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Generalized Beta and F distributions of quaternion matrix argument
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Abstract: This paper computed the Jacobian of transformation X = BYBT of singular
quaternion matrices by using of the singular value decomposition of quaternion matrix and
the density function of singular quaternion Wishart matrix. Then we defined the Beta
and F distributions of quaternion matrix argument, and gave the density functions of the
Beta and F distribution and the joint density functions of the nonzero eigenvalues of the
singular quaternion matrices which satisfy the Beta or F distribution.
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CHA DY T, H>m S H Eon som FiFE2 K. XA e Hm, LLAT R AU .
1CgVim = {A € H™™| AT A = I,}. ACHHARAG 105 BRI SCHR[13-14]. R iif05]
HY H SCik* [ Theorem 4.2.

SIFE 1.1 WX ~ HNNXm(,LL,E,@), Y € mem7r(2) =7r <m0 ¢
RVN 1(0) = k < N. BRIXA O 0 P e 5075 5 IE A4, RRHX ~ HNEL (41,5, 0),
M =m, k= NI, 0 EbS BY ~HNGT,, (1,3, 0), Big = min(r, k). WFRS = YO~ Y il
JEVUTCHUE T 5 Wishart 2045, iC1ES ~ HW,, (¢, &k, 2, Q), IXH ¢ = rank(S),Q = 2~ "0 p.
S 11y R Kk

92k - 2kq—2kr 2k—2m+1

r -2k , 4
Wexp(Retr(—QE*S - 29))([[1)\i> (EM) Fi(2k,4Q%°8)

0
PySP; = PoyutO Py, (as)

Hod g, g 8 S IIAEFHFHEA; P1SPT = diag( M1y« \), (P1|P2) o) BB, o Fy ()42
VU TCECE R R LA B 3], A~ R R AT) XY, Retr (-) & 7m 28 tr(-) I S2H6.

Bl 1.2 FHVUCHUEE X, YA R % X = BYBT W B&m x gfi Bk AqifaPi e %k
HERE. X m x mI IR A nif 2 1 E DU TEEE R, Y g x gM IR hn 2k 16 58 DY S5O RE. 32
IHEX = G1AxGT, Y = HIAyHT X1 Gy € Vim, Hi € (Vi g Ax, Ay tEn < nBirxt MK
FE Ax = diag(zy, - ,2,)FlAy = diag(yr, -+« Yn), Hoy > > 2, >0, y1 > -+ >y, > 0.0

(dX) — |AB|4n‘AX|2m_2n_1‘AY‘_2q+2n+1(dY)~

R BUEY ~ HW2(n,I), WX = BYB" ~ HW/(n,Z),Z = BB". i ¥rank B =g,
WB™B =1, 75311, ff

22qn,ﬂ.2n2—2nq |AY |2n—2q+1

gy(Y) = AT, (2n) exp(Retr(—-2Y)),

22qn7r2n272qn|AX|2n72m+1 T T
X) = Retr(—2(BB" ) BYB
22qnﬂ.2n2—2qn |AX |2n—27n+1
= Retr(—2(B7)'B~BYB"
HFn(zn”AQB‘Qn exp( e I'( ( ) ))
22qn,ﬂ_2n272qn |AX |2n72m+1

= T agpe OPRe(2Y))

*LI F, XUE YF. The density functions of the singular quaternion normal matrix and the singular quaternion
wishart matrix[J]. Communications in Statistics Theory and Methods. (C#:52 &%)
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R &E, FTLAS 2I45 8.
S 1.3 X ~HWL (k,2,Q1), Y ~HW R (ky, 22, Q5), HX 5 YRz, N

X+Y~ ngf(kl + k272393)a

Qs =0 + Qo

ERE X ~ HWS (k,2,Q1), Y ~ HWS (ky, 2, Q,), Hihy = 44", ©, = B, BT,
O, = ByBj , rank(X) = 7, rank(0,) = k;, rank(03) = ko, rank(B1)nxr, = k1, rank(Bo)nxk, =
ke WIWTLLK X, Y EAE

X =2107Z1, Zi~HN} (11,5,01);

nxm
Y = Z10;Zy, Zy~HN (19,5, 05).
)
X= Z107Z,=Z{B/"B7Z,=W]W,, W;~ Nkl’xm(Bl_,ul,E I.);
Y= Z,0,Zy=2,B;"B;Zy=WiW, Wy~ N,j (B u, S, I,).
W, foy+ho.r
( W, ) NHN(kl—:_é)Xm(ui%E’Ik1+k2)7
BT BT " B-
3 = 1,'u1 Q3 =51 l,'ul 17H1 =0 + Q.
B 1o B; 2 B ji2
BATE

w
X+Y=(Wiwy) ( W1 ) ~ HWE (ky + ko, 2, Q3).
2

2 RHEBIER

EHE 2.1 YA~ HWL(k,Y), B ~ HW®(ky, X)), A MIBRMEII). WA+ B =
T T, L Tt gs x mMrkh g DU CEHRE. 4 U [ SEH0R DY, 52 S

A=TTUT.
MUMA + BHEM, A+ B ~HWIB (k) + k2, %), 1,2 < g3. UMEEREERIERUT,

m2k1a1+2k2g2=2k103—2k20s HT (2hy + 2ky)
HT', (2k,JHL, (2ks)

‘AU|2k172qs+1|I _ (]|2l€272m+17

HrpU = HAyHY, Hy € )V, 45, Ay = diag(A\1, -, 0g,), 1> A > - > Xy, >0,

q1 q1
dU) = —a HX*‘B TG = A0t N\ dxi A (HTdH),
7<i =1

WLVEU ~ HBy, (2k1, 2ks).
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MR T A ~HW2S (k,Y), B~ HW22(ke, %), WA
22’{?17“71_2’(71(]172]617‘

A =
TalA) = g k) [Ag
22]‘527’71.2]62(]272]62’)"

15B) = ., k) |As P

exp(Retr(—ﬁrA))|AA‘2k1—2m+17

exp(Retr(—2X" B))|Ap |2k2*2m+1'

W EATT I B P RR Rk

92r(ki+ka) 7 2k1 1 +2k2qo—2k1 r—2kar
HT,, (2k1 )HI g, (2k2) | Ax| 21 +2k>

x|Ap|*2 72+ (dA)(dB)
92r(ki+ka) 2k1 1 +2k2ga —2k1 r—2kar
" HIL, (2k1)HL,, (2k2)[Ax[2R1+2k2
x|Ap[2k2=2m+1(qA)(d(A + B))
92r(k1+k2) 1 2k1q1+2k2ga —2k1r—2kar
- HTy, (2k1)HT g, (2k2)| A x| 2F1+2k2
X ‘AT‘4k1+4k2+2—4m|I . U|2k2—2m+1(d U)(d(A + B)).

exp(Retr(—2X7 (A + B)))|A 4|k —2m+1

exp(Retr(—2X7 (A + B)))|A 4|k —2mt!

exp(Retr(—2%7 (A 4 B)))|Ay|?—2a+1

XF(d(A + B))BRr 13 U W% B s 80 F,

m2k101+2k202—2k10s=2k205 HD (27 + 2k2)

Aqr|2Fi—2as+1 1 _ [y|2k2—2m+1
HI,, (2k1)HT,, (2k2) Aul | |

HREEIA+ B ~HW,,(n+ p, X) (5 #1.3)Fl
(AA)(dU) = [AyPe et A, P20 A (dU)(d(A + B))  (hi5]#E1.2),

AT LA 2 458

T 2.2 2SANBRME M, A ~ HW;;(kl,qu)7B ~ HW (ky, I%), T% =
diag(l,+-- 1,0, ,0), rank(Ij}) = gz B = TUT, Jl T fqy x mlft B g P4 0 B
B, 25 F fm x mB 0 B 3LH0 00 DU e M, 2 A F = T~ A(T )T, W R REERIE T,

7T2k1q172k1q2H1—1q2 (2]{31 + 2](32)

T F*2k1*2k2A 2k1+172m.
T, (2kOHT, 2k L+ T [Ar]

Hh F = H\ApHT, Hy € Vi, Ap = diag(fi, -+, [ )y f1 > fo >+ > fg, > 0.

q1 q1 q1
(dF) = )~ [T T = ) )\ dfi A (HTdH ),
i=1 j<i i=1
WCHEF ~ HF (2ky, 2ks).
MERR 5L, A
92k1q2 1 2k1q1—2k1q2

144 = =5, 28
22k2q2

~ HI, (2k)

exp(Retr(—2A4))|A 4 |2k —2a 41

fB(B) eXp(Retr(—QB))|AB|2k272m+1'
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33 A, BIFIA % B R HEA W F,
92q2(k1+k2) 2k1(q1—q2)
I, (2F, AT, (2F;)
X|AB|2k2—2m+1(dA)<dB)
9242 (k1+k2) 12k1(q1—qz2)
= exp(Retr(=2(I + F)B))|Ap|?fT1-2m
T g eP(Retr (21 + F)B))As)
><|AB|2k1+2k2—2m+1(dF)(dB)
92q2(k1+k2) 12k1(q1—g2)
 HTy, (2k1)HT g, (2k2)

X|Ap 22k 2 L BLENA((T + F)2B(I + F)2)(AF)

exp(Retr(—2A4))exp(Retr(—2B))|A 4|2k —292F1

exp(Retr(—2(I + F)B))|Ap[?rt1-2m

FHEEFA4l = |Ap|| A
(AF)(dB) = |[Ap| =0 |Ap| 20— 1HF2M A 4| 7222041 (4 4) (dB),
X L SETA((I + F)YV2B(I + F)Y?) By a5 PRSI R BN T,

7r2k1Q1*2k1qu]_"q2 (2]61 -+ 2]62)

I F72k172k2A 2k1+172m'
HIL,, (2k1)HT ,, (2k2) 1L+ F| |Ar]

EE 2.3 WU, Fie Laued 2.1, €2 2.2 PR, A7 UM F RAERRAE 055 5%
B R
(1) REU ~ HB% (2/{:1, ng), Il
2k1a1+2k2q2—2k193—2k2q3+2q193 —2q1 Hl"q3 (le + ka)
HI'q, (2k1)HD g, (2k2)HI'g, (2¢3)

g1 q1 q1
— 2q3—4 2k +1
XH|17/\i|2k2 2m+1H)\iZI3 q1+2k1+ H(/\] 7)\1;)4;
1=1

i=1 j<i

f()‘lv"' 7)‘Q1):

(2) BUEF ~ HF (2ky,2ks), N

w2k —2k1g2+2q1m—2q: Hl"qQ (le + 2]€2)
HFql (le)Hqu (2k2)HFql (2m)

f(flv"' 7f(11):

q1 q1 q1
ok —2k 2m—4q+1+2k 4
< [+l I e 2 L -
i=1 i=1 j<i

HAx, fi, (=1, qu) 73 A& UM F R AEFRRAEA.
WA R, — U| =1, — Ay|, HECER[14])6 B 2, nff3 314508, S, ] A4S 3]
ZE BRI SR 4y
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