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Best p-Simultaneous Approximation in Some Metric

Space
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Abstract

Let X be a Banach space, (I, 1) be a finite measure space, and ® be an increasing
subadditive continuous function on [0,+0c0) with ®(0) = 0. In the present paper,
we discuss the best p-simultaneous approximation of L* (I, G) in L* (I, X) where G

is a closed subspace of X.
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1. Introduction

A function ® : [0,400) — [0, 400) is called a modulus function if it satisfies the

following conditions:
1. &(z)=0iff z = 0.
2. (x +y) < P(z) + (y).
3. ® is a continuous increasing function.

For a modulus function ®, a finite measure space (I, 1) and a Banach space X,

LX) = {f:] - X: /Ifb(llf(t)ll)du < too}.
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For f € L*(I,X), define

1£lle = / o

In fact (L*(I,X),||-||s) is a complete metric linear space [4]. Further, it is known that
LY(I,X) C L*(I, X). For more information about L*(I, X), we refer to [3,5]. For 1, 2
in X and 1 < p < 400, we set

(@1, 22)] 0. = (@(||21])? + (@(|]22]])?) 7.

Note that (X?,|-|e,) is a complete metric space. The diagonal of G? is given by
D = {(g9,9) : ¢ € G}. Throughout this paper, X is a Banach space, G is a closed
subspace of X and ® is a modulus function. For f; and fo in L?(I, X), we set

(1, f)lop = [1AIG + 1 £2015]7

for all 1 < p < +oc0. Then ((L*(I,X))?,| - |o,) is a complete metric space. We consider

X as a metric space with a metric d(z,y) = ®||z — y|.
Definition 1.1 For x1,22 € G, define diste : X> — R by

dista(w1, 22, G) := inf [((|[ar = 2[)7 + (1|2 = 2[|)))7 .
Consequently, for fi1, fo € L*(I,X), we define

dist L*(1,GQ)):= inf —glIZ —glIB]7 .
iste(f1, f2, L% (I, G)) gelg%I(D[Hjﬁ 9lle + 112 = gllg]

Definition 1.2 We say that z € G is a best p-simultaneous approzimation from G of

pair elements x1,x2 € X if

[(@(l|z1 — 2I)? + (@(l|z2 — 2I))"]7 < (@1 — yl])P + (|2 — yl[)?]?

for every y € G. We say that g € L*(I, G) is the best p-simultaneous approzimation of a
pair of elements f1, f2 in L* (I, X), if for every h € L*(I,G), we have

I1fr = gllg + 1f2 — gl < [Ifr = 1% + || f2 — R[5
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Note that for g € G is the best p-simultaneous approximation from G of z1,z2 € X
iff (g,g) is the best approximation from D of the pair (z1,2z2) € X? where the metric
on X2 is |- |o.p. If every pair of elements z1,z2 € X admits a best p-simultaneous
approximation from G, then G is said to be p-simultaneous proximinal in X. The
problem of best simultaneous approximation has been studied by many authors in [2,
7, 12, 13]. Most of these works have dealt with the characterization of best simultaneous
approximation in space of continuous functions with values in a Banach space X. Results
of best simultaneous approximation in general Banach space can be found in [1, 8, 10].
Some results were obtained in the spaces of LP(I, X) have been tackled in [6, 11]. In
the present paper, we investigate the best p-simultaneous approximations of L (I, G) in
L®(I, X) where G is a closed subspace of X.

2. Main Results
We start with the following technical lemma.

Lemma 2.1 Suppose 1 < p < +oo. For fi, fo € L*(I, X) we have
1. [ disto(f1(t), f2(t), G)dp < 2dista(f1, f2, L*(I, G)).

2. diSﬁp (fl, fg, L(I)(I, G)) S fl diSﬁp (fl (f), f2 (f), G)du
Proof. Forany g€ L?(I,G) and t € I, we have
dista(fi(0), (0, OF < (@A) - g + [@I1ft) - o(t)][]”

< [@ILAW®) — 9@ + @[ f2(t) — g -

Therefore we have,

N

ﬁmwaﬁwdameM__Hﬁ—mw+nﬁ—mw

1
2(|lfr = glls + 12— gllg]* -

After taking the infimum over all g in L* (I, G), we finish our proof of inequality (1). By

IN

the density of simple functions in L®(I, X), we have for any £ > 0 there are two simple
functions ff and f5 in L®(I, X) such that

e

1 )
=+1
? +

I[fi = fille <
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and

3
||f§ _f2||<I> < 2%7

We can write f = Z’,:Zl xAkx}'c, 1=1,2, where Ai, k =1,2,...n are disjoint measurable
subsets of I satisfying |J;_, Ax = I and x 4, is the characteristic function of Ay, and

zi € X. We may assume that p(A4y) >0, for k=1,2,...n. Since
. . 1
dista(z,y,G) = int [(®(1Ix — 2I1))? + (@(]|y — #I]))"]?

then for any k£ > 0, we can select y, € G such that

_°
2npu(Ag)

<=

[(@llzk = 5 D) + (@(|J2k = 5, D] 7 < diste(zy, 2}, G) +

Let g =3 3_1 X4, ¥ Clearly g € L®(I,G). Now

dista(f1, 2, L*(IL,G)<  [I1fr — gllh + |2 — glI3)7
[ f1=fE a1 £ =gllo) P+ (|| fo— f3 a1 f5 — g]0)P]
< A= FIB + 1105 = RIBIE 115 — gl + 1S5 — glB]7 .

IN

It is easy to show that:

dista( 1. 12 1°(01.6)) < 54| ( [at15:0-g0 ) { w15 09000 ]

;Jr (ZM O(||xy — ykll) ZMAk (Il=% - ykll))]
k=1

< S nAn) [@( ek~ ) + (@l — el
k=1

c Y ; 1 .2 5
N distotel.t @)+ 505 )
Thus
dista(f1, fo, L*(1,G)) < e+ /l dista (fi (1), f3 (), G)dp. O
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Using the subadditivity of ®, we have

dista( 7 (t), f3 (£),G)< dista(f1 (1), F2(£).GIH@IF (O —F OI)PHRAILF () —~f2 (0)])7]7
<disto(f1(t), f2(8), G) + (/|1 (1) = ArDI]) + 2[5 (t) = f2(D)]])

for all t. Therefore
/Idistq»(ff(f),f§(f),G)duﬁ/ldisw(fl(t)afz(t)aG)dqullfl* — fille+1f5 = folle-

Thus

diste(f1, f2, L2(I, @) < /ldisﬁp(fl(t),fz(f)a(;)dﬂ'f‘2%7

and hence

diSﬁp (fl, fg, Lq> (I, G)) S /I(disfq> (fl (f), f2 (f), G)du

Lemma 2.2 Suppose that 1 < p < +oo. If fi, f2 are simple functions in L*(I,X) and
if p(I) =1, then

P
diSﬁp (fl, fg, L(P(I, X)) = |:/ [diSﬁp (fl (f), f2 (f), G)]pdu] .
I
Proof. By Inequality (2) of Lemma 2.1, and the assumption u(I) =1, we have

dists(fr, f2,1°(1,G)) < /l dista (f1(1), fo(t), G)dp

< [ /l [diste(f1(t), fa(t), G)]pdu]

Given € > 0. Choose gg € L‘I’(I, G) with the property that
1fi = gollg + 1o —glle < (dista(f1, fo, L*(I,G))" +e. (2)

Since fi, f2 are simple functions in L®(I, X), we let

fi(t) = Zx}l@XAk(t)v (i=1,2)

k=1
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where A,, k=1,2,...,n are disjoint measurable sets with u(4,) > 0, and x}c € X. For
a simple function g in L* (I, G), we can set g(t) = > ,_, YkXa, (t). Thus

/(di5t<1>(f1 (1), f2(t), G))Pdp < /((I)llfl(t) —g(f)ll)pdu+/(‘1>||fz(f) —g@®)|)"dp
I I I

n

S @l = el [t~ slhras

k=1

n

(AR (@l — il )P + D (A (@]l — g(1)]])

p”4=

k=1 k=1
[Z ollet - ll] 4 S uta, ol - <t>||]
k=1 k=1
~| [ @5 IIdu] JERe

=|fi —9gllg +llfa — gll%-

By (2) and the fact that simple functions are dense in L®(I, X), we have

/(distq»(fl(t),fz(t),G))pdu < 1A= golll+ 11F2 — ol

I
< (diSﬁp (fl , fg, L(P(I, G))p +e

Since ¢ is arbitrary, we have

<=

[ [aisto (510, 20, G| < dista (1, o 271,

Theorem 2.1 Suppose pu(I) = 1. If G is p-simultaneously proziminal in X, then for
every pair of simple functions fi, fo in L®(I,X), there exists g € L*(I, X) such that g
is the best simultaneous approximation of the pair of elements f1 and fs.

Proof. We can write f; = Zzzl xAkx};, i =1,2, where Ag, k= 1,2,...n are disjoint
measurable sets such that |J;_; Ax = I with p(Ax) > 0 for & = 1,2,...,n. Pick
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yr € G such that y, is the best approximation of the pair of elements z},z7 € X.
Let g = 3_y X, Y. Then

|

'@I*-‘

(Ilfr = glle + /2 = gllg)” =

—
—

(1) ~ 90w ) +{ /;I)(Hfz(t) - g<t>||>du)p]%

p(AR) (||}~ ykll) Z O(|[F— ykll)) 1

NE

1

=

p(Ar) (@1 — yilD)” + (@] — )]

IN
1= Il ¢

M(Ak)dis@(x,lc, xi, G)
1

dists (f1(t), fa(t), G)dp

I
— T

=

(dists(f1(t), f2(t), G))Pdp

‘|

Using Lemma 2.2, we have

—

(1fv = gllh + |If2 = glf5)* = dista(f1, fo, LT (I, G)).

Theorem 2.2 Let g € L*(I,G) be a best p-simultaneous approximation of a pair fi, fa €
L*(I, X). Then for every measurable subset A of I and every h € L*(I,G), we have

/ B(If(t) — o) dp < / B(|[£:(t) — h()|))dp (3)
A A

for some i € {1,2}.

Proof.  Assume that u(A) > 0 for some A C I. If there is hg € L*?(I,G) doesn’t
satisfy (3) for i = 1,2, then we define go € L*(I, G) by go(t) = g(t) if t € I — A and ho(t)
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if t € A. Thus for i = 1,2 we have

[os0-aoibdn = [ @50~ r@lhdus [ @50 g0
I A

I—-A

A

/l B(|£:(t) — g(t)|)d.

Hence we have
I1fi = golly <I|fi —9llg, i=1,2.

This contradicts the fact that g is best p-simultaneous approximation from L® (I, G) of a

pair of the elements f1, fs. O

Corollary 2.1 If g is a best p-simultaneous approzimation from L*(I,G) of a pair of
elements f1, fo € L*(I,G), then for every measurable subset A of I,

/A ‘1>(||g(t)||du§2maX{ /A o /A ‘1>(||fz(t)||)du}-

Proof. It follows from Theorem 2.2 by taking h = 0. O

Acknowledgement

We wish to express our sincere thanks to the referee for his/her comments.

References
[1] Alsharif, sh.: Best Simultaneous Approximation L® (I, X)), submitted.

[2] Chong, L., and Watson, G. A: On the Best Simultaneously Approximation, J. Approx.
Theory, 91, 332-348(1997).

[3] Deeb, W. and Khalil, R.: On the Tensor Product of Non Locally Topological Vector Spaces,
Illinois J. Math. Proc. 30,594-601(1986).

[4] Deeb, W. and Khalil, R.: Best Approzimation in L?(I,X), 0 < p < 1, J. Approx. Theory,
58, 68-77(1989).



(5]

(6]

(7l

(8]

(9l

(10]

(11]

(12]

(13]

M.

KHANDAQJI, SHATANAWI

Deeb, W. and Younis, Y.: Extreme Points in a Class of Non Locally Convex Topological
vector space,Math. Reb. Toyama Univ. 6, 95-103(1983, New York (1972).

Khalil, R and Saidi, F.: Best Approximation in L'(I, X), Proc. Amer. Math. Soc., 123,
183-190 (1995).

Mach, J.: Best Simultanneous Approximation of Vector Valued Function with Values in
Certain Banach Spaces, Math. Ann, 240, 157-164 (1979).

Milman, P. D.: On Best Simultaneous Approximation in Normed Linear Spaces, J. Approx.
Theory, 20, 223-238 (1977).

Pinkus, A.: Uniqueneness in Vector Valued Approxomation, J. Approx. Theory, 73, 17-92
(1993).

Sahney, B. N., and Singh, S. P.: On Best Simultaneous Approximation in Banach Spaces,
J. Approx. Theory, 35, 222-224 (1982).

Saidi, F., Hussein, D. and Khalil, R.: Best Simultaneous Approximation in L?(I,X), J.
Approximation Theory, 116, 369-379 (2002).

Tanimoto, S.: On the Best Simultaneous Approximation, Math. Japonica, 48, 275-279
(1998).

Watson, G. A.. A Characterization of Best Simultaneous Approximation, J. Approx.
Theory, 75, 175-182 (1993).

KHANDAQJI, W. SHATANAWI Received 15.05.2006

Department of Mathematics

The Hashemite University
Zarqa-JORDAN

email: mkhan@hu.edu.jo e swasfi@hu.edu.jo



