairs, see e.g. [6], 24]
and the references therein.

If A is a skew shape, the support supp(A) of the skew Schur function s4 is the set
of the conjugate of those partitions v for which there exists an Littlewood-Richardson
(LR for short)filling of A with content v; equivalently, the Schur function s, appears
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with nonzero coefficient in the linear expansion of s, in terms of Schur functions. The
dominance order “<” on partitions has been used in the study of Schur functions to prove
that the monomial z# = z{" x4 ... occurs in s if and only if u < A, see [13] [14], and to
deduce necessary conditions on the support of a skew Schur function s4, namely, that the
LR filling contents of the skew shape A vary respectively between the ones defined by the
least and the most dominant LR fillings of A, see [I], 16, 26]. The set of the conjugates
of all LR filling contents of A is an interval equipped with the dominance order which we
call Schur interval of A. The lower bound of that interval is the partition of the column
lengths of A sorted by decreasing order, denoted w, and the upper bound is defined
similarly considering the conjugate partition of the row lengths of A, denoted n.

In this paper we characterize all the skew Schur functions (and therefore product of
two Schur functions) which are both multiplicity—free and such that the resulting Schur
function expansion runs over the whole Schur interval, i.e. skew Schur functions having
Littlewood—Richardson coefficients always equal to 1 over the full interval. Equivalently,
given the triple of partitions (u, v, A), with g C A, we answer the questions on under
which conditions we have, cl’)y = lif and only if w <7/ < n; or cf;u = 1 if and only if
pUv X XA < pu+v. Furthermore, necessary conditions on the skew shape are given so that
all Littlewood—Richardson coefficients are positive, that is, they are all equal or greater
than 1 in the Schur interval. These conditions allow us to get rid of a lot of skew shapes
which do not achieve the full interval. Our study is based on a procedure described in [I]
which produces all the LR fillings from the least to the most dominant one.

The paper is organised in five sections. In the next, which in turn is divided in
four subsections, we give necessary definitions regarding partitions, skew shapes and
operations on them; the lattice of integer partitions with dominance order; Littlewood-
Richardson tableaux using the notion of complete sequence of strings introduced in [1];
Schur, skew Schur functions, and, following the presentation given in [7], the classification
of multiplicity-free skew Schur functions due to Thomas and Yong [23], and Gutschwager
[10], and therefore the multiplicity-free Schur function products due to Stembridge [21].
In section three the notion of Schur interval and support of a skew diagram and therefore
of skew Schur function, considering the conjugate of the content of an LR tableau, are
introduced. Algorithm [ in [I], the main tool of this work, is introduced. Some other
related results in [T], 25] [11] are also recalled. In section four, divided in three subsections,
general skew shapes whose support does not achieve the Schur interval are deduced, and
the main result is provided. In Subsection 4.1, we stress Lemma and Corollary
which will be extensively used in the remaining of the paper. In particular, we conclude
that the support of a disconnected skew shape is equal to the Schur interval only if its
components are ribbon shapes. (Although this not not sufficient.) In Subsection 4.2 a
sequence of results are derived to be used, in the next subsection, to prove the main result,
Theorem which makes the list of all multiplicity-free skew shapes whose support is
the Schur interval. A graphical list of all those shapes is provided at the end of this Sub-
section 4.3. We remark that the strategy in the proof of Theorem follows closely the
one used in Lemma 7.1 [7] as, roughly speaking, we have to shrink the multiplicity-free
skew shapes in order to fit the full Schur interval. The last section is dedicated to the
classification of the multiplicity-free Schur function products whose support is an interval.
This is a consequence of Theorem [L.16l



2. PRELIMINARIES

2.1. Partitions and diagrams. Let N denote the set of non negative integers. A weakly
decreasing sequence of positive integers A = (A1, ..., Ay)), whose sum is n is said to be a
partition of n, denoted A\ - n. We say that n is the size of A, denoted |\|, and we call the
Ai the parts of A and () the length of A. It is convenient to set A\, = 0 for k > ¢(\). We
also let 0 denote the partition with length 0. The set of all partitions of n € N is denoted
by P,. If \i = X\if1 = -+ = A\itj—1 = a, we denote the sublist \;,..., \iy;—1 by a’, for
j > 0. We identify a partition A - n with its Young diagram, in “English notation”, which
we also denote by A: containing \; left justified boxes in the ith row, for 1 < i < £()\),
and use the matrix-type coordinates to refer to the boxes. For example, if A = (5,4, 2),
which we often abbreviate to 542, the Young diagram is

A partition with at most one part size is called a rectangle, and a partition with exactly
two different part sizes is called a fat hook. A fat hook is said to be a near rectangle if
it becomes a rectangle when one suppresses one row or one column, and just a hook if it
becomes a one row rectangle when we suppress a column. If y is another partition, we
write A O p whenever p is contained in A as Young diagrams, or, equivalently, p; < A,
for all > 1. In this case, we define the skew diagram A/u which is obtained from A by
removing p; boxes from the ith row of A, for i = 1,...,¢(u). In particular, A/O = A. The
size of A/ is |A| — |p|, denoted |\/u|. A connected skew-diagram is a skew-diagram such
that it can not be formed by two skew-diagrams so that the bottom left cell of one skew-
diagram is immediately above and right of the top right cell of the other one, otherwise,
it is said to be disconnected. A ribbon shape is a connected skew-diagram with no blocks
of 2 x 2 squares. A skew-diagram forms a vertical (respect. horizontal) strip if it has
no two boxes in the same row (respect. column). In particular, they are disconnected
skew-diagrams.

Ezample 2.1. The skew diagram for A\/u = (4,4,2)/(2,1) is

I
1]
which is connected but it is not a ribbon shape. Instead, | is a disconnected
]
: : | o
skew-diagram with two components [ | and | ; and | is a ribbon shape. The
[ ] ||
following are respectively horizontal and vertical strips L] | ]

The 7-rotation of a skew diagram \/u, denoted (A/p)™, is obtained rotating A/u through
7 radians. Denote by )\ the partition obtained by transposing the diagram of A, called
conjugate partition of A, and set (A/u)" := N /u/'. If X C m", then define its m"-complement
as \* = (m")/\, where \j = m — A\,_41 for & = 1,2,...,n. In particular, (\*)" is a
partition.
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Example 2.2. If A/ = (4,4,2)/(2,1), then the 43-complement of )\, the m-rotation, and
the transposition are respectively

|
X =[0 (Ww =L, and (\u) =

A partition A C m" naturally defines a lattice path from the southwest to the northeast
corner points of the rectangle. Following Thomas and Yong [23] we let the m™-shortness
of X to be the length of the shortest straight line segment of the path of length m + n
from the southwest to northeast corner of m”™ that separates A from the w-rotation of \*.
For instance, if A = (4, 4,2) then the path from the southwest to the northeast corner of
the 43 rectangle that borders A is (2,1,2,2), and therefore the 43-shortness of A is 1.

The sum A + p of two partitions A and p, is the partition whose parts are equal to
i + i, with @ =1, ..., max{f()), (1) }. Using conjugation, we define the union AU pu =
(N + /). Equivalently, A U i is obtained by taking all parts of A jointly with those of u
and rearranging all these parts in descending order.

| Il
| ||
Example 2.3. Let A =L and p =011 . Then, A+ p =1L , AUp=L]

Fix a positive integer n, and let A\ and p be two partitions with length < n. The product
AT e, 1 of two partitions A and p is defined as

(AL pas -y A ) /(A)T

where A* = AT/A. (When it is clear from the context we shall avoid in the notation e,
the subindex n.) Graphically, place A™ in the southeast corner of the rectangle A\; x n,
and place p in the northwest corner of the rectangle py x n. Then, form the rectangle
(A1 + p1) X n by gluing together the rectangles A\; x n and p; X n in this order. The
outcome diagram is a connected skew-diagram when n < ¢(\) 4+ ¢(u) and a disconnected
one otherwise. As illustrated below with A = (3,22 0%) and u = (2,1%,0?), we obtain
A" o5 = (5,43 32%)/(3%,1%),

A e =]

2.2. Dominance order on partitions.

Definition 2.1. The dominance order on partitions A, i F n is defined by setting A < u
if

At N <+
fori=1,...,min{l(\),¢(n)}.

(P, =) is a lattice with maximum element (n) and minimum element (1), and is self
dual under the map which sends each partition to its conjugate, i.e. (\')" = A. Graphically,
A = p if and only if the diagram of A is obtained by “lowering” at least one box in the
diagram of p. Clearly A < p if and only if ¢/ < N'. Moreover, u covers A, written as A <1,
if and only if p is obtained from A by lifting exactly one box in the diagram of A to the
next available position such that the transfer must be from some \; ;1 to A; , or from X\,
to Al. The interval [\, u] denotes the set of all partitions v such that A < v < pu. The
chain A = X\ < A < ... <\ = 4 k > 0, is said to be saturated if \' covers A1, for
i=1,...,k [5, 9.



2.3. Tableaux and Littlewood-Richardson tableaux. A semi-standard Young tableau
(SSYT) T of shape A/u is a filling of the boxes in the diagram A/u with integers such
that: (i) the entries of each row weakly increase when read from left to right, and (i7) the
entries of each column strictly increase when read from top to bottom. The reading word
w of a SSYT T is the word obtained by reading the entries of 7" from right to left and
top to bottom [20]. If, for all positive integers ¢ and j, the first j letters of w includes at
least as many i's as (i + 1)’s, then we say that w is a lattice. If a; is the number of i's
appearing in 7', and therefore in w, then the sequence (ay, g, . ..) is called the content of
T, and of w. Clearly, the content of a lattice word is a partition. A SSYT T whose word
is a lattice is said to be a Littlewood-Richardson tableau (LR tableau for short). Given
the partition m = (my, ..., m)" the set of all lattice words with content m is equal to the
set of all shuffles of the s words 12...mq, 12...mo,...,12...m;,.

Ezample 2.4. The following is a SSYT of shape A\/u = (5,4,2)/(3,1), content m =
(4,2,1) = (3,2,1,1)" and reading word w = 1121132:

1[1]
1[1]2
213

The reading word w = 1121132 is a lattice word, and it is a shuffle of the four words
123, 12, 1 and 1. Therefore this SSYT is an LR tableau.

Taking into account the shuffle property of a lattice word, we give another characteri-
zation of an LR tableau that we shall rather use in this work. This is based on §3 of [I],
especially Definitions 5 and 6 and Theorem 5, and we refer to it for proofs and further
details.

Definition 2.2. Given a semi-standard tableau 7', Sy, = (y1, 92, ..., Yx) is a k—string (or
just string, for short, when there is no ambiguity) of 7" if y; < - -+ < y, and the rightmost
box in row y; is labeled with j; the corresponding strip, denoted by st (S), is the union
of all rightmost boxes in rows y;, for all j =1,... k.

We say that Sy = (y1,y2,...,uk) <S¢ = (21,20,...,2) if k>t and y; < z; for all
j=1,...,t

We define in a recursive way (Spm,, Smy, - - - Sm.) & complete sequence of strings of the
tableau T having content (my,ms, ..., ms) (note that we are writing the content in terms
of its conjugate) if S, is a string of 7" and (Sy,,, - .. Sm, ) is a complete sequence of strings

/

of the tableau T\ st (S,,,) (when this set is not empty) having content (may,...,ms)".
In other word, (Sp,,Sm,,.-.Sm,) is a complete sequence of strings of T' if S, is a

string for T\ {UJ/_} st (S, )} forall j = 1,...,s.

Example 2.5.

—_
—_

(\V]
w

14
T =13

is an LR tableau with content (4,2,2,1) = (4,3,1,1) and it admits Sy = (1,2,3,4) <
S3=(1,3,5) < 51 =(2) < S; = (4) as complete sequence of strings.
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In fact, we have

—_
—_

[\]
w

T\ st(Sy) = %

(T\st(S))\ st (S:) = LU
((T\ st (S0) \ st (8) \ st (51) = (L]
The following result holds, which is nothing but Theorem 5 in [I].

Proposition 2.1. A semi-standard tableau with content m = (mq, ma, ..., ms) is an LR
tableau if and only if it has a complete sequence of strings Spm,, Smyy- -, Om.; and, in
particular, there is always one satisfying Sy, < Smy < -+ < S, -

OJ

2.4. Schur functions, skew Schur functions and free-multiplicity. Let A denote
the ring of symmetric functions in the variables x = (z1, z3,...) over Q, say. The Schur
functions s, form an orthonormal basis for A, with respect to the Hall inner product, and
may be defined in terms of SSYT by

(2.1) Sy = ZxT € A,
T

where the sum is over all SSYT of shape A and 27 denotes the monomial
xsl#l’s in T:L_;#Z/s inT .
Replacing A by A/p in (2.I) gives the definition of the skew Schur function sy, € A,
where now the sum is over all SSYT of shape A/u. For instance, the SSYT shown in the
Example 2.4l above contributes with the monomial x‘f:p%xé to S542/31-
The product of two Schur functions s, and s, can be written as a positive linear
combination of Schur functions by the Littlewood-Richardson rule which states

A
SuSy = E CuSas
)

where the Littlewood-Richardson coefficient cl’)y is the number of LR tableaux with shape
A/ and content v [15]. The Littlewood-Richardson coefficients can also be used to expand
skew Schur functions sy, in terms of Schur functions:

_ A
Sx\/u = E CvSv-
12

If cl’)y is 0 or 1 for all A (resp. all v), then we say that the product of Schur functions s,s,
(resp. the skew Schur function sy,,) is multiplicity-free.



The Littlewood-Richardson coefficients satisfy a number of symmetry properties [20],
including:

A A AN
(2.2) Coy =y, and ¢, = Cpre

Moreover, we have
(2.3) sy =8y and Sy = S0/

Another useful fact about skew Schur functions is that
SX/w = Sx/p

where \ /fi is the skew Young diagram obtained from A/u by deleting any empty rows
and any empty columns. A skew Schur function without empty rows or empty columns
is said to be basic [7]. Therefore, the previous identity allows each skew Schur function
to be expressed as a basic skew Schur function.

If A/p is not connected, and consists of two components A and B, and may themselves
be either Young diagrams or skew Young diagrams, then ([20] [7])

S)\/ﬂ = SASB — SBSA.

|
Ezample 2.6. If \/pu = 5522/421 =| , we have the disconnected components

A =] and B =[]

Therefore, S5522/421 = 522/1533/2-

Any product sysp of skew Schur functions s4 and sp is again a skew Schur function,
as the figure below makes evident,

A

B

In particular, a product of Schur functions s,s, may be seen as a skew Schur function
with A = p and B = v in the previous picture.

For the following characterization of the basic multiplicity-free skew Schur function,
jointly due to Gutschwager and to Thomas and Yong, we follow [7].

Theorem 2.2 (Gutschwager [10], Thomas and Yong [23]). The basic skew Schur function
Sx/p 18 multiplicity-free if and only if one or more of the following is true:

RO p or X\* is the zero partition 0;

R1 p or X* is a rectangle of m™-shortness 1;

R2 p is a rectangle of m™-shortness 2 and X* is a fat hook (or vice versa);
R3 p is a rectangle and X\* is a fat hook of m"-shortness 1 (or vice versa);
R4 pand X\* are rectangles;

where \* is the m"™-complement of X with m = Ay and n = \].
In particular, for partitions p and v, the product s,s, of Schur functions is a skew

Schur function, and we get the following characterization of the multiplicity-free product
of skew-Schur functions, due to Stembridge, as a corollary of the above theorem.
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Corollary 2.3 (Stembridge [21]). The Schur function product s,s, is multiplicity-free if
and only if one or more of the following is true:

PO p or v is the zero partition 0;

P1 p or v is a one-line rectangle;

P2 u is a two-line rectangle and v is a fat hook (or vice versa);
P3 w is a rectangle and v is a near rectangle (or vice versa);
P4 o and v are rectangles.

3. THE SCHUR INTERVAL

Given partitions p C A, let A denote the skew-diagram A/u. We associate to the skew-
diagram A two partitions: rows(A) obtained by sorting the row lengths of A into weakly
decreasing order, and similarly cols(A) by sorting column lengths [I 16]. It is known
that cols(A) < rows(A)" [14, 13], 26] 1, 16]. For abbreviation, we write w := cols(A)
and n := rows(A)’. (When there is danger of confusion we write respectively w(A) and
n(A).) If A consists of two disconnected partitions ¢ and 6 then w = ¢ U6 and n = ¢+ 0.

Definition 3.1. The interval [w,n] = {v € P|a| : w < v < n} is called the Schur interval
of A.

The Schur interval of A and A™ is the same, and due to the equivalence w < v < n if
and only if n’ < v/ < w’', the Schur interval of A’ is [n’, w’].

Suppose n = (ny,...,ns). We may decompose A = A/ into a sequence of n;-vertical
strips, for all 7, as follows:

1. First consider the ni-vertical strip V; formed by the rightmost box of each row in
A, and let A\ V; be the skew diagram obtained by removing that strip, described in
partitions with A!/pu.

2. Repeat the previous step with the diagram A\ V.

Let V = (V4,...,Vs) denote the sequence of vertical strips obtained by the previous
process, called the V-sequence of A. To construct the strip V; we subtract the rightmost
box of each row in A*"!/u, and to describe in partitions the new skew shape, we put
A\ (ViUVLUV;) =X/, fori =1,...s — 1, with A := X. This means that each entry
of n is obtained by successively pushing up some boxes in each entry of w: ny is the
number of non empty rows of A; ny is the number of rows of A of length at least 2, ...,
and n, is the number of rows of length s. Hence, n, is the number of rows of the strip
Vo=A\ (VyU---UV,_;), consisting of the leftmost boxes in each row of A with longest
length s = ¢(n). Each vertical strip V; intersects the rows of A with longest length s, and,
therefore, {(w) > {(n).

We shall denote the minimum and the maximum of supp(A\°/p) respectively by w' and
n', fori=1,...,s — 1. If w = (wy,...,w,), then r = {(w) is the number of non empty
columns of A, and w; is the length of the longest column of A.

Definition 3.2. Given the skew-diagram A, we define the support supp(A) of A or of sy4
to be the set of those partitions ¢/ for which s, appears with nonzero coefficient when we
expand s4 in terms of Schur functions. Equivalently,

supp(A) = {v : ¢}, > 0}.

Notice that we have defined the support of A in terms of the conjugate of the contents
of the LR fillings of A. From [14] 13} 26 (1], 16] we know that v € supp(A) only if cols(A) <
v <X rows(A)" and therefore supp(A) C [w,n|. Thanks to the rotation symmetry (23],
the support of a skew diagram A equals the support of (A)™. Also, by the conjugation



symmetry of the Littlewood-Richardson coefficients ([ﬂ]) and the equivalence A < &
1 =N, we know that v € supp(A) if and only if the v/ € supp(A4’).

Moreover it is known that w and n are in supp(A) and the coefficients c w and c v are
both equal to 1 (see [I},[16]). The only LR tableau with shape A and content w' is obtamed
by filling the boxes of each column, from top to bottom, with the integers 1,2,.... To
describe the only LR tableau with shape A and content n’, let V' = (Vq,...,V}) be the
V-sequence of A. The LR tableau with shape A and content n’ is obtained by filling each
vertical strip V; with the integers 1,... n;, i =1,...,s.

Although w' and n’ are respectively the most and the least dominant LR filling contents
of A, since w and n are the minimum and maximum of the supp(A), we will refer to the
corresponding LR fillings of A as the minimum and maximum ones. The reason for this
terminology comes from the fact that the lattice words with those contents w’ and n’ are
respectively shuffles of the words 12...w; and 12...n;, ¢ > 1, and the partitions defined
by their lengths satisfy w = (w1, ... w,) < n=(ny,...,ng).

Example 3.1. The LR fillings of A = 5442211/331 with the least and most dominant
conjugate contents respectively w = cols(A) and n = rows(A)’, are

1[1] 1[1]
2 2
3 2[3

[y
[y

N}

O | =

\u;|w [
[N][o]r]w

where w = (4,3,3,1,1) <n = (7,4,1). The lattice word of content w’ is a shuffle of the
words 1234, 123, 123, 1, 1 with lengths given by w; and the lattice word of content n’ is a
shuffle of the words 1234567, 1234, 1 with lengths given by n.

The example below shows that in general supp(A) & [w,n].

C
=

Ezample 3.2. (1) The support of A = is only the set {w = 3222, n = 3321} and
therefore sy = S441 + S432. In this case, supp(A) = {w = 3222, n = 3321} = [w, n].
N

(2) The Schur interval of A = E is the chain w = 2111 < 221 < n = 311 while
supp(A) = {213,31?} ; [w,n].

The next algorithm provides a procedure to construct systematically all partitions in
supp(A, ) N [w,n]. Along the process, all LR tableaux of shape \/u are also exhibited.
We remark that the algorithm is essentially a rephrasing of Lemma 3 and 4 and Algorithm
4 in §4 of [I], so we refer there for further details and proofs.

Algorithm 1.

Procedure 1.
Input of the procedure: tableau T of shape A/u and content m = (my, ma, ..., mg)" (there-
fore it admits a complete sequence of strings (Sy,, Smy, - - - Sm.) since Proposition 2T]).

If for all j = 1,...,s st(Sn,) achieves (i.e. intersects) all rows of the tableau T\
{U] 1 S5t (S, )} then Output of the procedure: T (i.e. the procedure does nothing)

else

Begin
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t:=min{j=1,...,ss. t. st (Smj) does not achieve all rows of the

tableau 7'\ {U{;ll st (Sm,.)}}-

t := min{j s.t. the row j in the tableau T\ {U;_}, st (S, )} is not
achieved by st (Sp,,)}-

X := set of boxes made of the rightmost (with respect to the tableau

T\ {Ui_, st (Sm,)}) box in rows (t; |J{j > t; s.t. jESmt})
(ie. X := rightmost (with respect to the tableau 7'\ {{J:_} st (Sin,)}) box in
row t1 |J (st (Sp,) below row t7)).

Output of the procedure: Ty := tableau obtained by T increasing by one
the filling of the set X.

End
Input of the algorithm: pu C .
n := (rows(\/u)).
w = cols(\/pu).
n := number of columns of A/pu.

fori =0,1,...,n—1do (\/u)""" := the skew diagram defined by the n—i,n—i+1,...,n
columns of \/f.

T1% := the LR tableau with shape \/u and content w’
T := the LR tableau of shape (\/u)".

1:=0.
Repeat
Begin

To each LR tableau T' € T"~" adjoin to the leftmost column of T the (n — i — 1)-th
column of T{% such that the LR tableau obtained is of shape (A/p)"~"1.

Apply the Procedure to construct all LR tableaux of shape (A/u)" "' containing T €
T~ and denote this set by 71,

Add the remaining columns of T{% to each LR tableau T!"~*~ obtaining a set, denoted
by T+ of LR tableaux of shape /.

Output of the algorithm: set TU+1},

=1+ 1.
End
until 7 = n.

This algorithm produces a sequence of sets of LR tableaux of shape A/u
(3.1) 710} C T{1} C 7{2} C...C T{"},

such that if G is in T} with conjugate content v, and B is in 711 with conjugate
content 5 then f <X~, foralli=0,...,n

Example 3.3. To make things clear we present here some instances of application of the
Procedure [Tl
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11 1|1
212 212
113]3 11313
214 414
5] — 13
11 11
1122 1122
213 313
314 414
19 — 9]
1] 1]
1|1 1]2
1(2]2 11213
2] — 2]

Note that in the first two instances the conjugate content of the output covers in the
dominance order the conjugate content of the input, whereas in the third one it does not.

As an easy consequence of the algorithm above, we exhibit a chain in supp(A), with
respect to the dominance order, that goes from w = (wy,...,w,) to n = (nq,...,ny).
Start with the minimum LR filling of A, that is, the only filling of A with content w’. If
one fills the vertical strip Vi with 12...n; then A\!/u has the minimum LR filling, and
one gets an LR filling of A with conjugate content
0'1 = (77,1) U Wl,
where w' is the minimum of the supp(A'/u). From Algorithm [Mone knows that w < o! <
n. (It worths to notice that the partition o' is obtained by subtraction from the entries
2,...,r of w, and adding those nonnegative quantities to the first entry. Graphically,
those operations correspond to lift the rightmost box in some of the rows of A, to the first
row, and thus one has w < ¢1.) One may now repeat the above argument with the skew
diagram A!'/p and we are led a to a chain of partitions

(3.2) w20l <0< 20" 220" =n

where o' := (ny,---,n;) Uw’ € supp(\/p) and w' the minimum of supp(\'/u), for

1<i<s—1 Onehasw™! < (n)Uw’ for1 <i<s—1, withwl:=w.
The next example illustrates this construction.

Ezample 3.4. Consider the skew diagram A in Example B.J]and its sequence V' = (V;, V4, V3)
of vertical strips. Start with the minimum LR filling of A where w = (4,3,3,1,1), and
apply Algorithm [Il to produce LR tableaux such that: the vertical strip V; is filled with
the word 1234567; and the vertical strips V; and V5 are filled with 1234567 and 1234
(hence Vj is filled with 1) respectively

1]1] 1]1]
2
3

—

1]

[\
[\

[y
—

[\

O | =

O | =

|J>‘CAJ [
[N]a]e]=
[N ]s]w

70} —
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The conjugate contents are respectively: w; o! = (72111) = (7) U (2111), with w! = 2111
[]
|

the conjugate content of the minimum LR filling of A\ V; = b ; and n = (741) =
(74)U (1), with w? = (1) the conjugate content of the minimum LR filling of A\ (V;UV3)
= V3 =[] One has w < 0! < 0? =n.

Definition 3.3. The skew diagrams A and B are said to be equal up to a block of maximal
depth if for some € N, and n > ((A),{(B), A=u"e, vand B = [u™ + (2™)] e,, v, with
u and v partitions. Similarly they are said to be equal up to a block of maximal width if
A= (u"e,v) and B = ([u+ (z")]" e, v)".

Ezample 3.5. Let u = (3,2,2,0), v = (3,1,1,0) and n = 4. Then

A=u"ev =] ., B=[u+ (2"  ev =] :

are equal up to a block of maximal depth (2*).

Lemma 3.1. Let A, B be skew diagrams, and let u, v be partitions with {(v),{(v) < n.
Let x € N.
(a) If A=u"e, v and B = [u™+(z")]e, v, then [w(B),n(B)] = [n*Uw(A),n*Un(A)].
If A= (u™ e, v) and B = ([u™ + (z")] ®, v)’, then [w(B),n(B)] = [z"+w(A), 2"+
n(A)].
(b) ([1], Lemma 5) If A =u" e, v and B = u™ + (z") e, v, then ¢ € supp(B) if and
only if c = bU (n®) with b € supp(A). If A= (u™ e, v) and B = (u™ + (2") e, v)’,
then ¢ € supp(B) if and only if c = b+ (™) with b € supp(A).

Note that this follows from the conjugation symmetry and Algorithm [ In the applica-
tion of this algorithm, the rectangle (z™) of length n is always filled with x words 12 - -n.
Therefore, if ¢ is an element of the support of B then it has the form b U (n®) for some
partition b in the support of A.

Example 3.6. The following skew diagrams are equal up to a block of maximal depth and
maximal width

A=L1], B= , C= ,
21,

w(A) = 111 < n(A) = 21; w(B) = 333 = 28 + w(A) < n(B) = 2° + n(A) = 432;
w(C) = 4333 = 4 Uw(B) <n(C) = 4Un(B) = 4432.

Next the skew shapes whose support has only one element, that is, w = n, are char-
acterized, and, therefore, the skew Schur functions which are Schur functions. Note that,
in (3.2), one has o' =w, 1 <4 < s— 1, if and only if A or A™ is a partition.

Proposition 3.2. Let A be a skew diagram and let u, v and v be partitions. Then,
(a) ([1], Theorem 3, 16) w = n = v if and only if A = v or A = V™. In this case,

supp(A) = {w = n} = [w, ]
(b) (van Willigenburg [25]) s4 = s, if and only if A=v or A =v".
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In the next proposition we characterize the skew diagrams A whose support has only
two elements, that is, supp(4) = {w,n}, and, in particular, those whose Schur interval
has only two elements, [w, n] = {w,n}. This was shown in [I] by means of Algorithm 1. In
[T1] such a description is also given. Consider the skew diagrams: F'1 = ((a+1)*,a)/(a"),
and F1 = (a+1,a%)/(a), a, x > 1

(3.3)

F1 ﬁl

Proposition 3.3. ([I], Theorem 16) Let A be a skew diagram with w 2 n. Then,
supp(A) = {w,n} if and only if, up to a w-rotation/ or conjugation and up to a block of
maximal width or mazimal depth, A either is an F'1 or an F1 configuration. In particular,
if A is a disconnected two column (row) diagram, with one connected component a single
box, then one has w <In and supp(A) = [w,n] = {w,n}.

Note that, when applying Algorithm 1 to F'1, we find that the only string in the
minimum LR filling of F'1 that we can stretch is the string of length x, which can only be
stretched in one way, which gives rise to the maximum LR filling. Therefore, the support
of F1is formed only by w = (2,1%) < n = (z + 1,17'). When a, * > 2, the partition
n does not cover w, for instance ¢ = (x,2,1%72) € [w,n]. The proof is similar for F},
considering its m-rotation.

Example 3.7. Proposition 3.3 can be used together with Lemma B.1I] to show that the
[ ]

support of the skew diagram \/u = (5,3%)/(1%) = is not the entire Schur
interval. By Lemma [3.1] it is enough to consider the support of the simple skew diagram
1]

af = E obtained from \/u by removing the block (2%). Since the resulting diagram
is the m-rotation of an F'1 configuration with a,z > 2, the support of A\/u is strictly
contained in its Schur interval.

4. FULL INTERVAL LINEAR EXPANSION OF FREE-MULTIPLICITY SKEW SCHUR
FUNCTIONS

In the rest of the paper, the general philosophy of the application of Algorithm [ to
a skew diagram A consists in the prolongation of its strings, starting with the minimum
LR filling of A, in any possible way. We remark that in [I] it is characterized when
in Algorithm [I] the partition corresponding to the content of the output covers, in the
dominance order, the partition corresponding to the content of the input. Thus, when
applying a step of the algorithm we can check whether the partition, corresponding to
the new content, covers the preceding one. If not, then we have a suspicious interval that
may contain a partition not in the support of A.

4.1. Bad configurations. We start this section with the analysis of some particular
configurations of boxes such that their appearance in a skew diagram A implies that
supp(A4) & [w,n].

Lemma 4.1. If A is a skew-diagram and the support of A\ Vi is not the entire Schur
interval, then neither is the support of A.
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Proof. Let [w! n'| be the Schur interval of A\ V; and w! < ¢ < n! such that ¢ ¢
supp(A \ V7). Then w < (n;) U& < n and (ny) U ¢ supp(A) since the only way to put
the string ny - -+ 21 in A is to fill the strip V; with it and what remains is A\ V. 0

We observe that if supp(A \ V1) attains the Schur interval this does not mean that the
same happens to A, as one can see in the next example.

Lemma 4.2. Let A be a skew diagram with two or more connected components. If there
1s a component containing a two by two block of boxes, then the support of A is not the
entire Schur interval.

Proof. Let n = (ny,...,ns). Recall that n"~! = (n;,...,n,) is the maximum of supp(A \

;;11 Vi), i = 2,---s, and that n; is the number of rows of A\ U;;ll Vi, for all 4. Since
there is a 2 by 2 block in one of the connected components of A, there must exists a
column in A\ Vi whose length is at least 2. Let w! = (wy,...,w,, 19), with w, > 2 for
some ¢ > 1 and q > 0. Clearly (ng,...,n,) = (Wy,...,w, — 1,197, and from ([B.2) the
partition

o' = (ny, Wy, ..., W, 1%) € [w,n).

Note that £(w) > ¢(w') + o where o is the number of components of A. Since A has at
least two components, one has ¢(w) > {(o) + 2. Then, the partition

g = (nl,wl, e ,@g — 1, 1q+1)

clearly satisfy w < £ < 0. Moreover, since (wy,...,w, — 1,197") X w! it follows that
(Wy, ..., wy —1,197) ¢ supp(A \ V1), and therefore we conclude that & ¢ supp(A). O

Corollary 4.3. If A is a skew diagram with two or more components and the support of
A is all the Schur interval [w,n], then the components of A are ribbon shapes.

[]

Example 4.1. The support of the skew diagram A = is not the entire Schur
interval, since it has two connected components, and one of them has a 2 by 2 block. We
may follow the proof of the previous lemma to get a partition in the Schur interval that
does not belong to the support of A. Note that w = (2,2,1), n = (3,2), w! = (2) = n!,
w <ol = (3,2) = n, and [w,n] = {w = 221,£ = 311,n = 32} with £ ¢ supp(A) =
{w,n}. Note also that A\ V}; = V5 and V5 is a column of A.

Corollary 4.4. Let A be a skew diagram such that {(w) > {(n) = s (equivalently, it has
no block of mazimal width), and the strip Vy is a column of A of length greater than, or
equal to 2. Then, the support of A is not [w,n].

Proof. Since ¢(w) > {(n) = s, A is not a partition, and since V; is a column, A has pre-
cisely |Vi| > 2 rows of length s > 2 such that they form a rectangle, therefore, containing
a 2 x 2 block of boxes. If A is disconnected it is done. Otherwise, as all vertical strips

V; 1 <1 < s, transverse that rectangle, we may delete the vertical strips Vi,..., V,, for
some 1 < k < s — 1, until getting a disconnected skew diagram. At this point, we are in
conditions of Lemma (4.2l and, from Lemma (.l we are done. O

Example 4.2. For instance, it follows from Corollary [£.4] that the supports of the skew
diagrams
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are strictly contained in the Schur interval [w,n]. In the first, for instance, one has
w = (4,3,2,1) and n = (4,4,2), where V3 is a column of A of length two, and ¢(w) =
¢(n) + 1. The Schur interval is [w,n| = {w = (4,3,2,1);(4,4,1,1); (4,3,3);n = (4,4,2)}
and the partition £ = (4,4,1,1) ¢ supp(A) = {w = (4321), (433); n = (442)}. Therefore
SA = Sw + S433 + Sn. In the last, one has £ = 4311 € [w = 323 n = 432] \ supp(D).

Lemma 4.5. Let A be a connected skew diagram such that
w=(wy,...,w,) 20" = (n)UwW' = (ny,wh, ..., Wy, We1,...,w) <n=(ng,...,ng

for some 3 < € < r such that wy, < wy fork =1,...,0 and 0 < w, < wy. Moreover,
assume the ezistence of two integers 2 < i < j < { such that w, > w; + 2 and w; > wg-.
Then the support of A/ is not the entire Schur interval.

Proof. Consider the partition ¢ obtained from o by replacing the entries w; and w} by
w; — 1 and w; + 1, respectively. It is clear that ¢ < ¢ < n. Note also that while ¢ is
obtained from o by lowering one box, from one row of length wj to one of length w}, w is
obtained from o by lowering ny —w; = we + - - - +w; — (wh+- - - +w; > 1) boxes from the
first row to some rows in which is included that one of length wé, since w; > w}. Thus,
w can be obtained from & by lowering k = n; — w; boxes, in particular, w; — w} + 1 boxes
torowz’andwj—w;Jrlto row i. Thus w <& < 0.

Moreover, £ < w!, where £! denotes the partition obtained from ¢ removing the first
entry. Thus, £! ¢ supp(A \ V). From Lemma 1] we conclude that & ¢ supp(A). O

As a consequence of the last lemma we describe below a large group of skew diagrams
whose support is strictly contained in the Schur interval. Let FO be a skew diagram
having two columns W; and W;,; with the same length, and starting and ending on the
same rows, say x and y, and such that to its right all columns end at least two rows
above row y, with at least one of these columns starting at least one row above row x, as

illustrated by:
o
i3

Denote by F0', FO™ and FO™ the skew diagrams which are, respectively, the conjugate,
the m-rotation, and the conjugate of the m-rotation of an F'0 skew diagram.

1

FO

Corollary 4.6. The support of the skew diagrams FO0, F0', FO™, or FO™ is strictly
contained in the Schur interval.

Proof. Thanks to the conjugate symmetry and to the w-rotation symmetry, it is enough
to consider the F'0 configuration. Denote by a + b the common length of the two columns
Wi, Wiy1 of FO, where b > 0 is the number of boxes that column W, ; shares with the
column to its right, and a > 2 is the number of boxes of W;,; with no right neighbour.
Consider F0 \ Vi and w! = (w), ..., w), wei1,...,w,) with wy = a+band w, =b
satisfying w} > w,, + 2, for some integers 2 < f < g < ¢ < ¢. By Lemma L5 it follows
that supp(F0) is strictly contained in the Schur interval. U
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Ezxample 4.3. To illustrate the previous corollary, consider the skew diagram

)‘/ =1 )
with w = (3,3,2,2,2,1) and n = (5,3,2,13). Clearly, A/u is a F0 configuration since the
third and fourth columns have the same length and starts on the same row, and to its right
all columns end 2 rows above the ending row of these columns and there are columns that
starts one row above the starting row of these columns. Thus, by the previous corollary,
the support of A/u is not the entire Schur interval. Moreover, following the proof of
Lemma 5] we construct the partition & = (5,23,1%), which belongs to the interval [w, n]
but is not an element of supp(A/p).
Consider now the skew-diagram

A= ,
One has w = 443322 < ¢ = 533322 < 0 = 543222 and £ ¢ supp(A).

4.2. Recognise full configurations. Next we examine some particular configurations
needed in order to characterize the multiplicity-free skew Schur functions that achieve the
full interval. We start with the two row (column) skew diagram. (The one row (column)
case is a partition and, therefore, the support is [w,n] = {w = n}.)

Proposition 4.7. ( [1], Theorem 15) If A/ has exactly two rows, then supp(\/u) = [w, n]
and it is a saturated chain. More generally, if \/p is a skew diagram with one of the
configurations (A1), then the support of \/u is the entire interval [w,n], and it is a
saturated chain.

Lemma [3.1] shows that the support of a skew diagram A/p having exactly two columns,
obtained by inserting a block (z™) of maximal length between the two columns of \/u,
or/and adding the partition (n¥) to both A and p, is again equal to its entire Schur inter-
val. This construction, together with its conjugates, yields four cases, whose schematic
representations are shown below. These diagrams have been arranged so that the ones in
the right column are the conjugates of the ones in the left column.

(4.1) - J

A two column or a two row disconnected skew diagram is called an Al configuration,

(42) =
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Consider now skew diagrams A\/p with three rows (columns) where p = (d + ¢) is a
one row (column) rectangle and A* = (a + b+ ¢, a) is a fat hook, or vice versa, for some
integers a,d > 1 and b,c > 0. There are four cases, as illustrated by:

d c I b I a ] a b ¢ d
P2 Fom
(4.3)
d a
c b
H :
Fo " Fo 1)

The diagrams have been arranged so that those on the right hand are the w-rotations of
the diagrams in the left hand, and the diagrams in the second row are the conjugates of
the ones in the first row.

If these diagrams (A3)) satisfy the additional conditions a < c+ 1 and d < b+ 1, then
they are called A2, A2™, A2' and A2™ configurations, as illustrated above, replacing the
letter ' by A.

Proposition 4.8. Let A/ be one of the skew diagrams ([A3]). Then, the support of \/u
coincides with its Schur interval if and only if it is a A2 configuration.

Proof. By assumption a,d > 1 and b,c > 0. When a = 0 or d = 0 we are in the case of
two columns (rows) were already studied in Proposition [£771 Thanks to the rotation and
conjugation symmetry, we only consider case F2'. We will start by showing that when
a>c+1ord>b+ 1, the support of A/u is not the entire Schur interval. For the first
case, a > ¢+ 1, just note that with k := a — (¢ + 1), the partition

E=(d+c+b+kd+b+ec+1)

belongs to the Schur interval of A/p, since the first entry of w and n is min{d+c+b, b+a}
and d + ¢ + b+ a, respectively. Moreover, £ ¢ supp(A/pu), since when placing in A/p the
string of length d + ¢ + b + k we must place the integer d + b + ¢ + 1 in the first column
of the diagram, leaving no room to place the second string.

For the case d > b+ 1 note that the entries of w are b+ ¢+ d,a + b and d, and that
o= (a+b+c+d,db) with d >b+2. By Lemma it follows that the support of A/u
is not the entire Schur interval.

Thus, when a > ¢+ 1 or d > b+ 1 the support of A/ does not coincide with its Schur
interval. For the rest of the proof assume a < ¢+ 1 and d < b+ 1. Then,

w=(d+c+bb+a,d <n=(d+c+b+a,d+Db).
Let £ = (&1,&,&3) € [w,n]. We will show that £ € supp(\/u). Since w < ¢ < n, we must
have
d+c+b< & <d4+c+b+a and dHc+2b+a<& +&E<2d+c+2b+ a.

Then & = d+c+b+kand a+b—k < & < d+a+b—k, for some k € {0,...,a}. From the
Algorithm[I], this means that, for each k € {0, ..., a}, after placing (in the unique possible
way) the string of length & in the diagram \/u, we must insert the strings of length &5, &3
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in the skew diagram \ /1, obtained by removing the boxes of the string of length &;. The
Schur interval of A/ is [W = (b+a — k,d),n = (d+ b+ a — k)]. Since A/ has two
columns, from Proposition 7, [w = (b+a — k,d), i = (d+ b+ a — k)] = supp(A/p). On
the other hand, W =< (&,&3) < 0, we have (&, &3) € supp(\/u). Finally, note that when
k > 0, from the inequality a — k < ¢+ 1, it follows that & < d+b+a—k <d+c+b+1.
Therefore we also have £ € supp(A/p). O

\
Ezxample 4.4. The skew diagram \/p =[] is an A2™ configuration with d = 1

and ¢ = b = a = 2. Therefore, its Schur interval coincides with its support.

The next configuration that we consider is the ribbon skew diagram A/, with u =
((a+b+1)% a?) and \* = ((b+ 1)¥T1), for some integers a, b, x,y > 1, as illustrated by:

X

(4.4) F3

A F3 configuration (I4]) witha =x =1, ora=1andx <y+1, ora<b+1 and
x =1, is called an A3 configuration.

Proposition 4.9. Let \/u be a skew diagram with a configuration (&4). Then its support
equals its Schur interval if and only if it is an A3 configuration. Moreover, when a = x =
1, the support of A3 is [w,n] = {w,& = (y + 3,12, & = (y +2,2,2,1%71) & =
(y+2,3,1%),n}, and the skew Schur function sy, = sw + S¢r + 8¢, + 8¢, + sw has exactly
five components all with multiplicity 1.

Proof. We start by noticing that when both integers a and x are strictly greater than 1,
then the minimum and maximum of the supp(A/u) are given by

W = (w1, W, 1a+b) <n-= (:p +y+2 2min{b+1,a}’ 1a+b+1—2min{b+1,a})’

with w; = max{y + 2,z + 1}, wo = min{y + 2,2 + 1} and min{b + 1, a} > 2. Therefore,
we can consider the partition

g = (wh wa, 37 1a+b_3)'

It is straightforward to check that w < ¢ < n and that £ is not in the support of \/pu.
In the case a = x = 1, in which the minimum and maximum of the support are given
by
w=(y+221") <n=(y+321),
the Schur interval is [w,n] = {w, (y + 3,1°?), (y +2,2,2,1° 1), (y + 2, 3,1%),n}, and we
can check directly that this interval is equal to supp(\/p).

So we are left with the case a = 1 and = > 1, since the remaining case is obtained by
the conjugation symmetry. The minimum and maximum of the support are

W= (w17w27 1b+1) “n= (.T +y+ 2727 1b)7
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where w; and ws are defined as in the initial case. Thus, if £ is a partition in the Schur
interval, it must satisfy £ = (£, &, &3, 1), for some integers &;. Moreover, we must have

max{y + 2,z + 1} < & < x+y+2,

T+y+3 < L+&e < rty+4,
and

x+y+4 < £1+£2+€3 < x+y+5.

There are two possibilities for the sum & +&. As &5 > 1, when this sum equals x +y + 3,
it follows that &5 must be either 1 or 2, and when & +& = x+y+4 then {3 = 1. Consider
&+ & =x+y+ 3. We have wy = (wy,we) X (£,&) 2 0y := (z+y+2,1), with
w; and ny, respectively, the minimum and maximum LR fillings of the two column skew
diagram A obtained from X /e by removing all except the second and last columns. Since,
by Proposition B7, we have supp(A) = [Wy, i1], we conclude that we may place strings of
length & and & using only the second and last columns of A/u. As the remaining entries
of £ are equal to 1, and, at most one, equal to 2, it follows that £ € supp(A/u).

Assume now that & + & = x + y + 4. In this case, (£,&) € [Wo, Dy, where wy =
(w1, ws, 1) and Ny = (x+y+2,2) are the minimum and maximum LR fillings of the skew
diagram B obtained from A/ removing all columns except the first two and the last one.
Note that B is an F2" (&3], and, by Proposition B8, supp(B) = [Ws, Iiy] if and only
if © <y+ 1. Thus, when x < y + 1 we find that (£;,&) € supp(B) and similarly, as
before, it follows that £ € supp(A/u). If, on the other hand, we have = > y + 1, then,
by Proposition .8 we can consider a partition (oy,02) € [Wa, Np| which is not in the set
supp(B). It follows that o := (01,09, 1%) € [w,n] but o ¢ supp(\/pu). O

In the next lemmas we analyse some families of skew diagrams needed in the sequel. We
start with skew diagrams A/ of types F'4 and F4 defined respectively by the partitions
A=((a+2)* a+1,1%) and u = ((a+ 1)) for some a, x, y > 1 such that not both z and
y are equal to 1, and by the partitions A = ((a + b+ 1)*,a +b,a) and p = ((a + b)*), for
some integers b > 1 and a,x > 1, as illustrated by:

a X

y p—
F4 L F4

(4.5)

Note that if we let x = y = 1 in an F'4 configuration, or x = 1 in an F4 configuration,
then we get an F'2 configuration.

An F4 configuration with a =1 and x < y+ 1, ora > 2 and x = 1, is called an A4
configuration.

Proposition 4.10. (i) If \/u is a skew diagram with configuration F4, then its support
s equal to the Schur interval if and only if it is an A4 configuration. Moreover, when
a>2 and x = 1, the support of A4 is [w,n] = {w.& = (y + 1,2,1°7 1), n} and the skew
Schur function sy, = sw + s; + sy, has exactly three components all with multiplicity 1.

(13) The support of F4 is strictly contained in the Schur interval.

Proof. We start with an F'4 configuration. If a > 2 then the minimum and maximum of
supp(A/u) are
w = (wy, w9, 1%) Xn=(z+y+ 1,19,
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with wy = max{z,y + 1}, we = min{x,y + 1} and {(w) = ¢(n) + 1. When x > 2 the
partition & := (wy, wy, 2, 1972) satisfy £(£) = £(n), and thus w < ¢ < n, but is not in the
support of \/pu, since the strings of length w; and wy must fill the first and last columns,
leaving no space for the string of length 2. On the other hand, if + = 1, then the Schur
interval of A\/p is

[w.n] = {w, (y+1,2,17"),n} = supp(A/ps).
Assume now that a = 1. If 2 > y+ 1 then w = (z,y+1,1) <n=(r+y+ 1,1), and
¢ := (r,y+2) € [w,n] but clearly £ ¢ supp(A/u). If otherwise, we have x < y + 1, then
the minimum and the maximum of A/ are given by

w=(y+1lzl) <n=(x+y+11).

A partition & = (£1,&,&3) € [w,n] must satisfy y +1 < & <z+y+landax+y+1<
&1+ & <x+y+2with & € {0,1}. Let & = y+ 1 + k, for some k € {0,...,y + 1}.
Then, we get t — k < & < x+ 11—k, and since x < y 4 1 it follows that the partition &
belongs to the support of A/pu.

Finally, suppose next that \/u is an F4 configuration. Then the minimum and maxi-
mum of supp(A/u) are

w = (2,2%,1°) <n = (z + 2,297 1%,

and, since a > 2, £ = (z + 2,2%72,1%*2) is a partition and satisfy w < £ < n, but
£ & supp(\/p). 0

The next skew diagrams \/pu are respectively F'5, F5and F 5, defined by the partitions:
p= ((a+0)*%) and \* = (b+ 2,1¥™), with a,z > 2 and b,y > 0; p = ((a + 1)*1Y)
and \* = ((a +2)%,1¥T), with @ > 2,y > 0 and 2,2 > 1; and pu = ((a + b + ¢)*, a) and
A = (¢+ 1), with x > 2 and either a,b,c > 1 or b =0 and a,c > 1 with a + ¢ > 3, as
illustrated by:

(46) ] a Y b c

a b F5 [ 1
[

F5 [ ﬁ5 _Z

. Ii; :

Lemma 4.11. The support of F'5, F5 or 5 is strictly contained in the Schur interval.
Proof. The minimum and maximum of the support of F'5 are respectively
w=(+y+1,2,2,1") <n=(v+y+2,x+222 1),
with ¢(w) = £(n) + 1. Since a, x > 1, we may consider the partition
E=(r+y+1,0+1,327%1%
which is an element of the Schur interval but it is not in the support of F'5.
In the case of F'5, we have

w = (wy,wy, w3, 1) In=(r+y+z+1,z+1,1%),

with wy, ws, w3 the lengths of the first and the two last columns of F5 by decreasing order.
Take

f;: ($+y+2+17$7271a71) S [W7n]'
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Since after placing the strings of length x+y+2+1 and z, in the unique possible positions
in F'5, we are left with only a single row, it follows that £ ¢ supp(F'5).

Finally, we are in the case of F5. If b > 1, the minimum and the maximum of the
support are given by

W = (ZL‘ +1, 2b’ 1a+c) <n= (l‘ +2, 2b’ 2min{a—1,c}’ 1a—1+c—2min{a—1,c}).
It is easy to check that the partition & := (z + 1,3,2°711¢"¢1) is an element of the

Schur interval but is not in the support of Fs. Similarly, when b = 0 the partition
&= (z+1,3,1¢773) belongs to the Schur interval but not to the support of F'5. U

The next family of skew diagrams A/ is designated by F'6 and it is defined by partitions
A=(a+b+1,(a+1)* 1Y) and p = (1), for some integers a,z > 0 and b,y > 1,

T

(4.7) Fe L

When b =1y =1 an F6 configuration is called an A6 configuration.

Proposition 4.12. The support of a skew diagram \/p with an F6 configuration equals
the Schur interval if and only if it is an A6 configuration. Moreover, in this case, the
support is [w,n] = {w = ((x+1)*™ 1), = (x+2,(z+ 1)1, 2,1),n= (z+2, (x+ 1)) :
a, x > 1}, and the skew Schur function sy, = Sw + S¢r + sw has three components all
with multiplicity 1.

Proof. We consider the case b > 2. Notice that the case y > 2 is the conjugate of the
former. In our case, the minimum and the maximum of the support are respectively

w=(z+y (z+1)41" <n=(z+y+1,(z+1)%1°),

and we can consider the partition ¢ := (z + v, (z + 1)%,2,1°72) € [w,n], which clearly
does not belong to the support of A/u.
For the remaining case y = b = 1, notice that the Schur interval is given by

w,n]={w=(z+1"1),é=(+2,(x+ 1) 2, 1),n=(z+2,(x+ 1))}
Since € € supp(A\/u) the result follows. O
In the next lemmas we analyse the support of a skew diagram A/u, with ¢ +1 > 4

columns, having the form
il

(4.8) F7 L

where the first ¢ columns end in the same row and have pairwise distinct lengths, x is the
length of the last column and \* = (y). Moreover by Lemma [3.1], we assume without loss
of generality that the last but one column starts at least one row below the topmost box
of the last column, and that the first column has length < y. Denote by (wy, ..., w,) the
partition formed by the first ¢ columns of the diagram, and let £ > 0 be the number of
rows that the last two columns share.
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A skew diagram F'7 such that { = 3, v = wy, w3 = 1 and k = wy — 1 is called an A7
configuration.

We distinguish two cases: either (i) wy <y, or (i7) we > y. In the first case, the last
column shares rows only with column ¢, and, in the second case, the last column shares
rows with at least columns ¢ and ¢ — 1. Examples of A7 configurations of types (i) and
(1) are shown below:

() | : (ii) |
In the next two lemmas we show that the support of an A7 configuration is the entire
Schur interval.

Lemma 4.13. Let \/u be an F7 configuration (L8] such that wy < y. Then, the support
of N i equals the Schur interval if and only if ¢ = 3, w3 =1, x = we and k = wy — 1.

Proof. The condition ws < y means that the last column of \/u shares rows with at most
the last but one column. Then, the minimum and maximum of the support of A\/u are
given respectively by

WZ(U)l,...,U}g)U{x}jn:(wl+l‘—k,w2—|—]€,U}3,...,Wg),

with {(w) = {(n) + 1.

Note that when w, > 2, it follows, from Corollary d.4], that supp(A/u) & [w,n], and
when ¢ > 4 and w, = 1, the partition £ := (w; +x —k,ws + k, w3, ..., w1 —1,1,1) shows
that supp(A/p) & [w,n]. Moreover, if k£ = 0 the skew diagram is disconnected, and, by
Lemma [L2] the support of A/u is not the entire Schur interval.

So, assuming ¢ = 3, k > 0 and w3 = 1, we have

w = (wi,wy, 1) U{x} In=(w; +z—kw +k,1).

If x < wsy then 1 < k < x < wy, and, in particular, we get wy > k + 2. Since ws and
k are the lengths of the second and third columns of A/, it follows, from Lemma 5]
that supp(A/u) & [w,n]. The same situation happens if > ws, since in this case the
partition £ := (wy, w4+ 1)U () satisfies w < & < n, but it does not belong to the support
of A/ p.

We are, therefore, left with the case ¢ = 3,k > 0,2 = w, and w3 = 1. Note that
1 <k <wy;—1. When k < wy — 1, the second and third columns of A\ /i have lengths w,
and k, respectively, and by Lemma 5] we find that the support of A\/u is not the entire
Schur interval. So we must also consider k& = wy — 1. In this case, the minimum and the
maximum of the support are given by

W = (U}l,'lUQ,wQ,l) jn: (w1+1aw2+w2_1a1)'

Let € := (&1,&,&3,&4) € [w,n], and note that w; < & < w; + 1.

If & = wy, then from the inequalities w < ¢ < n it follows that a < (&,&3,&) =X 5,
where a and ( are the minimum and the maximum of the support of the skew diagram
A obtained from A\/u by removing the third column. Since A is an A2 configuration, it
follows that (&2,&3,&4) € supp(A), and therefore & € supp(A/p).

For the remaining case &, = w; + 1 the situation is analogous, since in this case we have
wl < (&,83,&) < n!) where w! and n! give the minimum and the maximum LR filling of
A\ V4. Since this diagram is also an A2™ configuration, we find that ¢ € supp(\/p). O
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Lemma 4.14. Let \/u be an F7 configuration ([AL8]) such that we > y. Then, the support
of N i equals the Schur interval if and only if ¢ = 3, w3 =1, x = we and k = wy — 1.

Proof. We start the proof by showing that if the conditions ¢ = 3, w3 = 1, z = w, and
k = wy — 1 are not satisfied then the support of A/u is not the entire Schur interval.
Consider the minimal and maximal fillings of the diagram

w = (wy,wy, ..., we) U (z) 2 n=(ng,ng,...,ng),

where ny = x +y, ng = wy and {(w) > {(n).

Note that when k& = 0, the diagram A\/p is disconnected, with one of the connected
components having a 2 by 2 block. In this case, by Lemma [£.2] supp(\/u) is not the entire
Schur interval. So, assume k > 0. If x > w, then the partition & := (w1, ..., we_ o, we_1 +
1, wy— 1) U (x) shows that supp(A/u) is strictly contained in the Schur interval [w, n]. If,
on the other hand, x < wy then 1 < k < x < w», and this implies wy > k + 2. Since k
and ws are the lengths of two columns of A\!/pu, it follows, from Lemma FLT, that also in
this case the support of \/u is not the entire Schur interval.

So, for the rest of the proof we assume x = w,, and therefore

w = (wy, Wy, W, w3, ..., we) XN = (N1,N9,...,Ng),

with n; = wy + y and ny = wy. Note that this implies y > 2.

If ¢ > 4 then the partition £ := (wy, wo, wa, ..., w9, we_1 + 1,w, — 1) clearly shows
that supp(A/p) is not the entire Schur interval. Thus, consider ¢ = 3 and note that since
1 <k <wy—1, it follows, from Lemma 4.5 that supp(A/p) C [w,n] except if & = wq — 1.

So, assume now that ¢ = 3,z = wy and k = wy — 1. Then, n; = wy +y = wy + 1, and
the minimal and maximal fillings are now

W = (wlaw27w2aw3) j n= (wl + lawlaw?) + h)7

where h > 0 is the number of rows that the second and the last columns share. It follows
that if w3 > 2 the partition £ := (wy, wy + 1, wq + 1, w3 — 2) satisfies w < & < n but it is
not in the support of A\/pu.

To finish the proof consider ¢/ = 3,w3 = 1,2 = wy and k = wy — 1, and let £ =
(&1,&9,&3,&4) be a partition in the Schur interval [w,n]. Using the same argument used
in the proof of the previous Lemma .13 it is easy to show that £ belongs to the support
of A/ u, and it follows that in this case the support of A\/u is the entire Schur interval. [

From lemmas .13 and .14l we deduce the following result.

Corollary 4.15. If the skew diagram \/p is an F'7 configuration, then its support is the
Schur interval if and only if N/ is an AT configuration.

4.3. Main Theorem. We are now ready to identify the basic multiplicity-free skew Schur
functions whose support is the entire interval [w, n]. Our strategy and terminology follows
closely the one used in the proof of Lemma 7.1 in [7].

Theorem 4.16. The basic skew Schur function sy, is multiplicity-free and its support is
the entire Schur interval [w,n] if and only if, up to a block of maximal width or mazimal
depth, and up to a w-rotation and/or conjugation, one or more of the following is true:

(1) p or \* is the zero partition 0.
(1) A/p is a two column or a two row diagram (Al configuration).
(1ii) A\/p is an A2 configuration.

(tv) N is an A3 configuration.
(tv) N is an A4 configuration.



24 OLGA AZENHAS, ALESSANDRO CONFLITTI AND RICARDO MAMEDE

(tv) N is an A6 configuration.
(tv) N is an AT configuration.

Proof. If \/p satisfy one or more of the conditions listed in the theorem, then the corre-
sponding Schur function is multiplicity-free. They are particular instances of the config-
urations RO — R4 described in Theorem as follows : Al isin R4; A2 is in R1, or R3;
A3 and A4 are in R3; A6 is in R1 or R3; and A7 is in R1. The strategy for the reciprocal
is to use Corollary to analyse the support of the basic multiplicity-free skew Schur
function sy, listed under cases RO — R4 in Theorem 2.2l We consider the five cases in
turn.

RO. If s or A* is the zero partition 0 then either A/u or (A/p)™ is a partition. This means
that the minimum and maximum LR fillings of A\/u coincide and therefore, supp(A/p) =
[w,n] = {n=w}.

R4. In this case both p and A* are rectangles, and thus A is a fat hook. Thanks to
Lemma B} we may assume that A = ((a + b)*,b¥) and pu = (a®,0Y) with a,b,z,y > 1, as
illustrated below:

a b

Ap= y .
Since A/u has two disconnected components, by Lemma 2] it follows that if any of
the components has a 2 by 2 block then its support is not the entire Schur interval. Thus,
we are left with four cases to analyse. When a = b = 1 or when z = y = 1 we get
an a two column or a two row diagram. In both cases, by Proposition 4.7 the Schur
interval coincides with the support of A/u. In any other case we get either an F'1 or an
F1™ configuration, and, by Proposition B3, we find that the support of A\/u is strictly
contained in its Schur interval.
Therefore, by Lemma[B1] we find that if both x4 and A* are rectangles, then supp(A/p) =
[w,n] = {n,w} if and only if A/u satisfy conditions (i) of the theorem.

R2. The two main subcases, y a rectangle of m™-shortness 2 and A\* a fat hook, and
vice versa, are denoted by S2 and S27, respectively. Each has four subcases, as illustrated

by:

S2(a) 527 (a) S2(a’) 527 (a')

52(b) 527 (b) 52(b') 527 (v)
These skew Young diagrams are arranged so that those of type S27 are the w-rotations
of those of type S2, and the right-hand block of four is the conjugate of the left-hand




25

block of four. Thanks to the rotation symmetry and the conjugate symmetry, one has
only to consider two cases, which we select to be S2(a) and S2(b).

S2(a). In this case A = ((a+b+c+d)*, (a+b+c)Y, (a+b)?) and p = (a”T¥*72) with
x + 1y + z > 4, for some integers such that a > 2, ¢,d, z,y,2 > 1 and b > 0, as illustrated
in the following figure:

a bec d

x
Y

z

By Lemma B we may assume that b = 0. We start by noticing that when z = 2 the
skew diagram \/pu is disconnected with a 2 by 2 block, in which case we have supp(\/u) &
[w,n|, by Lemma [£2] Assume now that z = 1, and note that by the hypothesis on A/,
the length of the diagram is greater than, or equal to 4. Therefore, an FO™ or an F(0’
configuration appears when ¢ > 2 or when z, d > 2, respectively. Again in this cases the
support of A/u is strictly contained in the Schur interval by Corollary Now, when
c=1x =1, we get an F'5 configuration, and when ¢ = d = 1, we get the conjugate of an
F'5 configuration. By Lemma [TT], supp(A/p) & [w,n]. Therefore, in all subcases, the
support of the skew diagram S2(a) is strictly contained in its Schur interval.
The analysis of case S2(b) is completely analogous to the previous one.

R3. The two main subcases, i a rectangle and A* a fat hook of m”-shortness 1, and

vice versa, are denoted by S3 and S3™, respectively. Each has six subcases, as illustrated
by:

S3(a) 537 (a) S3(a’) S3™(a')

- I
.

S3(b) 537 (b) S3(b') 537 (b')

I -

53(c) $37(c) $3(c') $37(¢)

| I

o

As before, these skew Young diagrams are arranged so that those of type S3™ are the
m-rotations of those of type S3. This time the right-hand block of six is the conjugation
of the left-hand block of six. Thanks to the rotation symmetry and the conjugation
symmetry, we have only to consider three cases. We choose to be S3(a), S3(b’) and
S3(c’).
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S3(a). There are two subcases which, by Lemma [B.I] may be reduced to (i) u = (a®?)
and \* = ((b+ ¢)?, ¢*Y) for some integers a,b,c,z > 1 and z,y > 0 such that z +y > 1;
and (1) p = ((a +b)*™) and \* = ((b+ ¢ + d)?, ¢¥*®) where a,b,¢,z,y > 1 and d,z > 0,
as illustrated below:

a b c a b d c
] |
T T
Yy Yy
(1) L7 (42) LJ?

In the subcase S3(a)(i) we start by identifying an F0, FO™ or an FO™ configuration in
the diagram whenever a,z > 2 or when x > 1 and b > 2, or even when a,y > 2. In these
cases, the support of the skew diagram is not the entire Schur interval by Corollary
There remains thus six cases to consider.

When a = 1 and z = 0 we get an F'6, and by Lemma .7 supp(\/p) = [w,n] if and
only if A/p is an A6 configuration. When @ = b = 1 and = > 0, we get the conjugate
of the m-rotation of an F'5 configuration if ¢ > 2, and an F2’' configuration if ¢ = 1. By
Proposition [£§ and Lemma 11l we find that in these cases, supp(A/p) = [w,n] if and
only if A\/u is an A2 configuration.

Assume now that @ > 2 and z = 1. Then, if y = x = 0 we get a two row skew diagram,
the configuration (7i) of the statement under proof, and thus its support equals the Schur
interval. If y = 0 and b = 1 we get the conjugate of an ['4 configuration, and, by Lemma
410, its support is equal to the Schur interval if and only if A\/u is an A4 configuration.
Finally, if y = 1 and x = 0 we get an ['2 configuration, and when y =1 and b = 1 we get
the transpose of an F'5 configuration. By Proposition [4.§] and Lemma [A. 11l we find that
the support is equal to the Schur interval if and only if A/ is an A2 configuration.

Consider now the subcase S3(a)(ii). When a, z > 2, we have an F0 configuration, and
when z > 1 and d > 2, we have an FO" configuration. Note also that if y > 2, we have
an F'O'™ configuration. So we are left with six cases to analyse, all having y = 1.

If d =0 and z = 1, we get an F'2 configuration (recall that one restricts to basic skew
Schur functions); if d = 0 and a = 1, we get either an F'2 or an F5 configuration; if
d =1 and z = 1, we also get the conjugate of an F5 configuration; if d = 1 and a = 1,
we also get the m-rotation of an F'3 configuration; if x = 0 and z = 1, we also get an
F2 configuration; and finally, if z = 0 and a = 1, we also get the w-rotation of an F5
configuration. Using propositions [4.8] and Lemma [£.TT] it follows that the support of
A/ is the full Schur interval if and only if A/ is an A2 or an A3 configuration.

S3(b’). Using Lemma Bl we may assume that A = ((a + b+ 1)*, (a + 1)¥**,a’) and
p = (a*Y), for some integers a, b, x,t > 1, and y, z > 0 such that y + z > 1, as illustrated
by

Mp=L1t
When a,t > 2 or a,z > 2 we get an F0 or an FO™ configuration, in which cases we know
from Corollary that its support is not the entire Schur interval. An F'0' configuration
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also appears whenever b, x > 2, and again the support of A\/u is strictly contained in its
Schur interval. So we are left with six cases to analyse.

If a =b =1, we get an F2' configuration, and if a = x = 1, we get either an
F2' configuration (when b = 1), or the conjugate of the 7-rotation of an F5 configuration
(otherwise). By Proposition A8 and Lemma [£.11], it follows that in this cases, the support
of A\/p is equal to the entire Schur interval if and only if \/u is an A2 configuration.

Assume now @ > 2 and ¢ = z = 1. If also b = 1, we get respectively an F'5, and if
x = 1, we get the conjugate of an F'5 configuration. Again by Lemma 11| it follows
that in these cases the support of A/u is strictly contained in the Schur interval. For
the remaining two cases, assume that a > 2, ¢ = 1 and z = 0. When b = 1, we get
the conjugate of an F'4 configuration, and when = = 1, we get the conjugate of an F'4
configuration. In these cases, by Lemma [T0, the support of A/ is the full Schur interval
if and only if A/ is the conjugate of an A4 configuration.

S3(c’). Thanks to Lemma B.] there are only two subcases to study: (i) u = (a*™¥) and
A= ((b+ 1)%, 1#Y) for some integers a,b,z,t > 1 and y, z > 0 such that y + 2z > 1; and
(it) p = ((a+b)**¥) and \* = ((b+ ¢+ 1)!,17"Y) with a,b,2,t,2 > 1 and y,c > 0, as
illustrated below:

GIM[ Gl
In subcase S3(c’) (i), we have F'0 and F0™ configurations whenever a,t > 2 or b,x+y > 2,
respectively. In these cases, by Corollary we have supp(\/u) & [w,n]. It remains to
consider four cases. When a = b = 1, we get an F'2' configuration, and when a = z+y = 1,
we get an F'6 configuration. Then, Proposition 4.8 and Lemma (L7 show that, in each
case, the support of A/u is equal to the Schur interval if and only if A\/u is an A2’ or an
A6 configuration.

Assume now a > 2 and t = 1. If b = 1 we get the diagram

| ]
y

z

a

Now, an F0' appears if z > 2, and, when z = 1, we get the conjugate of an F5 configu-
ration. By Theorem and Lemma [4.17], it follows that in these cases the Schur interval
contains strictly the support of A/u. On the other hand, if x +y = 1, then we must have
x =1and y =0, and thus A\/u has the form

a b

As before, an F0' appears if z > 2, and, when z = 1, we get an F'2 configuration, in which
case, respectively, by Corollary and Proposition .8 we find that the Schur interval
equals the support of A/p if and only it is an A2 configuration.
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Consider now the subcase S3(c')(ii). If a,t > 2 or 2 > 2 or ¢,z +y > 2 we get
respectively F0, FO™ or FO™ configurations on A/u. In all these cases, using Corollary
4.0, we find that supp(A/p) & [w,n]. So we may assume z = 1.

If we have ¢ = 0, we get an F'4 or an F4 configuration, respectively, when ¢ = 1 and
t =1, and, by Lemma [L.10] the support of A/u is equal to its entire Schur interval if and
only if the A/ is an A4 configuration.

If ¢ =1 then we get either an F'5, or an F5or an F3 configuration, respectively, when
a,r>2and t =1, or when a=1and ¢,z > 2, or when a =t =z = 1. In these cases, by
Proposition and Lemma A.TT] the support of the skew diagram is equal to the Schur
interval if and only if A\/u is an A3 configuration.

Finally, assume ¢ > 2 and  +y = 1. When t = 1, we get an F3 configuration,
and, when a = 1 and ¢ > 2, we get the m-rotation of an F'5. By Proposition and
Lemma [Tl we find that, in these cases, supp(\/u) = [w,n] if and only if A/ is an A3
configuration.

R1. There are two main subcases. We denote them by S1 and S17 in which p and \*,
respectively, are rectangles of m”-shortness 1. Each has four subcases, as illustrated by:

S1(a) S17(a) S1(a’) S1™(a’)
I ' -

S1(b) S17(b) S1(b) S17(b')
[

These skew Young diagrams are arranged so that those of type S1™ are the m-rotations
of their left-hand neighbour of type S1. Moreover, the right-hand block of four are the
conjugates of the left-hand block. Thanks to the rotation symmetry and the conjugation
symmetry, it is therefore only necessary to consider two cases. We select to be S17(a’)
and S17(b).

S17(a’). Using Lemma 3.l we may assume that

)\//,L:J

Moreover, we may assume that the diagram has at least 4 columns, three amongst the
last but one have different sizes, otherwise we are in case R3 or R4. In this case, A\/u is
disconnected and the largest component as a 2 by 2 block. By Lemma 4.2} it follows that
the support of A/ is not the full Schur interval.
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S17(b). We may use again Lemma B3] to reduce our study to the skew diagrams of the
form

a

5

Mp = v

where a + 1 is the number of columns of the diagram, which we assume that amongst the
first a there is at least three distinct lengths (otherwise we are in previous cases), = is the
length of the last column and A\* = (y). Moreover, we assume without loss of generality
that the last but one column starts at least one row below the topmost box of the last
column, and that the first column has length < y. Note that if there are at least two
columns, among the first a ones, having the same length and y > 2, then \/u is an F0
configuration. We are left with two cases: either (i) y = 1, or (i7) the first a columns have
pairwise distinct lengths. In the first case, the minimal and maximal fillings of \/u are

W= (ZL‘,TLTI’ s 771?’ 18T+1) =n= (ZL' + 1, nila . ,Tlfﬂ", 1Sr+1_1)7
with x > ny > --->mn, > 1 and r > 2. Therefore, the partition
g = (:L’, nil’ e, Ny —+ 17 nirfl7 1sr+171>

shows that the support of A/u is not the entire admissible interval.

Finally, assume that amongst the first a columns of A/ there are no two with the same
length, and that y > 2. By Corollary it follows that the support of \/u is equal to
the Schur interval if and only if A/p is an A7 configuration. U

We give the graphical representation of the skew shapes whose support achieve the
entire Schur interval, up to a block of maximal width or maximal depth, and up to a
m-rotation and/or conjugation:

The Full Interval Multiplicity-Free Skew shapes up to a block of maximal width or maz-
imal depth, and up to a mw-rotation and/or conjugation

a=x=1
1<a<c+1 x
d b -7 = ) .
S 1<d<b+1, b by 2 1; or

A2 bc>1. a |V a=11<zr<y+1

A3 b,y > 1.

a:171§x§y+1a
>1; or a ]

2. x=1 T
& ’ A6: [0

AV

a
A4 L y > 1.
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jk w= (w,k+1,k+1,1)

T T

k> 2.

AT

partition :

Example 4.5. Let \/u = ((b+ 3)%,2vT1) /(b + 2,1¥™!) be an A3 configuration with w =
(y+2,2,1"Y) <n = (y+3,2,1°). Then

Sxip = S(y+2.210+1) T S(yy222,10-1) T S(ya2310) T S(yy3a0+2y T S(yy3,2,10)-

Example 4.6. Let \/u = (44,3%)/(3,2,13) be an A7 configuration with w = (5,4,4,1) <
n = (6,5,3). Then

SA/u = S(54,4,1) t 85,531y T S(6,4,3,1) T S(5,54) + 56,521y T S6,4,4) + 56,53 -

5. THE MULTIPLICITY-FREE SCHUR FUNCTION PRODUCTS WITH FULL INTERVAL
SUPPORT

As a consequence of the characterization of the multiplicity-free skew Schur functions
that achieve the full interval, given in Theorem .16 and of Corollary 2.3l we get the char-
acterization of the multiplicity-free Schur function products that achieve the full interval.
They are precisely given by the configurations above: partition, A1 and A4.

Corollary 5.1. The Schur function product s,s, is multiplicity-free and its support is the
entire Schur interval if and only if one or more of the following is true:

(a) p or v is the zero partition.

(b) u and v are both rows or both columns.

(¢) u=(1%) is a one-column rectangle and v = (a, 1Y) is a hook such that either a = 2
and 1 <x<y+1,0ora>3andx =1 (or vice versa).

() p = (z) is a one-row rectangle and v = (z,1%) is a hook such that either a = 1
and 1 <z <z ora>2andx =1 (or vice versa).

The case (') is the conjugate of (c).

We list now explicitly the partitions (u, v, A) for which ci‘w =1forall A € [uUv, p+v].
Recall that the Pieri rule expresses the product of a Schur function and a single row
(column) Schur function in terms of Schur functions [I8] 8, 20]. These are precisely the
cases where the Hasse diagram of the interval [z U v, u + v] is given by the Pieri rule.

Corollary 5.2. Let (i, v, \) be a triple of partitions.

(a) If p or v is the zero partition, Cfl,o =1 if and only if u =\

(b) If u= (1") and v = (1Y) (or wice versa), with x >y > 1,
cf“, =1 if and only if X € [(1*1Y); (2¥, 1*7Y)].

() If u=(x) and v = (y) (or wvice versa), with x >y > 1,
¢y, = 1if and only if X € [(z, y); (z +y)].

(¢) If p=(1%) and v = (2,1Y) is such that 1 <z <y+1 (or wvice versa),
¢, =1 if and only if X € [(2, 171Y); (3, 271, v+,
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() If p=(x) and v = (z,1) is such that 1 <z < z, (or wvice versa),
¢y, =1 if and only if X € [(z, x, 1); (z + 2+ 1,1)].
(d) If w= (1) and v = (a, 1Y) is such that a > 3, y > 1 (or vice versa),
¢y, = 1if and only if X € [(a, 1*1); (a+ 1, 1¥)].
(d) If u= (1) and v = (2,1%) is such that a > 2, z > 1 (or wvice versa),
¢y, =1 if and only if X € [(z, 1°M); (2 + 1, 1%)].
Remark 5.1. We may also list explicitly the multiplicity-free Schur function products

whose support is an interval, that is, those whose number of components (summands) is
the cardinal of the Schur interval.

(a) sps, = s, has 1 component;
(b) The conjugate Schur interval [(1*1Y); (2¥, 1*7Y)] is a saturated chain.
S(1=)S(1v) = S(2v,10-v) + S(v-1,10-v+2) + - -+ + S(21 12+y-2) + S(rv+ey, T =Y > 1,
has y + 1 components. In particular, when y = 1, s(12)s1) = S(2,12-1) + S(11++) has
2 components.

(0') It is the conjugate of (b).

(¢) There are two cases for the conjugate Schur interval [(2, 127¥), (3, 271, 1¥==1)],
with 1 <2z <y+1. Wheny=x—-1,

S128210-1 = S(gg1) T Sa+la—11) T S@+lz) T S@@+2z-21) + S@+22—-1) T S(@+32-31) T *

+S@z—111) + S@e—12) + S@z1y, T = 1; and
when y > x — 1,

8(2,10-1+k)S(17) = S(z+k, ,1) T S(a+k, 2+1) T S(a+1+k, 2—1,1) T S(@+1+k, 2)’ T S(@+2+k, 2—2, 1)/ T

+S (2t 24k, 2—1) T S(@t3+k, 2=3, 1) T " "+ S@a—14k, 1, 1) T S@2—14k, 2) T 5@atk, 1y, T =1, k> 0;
(') Tt is the conjugate of (c).

(d) The conjugate Schur interval [(a, 1¥T1); (a+1, 1¥)], a > 3, y > 1, has 3 elements.

S(a,1v)51 = S(a,1v+1) + S(a,2,1v-1) + S(as1,1v), @ =3, y > 1.
(d') It is the conjugate of (d).

Acknowledgments: The first and third authors would like to express their gratitude to
Peter R. W. McNamara for the interesting discussions during the FPSAC09, Hagenberg,
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