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Formulas for the Fourier Coefficients of Cusp Form for
Some Quadratic Forms

Ahmet Tekcan

Abstract
In this paper, representations of positive integers by certain quadratic forms Q)
defined for odd prime p are examined. The number of representations of positive
integer n by the quadratic form @y, is denoted by 7(n; @p), obtained for p = 3,5 and
7. We prove that 7(n; @Qp) = p(n; Qp) + 9(n; Qp) for p = 3,5 and 7, where p(n; @p)

is the singular series and 9(n; Qp) is the Fourier coefficient of cusp form.

Key Words: representation of numbers, quadratic forms, generalized theta series,
Fourier coefficient of cusp forms.

1. Introduction.

Let

Q = Q(*/Elvx% ----- ,l'k) = Z brsxrxs

1<r<s<k

be a positive quadratic form of discriminant A in k variables with integral coefficients
brs. Let A be k x k symmetric matrix corresponding to @ such that (r,s)— element of
which is b5 (but the diagonal elements are 2b,.,. ). Define the determinant of A to be the
discriminant of the quadratic form @, i.e. det(A) = A.

Consider the quadratic form

k
2Q = Z QrsTyrLs, (arr = 2br7‘7 Qrs = Qs = brs» r< S)

r,s=1
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of discriminant D. Then A = (—1)¥/2D. Let A,, be the algebraic cofactor of elements
ars in D, 6 = ged (Ay,Ars) ,(rys=1,2,...,k), N= % be the level of the form @ and
x(d) be the character of the form @, i.e. x(d) = 1 if A is a perfect square; but if A is

not a perfect square and 21 A, then x(d) = |%l)for d > 0 and x(d) = (—1)*/2x(—d) for

d < 0, where (%) is the generalized Jacobi symbol.

A positive quadratic from in k variables of level N and character x(d) is called a
quadratic form of the type (—%, N, x) .Let P, = P,(x1,x9,....,x) be the spherical
function of order v with respect to the quadratic form Q.

Let T'(1) denote a full modular group and I' any subgroup of a finite index in I'(1). In

nn = {(28) et e=o moam .

fen = (7 h) enma=azt moan ).

r = {(2 ) erm v=o ot )
e

Let G(T, x) and Sk (T, x) denote the space of entire modular and cusp forms, respec-
tively, of the type (k,T, x). If F(7) € G(T, x), then in the neighbourhood of the cusps
¢ =100

F(r)= Z amz™, Gmg # 0.

m=mg =0

The order of an entire modular form F(7) # 0 of the type (k,T',x) at the cusps ¢ = ico
with respect to I is

ord (F(1),i00,T) = my. (1.1)

In this case we called a,, as the coefficient of order and denote by a,,, (F(7)).

Let F(7) be any function on the upper half plane U and m € Z. Then for any matrix

142



TEKCAN

L= ( Z Z ) € (1), let F(7)|m L = (ct +d)~™F(L7) and

o(1;Q, Py(x),h) = Z Pv(nl,ng,....,nk)zﬁQ(m’nz"“"nk) (1.2)
n;=h; (mod N)

and

o P =3 [ 3 R | o, (13)
n=1 \Q(z)=n

k
where Q(z) = 1 Y ars2,2, is a quadratic form of the type (£, N, x), P,(z) is a

r,s=1
spherical function of order v with respect to the @ ; ni,ns,....,n; are integers and
h = (h1, ha, ...., hi), where h; are integers such that

k
> arshs =0 (mod N), (r=1,2,... k). (1.4)

s=1

It is well known, to each positive quadratic form @, there corresponds the theta series
o0

o(riQ) =1+ > r(m Q)=", (1.5)
n=1

where r(n; Q) the number of representations of positive integer n by the quadratic form
Q.

Any positive quadratic form Q of the type (—k,q, 1),k > 2, 2|k, z = 2™ Im(7) > 0,
corresponds to one and the same Eisenstein series defined by

B(rQ) = 143 (aoei(n)z" + fopr(m)=™) = 1+ 3 p(mi @)= (1.6)

for

-k k:/2_7;k: 1 qk—iqu/2

gt g L —rg’t k2 (k= 1)!
[ e qF—1

o= ()RR, ()

where ((k) is the Riemann zeta function, oj,_1(n) = >.d*~! and p(n; Q) is the singular
d|n

series defined in following lemma.
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Lemma 1.1 1. If2lk,v=[] p“, A=1r%w, (w is a square-free number), then
pln,pt24
3
s E_
p(n; Q) = WW X2 H Xp X
(5) 2 p|A,p>2

(—1)%;) _&>_1

X 1— | —— 2 X
plrl;[>2 ( ( p g

XLt (g (—1)%) > (Llc);A) d-

2. If21 k, An =290 09 = r2w, 2%|n, 27||A, p|A, p¥ln, (p>2),v1 = [ p¥ =
pln, pt2A

riwy, ve = I1 p?t = r3ws, (w,w; and we are square-free integers). Then
p|nA, p|A, p>2

2—k _Ek_1
ri "nz= (k= 1)!
p(n; Q) = ! E-D' I o~

1“(%)21@—27T§—1|Bk_1|A§ Pl P2

JLa- s (S ey ) «

p2A

=)
X 1— | ———|p2 X
ph££>2< ( p

dek‘2H (1 — (@) p%> ;

d|r pld

where By,—1 are Bernoulli-s numbers, (%) is Jacobi symbol. [2]

The values of x2 are given as

X2 1for2tk, a=0, orfor 2|k, « = 0,u = 1(mod 4)or 2|k, a =1,

21

= 1+ (-1

2§_5, for 2|k, @ =0, u = 3(mod 4),
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25-3(1 — 273" .63)
31

= 1+ , for 2|k, 2|a, u = 1(mod4),

1

—5a w2 —5a
2573(1 — 272" 4 (—1)"F 272" 2.31)

, for 2|k, 2|a, u = 3(mod4),

31
25-3(1 — 2721363
o2 ° ),for2|k,2)[a,oz>1,
31
k 1 —5a
2272(1—-272 .63
= 1+ - 2( 31 2 ),for2)[k,2|a,a>0,
2573 (1 —272"75.63
= 142 2( 312 - ),for2)[k,2)[a,uzl(mod4),
E_ 1 —5a_ 5 w?-1 50 9
2272(1—-272 72 -1 272 7231
= 142 2 : 2+3§ ) F - ),f0r2)[k,2)[a,uz3(mod4).

Lemma 1.2 If p(7;Q, P,(x), h) is not identically equal to zero, then

P(1:Q, Po(x),h) € G, i (T(N)) - [1]
Lemma 1.3 If Q is a quadratic form of the type (k, q, 1) or (k, g, X) , then
p(1:Q) — E(1;Q)
is a cusp form of the type (k, To(q), 1) or (k, To(q), X), respectively.[1]

Let r(n; Q) denote the number of representations of positive integer n by the quadratic

form @ in k variables. Then it is well known that 7(n;Q) can be represented as
r(n; Q) = p(n; Q) +9(n; Q), (1.8)

where p(n; Q) is the singular series and ¥(n; Q) is the Fourier coefficient of cusp form.

This can be represented in terms of the theory of modular forms by stating that
p(1:Q) = BE(1;Q) + X(1;Q), (1.9)

where E(7;Q) is the Eisenstein series defined in (1.6) and X (7;Q) is a cusp form.
If the genus of the quadratic form () contains one class, then from Siegel 's Theorem
p(7; Q) = E(1; Q); but if the genus of the quadratic form ) contains more than one class,

then we need to find a cusp form X (7; Q).
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In [3], Vepkhvadze constructed generalized theta functions with characteristic and

spherical functions

©gn (T3 Pv,Q) = Z (—1)h Ah(lm{g)Pv(x)eMT;;M. (1.10)

z=g (mod N)

Here g and h are special vectors with respect to the matrix A of form @Q,i.e. Ag =
0 (mod N), Ah = 0 (modN), where N is a level of the form @, P, = P,(x) = (21, ...., Tk

is a spherical function of order v with respect to Q.

Lemma 1.4 Let K be an arbitrary integral vector, and L be a special vector with respect
to the matriz A of the form Q.Then the equalities

h"

p{]-‘,—NK,h(T;PU?Q) = (_1) SK pgh(T;vaQ)v
Pgn (T3 Pv, Q)

©g.ht2r(T; Pv, Q)

are satisfied.[3].

For M = ( 3 ? ) € To(N) denote

Lo (sans—1)) FT2Y o [ -(18=12\k+20 (2 (sgnd) -1
v(M) = (22"(7)( gno 1)) (sgnd) (z( ) ) <7(|5| ) ) <W>7

where n(vy) =1 for v > 0,n(v) = —1 for v < 0. By vy(M) we denote v(M) for v = 0.

Lemma 1.5 Let Qs = Qq(x) (s = 1, 2,..., j) be an integral positive quadratic form

with k variables, Plss) = Plss)(x) the corresponding spherical functions, As is a matriz
of the form Qq(x), Ay be the discriminant of the matriz As, and Ny the level of the

form Qs. Moreover let g*) and h(®) be vectors with even components and By be arbitrary
complex number. Then the function

J
X(T;Qs) = ZBspg(S)h(S) (T;Plss)st) (1'11)
s=1

is an integral modular form of the type (—(% +v), N, UO(M)) iff the conditions

N
Ns|N, Nles(g(s)) and 4NS|FQS(h(S))
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are satisfied and for all a and 0 satisfyingthe condition ad =1 (mod N) we get

s=1

J 1) A,
ZBspag(8)7—h(3) (T; Pés)v Qs)(SgTL(S)U <()7

k—1 ]
—_1NE A <

= <()T> ZBSpg(S)h(S)(T;P’lSS)vQS)' [2]
s=1

Lemma 1.6 If all conditions of Lemma 1.5 are satisfied and v > 0 then X (7; Q) defined
in (1.11) is a cusp form of the type (—(& +v), N, vo(M)) [2].

2. Formulas for the Fourier Coefficients of Cusp Form for Some Quadratic
Fourms

In the present paper, we obtain the formulas for the Fourier coefficient of cusp form
for the quadratic form

p—1
Qp=p Z TiTj+p Z Titp_1 + ——x (2.1)

2
1<i<j<p—2 1<i<p-2

with p — 1 variables.

Theorem 2.1 Let Q, be the quadratic form defined in (2.1). Then the discriminant of
Qp 18

3 ifp=3
r ifp>3.

Proof. For p =3 we obtain the form
Q3 = 395% + 3x120 + x%

which is a binary quadratic form. The discriminant of QJ3is —3.
We know that for p > 3 the discriminant of @), is the determinant of the matrix A,

which corresponds to @)p,. The matrix A, is

p p
]19) 5 o BELERERERLRRITE 12)
5 P [ RREELERETERERPEe 5
Ap=1 . . . .
p P P p—1
5 5 5 e 5 (p—1) x (p1)
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We want to find the determinant of A,. To get this, using row operations, in the first
step we obtain

p P p P P )4
]Z D g e 5 A >
- b} p HRRETERERTEPRLPPED b} p Lo b} p HRECECETITPTPRLD b}
p(—1) P . +§(—1) . C e .
p p P p—1 p p P p—1
55 5 e 5 R 5
p p p p p p
5 D5 e 5 5 D5 e 5
p p P p p P P p
S5 5 e 5 5 5 D e 5
p 143 p 144
+o (=DM . + = (=1)'* C e e .
2 2
P p P p—1 p p P p—1
S5 5 e 5 S5 5 e 5
P P P
2 1; 5 e 2
5 5 p ............... 5
p 14+(p—2
oo (=)D e,
2
p p P p—1
5 5 5 e 5
)4 P )4
> 1; 5 e >
Y Y p ............... §
p 1+(p—1 2 2
+ (=)t ] S e,
2
P )4 P
S5 5 e 5
If we continue in the same way we obtain
p P P
D5 5 e 5
p P P
2 p S RRRERERRER T b} pp_s
. © eeeesssssssanes = 2p_37
p P P p—1
R 5
p P P p
555 e 5
p P P
b} p S RRARRRCRRERTRTEY b} pp_?)
. e essssssssssssss = _2p—27
p P P p—1
S5 5 e 5
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p p p
S D5 5
L L L, L —3
2 2 2 2 P
C e e = S
p P P p—1
5 5 5 e 5
p p p
5 P 5 e o)
b p b
b} b} D e b} pp_?)
. © 4 esssessssssssss = _2p—27
£ L p—1
5 5 5 e 5
p p p
5 P 5 e o)
E L p i L 3
2 2 2 P
C e = S
£ L p—1
R T PP 5
p p p
12) ]19) S RERRRREREETLES 12)
5 05 D e 5 _9
2 2 2 P
C e =
p p p
5 5 5 e 5

i.e. the determinant of the first matrix is 12%2, the determinant of the second, third,
........ ,(p—2)—th matrix are same and is :I:ég, and the determinant of the last ((p—1)—th)

. . pP’2
matrix is 55— . Hence

__ PP\ pf PP\ o (PP p pP? p (PP 2
det(Ap) - p <2p—3> - 5 <_2p_2 + 5 217—2 - 5 _217—2 + ...... — 5 217—2

pp—2 pp—2 pp—l
= S T35~ 5
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A2+ (p— 4P 2+ —prt

2r—1
_ P4 ) P !
= 5pT
pp—l + pp—2 — pp—l
pP?
= 2p—1
Therefore the discriminant of @, is g%f. O

Now we obtain the formulas for the Fourier coefficients of cusp form for the quadratic
form @, for p=3,5 and 7.

Let r(n; Q) denote the number of representations of positive integer n by the quadratic

form @ in k variables. Then it is well known that 7(n;Q) can be represented as
r(n; Q) = p(n; Q) +9(n; @),

where p(n; Q) is the singular series and ¥(n; Q) is the Fourier coefficient of cusp form.

Theorem 2.2 For the quadratic form Qs the equality
7(n; Qs) = p(n; Q3) + I(n; Q3)

is satisfied, where r(n; Q3) denote the number of representations of positive integer n by

the quadratic form Qs , p(n; Q3) is the singular series and

12 for n=1,
18 for mn=2,
Y(n;Qs) =< 30 for n=3,
48  for n =4,
36 for n=>5.
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Proof. For the quadratic form Q3,we get from (1.7) that « = —6 for ps = —21—4.

Therefore from (1.6) we obtain

E(7;Q3)

1+ Z(aok_l(n)z" + fog—1(n)z?")
n=1

L+ p(n; Qs)2"
n=1

1—6(z+3z2+423+724+625+ ...... ). (2.2)

Now consider the equation
Qs(r1,22) =n

for positive integer n.
This equation

1. has six integral solutions (—1,1), (-1,2),(0,-1),(0,1),(1,-2),(1,1) for n =1,
2. has no integral solution for n = 2 and n = 5,

3. has six integral solutions (-2, 3), (—1,0), (-1, 3), (1,—-3),(1,0), (2, —3) for n = 3,
4. has six integral solutions (—2,2), (—2,4), (0, —2), (0, 2), (2, —4), (2, —2) for n = 4.

Therefore from (1.5) we obtain
o(T;Q3) =1+ 62 +62% +62* + ... (2.3)
Using (2.2) and (2.3) we get

X(r;Q3) = p(1;Q3) — E(1:Qs3)
= 122+ 1827 + 302% + 482" 4+ 362" + ....... (2.4)

is a cusp form of the type (1, T'9(3), x). Therefore from (2.4) it is clear that

12 for n=1,
18 for n=2,
d(n;Q3) =< 30 for n=3,
48 for n =4,
36 for n=0>5.
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Theorem 2.3 For the quadratic form Qs the equality
7(n; Qs) = p(n; @s) + I(n; Qs)

is satisfied, where r(n;Qs) denote the number of representations of positive integer n by

the quadratic form Qs , p(n; Qs) is the singular series and

61440 for n=1,

1 394150  for n=2,

I(n; Qs) = ~ 1588l 1402700  for n =3,
4485120  for n =4,

7423820 for n=>5.

Proof.  For the quadratic form Q5 we get from (1.7) that a = ?égg? for py = ﬁ.

Therefore from (1.6) we obtain

E(riQs) = 1+ (a0si(n)z" + foyi(n)z")

= 1+ZP(” Qs)z
n=1

61440 2 5 4 5
= 1+m(2+92 +282° + 732" +1262° 4 ......). (2.5)

Now consider the equation

Qs (1,22, 23,24) =1

for positive integer n.
This equation
1. has no integral solution for n =1 and n = 4,
2. has ten integral solutions (—1,-1,-1,4),(-1,0,0,1),(0,-1,0,1),(0,0,—-1,1),
(0,0,0,—-1),(0,0,0,1),(0,0,1,—1),(0, 1,0, —1),(1,0,0,—1),(1,1, 1, —4) for n = 2,
3. has twenty integral solutions (—1,—1, —1, 3) (-1,-1,0 2) (-1,-1,0,3),
(—1 ,2),(~1,0,-1,3),(~1,0,0,2), (0, —1,—1,2), (0, —1,—1,3), (0, —1,0,2),
(0, ) (0,0,1,-2),(0,1,0, —2), (0,1,1,— ),( 1,1, ) (1,0,0,-2),
(1 o 1,-3),(1,0,1,-2), (1,1,0,-3), (1,1,0,-2), (1,1,1,—3) for n = 3,
4. has twenty integral solutions (—2,—1,—1,5), (-1, -2,-1,5),(-1,—-1,-2,5),
(-1,-1,-1,5),(~1,0,0,0), (—1,0,1,0), (~1,1,0,0), (0,—1,0,0), (0, —1,1,0),
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(0,0,—1,0),(0,0,1,0), (0,1, —1,0), (0,1,0,0), (1,—1,0,0), (1,0, —1,0), (1,0,0,0),
(1,1,1,-5),(1,1,2,-5),(1,2,1,—5), (2,1,1, =5) for n = 5.

Therefore from (1.5) we obtain
o(1:Q5) =1 +102% 4+ 202° + 202° + ..... (2.6)
Using (2.5) and (2.6) we get
X(1:@Q5) = p(7:Q5) — E(75Qs5)

1 614402 + 39415022 + 140270023+ _
T 15881\ 44851202% 4 74238202° + ....... '
is a cusp form of the type (2, Tg(5), x). Therefore from (2.7) it is clear that

61440 for n=1,
1 394150 for n=2,
U(n;Qs) = —Jpgg7 | 1402700 for n =3,
4485120 for n =4,
7423820 for n =>5.

O

Theorem 2.4 For the quadratic form Q7 the equality
7(n; Q7) = p(n; Q7) + I(n; Q7)

is satisfied, where r(n; Q7) denote the number of representations of positive integer n by

the quadratic form Q7 , p(n; Q7) is the singular series and

—132120576 for n=1,
1 —4359979008 for n=2,
s Q) = ————— ¢ (6433620048642  for n =3,
ATATS61247799 | 139651448832 for n — 4,
198984563486982  for n =5.
Proof. For the quadratic form Q7, we get from (1.7) that a = #% for
pe = —=&z. Therefore from (1.6) we obtain
BE(r;Q7) = 14 (aok-1(n)z" + Bo_1(n)2"")
n=1
1S ol @)
n=1
132120576
= 14+ —— " 332% 4 24423 + 10572* + 31262° + ...... (2.8
* Famseiaaryg | T T 2ME AT A B162 4 ) (28)

153



TEKCAN

Now consider the equation

for

Q7(x1, 2, T3, T4, 5, %6) =N

positive integer n.
This equation
1. has no integral solution for n = 1,2 and 4,

2. has fourteen integral solutions (-1,—-1,-1,-1,-1,6),(-1,0,0,0,0,1),
(0,-1,0,0,0,1), (0,0, ~1,0,0,1), (0,0,0,—1,0,1), (0,0,0,0, —1, 1), (0,0,0,0, 0, — 1),
(0,0,0,0,0,1),(0,0,0,0,1, 1), (0,0,0,1,0, —1), (0,0,1,0,0, —1), (0, 1,0,0,0, —1),
(1,0,0,0,0,-1),(1,1,1,1,1, —6) for n = 3,

3. has fortytwo integral solutions (—1,-1,-1,-1,5),(-1,-1,0,—-1,—1,5),
(—1,0,-1,0,0,2), (~1,0,0,0,0,2), (0, —1,0, —1,0,2), (0,0, 1, —1,0,2),

(0, 0 0 ~1,2),(0,0,0,0,1,-2),(0,0,1,0,0, —2), (0, 1,0,0,0, —2),

(0,1,1,0, 0 -9),(1,0,0,0,1,-2),(1,0,1,1,1, -5),(1,1,1,0, 1, —5),
(—-1,-1,-1,-1,0,5), (—1 ~1,0,0,0,2), (—1,0,0,-1,0,2), (0, -1, —1, 1, -1, 5),
(0,-1,0,0,—1,2), (0, ~1,2),(0,0,0,—1,0,2), (0,0,0,1,0, —2),
(0,0,1,0,1,-2), (0,1, 0 0, 1 2) (0,1,1,1,1,-5),(1,0,0,1,0,—2),
(1,1,0,0,0,-2), (1,1,1,1,0,-5), (=1, -1, ~1,0,—1,5), (=1,0, -1, —1, —1,5),
(~1,0,0,0, — ,2),( ~1,0,0,2), (0,—1,0,0,0,2), (0,0,—1,0,0,2),
(0,0,0,0,—1,2), (0,0,0, 1 1,-2),(0,0,1,1,0,-2),(0,1,0,1,0,—2), (1,0,0,0,0, —2),
(10100 2),(1,1,0,1,1,-5),(1,1,1,1,1, —5) for n = 5.
1

Therefore from (1.5) we obtain

o(T:Q7) =1+ 142° + 4225 + ... (2.9)

Using (2.8) and (2.9) we get

X(1;Q7) = p(1;Q7) — E(1;Q7)

) 1321205762 — 435997900822
— | +6643362004864223 — 1396514488322 | (2.10)
4747561247799 +19898456348698225 + .......

is a cusp form of the type (3, To(7), x). Therefore from (2.10) it is clear that
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Theorem 2.5 For the quadratic form Q, we get

ord (p(r;Qy), ic0, To(p)) = 7%1

and

Gp_1 (@p) =2p

forp=23,5and 7.
Proof. We know from (2.3), (2.6) and (2.9) that

1462+62%+62" 4 ...
o(1:Q5) = 1+102%+202% +202° + ... (2.11)

=
A
O
&
I

o(T;Q7) = 141423 +4225 + ...
Therefore
. p—1
OTd(p(T;Qp),ZOO,Fo(p)) = 2
by (1.1).
Using (2.11) it is clear that

ai (Q?)) = 67

GQ(QE)) = 107

a3(Q7) = 14.
Therefore

ap1 (Qp) = 2p. O
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