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On completeness of elementary generalized solutions of a class of
operator-differential equations of a higher order

Rovshan Z. Gumbataliev

Abstract
In this paper we give definition of m-fold completeness and prove a theorem on completeness of ele-
mentary generalized solution of corresponding boundary value problems at which the equation describes the
process of corrosive fracture of metals in aggressive media and the principal part of the equation has multiple

characteristics.
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1. Introduction

Many problems of mechanics and mathematical physics are connected in part to eigen and adjoint vectors
of operator pencils. As an example, we can show the following papers.

Study of trace problems for solving some elliptic equations in a semi-cylinder precedes the completeness
problems.

Necessary and sufficient conditions are formulated for boundary values providing the belongness of the
solution to energetic space.

As is known, stress-strain state of a plate may be separated into internal and external layers [1,4].
Construction of a boundary layer is related with sequential solution of plane problems of elasticity theory in a
semi-strip. In Papkovich’s paper [5] and in others a boundary value problem of elasticity theory in a semi-strip

x>0, |y] <1 is reduced to the definition of Airy biharmonic functions in the form

u= Z Cripr(y)e' ™+,

Im o >0

where ¢ are Papkovich functions [5,6], o) are corresponding values of a self-adjoint boundary value problem,
and C} are unknown coefficients. In this connection, in [6] there is a problem on representation of a pair of

functions f; and fo in the form

> CrPror = fi, Y ChQuspr = fa, (1)
k=1 k=1
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where Py, Qy are differential operators defined by boundary conditions for z = 0. In papers [7, 8] some sufficient
conditions for the convergence of expansion (1) is given for the cases when coefficients C}, are obviously defined
with the help of generalized orthogonality.

I. 1. Vorovich [9] indicated the relation of the given problem with the n- fold completeness of M. V.
Keldysh [10, 11] and suggested a new approach based on immediate study of initial boundary value problem. In
[12] the coefficients C} are uniquely defined by the boundary values of a biharmonic function and its derivatives.
Thus, completeness and base properties of elementary solutions are closely connected with differential properties
of a biharmonic function in a corner points domain (trace problem).

In the later investigations of [13, 14], are statements on n- fold completeness in the space Lo of a part
of eigen and adjoint vectors of an operator pencil generated by some boundary value problem for an elliptic
equation on a semi-strip. The trace problem for a two-dimensional domain with piecewise smooth boundary was
studied in paper [15]. Paper [16] deals with differential properties of solutions of general elliptic equations in
domains with canonical and corner points. Some new results for a biharmonic equation are in [17]. Investigations
to behaviour of solution of problems of elasticity theory in the vicinity of singular points at the boundary in
are papers [18-20]. M. B. Orazov [21], S. S. Mirzoyev [22], Dj. Allahverdiyev and E. E. Gasanov [23] studied

the problem when a principal part of the equation is of the form (—1)’”% + A?™_ where A is a self-adjoint

operator pencil and it has multiple characteristics that differ from above-mentioned papers.

2. Problem statement

Let H be a separable Hilbert space, and A be a positive-definite self-adjoint operator in H with domain of
definition D(A). Denote by H., ascale of Hilbert spaces generated by the operator A, i.e. H, = D(A"), (y > 0),
(z,y)y = = (A2, AVy) 2,y € D(AY). We denote by L ((a,b); H) (—oo < a < b < oo) a Hilbert space of
vector-functions f(t) determined in (a,b) almost everywhere with values from H measurable, square integrable

in the Bochner’s sense
1/2

b
laamn = | [ 17150
Further, we define a Hilbert space for natural m > 1 [24]
W ((a,b); H) = {u/u<m> € Ly ((a,b); H), A™u € L ((a, b); Hm)}

with norm

5 - 1/2
_y u||L2<<a,b>;H>) .

u m . - u
H HW2 ((a,b);H) (H La((a,b):H)

Here and in conat follows the derivatives are understood in the sense of distributions theory [24]. We
assume

Ly ((0,00); H) = Lo(R4; H), Lo ((—o00,00); H) = Lo(R; H),

W5 ((0,00); H) = Wy (Rys H) , W5 ((—00,400); H) = Wy (R; H) .
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Then we determine the spaces
W3 (Ry Hy {v}))) = {u|u e W (Ry; H),u™(0) =0, v=0,m — 1} .

Obviously, by the trace theorem in [24] the space W3" (Ry; H; {v}'2') is a closed subspace of the Hilbert
space W3 (Ry; H).

Let’s define a space of D ([a, b]; Hy)-times infinitely differentiable functions for a < ¢ < b with values in
H., having a compact support in [a, b]. As is known, a linear set D ([a,b]; H,) is everywhere dense in the space
W3 ((a,b); H) ([24]).

It follows from the trace theorem that the space
D (Ry; Hpy; {l/},’jn:_ol) = {u|u € D(Ry; Hy),u™(0)=0, v=0,m— 1}

and is also everywhere dense in the space.

Let’s consider a polynomial operator pencil
P\ = (-NE+A%)"+> A (2)
j=1
Bind the polynomial pencil (2) with the boundary value problem

2 m s
<_% + A2> u(t) + ZAju(m_j)(t) =0, t€ Ry =(0,+00), 3)
=1

u(y)(o) =Y, V= 0,m—1, Y € Hm—u—1/2' (4)

Here we assume that the following conditions are fulfilled
1) A is a positive-definite self-adjoint operator with completely continuous inverse C' = A™! € 0.
2) The operators
Bj=AT12A;ATI? (j =2k, k=T, m)
and
Bj =AUV A2 (j =2k —1, k=T,m—1)

are linear in H .

3) Operators (B + E,,) are bounded in H; FE,, are unit operators.

Equation (3) describes a process of corrosion fracture in aggressive media that were studied in the paper
[25].

3. Some definition and auxiliary facts

Denote

Py (%) u(t) = (—j—; + A2>mu(t), u(t) € D(Ry; Hy), (5)
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d m—1 )
Py (E) u(t) = Z; A (t), u(t) € D(Ry; Hy). (6)
=

Lemma 1. Let A be a positive-definite self-adjoint operator, the operators
B; = A79/2A;A79/% (j=2k,k=T,m) and B; = A~0~D/24;4-0-D/2 (j =2k — 1,k =T, m— 1) be bounded
in H. Then a bilinear functional

Pi(u, ) = (Pu(d/dt)u, V), (g, i)

determined for all vector-functions w € D (Ry; Hy) and ¢ € D (R+;Hm;{u},’j”:_01) continues on the space
Wi (Rys H) & Wi (Rys Hys {v}11") that acts in the following way:

Pi(ug)= Y ()" (Aju<m—j/2>,¢<m—j/2>) "

(j=2k) ke

+ 3 —(j+1)/2 (Ajum—(j—l)/z),w(m—(j—l)/m) ' (7)
Lo
Jj=(2k-1)

In the first term, the summation is taken over even j, in the second term over odd j.

Proof. Let we D(R4+;Hp,), v € D (R+, Hp; {vi ) Then integrating by parts we get

wm) ) = qymeif2 (A m=3/2), ym=3/2)
Pi(u,)r, = (Pu(d/dyu 0y, = 3 (4D 0) = 37 (<12 (A " ),
= (G=2h)
—(J+1)/2 (m—(5-1)/2) ,;,(m—(j—1)/2)
+ Z (Au , )LQ.
Jj=(2k-1)
Since

Piu,p)= > (-1 (Bj AP 2 (m=i12) Aj/%(m—j/z)) +
Lo
(7=2k)

+ 3 —(j+1)/2 (B Au(mm=1/D| AG=D/2 (== 1>/2>)

Ly’
Jj=(2k-1)

from belongless of u € D (Ry; Hy,) and ¢ € D (Ry; Hy; {v}'2)') by intermediate derivatives theorem [24], it
follows that

Piu )l < 3 1Bl 4972
(j=2k)

+ 3B HA(J+1)/2u(m
Jj=(2k-1)

(G=1)/2g(m—(i~1)/2)
AT HL < const ullwg (ry oy 1Wllwye sy -

i.e. Pi(u, ) is continuous in the space D(Ry; Hpy) ® D (Ry; Hps {v m_l) therefore it continues by continuity
on the space W3 (Ry; H) & Wi (R4 H; {v}'=") . The lemma is proved. O
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Definition 1. The vector-function u(t) € W3*(Ry; H) is said to be a generalized solution of (3), (4), if

lim Hu(”)(t) — 0y

=0, v=0,m-—1,
t—0

H7n7u71/2

and for any ¥(t) € W3" (Ry; H; {l/},’jn:_ol) it is fulfilled the identity

m—1

<’U,, ¢> = (uu w)Wzm(R+;H) + Z C’II'I)’L (Apu(m—p), pr(m—p)) + Pl (’U,, W = 07

Lo(R4+;H
=1 2(R4;H)

where

Definition 2. If a non-zero vector pg # 0 is a solution of the equation P(Xg)po =0, then Ao is said to be an

eigen-value of the pencil P(X) and o is an eigenvector corresponding to the number Xg.

Definition 3. The system {©1,92,..., om} € Hy is said to be a chain of eigen and adjoint vectors g if it

satisfies the equations

L1 d S
~ L POWaes 0o =0, q=T.m.
;'Ld)\z ( )lAf)\o QOq q m

Definition 4. Let {¢o, ¢1,...,.om} be a chain of eigen and adjoint vectors corresponding to eigenvalues Mg,
then vector-functions
ot th’ th’_l
@, (t) = e (mwoJr =¥ +"'+90n> , h=0,m

satisfy equation (3) and are said to be its elementary solutions corresponding to the eigen-value Xg.

Obviously, elementary solutions ¢y (t) have traces in the zero

o d -
9051 ) = W@hlt:07 v=0m-—1

By means of cpgu) we define the vectors

= (0 (1)) h=0 }CH’”:HX...XH.
{‘Ph (‘phv(ph ) T —_——

m times

Later by K(II_) we denote all possible vectors @, corresponding to all eigen-values from the left half-
plane (II_ = {A\/Re A < 0}).
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Definition 5. The system K(II_) is said to be m-fold complete in the trace space, if the system K(II_) is
complete in the space 5 Hpio1/2
i=0

It holds

Lemma 2. Let conditions 1)-2) be fulfilled and

a=> Ci|Bnl <1, (8)
j=1
where
m/2 . vy
o, = { ', i=2k k —/S,m
(dm,G-1)/20m,G+1)72) 5 =2k —Lk=Tm—1
and

, J=0,m.

Then, for any ¥ € W3 (Ry; Hy; {l/},’jn:_ol) , holds the inequality

Re P(¢,v) > (1 — a)Py(v, ¥),

Po (¢,9) = <<—% +A>m¢’ <_% +A>m¢>L2

P(uvw) = PO(uvw) +P1(U=¢)-

where

and

Py (u, ) is determined from lemma 1.

Proof. Let ¢ € D (Ry; Hyy; {l/},’jn:_ol) . Then for any 1

Re P(,1) = Re Po(t, 1) + Re P1<w,w)=(<—%+,4> ¥, (-i +A> w) .
Lo

2

- |P1(¢7¢)| :

Lo

+ Re Pi(¢,¢) > H(-——i—A) )

Since

m— m/2
Jakvim=|| < dlz ullg

then
|P1(, )] <

m/2 m/2 m/2
< X IBilldy ot D Byl oay jadmim— e | 1wy -
(§=2k) (j=2k-1)
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Here, do,0 = dm,m =1, thus

[P, )] < 1Bl G,

j=0
where
c, { dﬁ{fm, j=2k k= %
(dm,+1)/20m,-1y72) G =2k—1, k=T,m—1T.
Thus
|PL(Y,Y) 1, | < H¢|‘$/I/§”(R+;H) '
Thus
P, ¥) Ly (Resmy = (1= a)Po(¥, ) Ly Ry H) -
The lemma is proved. O

Remark. From the proof we can show that for m =2, ¢; =c3 =1/2, ca =1/4, ¢4 = 1.

Lemma 3. Let the conditions of lemma 2 be fulfilled. Then, for any x € H,, and £ € R, holds the inequality
(P&)X, X) g > (1 —a) (Po(i§) X, X) -
Proof. It follows from the conditions that, for all ¥(t) € W3 (Ry; H; {v L”:_Ol) , holds the inequality
(P(wv w))LQ(R+;H) > (1 - a)PO(wv w)LQ(R+;H)' (9)

Let ¢(t) = g(t) - X, X € H,, and a scalar function g(t) € W3" (Ry; H; {v}]'=)') . Then from (7)we get

(P(i€)g(t) - X, g(t) 'X)LQ(R+;H) > (1 —a) (P(if) - X, X) |‘9(t)|‘iQ(R+;H) 5

then
(PGEX, X) 910 m,.m) = (1= @) (Po(@)X, X) 917, (., a1y

B (P(i€) X, X) > (1 — a) (Py(i€) X, X)

The lemma is proved. O

4. On the existence of generalized solution of boundary value problems
First of all we consider the problem

Py (%) u(t) = (—j—; + A2>mu(t) =0, te Ry =(0,+00), (10)
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u(0)=¢p,, v=0,m—1 (11)

The folowing theorem holds.

Theorem 1. For any collection ¢, € Hy—yy_1/2 (1/ = m) , problems (10), (11) has a unique generalized
solution.

Proof. Let co,c1,sem—1 € Hp_p_1/2 (1/ = m) , e~ be a holomorphic semi-group of bounded
operators generated by the operator (—A). Then the vector-function

m—1

t
’U,O(t) =t (CO + FACI —+ ...+ 'Am_lcm_1>

(m—1)
belongs to the space W™ (R ; H). Really, using spectral expansion of the operator A we see that each term

tm_V
mAm—Ve_tA EWgn(R+7H) for CVEH’ITL—I/Q (]/:O,m_l)

Then it is easily verified that ug(t) is a generalized solution of equation (10), i.e. it satisfies the relation

m—1

(o, @)wp + > Chy (AP, Am0p®)) =0
p=1
for any ¢ € W (Ry; H; {v}7=) -
Show that u)(0) = ¢, v =0,m — 1.
For this purpose we must determine the vectors c, (1/ =0,m— 1) from condition (11). Obviously, in

order to determine the vectors ¢, (1/ =0,m— 1) from condition (11) we get a system of equations with respect

to the vectors

E 0 - 0
-E E e 0
E —-F - 0
X
1 2
m—1 _1\ym—2
(1) (m_1>E (1) (m_2>E E
Co ¥o
1 A7 gy
% ) — A7y , (12)
Cm—1 A_(m_l)(pm—l
where E is a unique operator in H and ( mp— s > = CP _.. Since the principal operator determinant is

invertible, we can uniquely determine c, (1/ =0,m— 1). Obviously, for any v the vector A=, €
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H, 12, since ¢, € Hy,—,,_1/2. As the vector at the right hand side of the equation (12) belongs to the space

m

Hpy1/2® ... ®Hp1)2 = (Hp—1/2)

m times

then taking into account the fact that the principal operator matrix E as a product of the invertible scalar
matrix by matrix where E is a unique matrix in (Hm_l /z)m, then it is unique. Therefore, each vec-
tor ¢, (1/ =0,m— 1) is a linear combination of elements A_(m_”)cp,, € H,,_1/2, that is why the vector

Cy (1/ =0,m— 1) is determined uniquely and belongs to the space H,,_1/2. The theorem is proved. O

In the space W3" (Ry; H; {v})'>') we define a new norm

) 1/2
A™P,(P) )
L2 (R+ ;H)

By the intermediate derivatives theorem [24] the norms [|[ulllym gz, iy and [[ullyp (g, ) are equivalent

m—1
2
Nl (ry iy = <||U|W2””(R+;H) + Z &
p=1

in the space W3" (Ry; H; {v}'%)') . Therefore, the numbers

N; (Res () = sup )\\Am-jum\ el e,y - 3 =00

0£uEW (Ry s Hi{v} 1! La(Ry;H)

are finite.
The next lemma enables one to find exact values of these numbers.

Lemma 4. The numbers N; (Ry; {l/},’j”:_ol) are determined as follows:

N; (R (v} = dn’2,

where

. J L
s ={ B (R g
’ 1, j=0,m.

Using the method of papers [22, 26] the lemma is easily proved.

Now, let’s prove a theorem on the existence of generalized solutions of problem (4), (5).

Theorem 2. Let A be a positive-definite self-adjoint operator, the operators B; = A‘j/zAjA_j/2 (j =2k, k=0, m)
and B; = A_(j_l)/zAjA_(j_l)/2 (j =2k—1,k=1,m— 1) be bounded in H and let hold the inequality

a=Y Ci|Bmjl <1,

Jj=1
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where C; are determined from Lemma 2. Then for any ¢, € D (Am_"_l/z) ) (1/ =0,m— 1) problem (4), (5)

has a unique generalized solution, and thus holds the inequality

m—1

el (g sy < const Y el
v=0

Proof. Let ¢ € D(Ry; H;{v L”:_Ol) . Then for any 1

2

- |P1(w7¢)|L2(R+;H) .
LQ(R+;H)

+ Re Pi(¢,¢) > H(-——i—A)mw

| Re Py(th, )] > H (—i +A> v

Since by lemma 2

k) (m—k) m/2
HA w ‘LQ(R+;H) = “mm—k |u||W2m(R+;H)7
then
|P1(, )| <

m/2 m/2 m/2 2
< S ABuslldn o+ S Bl adi 2 | -
(7=2Fk) (j=2k—-1)

Here do,0 = dm,m =1 and

thus
1PL(, )] <D C5 1Bl
j=1
where
m/2 . v
o dm,j/2’ j—2/€ k=0
) (a3 =% —1,k=T,m—1
ma(j+1)/2% 7(] 1)/2 »J ’ ’ :
Consequently
2
|P1(¢7w)| S ||w||W2m(R+,H) :
Then

Re P(V,¥) Ly(rsm) = (1 — ) Po(V, V) 1y (Ry ) - (13)

Now we look for a generalized solution of problem (4), (5) in the form
u(t) = uo(t) + 0(¢),
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where ug(t) is a generalized solution of problem (10), (11) and 6(¢) € W3" (Ry; H; {v}'=') . To define 6(t) we
get relation

m—1

(039) = (0w (oo + D Ot (AP0, A™7P) + Py (6,¢) = Pi(uo, v). (14)

p=1
Since the right hand side of the equality is a continuous functional in W3" (Ry; H; {l/},’jn:_ol) , and the
left hand side (6;4) is a bilinear functional in the space W™ (Ry; H; {v}'2)') ® Wi (Ry; H; {v}}), then
by inequality (13) it satisfies conditions of Lax-Milgram theorem [25]. Consequently, there exists a unique
vector-function 6(t) € W3" (R4 H; {v}'=)') that satisfies equality (14) and u(t) = ug(t) +0(t) is a generalized
solution of problem (4), (5).

Further, by J(R4; H) we denote a set of generalized solutions of problem (4), (5) and define the operator

~ m—1 m—
I':JRy;H) — H= @ Hp_p_1/2 acting in the following way I'u = (u(k)(O))k_O1 . Obviously J(R4+; H) is

k=0 =
a closed set and by the trace theorem |[T'u|z < C'llully (g, ;pr) - Then by the Banach theorem on the inverse

operator there exists the inverse operator I'"! : H—J (R4+; H). Consequently

m—1

|||U|HW2””(R+;H) < const Z ||<P||m—k—1/2'
k=0

The theorem is proved. O

Lemma 5. Let conditions 1)-3) and solvability conditions be fulfilled, then estimation ||Amp_1(i§)Am|| < const

1s true.
The proof of this lemma is easily obtained from Keldysh lemma [12] and lemma 2.

5. The basic result

Now, let’s prove the principal theorems. The following theorem holds.

Theorem 3. Let conditions 1)-2) be fulfilled, solvability conditions and one of the following conditions hold:
a) A€o, (0<p<1);
b) A=t €0, (0<p<oo) and Bj € ouo.
Then the system of eigen and adjoint vectors from K (II_) is complete in the trace space.
Proof. Denote
L(X) = A7"p(A)A™,

where

L) = (=NC?+E)" + ) AT,
j=1
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and

T — Cm=12B;0m=1/2 for j=2k,k=T1,m
I emmUnRR,em=U-Y/2 for j=2k—1,k=T,m— 1.

Obviously T} € 0,/m—;. Then L™(X) is represented in the form of relation of two entire functions of

order p and minimal order p. Then
Am—1/2p—1()\)Am—1/2 _ A—1/2 (Amp_l()\)Am) A—1/2

is also represented in the relation of two entire functions of order p and of minimal type for order p. The proof
of m-fold completeness of the system K (II_) is equivalent to the proof of the fact that for any g, @1, ..., om—1

from holomorphic property of the vector-function

where

For II_ = {\/ Re A < 0} it follows that ¢; = 0.
The theorem is proved. O

Now we use theorem 2 and theorem 3 and prove the completeness of elementary solutions of problem (4),

(5)-

Theorem 4. Let the conditions of theorem 2 be fulfilled. Then elementary solutions of problem (4), (5) is

complete in the space of generalized solutions.

Proof. It is easy to see that if there exists a generalized solution, then
m—1
Hu|‘W§n(R+;H) < const Z ||90j||m_j_1/2'
§=0
Then it follows from the trace theorem [24] and these inequalities that
m—1

m—1
C Z ||90V||m_y_1/2 < Hu|‘W§n(R+;H) =Cr Z ||90V||m_y_1/2' (15)
v=0 v=0

Further, from the theorem on the completeness of the system K (II_) it follows that for any collection

{ch}Ln:_(Jl and ¢, € Hp,_,_1/2 there is such a number N and Cj(e, N) that

<e/m, v=0m-—1.

N
> Ck‘f’z('fjj)m
k=1
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Then it follows from (15) that

<e.

N
u(t) = > Crpl”,
k=1

The theorem is proved. O
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