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Approximation by certain linear operators preserving x2

Lucyna Rempulska, Karolina Tomczak

Abstract

We investigate certain positive linear operators L, preserving the functions ex(z) = z*, k=0,1, and
modified operators L;, which preserve ep and ez. We show that the error of approximation of f by L; (f)

is smaller than for L, (f).
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1. Introduction

1.1. Let as usual N ={1,2,...}, No = NU{0}, and let I be the interval [0,00) or (0,00).
Similar to [5], let p € Ny,

wo(x) =1, wy(x):=(1+2P)~! if p>1, (1.1)

for x € I, and let B, = B,(I) be the set of all functions f: I — R for which fw, is bounded on I and the

norm is given by the formula

171 = 17Ol 2= supwy(z)]| (). (1.2

Moreover, let C, = Cp(I) with p € Ny be the set of all f € B, for which fw, is a uniformly continuous
function on I. The norm in C), is defined by (2).
The spaces B, and C), are called polynomial weighted spaces.

We see that if p,q € Ny and p < ¢, then B, C B,, C, C C; and || f|lq < || fll, for every f € B,.

1.2. Tt isknown ([1-7, 14, 15]) that several classical positive linear operators, e.g. the Szdsz-Mirakyan, Baskakov,

Post-Widder and Stancu operators, act from the space C, to C, for every p € Ny and preserve the functions

eo(r) = 1 and ej(r) = 2 but does not preserve es(x) = z2.

Recently O. Duman and M. A. Ozarslan in papers [8, 9] have introduced modified Szdsz-Mirakyan
operators S which preserve the functions ep and ey. They have shown that the error of approximation of f,

with the certain function space, by S (f) is smaller than for the classical Szdsz-Mirakyan operators Sy (f).
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The similar problems were considered for the Bernstein polynomials and the MKZ type operators in [10]
and [11].

1.3. The purpose of this paper is to extend the Duman-Ozarslan idea ([8]) to certain sequences of linear positive
operators L,, acting from the space C, to B,. In Section 2 we shall give definition of operators and their basic

properties. The main theorems will be given in Section 3.

2. Definition and lemmas
2.1. Let = € I be a fixed point and let
og(t) =t —x| for tel. (2.3)

We consider a sequence (L,,)2°, ng € N, of positive linear operators satisfying the following conditions:

(i) Ly : Cp(I) — By(I) for every p € Ng, n > ng, and L,(f;0) = f(0) for every f € Cph([0,00));

(ii) For every ey(x) = 2¥, k € Ny, and n > ng there exists an algebraic polynomial P, j; of the order k such
that Ly (ex;x) = Py k(x) and

Ly(ep;z) =1, Lyp(er;z)=a for ze€l, n>ng; (2.4)
(iii) There exist numbers a,b > 0, a® +b? > 0, and a numerical increasing and unbounded sequence (An)pe
such that A,, > 0 and
Ln(eg;x)zxz—i—(mi\;bx for z eI, n>ng; (2.5)
(iv) For functions
Tnp(x) = Ln (P(t);2),  x €I, n=mng, p€No. (2.6)
there holds
i [Tyl = 0. (2.7)
Now, using L,, we define for f € C,, p € Ny, the following operators:
L (f;x) = Ly (f;un(x)), x €I, n>ng, (2.8)
with
() = —b+ \/b2+4)\n(a+)\n)x2' (2.9)

2(a+ )

From (8), (9) and properties (i)—(iv) of L, we deduce that L¥, n > ng, is a positive linear operator well

defined on every space Cp, p € Ny.

274



REMPULSKA, TOMCZAK

From (8), (9) and (3)—(5) we deduce that

L (eg;z) =1, L (e1; ) = up (), L7 (ex; ) = 22, (2.10)
and
ax? + bx N
Lo (@0:) = 5 L (0 ) = 2l — wn(), (211)

for every z € I and n > ng.
In this paper we shall denote by My (p), k € N, suitable positive constants depending only on indicated

parameter p.
2.2. Here we shall give some auxiliary results.

Lemma 1 Let u, and w, be functions defined by (9) and (1). Then we have

0 <up(z) <z, 0 <22 (z —un(z)) < (az® +bzx) /Ay, (2.12)
ax? —i— br T r—— ax? —i— bx 2ax +b
2@ = unlw 42ax + b+ 2\, z]’ (2.13)
wp(x)
0< e S h (2.14)
(wp(2))” < wap(w),  (wy()) ™" < 2/wap(w), (2.15)

forall x €I, n>ng and p € Ny.
Proof. From (9) we deduce that u,(0) =0 for n > ng,

20,22 N, 12
b+ /b2 + 4\, (a+ An)z \/4)\2362
_p2 _ 2
2(ax? + bx) ar +b

< ;
2(a+ M)z + b+ /b2 + 4\, (a + Ay ) 22 2\,
and

(ax® 4+ bx) /Ap — 22(z — un(2))
V (ax? +bx) /N, + /22 (z — up (1))

1 (ax2 + bz 4z (az? + bx) )

V(az? +bx) /N, — /22 (x — up,(z)) =

> —
T 2y/(ax? + bx) /Ay An 2(a+ X))z + b+ /b2 + 4N, (a+ A, )z?
_ Jax? +bx 2ar+b+ \/b2 + 4 (a4 )z — 202

VAo (2(196 b+ 20+ /I (at )\n)xQ)

- ax? + bx 2ax + b
An 4(2ax + b+ 2)\, 1)’

275



REMPULSKA, TOMCZAK

for every z >0 and n > ng.

Inequalities (14) and (15) are obvious for each p € Ny by (1) and (12). O

Lemma 2 For each p € Ny, there exists My(p) = const. > 0 such that for the above operators L, and L,
there holds

17 (L/wp)llp < [ Ln(1/wp)llp < Mi(p), 1= no, (2.16)

and
L7 (llp < 1 Ln(Hllp < M) flp, (2.17)

for every f € C, and n > ny.

Formulas (8) and (9) and inequality (17) show that LY, n > ng, is linear positive operator acting from

the space Cp to By for every p € Ny.

Proof. The inequalities (16) and (17) with M;j(p) = 1 are obvious for p =0 by (1), (2), (4) and (12).
If p € N, then by (1)-(3) and properties of L, , we have

L, (1/wy(t);z) =1+ Ly(ep; ) < 142P2P + 2PL, (¢2(t);x) for z € I,n > ng. (2.18)

Next from (7) it results that there exists Maz(p) = const. > 0 such that [|T},,p||, < Ma(p) for n > ng, which by
(1), (2), (6) and (18) implies that

||Ln(1/wp)||p <27 (1+ Ma(p)) for n > no.

Thus the inequality (16) for L,, is proved.
From (8), (14) and (16) for L, we deduce that

)y (1 (0 ) = B s, (0 0) Lo 100 )
< [ Ln(L/wp)llp < Mi(p) for z € 1,n>mng.
Analogously for f € Cp, p € Ny, we get
wp(@) | Ly, (f(8); )| < [ Ln(llp for ze€l,n=ne (2.19)
Moreover, for f € C,, p € Ny, we have

|Ln(f;2)| < Ly (| fl52), = €1, n>no,

which by (2) implies that
IZn(Hllp < [1fllp 1 Ln(1/wp)llp, n = m0. (2.20)
Now from (19), (20) and (16) immediately follows (17). O

For L, and L; there holds the following:
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Lemma 3 Let f,g € C, with a firted p € Ng. Then

ILa(f(8)g(t):2)] < (La(f2(1);2)? (LalgP(8);2)) " for @ € In > no,

and
1La(f)l2p < I La(F)507 1 Ln(g)15)7 for n > no.

Identical inequalities there hold for operators L, . O

Applying (4) and (10)—(16), we can derive the following

Corollary 1 Let ¢, and w, be defined by (3) and (1). Then

Lo (02();2) < (La(@2(1);2))? = ((a2® +bz) /A0) "7,
Li (g (t):m) < (Lo )2 = (2a(e —un(@)? < ((az® +bz) JA0) "7,
and

V2| Lo (1/wzy) 132 (La($2(1); 7)),

V2| Ly (1/wsp) 502 (L5 (2(1); ) 2,

2p

IN

wp(2) Ln (02 () /wy(1); )

wp(x) Ly, (0 (8) /wy(1); )

IN

for every x € I and n > ny.

3. Theorems

Here we shall prove two approximation theorems for the above operators. Let C;, p € Np, be the set of

all functions f € C, having first derivative f' € C,,.

Theorem 1 For each p € Ny, there exists M3(p) = const. > 0 such that for every f € C; there holds

wy(x) [Lu(fr2) = f(x)] < Ma(p) | f'[lpV/ (ax? + bz) /A (3.21)
and
wp (@) | Ly, (fi2) = f(@)] < Ms(p) [ lpv/ 22 (2 — un()), (3.22)

for x € I and n > ny.
Proof. We shall prove only (22) because the proof of (21) is identical by the above lemmas.

For a fixed f € C; and x € I we can write

£(t) — f(z) = / f(u)du, teT,

and

<11 | [ o] < 17 o) + 10t - .

/w () du o
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Using now L} and (10), (3) and Corollary 1, we get

o) L5 (F@5 )~ f0)] < wplo); /;f’(u)du;w>
< 1l (@)L, (2 () 0y (0):2) + L, (0 (8); )
< 8l (V2ULa (1/w2p) 37 + 1) v/22 (@ = wa (@),
which by (16) implies (22). 0

Theorem 2 For each p € Ny, there exists Ma(p) = const. > 0 such that for every f € Cp, x € I and n > ng,

we have

wp(e) |Ln(fi2) = f(@)] < Ma(p)o (; Taa® T o) /A ) (3.23)

and

wp(@) | (f5) = (@) < Ma(p)w (£ /200w — un(x)))p < My(p)w (f; (az? + bx)/)\n> (3.24)

p

where w(f;-)p is the modulus of continuity of f € Cp, i.e.

w(fit)p :=0§}1LgtllAhf(-)llp for t =0, (3.25)

and Apf(z) = f(z+h) - f(z).
Proof. Similar to [5], we use the Steklov function fj, of f € C,, i.e.

1 h
In(z) ::E/o flx+t)dt, x€Il,h>0. (3.26)

We have f, € C} and by (26) and (25) we get

£ = fllp < w(f5h)p (3.27)

and
I fillp < h™'w(f; h)p, for h > 0. (3.28)

By the above properties of f;, and (10) we can write for f € C, and L :
1Ly (fy ) = f(@)] < Ly (f() = fu(®); 2| + [L3 (fa(t); ) — fa(@)| + [fu(z) — f(2)], (3:29)

for x € I, n>mng and h > 0. Next, by (17) and (27) we have
L5 (f = fu) lp < Ma(P)[1f = fully < Mi(p)w (S5 h)p- (3.30)
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Theorem 1 for f;, and (28) imply that

wp(@) | Ly, (fa(8); ) — fr(@)] < Ms ()| fllpv/22(@ — un (@) < Ma(p)h™' v/ 22(2 — un(2)) w(f;h)p.  (3:31)

Combining (29)-(31) and (27), we get
wy(2) | L (fi2) = f(@)| < wifih)y (14 Milp) + Ma(p)h™' V2@ — ua(2))) (3.32)

for each z € I, n > ng and h > 0. Putting h = /22 (x — up(x)) with > 0 to (32), we obtain the desired

estimation for = > 0.
If 2 =0, then (24) follows by the property (i) of L,, and (8) and (9).
The proof of (23) is analogous. O

From (23), (24) and lim A, = 400 we can derive the following two corollaries.

Corollary 2 If f € C,, p € Ny, then

lim L, (f;z) = f(z) anLII;OLZ(f;x)

n—oo

at every x € I. This convergence is uniform on every interval [x1,22] C I.

Corollary 3 The error of approzimation of a function f € Cp, p € Ng, (f(x) # ex(z) for k = 0,1) by
L (f), n>no, is smaller than by L, (f).

4. Applications

We present four examples of well-known positive linear operators satisfying the conditions (i)—(iv) given
in Section 2 for operators L, . For these operators we can consider modified operators of the type L}, defined
by (8) and (9).

4.1. The Szdsz-Mirakyan operators ([5], [15])

e e\~ (02)° Ok

Sn(f;z) :=e Z o f ) z>0,neN,
k=0

satisfy conditions (i)—(iv) and Sp(ez;z) = 2? + Z, i.e. the condition (5) there holds with a =0, b =1 and

An, = n for n € N. From (8) and (9) there results that the modified operators S} preserving ey and ey are

defined by the formula S} (f;z) := S, (f;un(z)) with

=14+ V1 +4n2a?

un() 2n

for fe Cp, >0 and n € N.
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4.2. The Baskakow operators ([5])

0o k
Val(f:a) :=<1+x>—nz<"+’;‘1 ) (1;) f(%) r>0neN,
k=0

satisfy conditions (i)—(iv) and the formula (5) there holds with @ = b = 1 and A\, = n for n € N, because
Voa(e2;2) = 22 + 2(1 4 x)/n. Now the modified operators V*(f;z) := V,, (f;un(z)) are connected with

un(z) = —1+\/1+4n(n+1)x2'

2(n+1)

4.3. The Post-Wildder operators ([7, 12])

(n/x)ntn—l

P.(f;z) = /000 f@)pn(z,t)dt, x> 0,n€ N, p,(x,t) = 0 exp(—nt/x),

(n -

have properties (i)—(iv) and a = 1, b = 0 and ), = n in the formula (5), because P, (es;r) = 2% +2%/n. Hence
the operators P} (f;x) := Py (f;un(x)) are modified by

4.4. The Stancu operators ([14, 13])

tnw—l
B(nz,n+1)(1 + t)netn-1’

L,(f;x) = /000 f@)sn(x,t)dt, x> 0,n> 2, sp(x,t) =

with the Euler beta function B, satisfy conditions (i)—(iv) and L,(e2;2) = 22 + %, for n > 2, ie.

the formula (5) there holds with « = b =1 and A\, = n — 1 for n > 2. Now modified Stancu operators
L (f;x) := Ly, (f;un(x)) are conected with

-1+ +/1+4n(n — 1)z
Up () = ™ .

Applying Theorem 1 and Theorem 2, we can estimate the error of approximation of functions f € C}, by

classical operators S, , V;,, P, L, and modified operators S}, V.*, P* and L} .
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