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Values of the Carmichael Function Equal to a Sum of Two Squares

William D. Banks and Ahmet M. Giiloglu

Abstract

In this note, we determine the order of growth of the number of positive integers n < x such that A(n)

is a sum of two square numbers, where A(n) is the Carmichael function.

Key Words: Carmichael function, sum of two squares.

1. Introduction

Let A(n) denote the Carmichael function, whose value at the integer n > 1 is defined to be the exponent

of the multiplicative group (Z/nZ)*. More explicitly, for every prime power p* we have

)

) = p*~l(p—1) ifp>3ora<?2
Qa—2 if p=2and a > 3,

k

and for an arbitrary integer n > 2 with prime factorization n = pi" ...p* we have

A(n) =lem[A(PT), ..., AMpe")].

Clearly, A(1) =1.
In this note, we study positive integers n with the property that A(n) is the sum of two square numbers.

Our main result is the following:

Theorem 1 Let S be the set of positive integers m such that m = a® +b> for some integers a and b, and put
S(z)y=#{n<z : A(n) € S}.

Then, there are absolute constants co > c1 > 0 such that the inequalities

C1X Co X
— < S < —
oz < 2 S Togayre

hold for all sufficiently large values of x.
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Since A(p) = p—1 for every prime p, the lower bound of Theorem 1 follows from the work of Iwaniec [2]
(see also [3]), who showed that

#{p<z:p-1€8}>

holds with some absolute constant ¢; > 0 for all sufficiently large values of . Our proof of the upper bound of
Theorem 1 (see Section 4) uses ideas from [1], where similar bounds have been obtained for the Euler function
©(n) and for the sum of divisors function o(n). One difference in our case is that A\(n) is not a multiplicative
function, and this fact necessitates an approach using slightly different sets than those considered in [1] and a
special treatment of certain intermediate estimates (see, for example, Lemma 3). Fortunately, the contribution
to S(x) coming from integers with a fixed number of prime divisors can be controlled sufficiently well to obtain

the required upper bound.

2. Notation

In what follows, the letter p always denotes a prime number, and the letter g (with or without subscripts)
always denotes an odd prime power. As usual, we denote the set of natural numbers by N.

For a positive integer 1, we use w(n) to denote the number of distinct prime divisors of n; in particular,
w(l) =0.

Following [1], for a real number & > 0 we define logz = max{lnz, 2}, where Inz is the natural
logarithm, and for every integer k > 2, we use log,  to denote the k-th iterate of logx. We recall that logx
is submultiplicative:

log(zy) < (logz)(logy)  (x,y>0). (2.1)

Throughout the paper, implied constants in the symbols O, > and < are absolute. We recall that for

positive functions f and g, the notations f = O(g), f < g and f > g are all equivalent to the assertion that

f < cg for some absolute constant ¢ > 0.

3. Preliminary Estimates

Lemma 1 Let

A
B

{aeN:pla=p=3 (mod4)},

{beN : plb=>p#3 (mod4)},

and for any integer k > 1 let QF be the set of ordered k-tuples (qi,...,qx) such that each q; is an odd prime
power and ged(qi, ;) =1 for i # j. Then, for some absolute constant C > 0, the bound

k
1\ z(log A)>/?
log g1 q < k3/2 Ck -
(@1 ~~%;)EQ’“ ( ) 11;[1 p(ai) Viogz (32)

q1-°qk ST
Mgi)€aiB Vi

holds for all x >0, k> 1, and ay,...,ar € A, where A =lemlay,...,ax].
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Proof. Since the Euler and Carmichael functions agree on odd prime powers, the bound (3.2) can be proved
using an inductive argument similar to the proof of [1, Lemma 5]. The only difference in this case is that we

need the uniform upper bound

#{e<z : Mg €eaB} < " (a€e A, z>0). (3.3)

(a)(log(x/a))?/?

Since A(g) € aBB implies ¢ > a, it is enough to prove this for z > a. In the proof of [1, Lemma 1] it is shown
that

#{p<z : p-leaB} < o(a)(log(z/a))3/2’

hence it suffices to consider the contribution to the left side of (3.3) coming from prime powers ¢ = p* with
a>1.
First, we observe that there is at most one prime power p® such that A(p*) € aBB, p =3 (mod 4), and
a > 1. Indeed, writing
p* Yp—1)=ab for some b € B,

it is clear that p is the largest prime divisor of a, and that p®~1| a; hence p® is uniquely determined by a.
On the other hand, if p =1 (mod 4), then A(p®) € aB3 if and only if p — 1 € a3. Therefore,

vz logx
2. ISIH D, ) 1< o T

pY<z, a>1 p<y/z aslogz
A(p®)€aB p—1€aB

and (3.3) follows. To complete the proof of (3.2), it is a straightforward matter to adapt the proofs of [,
Lemmas 3,4,5], making use of the bound (3.3) in place of [1, Lemma 2] together with the fact that log(x/A) >
(logz)/log A by (2.1); the details are omitted. O

Lemma 2 Uniformly for n > 1, we have

Zp_l < logg n.

pln
Proof. Let py,po,... be the sequence of consecutive prime numbers, and put ny = p1---px foreach k > 1.

By the Prime Number Theorem we have
logng = (1 +o(1)) p (k — 00),

and by Mertens’ theorem it follows that

St =Y p = (14 o(1) logy pi = (1+ o(1)) logy .

plnk P<PK

Now, for an arbitrary integer n with w(n) = k, we have

Zp_l < Z p~ ! < logyny < loggn,

pln p|nk
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which is the desired bound. O

Lemma 3 For some absolute constant Cy > 0, we have the uniform bound:

k w(n 1
3 <H (2.)> <M )(1052")0 ’ (k,n € N). (3.4)

(n1,...,n1) ENF i=1 L4
lem[ny,...,ng]=n

Proof. For each fixed k, let Fj(n) be the arithmetic function defined by the left side of (3.4). It is easy to

see that Fi(n) is multiplicative; thus,

Fy()=1 and  F(n)= [] FO®) (n>2).

p* [ n

For every prime power p®, we have
Fi,(p%) = G(p™) — Gi(@* ™),

where
k
1 1
Gr(m) = 11 ) 3 o (m e N)
(dlv“wdk)ENk i=1 g dlm
lem|[dy,...,dx] | m
Hence, writing
! 1
g= - and h = Z —
SO(p ) dlpafl Qo(d)
we have
g+h
Fu(p™) = (g + 1) —n* = k/ = dt < kg(g + h)FL
h
Also,
1 potl —p B
g+h= =1+ =1+0(p ).
2 p(d) po(p —1)2 )

d|p>

Putting everything together, we derive that

In Fi(n) < Z In (cp(]]za) (1+ O(p—l))k—1>

p* | n

=w(n)Ink —Iny(n)+ O kzp_l

pln

Using Lemma 2 together with the lower bound

o(n) > (n € N),

logyn

12



BANKS, GULOGLU

we obtain the stated result. O

Lemma 4 The following bound holds:

Z A <«n" (n eN).
k=1
Proof. If n is large, then
k™ nk Sk "
TS 2 S > W
k>n k>n k=0
Since k! ~ v2m kFt1/2e=F a5 k — oo, we also have
n n
k™ k"eF  nkmer
DS T S T
k=1 k=1

where « is the real number at which the function f(z) = z"e®z~* takes its maximum value. It is easy to check

that k satisfies the equation klnk = n, hence k ~ n/logn as n — oo, and we derive the estimate

nk"e’

= exp(nlogn —nlogyn + O(n)).
F‘-/K/

The result follows. O

Lemma 5 The following bound holds:

logn 1
< .
wn) < logy n <1+O<10g2">> (neN)

Proof. As in the proof of Lemma 2, it suffices to prove this bound for integers of the form ny = p1 - - - pi,

where p1, pa, ... is the sequence of consecutive prime numbers. Using [4, Theorem 4] we see that
1
logng = Y logp=pi (140 :
= log
<P

and by [4, Theorem 3] we have
pr = k(log k + log, k) + O(k);

therefore,

1
logny = k(logk + log, k) (1 +0 <logk>>

and

B log, k
loglogny = (logk + log, k) (1 +0 ((10gk)2>> :
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Since logk ~ log, ni as k — oo, it follows that

wlng) =k = log <1+O< ! >>
logs ng logy ng

This completes the proof.

4. Proof of the Upper Bound
Let A, B and QF be defined as in Lemma 1. For every a € A, let
N(a;z) = {oddn <z : A(n) € aB} (x >1).
Our first goal is to establish an upper bound on sums of the form

Li(a;z) = Z logn (keN,ac A, z>1).
neN (a;z)
w(n)=k
Factoring each n as a product of odd prime powers, we have

1
Li(ax) = > loglar-aw),

" (g1yeqr)EQF
q1---qr €N (a;z)

Every k-tuple (qi,...,qx) € QF determines a unique k-tuple (a1, ..., ax) € A* such that

)\(qi)EaiB (221,716)

Moreover, since ged(gs, q;) = 1 for i # j, the condition A(q1---qx) € aB is equivalent to lem[ay, ...

Therefore, the preceding sum can be expressed in the form

Ly(a;z) = % Z Z log(q1 - - qx)-

(a1,.mak)EA"  (q1,m.qx)€Q"
lemlay,...,ar]=a q1° Gk ST
Ags)€a:B Vi

Inserting the bounds of Lemmas 1 and 3, we derive that

2 @+3/2 (C(logy a)®)" (loga)*?

Li(a;xr) < .
k(@) k! a Viog z

Next, we need an upper bound on sums of the form

o kw(a)+3/2 (C(].Og2 a)cl)k
k!

s(a) =
k=1

14
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in the special case that a is a square number. For our purposes below, the following bound suffices:

J/a

— 4.6
s(a) < (oga) /2 (4.6)
To prove (4.6), we begin by applying Cauchy’s inequality to the sum s(a), obtaining
k2 w(a)+3
s(a)? < exp (02(10g2 a)QCl) Z - (4.7)
k=1

Since a is a square number, Lemma 5 implies that

20(a) +3 = 2w(va) + 3 < 2289 <1+0< ! >>

= logy a logy a

Setting n = 2w(a) + 3, it follows that

loga

nlogn <
logy a

(logy a —logg a4+ O(1)),

hence by Lemma 4 we have

> k2w(a)+3 >

k™ loga
; — = ; o < exp(nlogn) < a exp <_10g2 ” (logs a + O(l))> :

Inserting this bound into (4.7) and extracting a square-root, we immediately obtain (4.6) for all square numbers

ac A
Using (4.5) and (4.6), we now derive that

= s(a)(loga)®/? x 1 2
1 < Li(a,z) < < '
nE./\/Z(a‘w) e I; * (a x) a \% ]'Og &€ \/a (10g a)2 vV log X

Let
L(z)={oddn <z : An) €S} (x > 1),

where S is defined as in the statement of Theorem 1. Since S is the disjoint union:

s=J B,
de A
we have
0o . 50 . .
Z lognzz Z logn < Z S < '
neL(x) d=1 neN(d?;z) v ]'ng d=1 d (]"Og d) V ].Ogil'
By partial summation, it follows that
T
L)< —2 .
#L(z) < (log 1)372
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Finally, for an odd integer n, we have A(n) € S if and only if A(2%n) € S for all « > 0; therefore,
S)=#{n<z : \n) €8} = #L(x/2%)
a>0

x x (log 2%)3/2 x
< Z a a)\3/2 S 3/2 Z a < 3/27
2 2 (log(e/20)7 < (loga)? 2 2 (log )7/

which is the required upper bound for S(z).
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