ON EXPONENTIAL SUMS, NOWTON IDENTITIES AND
DICKSON POLYNOMIALS OVER FINITE FIELDS

XIWANG CAO', LEI HU

ABSTRACT. Let Fy be a finite field, Fgs be an extension of Fy, let f(z) € Fqx]
be a polynomial of degree n with gcd(n, q) = 1. We present a recursive formula
for evaluating the exponential sum Zcqus X&) (f(x)). Let a and b be two
elements in F; with a # 0, u be a positive integer. We obtain an estimate of
the exponential sum ZCGFZS x) (ac® + be™1), where x(%) is the lifting of an

additive character x of F;. Some properties of the sequences constructed from
these exponential sums are provided also.

1. INTRODUCTION

Let F, denote the finite field of characteristic p with g elements (¢ = p°®,e € N,
the set of positive integers), and F; the non-zero elements of F,. Let IF,[x] be the
polynomial ring with indeterminate x. For every positive integer s and a positive
divisor t of s, the relative trace map from Fys to Fy: is defined as

(1.1) Tr; (c) —c+c +& +"'+0257t,VC€]Fqs.
The absolute trace map is defined by

Tr(c) =c+ P+ +-- 4+ Vee F,,
and the function maps from F, to C*, the set of nonzero complex numbers, defined
by

Xa(c) _ eQijlTr(ac)/p7vc c ]Fq7

is called an additive character of Fy. Let x be an additive character of F,, and
f(z) € Fg[z]. The sum

S =" x(f(e))
celF,
is called a Weil Sum. Let g be a generator of the cyclic group Fy, the function
maps from F, to C* defined by
q/](gk:) = 627.“/?1’6/(‘171)7 for k = 07 ]-7 27 4 — 2

is called a multiplicative character of F,. It is easy to see that 1) is a generator of
the characteristic group of Fy. For every multiplicative character ¢ of F, and a
polynomial f(x) € Fy[z], one can also define the following exponential sum

T = v(f(e)
cel,
here we extend the definition of ¢ to the set F, by setting ¢(0) = 0.

)
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The problem of explicitly evaluating these sums, S(f), T(f), is quite often diffi-
cult. Results giving estimates for the absolute value of the sum are more common
and such results have been regularly appearing for many years. Lidl and Niederre-
iter gave an overview of this area of research in the concluding remarks of Chapter
5 in [2]. See also, [1, 4, 5, 6, 7, 8, 9] for instance.

Using the technique of L-functions, one can prove the following results:

Theorem 1.1. [2, p. 220, Theorem 5.36] Let f(x) € Fy[x] be of degree n > 2 with
ged(n,q) = 1 and let x be a nontrivial additive character of Fy. Then there exist

complex numbers wy,ws, - ,wn_1, only depending on f and x, such that for any
positive integer s we have
(1.2) S = —wf —wh = wh

YEF s

where ) (x) = x(Tr5(2)) for all x € Fye is the lifting of x from Fy to Fys.

Theorem 1.2. [2, p.223, Theorem 5.39] Let ¢ be a multiplicative character of Fy
of order m > 1 and f € Fy[z] be a monic polynomial of positive degree that is not
an mth power of a polynomial. Let d be the number of distinct roots of f in its
splitting field over Fy and suppose that d > 2. Then there exist complex numbers
01,02, ,04_1, only depending on f and 1, such that for every positive integer s
we have

D) =~ - 05— =05,

YEF s
where *(z) = Y(Normi(x)) for all x € Fys is the lifting of ¢ from Fy to Fys, and

2 s—1
Normj (z) = pltata ++a

For convenience, we make the following notations:

(1.3) Sa(f) =D XM T(f) = D v (f ().

YEF s YEFs

In this note, we establish some recursive formulae about Sg(f) and T5(f). Some

results abut the exponential sum G (a,b) = 3 X (ac® +bc™1) are obtained,

cely,
where u is a positive integer, a,b € Fy.

The organization of the rest of the paper is as follows: In Sect. 2, we introduce
some preliminaries results which will be used in the sequel. In Sect. 3, we give a

recursive formula and an estimate of the exponential sum Gy (a,b) = > cp. x(ac+
q

be=1). In Sect. 4, we provide some properties of the sequences constructed from
the exponential sums.

2. PRELIMINARIES

In this section, we introduce the concept of Dickson polynomials, Newton’s iden-
tities and a useful tool for evaluating exponential sums; that is, the L-functions.
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2.1. Dickson polynomials. Before going to state our main results, we need the
concept of Dickson polynomials.
Consider a polynomial

(2.1)
r(ciyca, e cpa) = 2" — @k fegr T 4 ()P + (—1) T a € Ty 2]
This polynomial has k + 1 not necessarily distinct roots f1, -, Bx+1 in a suitable
extension of F,. Now, let n € N, the set of positive integers, and set
T'n(Cl, T 7Ck,x) = (.’L‘ - ﬂ?) e (fﬂ - ﬁl?—‘—l)'
Define
eo(r1, 2,y Tpr1) = 1
k+1
61(I1,IE2, e ,fck+1) = sz
i=1
k+1
62(3]1,1’2,"' ,l‘k+1) = Z xixj
1<i<j<k+1
€k+1(I1,IE2, e ,fck+1) = T1%2 " Tg+1
em(T1, 29, -+ ,xpr1) = 0, form>k+ 1.
We know that the coefficients of 7, are elementary symmetric functions e; (57, -+, By, 1)s
1=1,2,---  k+ 1. Since e; is symmetric in the indeterminates z1,--- , g1, there

.. ,D,ng) in k + 1 indeterminates such that

exist integral polynomials Dy, ”,

ei(x??”' 7x7cl+1) = D’Ezi)(el(l‘17"' axk+l>7"' )ek+1($17..' 7xk+l))
for 1 <i < k+ 1. Since 51, - ,Br+1 are the roots of the polynomial r we have
ei(B1,-, Prt1) =¢; for 1 <i <k and exy1(61, -, Br+1) = a. Thus we have

fo)(ch"' ’ck7a) = ez(ﬁ{lv ’5l?+1)'

Therefore,

(e, epx) = aF T 4 Z (=1)'DWD(cy,--- e, a)zh T8 4 (=1)k g,
1<i<k

Definition 2.1. The Dickson polynomials of the first kind Dg)(xl, e xg,a), 1 <
1 < k, are given by the functional equations

DS)(xlf te ,J)k,a) = ei(u?v' te auz+1)a 1 S ? S ka
where z; = e;(u1, -+ ,ugt1) and uq - - Ug41 = a.
Thus, particularly, for ¢ = 1, we have
(22) D’Ell)(elae27"' 7e/€+1):u?+ug+"'+uz+1a

where e; = e;(u1, -+, Up41).
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Waring’s formula also gives the explicit expression of Dél)(xl, cee Tk, a) as
Dgll)(xla Tk a)
z ] . , .
_ L5 % n n—1i; — 29 — - — ki,
h : ! n7i172i27~~-7kik i1+"'+ik_1
11=0 i.=0
( TIE SRRy 7 ) L <i1 + i2) aik(,l)il+2i2+'“+kik
IR P i1
xr,ffgilf...f(kﬂ»l)ikxél . x;’:il,

where |z] denotes the largest integer < z. See Lidl [3, p.19] for details.
Moreover, we have the following results.

Lemma 2.2. [3, p.19] The Dickson polynomials of the first kind D,(ll)(:rl7 Cee Tk, Q)
satisfy the generating function

A k. 1 _ _1 (3 i 7
E DS)(JCL LT, a)2" = 2ol ,:1 Z)( ) i forn>0
n—0 Yoito (—1)ix;zt

and the recurrence relation
(23) Dy — @D+ (~)F DY + (~1) D = 0
with the k + 1 initial values

J

DSV =k +1,D" = 3" (=) DIV, + (<1) (k +1 - j)z; for0<j<k.

t=1
2.2. Newton’s identities. Let x1,--- ,x,4+1 be k + 1 unnecessarily distinct num-
bers, denote for n > 1 by p, (21, ,2Zx+1) the n-th power sum:
pn(xlv' o ,.’Ek+1) = 55111 +£Cg + - +xZ+1~
Then Newton’s identities can be stated as
m
(24)  mem (a1, k) = (DT e (a1, mke)pi(en, o 2hg)
j=1

valid for all m > 1. See http : //en.wikipedia. org/wiki/Newton’s identities for
details.

For convenience, we denote p;(z1, - -+, Zx41) simply by p;, and denote e;(z1,- - - , Zp41)
by e;. By (2.4), we know that

m—1

(25) P = D (<17 ey + (1) e, m > 2.
j=1

We note that both (2.5) and (2.3) tell the something.
By (2.5) and Cramer’s rule, we obtain that

€1 1 0
262 €1 1 0

(2.6) Pm = | 3es ez er ;

mem €m—-1 - €1
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and
P1 1 O .
) D2 p1 2 0
(2.7) em=| : oo
Pm—-1 Pm-2 -+ p1 n-—1
DPm Pm—1 e D2 D1

As an application of Newton’s identities, we show that (2.3) is sufficient to define
the Dickson polynomial of the first kind DS).

Proposition 2.3. If D, satisfies (2.3) with the initial values, then as a sequence,
D, is just D,(E).

Proof. As a sequence, D,, has the characteristic polynomial as

r(z1, T, op,x) = 2T — e 4o 4o 4 (=) Pz 4 (—1)F .
Let the roots of r(xy,z9, - ,zk,z) = 0 be By, -, Bk+1. Then we have z; =
ei(B1, -+, Br+1), and for every positive integer n

DY =160+ + ls1Br41
holds for some constants Iy, - - ,lx4+1. Now by the initial values of D;-l)

following system of equations.
b+ Flhp=k+1
{ S LB = Y () T e Y LB+ (1 (k41— ey for 0<j <k,
Simplifying this system, we have
b+ +lhp=k+1
{ jay =0y (=) ey S LBL for 0< j < k.

, we get the

Comparing with (2.4), we obtain [y = -+ = [p4; = 1 is a solution to this system.
Furthermore, D,, is uniquely determined by its initial values. Thus we obtain
ly =--+ =41 = 11is the unique solution to this system and DW = B+ -+ﬁ]§+1.
This completes the proof. ([

Thus we obtain an equivalent definition of Dickson polynomials of the first kind.

Now we consider the exponential sums defined in Theorem 1.1 and Theorem
1.2. Using the relations between the power sums and the elementary functions, we
obtain the following recursive formulae:

Proposition 2.4. (1) Let f and Ss(f) be defined as in Theorem 1.1 and (1.3). Then
for every integer s > 2, we have

Ss(f) =D (=1 ej(wr, wn—1)Ss—j(f) + (—1)ses(wr, -+, wn—1).

(2) Let f and Ts(f) be defined as in Theorem 1.2 and (1.3). Then for every integer
s > 2, we have

s—1

To(f) = (=17 ej(01,- ,0a-1)Taej(f) + (—1)*ses(01, -+ ,0a1).

j=1
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2.3. An useful tool for computing exponential sums. In order to determine
some exponential sums over finite fields, we use the idea of L—functions: The
canonical L-function of the exponential sum S;(f) = Zcemqs X (f(c)) is defined by
L*(f.t) =exp (X o2, Sé(f)t;) By a famous theorem of Dwork and Grothendieck,
L*(f,t) is a rational function.

Let ® be the set of monic polynomials over IF,, and let A be a complex-valued
function on ® which is multiplicative in the sense that

(2.8) A(gh) = A(g)A(h) for all g,h € P,

and which satisfies |[A(g)| <1 for all g € ®, and A(1) = 1. Denote by ®;, the subset
of ® containing the polynomials of degree k.
Consider the power series

(2.9) L(z) = Z Z Mg) | 2~

k=0 \ ged,

It is easily seen that
L(z) = [T = Azt~
farr
where the product is taken over all monic irreducible polynomials f in F,[z]. Now
apply logarithmic differentiation and multiply by z to get

(2.10) dlogL ZL
with
(2.11) Ly =" deg(f)A(f)z*/ el

where the sum is extended over all monic irreducible polynomials f in F,[z] with
degree dividing s.
Now suppose that there exists a positive integer ¢ such that

(2.12) Z Ag) =0 for all k > ¢.
IS

Then L(z) is a complex polynomial of degree < ¢t with constant 1, so that we have

(2.13) L(z)=(1—-wi2)(1l —wsz) - (1 —ws2)
with complex numbers wy,ws, -+ ,w;. It follows that
(2.14) L,=—-w]—w;—-- —wj forall s > 1.

3. A RECURSIVE FORMULA AND AN ESTIMATE FOR A SPECIFIC EXPONENTIAL
SUM

Now we consider the exponential sums

(3.1) Gy(a,b) = Z x(ac* +bc™"),a € Fi,b € Fy,
ceFy

here u > 1 is a positive integer.
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If w =1, then Gy(a,bd) is the well-known Kloosterman sum. If u = 3, then
Gy(a,b) is called the inverse cubic sum. It is easily seen that G (a,b) = Gy (ab®, 1)
itb+#0.

In what follows, we proceed to give a recursive formula and an estimate of the
exponential sum G, (a,b) by using the ideal introduced in subsection 2.3. To this
end, we should define a multiplicative function A from the set ® of all the monic
polynomials in F,[z] to the set of complex numbers.

We put AM(1) =1 and if g € Oy, k > 1, say

k

g(x) = Z(—l)jcjxk_j with ¢ = 1,
j=0

suppose that g factors as
9(@) = (z —on)(@ —az) - (z — o)

in its splitting field, we set

k
gz)=(x—at)(z—af) - (z—a}) Z &;2%77 with & = 1.
7=0

It is easily seen that the numbers

k

k
~ 2 : u —1 2 —1
C1 = Oéj,Ck_lck = Oéj
j=1 j=1

are invariant under the Frobenius automorphism z + x9, thus El,ck,lcgl c I,
and we can define

Ag) = x(ac; + bck,lclzl) if ¢, #0,

and A(g) =0 if ¢, = 0.
Now we check that A(gh) = A(g)A(h) holds for all g,h € ®.
Suppose that

g(@)=(z —a)(z—az) - (z—ax),h(z) = (. =)z =) (z—m),
and then

e
—
8
~—
I
—
8
|
Q

e
=
|
Q

[ VR
\_/
—
8
|
Q
>
|
—_
N~—
<
(o
8
e
<

with
k

k l
~ Z Z Z -1 -1 Z -1
G = a];dl ’Yz 3 Ck— lck = ij 7dl71dl = Y
j=1 j=1 i=1

Therefore, if

k+l1 k+l1

g@)h(x) =Y (1) Epna™ " ga)h(z) = Y (=1)" Eyattm,

m=0 m=0
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we have,
) } k !
FEi=¢ +dy, Ek"‘l—lEk_il = Zaj—l + Z%—l — ck_lclzl + dl_1dl_1.
j=1 i=1
Thus we get that A(gh) = A(g)A(h) holds for all g,h € ®.
By Newton’s identities (2.5), we have

k u—1
é = Zo/j =Dy = Z(—l)jejpu_j + (=) tue,,u > 2,
j=1 j=1

where p; = af + -+ + af is the power sum, since p; is a symmetric function on

aq,- - ok, we know that p; € Fy, and e; = ej(a, -, o) = ¢; for j < k and
ej = 0 for j > k. Therefore,
~ S (~1)ejpu—y if k < u,
(32) 1= {171 j—1 u—1 .
Yo (LT epu—y + (-1)" Tuey ik >
It is easily seen that Z;Cll(—l)j_lcjpu_j =m(cy, -+ ,cu—1)isafunctiononcy, -, cy_1.

Hence, for k > u + 1, if ged(u, q) = 1, we can write

Z AMg) = Z Z x(aé; + beg—_1c; ")

geDy c1,¢2,,cp—1€F, ckE]F;

¢ Y xa(=1)"uey)

cy €Fy

u—1

> > X(a ) (=1)7 " epu—j)x(bey ' er-1)

Cke]F; €1, Cu—1,Ck—1€Fg j=1

If b £ 0, we can write

Z Ag) = Z Z x(aé; + beg—_1c; )

geD c1,62, ,ck—1€Fq c €F

u—1
= qkiu*l Z Z X aZ(—l)jilcjpu_j+(—1)uilucu
j=1

ck€FY c1,00v ,cu€lyg

Z x(bey ex—1)

ck—1€F,

We note that the aim of presupposition k > u + 1 is to separate ¢, and c;_1 such
that ¢, and ¢;_1 are free in the above summation.
Therefore (2.12) holds with ¢ = + 1. From (2.13) we obtain

Liz)=1—-wz)(1 —w2z) - (1 —wyt12)

for some complex numbers wy, -+, Wyt1.
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Now we calculate Lg from (2.11). Let g be a monic irreducible polynomial in
F,[x] whose degree divides s, and let v € E = F,« be a root of g. Then g*/4°8(9) ig
the characteristic polynomial of vy over F,; that is,

9(@)/ 50) = (2—3) (=) - (3—1" ") = 2" 12 (1)L (—1) e,

-1

say. Then ¢; = Trgp, (7), cs =777 4% and
corcs =y T T = Trgye, (7).
Thus we have
A(g@)/ =) = x (a4 b))
x (aTrg/m, (v") + bTrgp, (1)
= X"+,

and so
Ly=Y "deg(g)A(g*/ @) =" > xOay" +b77"),
g g ~yEE,g(v)=0

where * means the summation is extend to all monic irreducible polynomial g(z) €
F,[z] with g(x) = z is excluded. If g runs through the range of summation above,
then v runs exactly through all elements of £*. Thus

Le= Y x"ay"+ by,
yeEE*

Therefore, we have proved the following:

Theorem 3.1. Let Fy be a finite field and v be a positive integer. Let s be any
positive integer, and x*) be the lifting of the additive character x of F,. For any
two elements a,b € Fy with a # 0, define

(3.3) G (a,b) = Z X (ac + bet).

cEIF;S

Then, if either gcd(u, q) = 1 orb # 0, there exist complex numbers wy,wa, -+, Wyt1,
only depending on wu,a,b and X, such that for any positive integer s we have

(3.4) G,(f)(a, b) = —wi —wy — Wy -

Moreover, for the complex numbers wy, - -, wy41, we have the following:

Theorem 3.2. Let u be a positive integer with ged(u,q) = ged(u+1,¢9) = 1 and
ab # 0. Then the complex numbers wy, -+ ,wyt1 in Theorem 3.1 are all of absolute

<4
Thus we have the following:
Corollary 3.3. Let u be a positive integer with ged(u,q) = ged(u +1,9) = 1 and

ab # 0, and let the exponential sum Ggf)(a, b) be defined as in Theorem 3.1. Then
we have

|G (a,b)] < (u+1)/q foralls =1,2,--- .

For the proof of Theorem 3.2, we need the following lemma:
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Lemma 3.4. [2, Lemma 6.55, p.310] Let wq,- - ,w, be complex numbers, and let
B >0, C >0 be constants such that
(3.5) |wi + - +w)| <CB® fors=1,2,---.

Then |wj| <Bforj=1,2,---,n.
Now we give the proof of Theorem 3.2.

Proof. For any a,b € F, with a # 0, we write

Z x®(ac* +bet) = Z X (Trg/m, (ac” +bc™h)) = Z N()x(v),
ceE* ceE* velF,
where
N(v)=|{ce E*|TrE/Fq(ac“ + bcfl) =}
If Bp is a fixed element in E with Trg /g, (o) = v, then by Hilbert’s Theorem 90,
we know that Trg /g, (ac* +be') = v if and only if ac* 4+ be™! = 59— §+ B for
some 3 € E, (see [2, Theorem 2.25]), or equivalently, ac*™ — (87— B+ By)c+b = 0.
Let N be the number of solutions of
(3.6) fla,y) =ay"™ — (@7 — 2+ fo)y +b=0
in E2.
We proceed to show that f(x,y) is absolutely irreducible over F,-. We note that
a polynomial is called absolute irreducible over a field L means that this polynomial
is irreducible over every extension field of L.
If there is an extension field K of Fy= such that f(z,y) is reducible in K|z, y|.
Let
Q= {g(z,y)|g(x,y) is an irreducible factor of f(z,y) in K[z,y|}.

We define the action of the additive group of F, on Q as follows. If fi(x,y) =
ao(y) + a1(y)x + -+ ar(y)zt € Q, for every element & € F,, define the action of £
on fi(x,y) by o¢ : x — z+&,y — y. It is clear that this is a group action, so either

Case (1) fi(z,y) is invariant under the action of every o¢,§ € Fy, or

Case (2) there are some orbits, each of the form f;, (z,y),- -, ft,(x,y) such that
the union of these orbits is invariant under the action of every o¢,§ € Fy. In the
second case, we see that the product of the polynomials in the union of the orbits
is invariant under the action of all the elements of IF,.

Thus, both in case (1) and case (2), we always have a factor of f(x,y), say
fi(z,y), which is invariant under the action of Fy.

We denote by 0.(f1(z,y)) the highest degree of z among all monomials in
fi(z,y), then all the polynomials in an orbit have the same 9,, and the same
Oy -

We proceed to prove that 9, (f1(x,y)) = gq.

Since fi(x,y) is invariant under the action of o¢, & € Fy, considered as a polyno-
mial in indeterminate z, the following polynomial

T(2) = fi(zo + z,90) — f1(z0, Y0)

has at least g roots, namely, all the elements in F,, where xg, yo are prescribed two
elements arbitrarily. Thus T'(z) is divisible by H{qu (z = &) = 29 — z. In other
words,

T'(z) = fi(zo + 2,90) — fi(zo,y0) = (27 — 2)q(2) for a ¢(z) € K[z].
Comparing the degrees of both sides yields that 9,(¢(z)) = 0.
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Hence fi(x,y) should have the form ¢;(y) + (¢ — x)g2(y) for some polyno-

mials g1(y),g2(y). Suppose that f(z,y) factors as f(z,y) = fi(z,y)f2(y) with
deg(f2(y)) > 1. Then we have

fla,y) = ay"™t — (@9 =2+ Bo)y +b = (91(y) + (27 — 2)92(y)) f2(y),
which yields that go(y) is a constant and deg(f2(y)) = 1. Suppose that ga(y) =
o, f2(y) = €0 + €1y, then

ay"*t — (29 =z + Bo)y +b = gi1(y) (o + 1) + (27 — )ag(eo + e1y)
which implies that ¢y = 0 and thus b = 0. Contrary to the fact that b # 0.

It follows that f(z,y) can not have a proper factor which is invariant under the
action of F,. Therefore, f(z,y) can not factor as fi(x,y)g(y) for a g(y) € K[y]
with deg(g(y)) > 1. By the same reason, f(x,y) can not factor as fi(z,y)g(z) for a
g(x) € Kx] with deg(g(x)) > 1, for if it does, it is obvious that J,(ce(f1(x,v))) =
0y (fi(z,y)), then fi(x,y) is a proper factor of f(x,y) which is invariant under the
action of [Fy.

Therefore, we know that the group action (Fy,(2) has just one orbit, since the
product of polynomials in an orbit is invariant under the action of F,. Thus we
know that the group action (F,, ) is transitive and || divides ¢. Thus for every

fi(@,y), f2(z,y) € Q, we have 0,(f1(z,y)) = Ou(f2(z,y)) = du, ay(fl(xvy)) =
Oy(fi(z,y)) = dy. So that u+1 = d,|Q| and ¢ = d,|Q?|. By the assumption that
ged(u+1,9) = 1, we get at last that |Q = 1 and f(z,y) is irreducible in K[z, y].
This contradiction mean that f(z,y) is absolutely irreducible.

Now, by a famous result of Weil!, see Weil [8, 9], we have,

(3.7) IN —¢°| < Cq*/? for some constant C,

where the constant C' is independent on s.
On the other hand, for each fixed y € F satisfies (3.6), there are ¢ choices of z,
namely by adding any element of Fy, thus we have

(3.8) N =¢N(v)
From (3.7),(3.8), it follows that
IN(0) — 1| < Cg*/21.
Denote by R(v) the number N(v) —¢*~!, then |R(v)| < Cq*/?>~!, hence

G a,0)] = [—wi— —wil

= Z X(S)(ac“ +bcH| = Z N(v)x(v)

cEE* vEF,

= (¢ + R)x()| = | Y R(v)x(v)

velF, veF,
< Cqs/2.
The desired result then follows with Lemma 3.4. This completes the proof. O

It says that if a polynomial f(z,y) € Fq[z] is absolutely irreducible, then there exists a
constant C such that the number N of the solutions of the equation f(z,y) = 0 satisfies |[N —q| <

C\Va
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Denote G (a,b) by G*), then by Newton’s identities, or by Dickson polynomi-
als, we have the following;:

Corollary 3.5. Let G©) and the numbers Wi, ,Wyt1 be defined as above. Then

|
—

S
GO =" (1) e (wr, - wur )G 4 (=1)%es(wi, - wat) for all s > 2.
j=1

Because es(w1, -+ ,wut1) = 0 whenever s > u+ 1. In order to setting the recur-
sive formulae to work, we only need to know the u+1 initial values GV, ...  Gu+1),
since we can find the elementary functions values ej,- - ,e,4+1 by (2.7) under the
presupposition that the characteristic of the finite field is bigger than w+ 1. On the
other hand, if we can find the values of 3° 4 A(9), -+, cq,,, Mg), We can also
determine the recursive formula without any restriction on the characteristic of the
finite field. For example, when u = 1, by Theorem 1.1, we obtain the following
well-known results about the Kloosterman sums.

Corollary 3.6. Let a,b be two elements in a finite field F,. Then there are two
complex numbers wy,ws, depending on ab and x, such that for every positive integer
s, we have

(3.9) E(x®,a,b) = Z X (ac+be™t) = —wi — ws.
cEF;S
Moreover, we have |wi| = |wa| = \/q.

Proof. Tt is easily seen that k(x®), a,b) = k(x®, 1, ab) = k(x'*), ab, 1), and by The-
orem 3.1, there are two complex numbers w1, ws, depending on ab and x, such that

k(x(s), a,b) = —w; — wi. Furthermore, we know that the corresponding function
L(z) is

L(z)=1+ Z Ag) | =+ Z o) | 22
gED gED-
Now, it is easy to see that de'in A(g) = k(x,a,b) and deq>2 Ag) = g, see [2,
p.227] for details. Thus we obtain that wy + wa = k(x,a,b),wiws = q. Here we
note that k(x,a,b) is always a real number. Therefore by Theorem 3.2, we know
that |wi| = |we| = /7. O

Since witwe = —k(x, a,b),wiws = q, we have e1 (w1, w2) = —k(x, a,b), ea(wy,ws) =
q, by Newton’s identities or by property of Dickson polynomials, we get the follow-
ing:

Corollary 3.7. [2, p.229] Denote k(x*),a,b) by k). Then

(3.10) ) =~k — k672 for s > 2,

and

(3.11) k) = — (wf + <q> ) = DM (w1 + L,q) = —DM(~k, q).
w1 w1

where we put kO = -2, kW) =k = k(x, a,b), Dgl)(., .) is the Dickson polynomial.

If w =2 and q is even, we proceed to compute the corresponding function L(z)
as follows.
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Obviously, if ab # 0, then
Z Ag) = Z Ag) = Zx(a02 +bc™) = Gay(a,b).
geP, g=xz—c,c#0 c#0
Moreover,

Mg = D xlalaf+03) +berey )

ged2 c1€Fq,c2€Fy

= Z x(alar 4 az)* 4 beiey b)
c1€Fg,c2€FY

= Z x(ac +beiey '),

c1€F,ca GIF’(;

where a1, s are the roots of 22 — cix + ¢o = 0 in an extension of the finite field
F,. Thus

YoM =g+ Y xad) Y xlber!) =g+ 1.

ged2 c1€F; c2€F;
Furthermore,
> Mg) = > Ag)
geds3 g(z)=x3—c1224cox—c3,c37#£0

= Z Z x(a(ad + a3 +al) + beacy )

c1,c2€Fg c3€Fy

= Z Z X(G(C? —c1e0 +c3) + bczcgl)

c1,c2€FR; c3 E]F;;

= > xla(d +es) D xlealbest —acy))

c1€Fq,c3€F} ca€F,

= q Z x(act + ¢3)

c1,e3€F;,bey '=acy
= qGs(a,a™'b).
Thus, we have
L(z) =1+ Ga(a,b)z + (¢ + 1)2% + qG3(a,a™b)2>.
By Corollary 3.5, we have the following:

Proposition 3.8. Let q be a power of 2, F; be a finite field. For any integer s,
define

G (a,b) = Z X (ac? 4 be™h).

cE]F:;s
Then,
(1) for every elements a,b € F;, we have

G (a,b) = —G2(a,b)GCV(a,b)—(¢+1)G* "2 —¢G3(a,a b)GC™) for all s > 3,
where Gy (a,b) is defined by (3.1).
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(2) If 1 + Ga(a,b)z + (¢ +1)22 + qG3(a,a™1b)23 = (1 —w12)(1 — we2)(1 — w32),
then for every positive integer s,

G (a,b) = —w — ws — w3,

In the case of w = 2 and ¢ is odd, the situation is slightly different, we should
distinguish the cases of char(F,;) = 3 and char(FF,) > 3. In these two cases, we have

Z Ag) = Z Ag) = Zx(a02 +bc™) = Go(a,b),
gePy g=xz—c,c#0 c#0

and

> Ag) = > Xa(ef +a3) +bercy ')

geP2 c1,c2€F 4,c2#0
= Z x(—2acs) Z x(ac? +beieyt).
Cg?éo Clqu

Since ac? + beycy ! is a quadratic function in ¢y, the inner sum is
> xlact +berey ') = x(—=47"0%e; 2a m(a)g(n, %),
c1 G]Fq

where 7 is the quadratic charter, and g(7, x) is the Gaussian sum of the quadratic
character n and the additive character y. This Gaussian sum has been determined
explicitly, see [2, Theorem 5.12, Theorem 5.15] for instance. Hence we have

D AMg) = nl@g(nx) Y x(—2acs)x (=47 e %)

geP2 c2#0

= n(a)g(n,x) Y x(—47"a 0?5 — 2ac; ")
Cg;éo
2

7 _9q).
4a’ @)

= n(a)g(n, x)G(
If char(F,) = 3, then

> M) > x(a(of + o + o) + beacy ")
9e®s c1,c2,c3€F,c37#0

= Z x(acd +beacy ') = 0.

c1,¢2,c3€F,c37#0

If char(F,) > 3, then

> Mg) = > x(a(of + o + o) + beac )
ged3 c1,c2,c3€F,c37#0

= Z x(a(c} = 3ciea + 3e3) + beacy )

c1,¢2,c3€F,c3#0

= Z x(ac? + 3c3) Z x((begt — 3acy)ea)

c1,c3€Fg,c37#0 co€Fy

= q Z (acd +a " ber )

cy G]F;;

= ng(a,aflb).
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Therefore, we obtain the following two results.

Proposition 3.9. Let q be a power of 3. For any integer, define

G (a,b) = Z x(ac® +bc™h).
CGF;S
Then,
(1) for every elements a,b € F;, we have
b2
G(a,b) = =Ga(a, )GV (a,b) = n(a)g(n, ) Ga(~ -, ~20)G " (a, b)
for all s > 2, where G, (a,b) is defined by (3 1).

(2) If 1 + Ga(a, b)z + n(a)g(n, X)Ga(— ", —2a)2% = (1 — w1 2) (1 —wp2), then for
every positive integer s,

b2
6% (a) = i = 03 = =DV (~Gala, ). (@1, Gal~ . ~20)).

Proposition 3.10. Let F, be a finite field with char(F,) > 3. For any integer,
define
G (a,b) Z X (ac® +beh).
CG]F*
Then,
(1) for every elements a,b € F;, we have
2

GO(a,b) = =Ga(a, )G (a,b) = n(a)g(n, x)Ga(— -,

—qG3(a, ailb)G(sfg) (a,b)

—2a)G*" ) (a,b)

for all s > 3.

(2) If 1+ G2 (a, b)z+n(a)g(n, x)Gg(—E,—%)z +qG3(a,a™1b)2% = (1—w2)(1—
we2)(1 — wsz), then for every positive integer s,

G (a,b) = —w — ws — w3,

Where G (a,b) is defined by (3.1).

4. SEQUENCES CONSTRUCTED FROM THE EXPONENTIAL SUMS

In this section, we restrict the characteristic of the finite field being 2, and we
denote G (a, 1) simply by G,(a). For every element a € F;, we define a sequence
Ga by

ga - (Gu(ax))xe]}‘; 5
The correlation of two such sequences is defined as
(4.1) Cap =Cg,g, = »_ Gulaz)G,(br).
z€F?:
The autocorrelation of a sequence G, is defined as

(4.2) Ag, (h Z Gu(ar)Gy(ahz),h € Fy.

z€Fy
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About the distribution of values of the autocorrelation of the sequence G,, we
have the following;:

Proposition 4.1. For every a € ]F; and a positive integer u coprime with (¢ — 1),
we have
[ —a-1, iyh#l
Ag, (h) { @?—q—-1, ifh=1.

Therefore, G, is a two-valued correlation sequence which has some applications
in communications, for example, Code Division Multiple Access (CDMA) systems,
etc.

Proof. Direct evaluation shows that

Ag,(h) = Y Gu(az)G,(ahx)
xeF;
= Z Z x(azc* +c71) Z x(ahxd" +d 1)
IGF;CGF; dEF;
= 3 e +d ) Y xaw(et + hd®))
quF; xeF;
= Z (et +d™h Z x(ax(c* 4+ hd")) — 1
QdEF; z€F,
= q Z X((h_u/ +1)d ) - Z x(ct4+d™) (uw' =1 mod g —1)
deFy c,deFy
_ —q—1, ifh#1
a ¢?—-q-1, ifh=1,
which is the desired result. O

Hence we obtain the following corollary:

Corollary 4.2. For every pair of (a,b) € (IFZ)Q, and a positive integer u coprime
with (¢ — 1), we have

(4.3) Z Go(az) Gy (br) = { ?—q—1, ifa=b

—q—1, otherwise.
z€lF?

We also have the following proposition.

Proposition 4.3. For every a,b,c € Fy, and a positive integer u coprime with
(g —1), we have

(4.4) > Gulaz)Gulblc — 2)) = qGu(c(a® +b*)") + Gu(be),
xeF;

where Gy (a) = Gy(a, 1) is defined by (3.1) and uu’ = 1lmod ¢ — 1.
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Proof. By definition, we have

Z Gy (ax)Gy(b(e — x) Z Z (azy* +y~ ' +blc—x)z" +271)

z€F? z€F} y,z€F?

= Z Xyt + 27+ bezt) Z X (z(ay™ — bz")) —

y,zEIF* zclFy
= q Z (bcz + (a¥ b )zfl) - Z x(bez" + 27 1) Z x(y™h)
z€Fy z€Fy yery
= qGu(c(a” + ")) + G (be).
This completes the proof. ([l

CONCLUDING REMARKS

Firstly, for the exponential sum
Gula,b) = Z x(ac* + bcil)v
celFy

it is easily seen that

Gy(a,b) = Z x(ac?™ =" + be).

celF
However, in the extension field of IF;, we should have
Z x(act™1 7" + be) # Z x(ac" +be™h).
CG]F:S CE]FZS

Thus, by Theorem 1.1, one can only obtain that there are ¢—2—u complex numbers
Wi, ,We—2—y such that |w;| =/g,j=1,--- ,¢ —2—u, and

Z X(s)(acq—l—u + bC) _ _wf . w2727u
c€lFys
for all s =1,2,--- . This is obviously different with Theorem 3.1. In other words,

Theorem 3.1 is not covered by Theorem 1.1.

There is a question still open now:

Open Question: Does each of those complex numbers in Theorem 3.1 has
magnitude /q ?

About this question, we tend to have a positive answer.

Secondly, after we finished this paper, we found that one can generalize Theorem
3.1 to a more generic case as follows:

Theorem 4.4. Let F, be a finite field and f(x),g(x) € Fylx] be polynomials with
degree m > 1 and n > 1, respectively. Let s be any positive integer, and x®) be the
lifting of the additive character x of Fy. Deﬁne

G (f9) =D X (fle) +g(c™)).
c€lFys

Suppose that either ged(m,q) = 1 or ged(n,q) = 1. Then there exist complex
numbers wy,wa, -+ ,Wmtn, only depending on f,g and x, such that for any positive
integer s we have

G(S)(fag) = 7(")‘19 7("); - 7wfn+n'
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Theorem 4.5. Let f(z),g(x) € Fylz] be two polynomials with degree m > 1 and
n > 1, respectively. If either gecd(m,q) = 1 or ged(n,q) = 1, then the complex
numbers wi, -+ ,Wmin i Theorem 4.4 are all of absolute < \/q provided that
ged(m +n,q) = 1.

We will report these results in a forthcoming paper.
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