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Some properties of gr-multiplication ideals

Hani A. Khashan

Abstract
In this paper, we study some of the properties of gr-multiplication ideals in a graded ring R. We first
characterize finitely generated gr-multiplication ideals and then give a characterization of gr-multiplication
ideals by using the gr-localization of R. Finally we determine the set of gr- P-primary ideals of R when P

is a gr-multiplication gr-prime ideal of R.
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1. Introduction

Let G be a group. A ring (R,G) is called a G-graded ring if there exists a family {Ry: g € G} of

additive subgroups of R such that R = @ R, and RyRj, C Ry, for each g and h in G. For simplicity, we
geG

will denote the graded ring (R, G) by R. An element of a graded ring R is called homogeneous if it belongs

to |J Ry and this set of homogeneous elements is denoted by h(R). If € Ry for some g € G, then we say
geG

that x is of degree g. A graded ideal I of a graded ring R is an ideal verifying I = @ (INRy) = P 1.
geG geaG

Equivalently, I is graded in R if and only if I has a homogeneous set of generators. If R = @ R, and
geG

R = @ R; are two graded rings, then a mapping 7 : R — R’ with n(1g) = 1g is called a gr-homomorphism
geG

if n(Ry) C R; for all g € G. A graded ideal P of a graded ring R is called gr-prime if whenever z,y € h(R)
with xy € P, then x € P or y € P. A graded ideal M of a graded ring R is called gr-maximal if it is maximal
in the lattice of graded ideals of R. A graded ring R is called a gr-local ring if it has unique gr-maximal ideal.

Let R be a graded ring and let S C h(R) be a multiplicatively closed subset of R. Then the ring of

fractions ST!R is a graded ring which is called the gr-ring of fractions. Indeed, S™'R = @ (S‘lR)q where
geG )

(S_lR) :{g creR , se€S and g= (deg s)” ' (deg T‘)}

g
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Consider the ring gr-homomorphism 7 : R — S™!R defined by n(r) = 1. For any graded ideal I of R,
the ideal of S™'R generated by 7(I) is denoted by S~1I. Similar to non graded case, one can prove that

S_llz{)\ES_lR:)\zg for r € I and SES}
and that S~'I # S~'R if and only if SN I = ®. Moreover, similar to the non graded case, we have the
following properties for graded ideal I and J of R:

(1) S7tInJ)= S~ 'Ins1tJ,

(2) S7Y(IJ) = (S7'I)(S~1J) and

(3) S7Y(I:J)=(S7'I:S71J) if J is finitely generated.

If J is a graded ideal in S~'R, then J NR will denote the graded ideal n=*( J ) of R. Moreover,
similar to the non graded case one can prove that S~'( J NR )= J.

Let P be any gr-prime ideal of a graded ring R and consider the multiplicatively closed subset S =
h(R) — P. We denote the graded ring of fraction S™'R of R by RY and we call it the gr-localization of R.
This ring is gr-local with the unique gr-maximal S~!'P which will be denoted by PRY,. Moreover, for graded
ideals I and J of R, if I R“}]D =J R“}]D for every gr-prime (gr-maximal) ideal P of R, then I = J. For a positive
integer n the graded ideal (PR%)" N R of R is denoted by P(™9. For more definitions and theorems about
gr-ring of fractions of graded rings, one can see [8].

Let I be a graded ideal in a graded ring R. The graded radical of I (denoted by g-rad(I)) is defined in
[9] as the set of all € R such that for each g € G, there exists n, 2 0 such that x4’ € I.

A graded ideal @ of a graded ring R is called gr-primary if @ # R and whenever a,b € h(R) with
ab € @, then a € Q or b € g-rad(Q). If Q is gr-primary ideal of R, then g-rad(Q) = P is a gr-prime ideal of
R and we say that @ is gr- P-primary. If I is a graded ideal of R with g-rad(I) = M, a gr-maximal ideal of
R, then [ is gr- M -primary; see [9].

Recall that a graded ring R is called gr- PIR if every graded ideal of R is gr-principal, where a gr-
principal ideal of a graded ring R is generated by some homogeneous element in R. Also, recall that a graded
ring R is called gr-SPIR if R has unique gr-prime ideal P and every graded ideal of R is a power of P.
Similar to the non graded case, one can prove that if R is a gr-SPIR, then R is a gr- PIR and the unique
gr-prime ideal of R is nilpotent.

An ideal I of a ring R is called multiplication if whenever J is an ideal of R with J C I, then
there is an ideal K of R such that J = IK . If every ideal in a ring R is multiplication, then R is called a
multiplication ring. Multiplication ideals and rings have been studied in detail in [1], [2] and [7]. A generalization
of multiplication graded ideals and rings to gr-multiplication ideals and rings have been studied in [3], [4] and
[5].

In this paper, we study more properties of gr-multiplication ideals in a graded ring R and give a
charaterization for finitely generated gr-multiplcation ideals. For an ideal I of a graded ring R, we define
the graded ideal #9(I) and use it togother with the gr-localization of R to give a general characterization for
gr-multiplication ideals. Finally, we determine the set of gr- P-primary ideals of a graded ring R when P is

both gr-prime and gr-multiplication in R.
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2. Properties for gr-multiplication ideals

Definition 2.1 Let R be a graded ring graded by the group G. A graded ideal I of R is called a gr-
multiplication ideal of R if whenever J is a graded ideal of R with J C I, then there is a graded ideal K
of R such that J = KI. If every graded ideal in a graded ring R is gr-multiplication, then R is called a

gr-multiplication ring.

Clearly, any graded ideal which is multiplication is a gr-multiplication ideal. A graded ideal I of a graded ring
R is called a gr-invertible ideal if there exists a graded ideal J of R such that IJ = R. Also, one can easily see
that every gr-invertible ideal is gr-multiplication. In particular, the gr-principal ideals are gr-multiplication.

The class of gr-multiplication domains has been characterized in [5] as the class of gr-Dedekind domains
which is the class of graded domains in which every graded ideal is gr-invertible. In [10], we can see an example
of a gr-multiplication ring which is not multiplication. Indeed, the group ring R[Z], where R is a Dedekind
domain is gr-Dedekind domain and so it is gr-multiplication domain. On the other hand, if R is not a field,
then R[Z] is not a Dedekind domain and so it is not a multiplication domain, see [6].

If I and J are two graded ideals in a graded ring R, then the ideal (J:I) = {x € R:2I CJ} is a
graded ideal, see [4]. In the following theorem, we can see another equivalent definition of gr-multiplication

ideals.

Theorem 2.2 Let I be a graded ideal in a graded ring R. Then I is gr-multiplication iff INJ =1(J : I) for
every graded ideal J of R.

Proof. Suppose that J C I for a graded ideal J of R. Then J=INJ=1(J:I)=1J

Conversely, suppose that I is a gr-multiplication ideal in R. Let J be any graded ideal of R. Then
I'NnJ C I and so there is a graded ideal K of R with I NJ = IK. Therefore, K C (INJ:1) C(J:1I) and
then INJ =1K CI(J:1I). On the other hand, clearly, I (J:I) C INJ and therefore, I(J:I)=INJ. O

The following theorem is a characterization of gr-multiplication ideals in gr-local rings; see [3].

Theorem 2.3 Let R be a gr-local ring with the unique gr-mazimal ideal M. A graded ideal I of R is gr-
multiplication iff 1 is gr-principal.
Proof. If I = (z) for some = € h(R), then clearly I is a gr-multiplication ideal of R.

Conversely, suppose that [ is gr-multiplication in R. Since I is graded, then it is generated by a set

of homogeneous elements, say,{a, : « € A}. Now, for each o € A, (a,) C I and so there is a graded ideal

B, of R such that {(a,) = IB,. Therefore, I = Y (aq) = >, IBy, =15 B,. If > B, = R, then
a€cA a€A a€cA a€A

B,, = R for some ag € A, since otherwise if B, C R for each oo € A, then B, C M for each oo € A and so

R = ) B, C M, a contradiction. Therefore, {(an,) = IBa, = I and I is gr-principal. If > B, # R, then
aEA ach

> By CM and then I=1 > B, CIM C1I. Therefore, I = IM and then I =0 by proposition 2.4 in [4].
aEA ach

It follows that I is gr-principal. O
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Theorem 2.4 If I is a gr-multiplication ideal of a graded ring R and S C h(R) is a multiplicatively closed
subset of R, then S™'I is a gr-multiplication ideal of ST'R.

Proof. Let J be a graded ideal of S™'R such that J C S~'I. Then J = S~!J for some graded ideal J
of R. Now, INJ C I and therefore, there is a graded ideal K of R such that INJ = IK. Thus

J=8"'nstgy=8"1InJ)=S"1IK)=(ST'I)(ST'K).

Therefore, S~'I is a gr-multiplication ideal in S™'R. O

Definition 2.5 A graded ideal I of a graded ring R is called locally gr-principal if IRY, is gr-principal for any
gr-prime ideal P of R.

As a corollary of theorem 2.3, we have the following.

Corollary 2.6 Any gr-multiplication ideal in a graded ring R is locally gr-principal.

In [3], it has been proved that if I is a finitely generated graded ideal of R, then I is gr-multiplication if
and only if I is locally gr-principal. In the following theorem, we can see another characterization of finitely

generated gr-multiplication ideals. First, we have the following technical lemma.

Lemma 2.7 Let R be a gr-local ring with gr-mazimal ideal M and I be a gr-principal ideal in R. If
I ={ay,a9,....,a,), then I = (a;) for some j € {1,2,...,n}.

Proof. Suppose that I = (a) for some a € h(R) and suppose that I = (a1,as,...,a,). Then a = > a;r;
i=1

where r; € R for all i. Also for all i, a; = ax; for some x; € R. Thus, a(1— > a;r;) =0. If 1 = > a;r; is a
i=1 i=1

unit in R, then a =0 and so I = (0) = (a;) forall i =1,2,...,n since a; =0 for all ¢. If 1 — > a;r; is not
i=1

n n

a unit, then > z;7; ¢ M and so Y x;r; is a unit. Therefore, there is some j € {1,2,...,n} such that x;r; is
i=1 i=1

a unit and then z; is also a unit. Hence, a = axjxj_l = ajxj_l and I = (a) C (a;). Hence, I = (a;) for some

j€e{1,2,...,n}. O

Theorem 2.8 Let I = (a1, as, ..., a,) be a finitely generated graded ideal of a graded ring R. Then the following
are equivalent.

(1) I is gr-multiplication.

(2) I is locallygr-principal.

(3) S (a;): I;) = R, where I; = (a1,02, ..y Gi—1, Qit1, -+, Q) -
i=1
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Proof. (1) & 2): see [3].
(2) = 3): Suppose that I is locally gr-principal. Then for each gr-prime ideal P of R, we have
IR}, = <“1—1, P %> = <al—1> = (a;) R} for some j € {1,2,...,n} by lemma 2.7. Hence, for any gr-prime ideal
P of R, ((a;) R} : I;R%) = RY, and then

(O (@) : L)RE =Y ((a;) RG : LRY) = R,

i=1 i=1

since I; is finitely generated for each i. Therefore, > ((a;): I;) = R.
i=1

(3) = 2): Suppose that Y ({a;) : I;) = R. Then for any gr-prime ideal P of R, we have
i=1

({as) RS - TRD) = (3" ((as) = IR = (3 (la) L) Ry = R,

1 i=1 i=1

n n n

K2

Therefore, there is j € {1,2,...,n} such that ((a;) R} : IR}) = R% and then IR}, C (a;) R} = (%). It
follows that IR} = <aTJ> for each gr-prime ideal P of R and [ is locally gr-principal. O

If I is a graded ideal in a graded ring R, then we define the subset #9(I) of Ras 09(I) = >, ({x):1).
ze€INh(R)

Clearly, 09(I) is a graded ideal of R.

Lemma 2.9 Let I be a gr-multiplication ideal of a graded ring R. Then
(1) I =169(1);

(2) J=J09(I) for any graded ideal J C I.

Proof. (1) For z € INh(R), () CI and so (z) = I({z):I). Therefore

I= > (@)= > I@):D=1 Y (@):1)=16°).

z€INh(R) z€INh(R) z€INh(R)

(2) Suppose that J is a graded ideal with J C I. Then J = IK for some graded ideal K of R. Hence,

J=1K = I09(I)K = IK09(I) = Jo9(I).

Lemma 2.10 Let I and J be graded ideals in a graded ring R and let S C h(R) be a multiplicatively closed
subset of R. Then

(1) 69(1)67(J) € 09(1J) ;

(2) STL(69(1)) C 09(S71I).

209



KHASHAN

Proof. (1) Let a € INh(R) and let b € JNA(R). It is enough to prove that ({(a) : I) ((b) : J) C ({(ad) : I.J).

Let éxiyi € ({a) : I) ({(b) : J) where z; € ({a): I) and y; € ((b) : J) for ¢ = 1,2,...,n. Then x;I C (a) and

y;J C(b) for i =1,2,...,n. Hence, x;4;,IJ C (ab) and then z;y; € ({(ab) : I.J). Therefore, > x;y; € ((ab) : I.J).
i=1

(2) STHe(D) = STHC Y, (D)= Y STM(@):D)

z€INh(R) z€INh(R)
X
c ZY:87H) Ce9(STH).
c ¥ (<1> S71I) C 99(S~1)
z€INh(R)

Recall that a graded ideal I in a graded ring R is called gr-finitely generated if I is generated by a finite

set of homogeneous elements in R.

Theorem 2.11 Let I be a graded ideal in a graded ring R. Then I is gr-finitely generated and locally gr-
principal iff 09(1) = R.
Proof. Let M be a gr-maximal ideal in R. Then IR}, = (x)RY, for some = € I N h(R). Hence,
RS, = ((x) R}, : IRS,) = ((x) : I) RY, since I is gr-finitely generated. Therefore, R, = 09(I)R, and then
09(I) = R.

Conversely, suppose 09(I) = R. Then there exist z1,22,...,2, € I N A(R) such that R = §9(I) =
({x1) : 1)+ ((z2) : I) + ...+ ((xn) : I). Thus,

I

109(1) = T (1) s 1)+ T ((w2) : 1) 4 oo I((n) : 1)

So, I = (x1,xa,...,xy) is gr-finitely generated. Now, let M be a gr-maximal ideal of R. Since #9(I) = R,
there is # € I Nh(R) with ((z):I) € M. Therefore, there exists r € R — M with rI C (z) and then
rIRY, = (ry RY,; IR, = IR, C (z) R},. Hence, IR, = (x) R}, for any gr-maximal ideal M of R and so I
is locally gr-principal. O

Definition 2.12 A graded ideal I of a graded ring R is called meet-gr-principal if JINK = (JN (K : 1)) 1
for all graded ideals J and K of R.

We are ready now for the following characterization of gr-multiplication ideals similar to that in the non graded

case; see [1].

Theorem 2.13 Let I be a graded ideal in a graded ring R. Then the following are equivalent:
(1) I is meet-gr-principal.

(2) I is gr-multiplication.

(3) IR, = (0) RS, for any gr-mazimal ideal M of R with M 2 69(1).
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Proof. (1) = 2): Let J be a graded ideal of R with J CI. Then J=RINJ=(RN(J:1)I=(J:1)I
and then [ is a gr-multiplication ideal by theorem 2.2.

(2) = 3): Suppose that [ is a gr-multiplication ideal. Let M be any gr-maximal ideal of R such
that 69(I) C M. Let x € I Nh(R). Then (z) is a graded ideal and (z) = (z)89(I) by lemma 2.9 and so,
(x) RS, = (x) RS, 09(I)RY,. By proposition 2.4 in [4], we see that (z) RY, = (0) R}, and so IR}, = (0) RS, .

(3) = 1): Let J and K be graded ideals of R. We prove that JIN K = (JN(K :1))I. Clearly,
JINK D (JN (K : 1)) ]I is always true. We prove the other containment locally. Let M be a gr-maximal ideal of
R. If 09(I) C M, then IRY, = (0) RY, by assumption and so ((JN(K :1))I) R}, = (0) Ry, = (JINK)RY,.
Suppose that 609(1) € M. Then ((z):I) € M for some z € I Nh(R) and so there is 7 € R such that rI C (z)
and r ¢ M. Let b=y121 +y222+ ... + Ynzn € JINK where y, € J and z; € I for k =1,2,...,n. Then there
exist r1,73,...,7, € R such that

rb = r(yi1z1 +yeze + oo ynzn) = y1(rzn) +Fye(rze) + .4 yn(rzn)
= yi(re)+ya(rex) + ... F yn(rnz) = (nir1 +yera + ...+ ynrn) T

where the third equality holds since I C (z). Now,

(yir1 +yora + oo + ynrn) 7L C (Y11 + yora + ... + Ynry) (@) = (rb) C K.

Hence,
(yiri +yara+ ...+ ynrn)re JN(K : 1).
and then
DL LT Lo DI (70 (K 1)) Y
Now,
b ri_y,rb Ty yirityperet ot ypte, @
= =(3) =)= (7)Y )(=) e (JN(K: 1)) RyIR,.
1 1 1 1 1 1
Therefore, (JI N K)RY, = (JN(K:1))R}, IR, for any gr-maximal ideal M of R and so JINK =
(JN(K:1))I. O

We have the following as a corollary of the previous theorem and lemma 2.10.

Corollary 2.14 If I and J are gr-multiplication ideals of a graded ring R, then IJ is gr-multiplication.

Proof. Let M be a gr-maximal ideal of R such that 69(1J) C M. Then 09(1)09(J) C 9(1J) C M and
so either ¢9(I) C M or ¢9(J) € M. Hence, by theorem 2.13, either IRY, = ORY, or JR}, = 0RY,. In both

cases, (IJ)RY; = 0RY, and then I.J is a gr-multiplication ideal of R again by theorem 2.13. O

3. Gr-primary ideals with gr-multiplication gr-radicals

Definition 3.1 Let P be a gr-prime ideal in a graded ring R. Then we define the graded rank of P (denoted
by gr-rank(P) ) as the supremum of the lengths of all chains of distinct proper gr-prime ideals of R having P
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as last term. The gr-dimension of a graded ring R is defined as the supremum of the lengths of all chains of

distinct gr-prime ideals of R and is denoted by gr-dim(R).

Now, any gr-prime ideal in the graded ring R% is of the form P’R} where P’ is a gr-prime ideal of R with
P’ C P. Therefore we conclude that gr-dim(R%) = gr-rank(P). Recall that a gr-prime ideal P of R is called
minimal gr-prime over a graded ideal I if there is no gr-prime ideal @ of R such that I C Q C P.

Definition 3.2 Let I be a graded ideal in a graded ring R. Then the graded rank of I (denoted by gr-rank(I))

is defined as the infimum of the values of gr-rank(P) as P runs over all of the minimal gr-prime ideals of I.

Theorem 3.3 Let I be a gr-multiplication ideal in a graded ring R. If gr-rank(I) 2 0, then I is gr-finitely
generated.

Proof. Suppose that I is not gr-finitely generated, then by theorem 2.11, 69(I) # R and, therefore,
99(I) € M for some gr-maximal ideal M of R. Hence, IR, = OR}, by theorem 2.13 and so gr-rank(I) <

gr-rank(IR9,) = 0, a contradiction. O

Now, in the following main theorem, we determine the set of all gr- P-primary ideals of a graded ring R

where P is any gr-prime ideal of R that is gr-multiplication . First, we have the following lemma.

Lemma 3.4 If I is a graded ideal of a graded ring R such that g-rad(I) is gr-finitely generated, then there
exists a positive integer t such that (g-rad(I))t C 1.

Proof. Suppose that g-rad(I) = (a1, as,...,a,) for ay,as,...,a, € h(R). Then there exist ti,ts,...,t, € N
such that @’ € I. Let t =1+ > (t; — 1). Then (g-rad(I))! is a graded ideal generated by

i=1

L= {alflaé?..aﬁ" tki, ko, ok €N Zki = t}'
i=1

n n
Ifky <t foralli=1,2,...,n,then > k; < > (t;—1) £ t, a contradiction. Therefore, there exists j, 1 <j<mn
i=1 i=1

]?j...afl" € I. Hence, L C I and then (g-rad(I))t C I. O

such that k; > ¢; and then alfl...a]

Theorem 3.5 Let P be a gr-prime ideal of a graded ring R that is gr-multiplication. If gr-rank(P) 2 0, then
{P™} >, is the set of gr-P-primary ideals of R. If gr-rank(P) = 0, then there is a least positive integer m
with (PR“}]D)m = 0R% and in this case {P"}nm:1 is the set of gr- P -primary ideals of R.

Proof.  Suppose that gr-rank(P) £ 0, then P is gr-finitely generated by theorem 3.3. Let @ be a gr-P-
primary ideal in R. Then P! C @ for some positive integer ¢ by lemma 3.4. By passing to the graded ring
R/P?, we have, Q/P! is gr- P/ P*-primary ideal and since clearly, gr-rank(P/P?) =0, it is enough to consider
the case where gr-rank(P) = 0. Since P is gr-multiplication, then PR, is gr-principal by theorem 2.3 and
since gr-rank(P) = 0, then PRY is the only gr-prime ideal of R}, and each graded ideal of R} is a power
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of PR%. Hence, R% is a gr-SPIR and so there is a least positive integer m such that (PR%)™ = (0) R%
and the only graded ideals (which are gr- PR%-primary) of R}, are PRY,, (PR‘}%)2 ooy (PR%)™ . Therefore, the
only gr- P-primary ideals of R are P9, P29 P9 Now, for a fixed i, 1 < i < m, we have P* C P9,

Suppose k is the largest integer with P()9 C P¥. Since by corollary 2.14, P* is gr-multiplication, there is a
graded ideal A of R such that P9 = AP¥ where A g P. Since P®9 is gr- P-primary, P* C P9 and so,
Pk = p®W3. Now, (P™9) RY, = P*R}, = PWIR}, = P'R}, and therefore, i = k and P9 = P. It follows

that P, P2, ..., P™ are the only gr- P-primary ideals of R. O
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