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Abstract
Purpose: The purpose of this paper is application of approximate method of solving the task of assignment the 
frequency-modal analysis and characteristics of flexibly vibrating mechatronic system.
Design/methodology/approach: The main approach of the subject was to formulate and solve the problem in 
the form of set of differential equation of motion and state equation of considered mechatronic model of object. 
Galerkin’s solving method has been used. The considered flexibly vibrating mechanical system is a continuous 
beam, clamped at one of its end. Integral part of mechatronic system is a transducer, extorted by harmonic 
voltage excitation, to be perfectly bonded to the beam surface.
Findings: The parameters of the transducer have important influence on values of natural frequencies and on 
form of characteristics of the discussed mechatronic system.
Research limitations/implications: In the paper the linear mechanical subsystem and linear electric subsystem 
of mechatronic system has been considered, however for this kind of systems the approach is sufficient.
Practical implications: The methods of analysis and obtained results can be base on design and investigation 
for this type of mechatronic systems.
Originality/value: The mechatronic system formed from mechanical and electric subsystems with 
electromechanical bondage has been considered. This approach is different from those considered so far.
Keywords: Applied mechanics; Beam and piezotransducer; Galerkin’s method; Dynamical characteristic

1. Introduction 
The main interest of industry and scientists during machine 

design process is to give the attention to their energy conversion 
efficiency and reliability. Many industry branches focus on the 
problem of miniaturizing the existing systems and also on 
reducing their energy absorption. The crucial thin in this matter 
is to search the new solutions, which will be able to reduce the 
moving elements and complicated and long kinematical chains. 
Therefore during the last years there is a specific development 
within market especially when new technologies which base on 
the piezoelectricity electro and magnetostriction phenomenon 
are concerned [5,7,8,10-12,14,15].  

The first attempt to solve this problem, that is,  
to determine the dynamical characteristic of a longitudinally 

and torsionally vibrating continuous bar system and various 
classes of discrete mechanical systems in view of the frequency 
spectrum, by means of graphs and structural numbers methods, 
and other diverse problems have been modelled by different 
kind of methods and were examined and analysed  
in the Gliwice Research Centre in [1,2,13]. The torsionally 
vibrating mechatronic systems have been considered in the 
papers [3,4,9].  

In this paper the dependences on dynamic characteristics of 
flexibly vibrating continuous mechanic system combined with 
piezoelectric converter into the mechatronic system, to examine 
the piezoelectric influence on the whole complex system. This 
kind of approach may be an assumption to the examination of 
flexibly vibrating mechatronic systems, which purpose will be to 
generate vibrations with assumed parameters.  
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2. Mechatronic system exited with 
voltage

The subject of deliberation is the homogeneous beam with  
a full section of area A and with area moment of inertia I, 
unchanged on the whole length l (Fig. 1). The beam was made  
of material with Young Modulus E and with mass density .
The beam was loaded with harmonic electrical voltage.  
The piezoelectric converter have been attached in an ideal way  
to the beam surface. The harmonic excitation with voltage which 
engenders the harmonic influence on the beam is attached  
to the clips of piezoelectric actuator. In the analyzed  
mechatronic system the electrical resistance has been taken  
under consideration.  

The mechatronic system considered in this paper is being 
treated with bending stress. Therefore the model of piezoelectric 
converter model considered as a bending actuator is examined. 
The essential equation of the piezoelectric with its  
changes stiffness under the influence of electric pole is given  
as follows [5,7,10-12, 14-15]  
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where C11—elastic module of piezoelectric converter measured 
with certain value of excited voltage 31d - piezoelectric 
converter constance.  

Moment caused by transverse electrical loading is described 
by expression [5,15] 
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Area moment of inertia of piezoelectric converter after 
simplifications equals  
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Submiting (1) and (4) to (2), after the transformation is 
obtained 

2
31

11 2

( , )
2 2 2 2

p p pb b

p

b h hh y x t d hM C U
x h

. (4)

Moment’s extortion is combined with a piezoelectric 
converter and it is also determined within a range 1 2,x z z .
Entering to expression Heaviside’s function, influence of the 
flexible moment is eliminated outside the range, that means  
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In case of the mechatronic system (Fig.. 1), the equation of 
flexible vibration beam is given as  
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Fig. 1.  Mechatronic system with electrical excitation 

The piezoelectric converter equation is given as  
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Considered mechatronic system (Fig. 1) is described  
by following set of equation  
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3. Determination of dynamical 
characteristics of flexibly vibrating 
mechatronic system  

According to Galerkin’s method the solution is searched in 
form of the own functions sum, which are the function of time 
and generalized coordinates, that means  
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If the excitation has a harmonic shape then the voltage 
generated on the piezoelectric clips will have the same character, 
that means 

cosU B t . (12)

After nominating certain derivatives regarding time and 
generalized coordinate and after submitting them to the equations 
describing vibrating and state of mechatronic system, the set of 
equation (9) is  given as 
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and finally the dynamic characteristic-dislocation as the function 
of voltage is in form  
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On the base of expression (21) the influence of material value 
changes which directly depend on the sort of piezoelement and its 
geometrical sizes on characteristics process, vibrations of 
mechatronic system type and especially its “activation” can be 
examined. Moreover presented approach determined source to 
further researches.  

Acknowledgement 
This work has been conducted as a part of research project  

N 502 071 31/3719 supported by the Ministry of Science and 
Higher Education in 2006-2009. 

2.	�Mechanic system exited 	
with voltage



45

Analysis and modelling

Characteristics of discrete-continuous flexibly vibrating mechatronic system 

2. Mechatronic system exited with 
voltage

The subject of deliberation is the homogeneous beam with  
a full section of area A and with area moment of inertia I, 
unchanged on the whole length l (Fig. 1). The beam was made  
of material with Young Modulus E and with mass density .
The beam was loaded with harmonic electrical voltage.  
The piezoelectric converter have been attached in an ideal way  
to the beam surface. The harmonic excitation with voltage which 
engenders the harmonic influence on the beam is attached  
to the clips of piezoelectric actuator. In the analyzed  
mechatronic system the electrical resistance has been taken  
under consideration.  

The mechatronic system considered in this paper is being 
treated with bending stress. Therefore the model of piezoelectric 
converter model considered as a bending actuator is examined. 
The essential equation of the piezoelectric with its  
changes stiffness under the influence of electric pole is given  
as follows [5,7,10-12, 14-15]  

2
31

11 11 11 31 11 2

( , )
2
b

p p

U h y x t dC d C U
h x h

, (1)

where C11—elastic module of piezoelectric converter measured 
with certain value of excited voltage 31d - piezoelectric 
converter constance.  

Moment caused by transverse electrical loading is described 
by expression [5,15] 

11

2 2

a

pb

IM hh
(2)

Area moment of inertia of piezoelectric converter after 
simplifications equals  

2

2 2 2
p p pb

a

b h hhI . (3)

Submiting (1) and (4) to (2), after the transformation is 
obtained 

2
31

11 2

( , )
2 2 2 2

p p pb b

p

b h hh y x t d hM C U
x h

. (4)

Moment’s extortion is combined with a piezoelectric 
converter and it is also determined within a range 1 2,x z z .
Entering to expression Heaviside’s function, influence of the 
flexible moment is eliminated outside the range, that means  

2
31

11 2 12
( , ) ( ) ( )

2 2 2 2
p p pb b

p

b h hh d hy x tM C U H x z H x z
hx

. (5)

In case of the mechatronic system (Fig.. 1), the equation of 
flexible vibration beam is given as  

2 4 2

2 4 2

( , ) ( , )y x t y x t MA EI
t x x

(6)

and after submitting (6) takes form  

2 4 4
2

2 4 4
y y ya c H dU

t x x
, (7)

where: EIa
A

,
2

11

4 2 2
p p pbC h b hhc
A

, 31

2 2
pb

p

hd hd
Ah

,

pb  - wide of beam, 2 1[ ( ) ( )]H H x x H x x  - Heaviside’s 

function, ' ' '
2 1

d
[ ( ) ( )]

d
x x x x

x
 - Dirac’s 

function derivative, - Dirac’s function.  

Fig. 1.  Mechatronic system with electrical excitation 

The piezoelectric converter equation is given as  

31 11
1 ( , ) ( )
2 p p p

yU d C b h l t U t
x

, (8)

Considered mechatronic system (Fig. 1) is described  
by following set of equation  

2
' '

'

,

( , ) ( ),
xxxx xxxx

x p

y a y cy H

U y l t U t
(9)

where: 31 11
1
2 p pd C b h , 0( ) cosU t U t .

3. Determination of dynamical 
characteristics of flexibly vibrating 
mechatronic system  

According to Galerkin’s method the solution is searched in 
form of the own functions sum, which are the function of time 
and generalized coordinates, that means  

1
( , ) sin cos

n
y x t A kx t , (10)

where: (2 1)
2

k n
l

,
2(2 1)

2
EI n

A l
.

The solution (10) must obey the boundary conditions in form  

'

'

'

(0, ) 0,
(0, ) 0,
( , ) 0,

( , ) 0.

x

xx

xxx

y t
y t
y l t
EIy l t

(11)

If the excitation has a harmonic shape then the voltage 
generated on the piezoelectric clips will have the same character, 
that means 

cosU B t . (12)

After nominating certain derivatives regarding time and 
generalized coordinate and after submitting them to the equations 
describing vibrating and state of mechatronic system, the set of 
equation (9) is  given as 

2 2 4 4{ sin cos cos 0,

sin cos sin ( )p

A a k ck H kx t Bd t

B t A k kl t U t

(13)

or in matrix shape

2 2 4 4

0

0
,

cos p

a k ck H d A
Uk kl B

(14)

that is  

W A F . (15)

The main determinant of equation set (14) is equal  

2 2 4 4{ } cos .pa k ck H k kl dW (16)

Submitting in (14) the first column with another free word 
column we get the determinant  

0
0

0
.A

d
dU

U
W (17)

The amplitude A is nominated as 

AA
W
W

, (18)

therefore  

0
2 2 4 4{ cos }p

dU
A

a k ck H k kl d
, (19)

and finally the dynamic characteristic-dislocation as the function 
of voltage is in form  

2 2 4 4

sin
.

{ cos }p

d kx
Y

a k ck H k kl d
(20)

Absolute value of dynamic characteristic Y Y , therefore  

2 2 4 4

sin
{ cos }Y

p

d kx
a k ck H k kl d

. (21)

On the base of expression (21) the influence of material value 
changes which directly depend on the sort of piezoelement and its 
geometrical sizes on characteristics process, vibrations of 
mechatronic system type and especially its “activation” can be 
examined. Moreover presented approach determined source to 
further researches.  

Acknowledgement 
This work has been conducted as a part of research project  

N 502 071 31/3719 supported by the Ministry of Science and 
Higher Education in 2006-2009. 

3.	�Determination of dynamical 
characteristics of flexibly 
vibrating mechatronic 
system 

Acknowledgements



Short paper46 READING DIRECT: www.journalamme.org

Journal of Achievements in Materials and Manufacturing Engineering Volume 28 Issue 1 May 2008

References 
[1] A. Buchacz, Hypergrphs and Their Subgraphs in Modelling 

and Investigation of Robots, Journal of Materials Processing 
Technology 157-158 (2004) 37-44.  

[2] A. Buchacz, The Expansion of the Synthesized Structures  
of Mechanical Discrete Systems Represented by Polar 
Graphs, Journal of Materials Processing Technology  
164-165 (2005) 1277-1280. 

[3] A. Buchacz, Influence of a piezolectric on characteristics  
of vibrating mechatronical system, Journal of Achievements in 
Materials and Manufacturing Engineering 17 (2006) 229-232.   

[4] A. Buchacz, Calculation of characterisics of torsionally vibrating 
mechatronic system, Journal of Achievements in Materials and 
Manufacturing Engineering 20 (2007) 327-330. 

[5] L.-W. Chen, C.-Y. Lin, C.-C. Wang, Dynamic stability 
analysis and control of a composite beam with piezoelectric 
layers, Composite Structures 56/1 (2002) 97-109.  

[6] A. Dymarek, T. Dzitkowski, Modelling and Synthesis  
of Discrete–Continuous Subsystems of Machines with 
Damping, Journal of Materials Processing Technology  
164-165 (2005) 1317-1326.  

[7] S.K. Ha, Analysis of a piezoelectric multimorph in 
extensional and flexular motions, Journal of Sound and 
Vibration 253/3 (2002) 1001-1014.  

[8] B. Heimann, W. Gerth, K. Popp, Mechatronics - components, 
methods, examples, PWN, Warsaw, 2001 (in Polish).  

[9] W. Kurnik, Damping of mechanical vibrations utilizing 
shunted piezoelements, Machines Dynamics Problems 28/4 
(2004) 15-28.

[10] S.P. Singh, H.P. Singh, V.P. Agarwal, Efficient modal 
control strategies for active control of vibrations,  
Journal of Sound and Vibration 262/3 (2002) 563-575. 

[11] W. Soluch, Introduction to the piezoelektronic, WKi ,
Warszawa, 1980  

[12] O. Song, L. Librescu, Bending vibrations of adaptive 
cantilevers with external stores, International Journal 
Mechanical Science 38/5 (1995) 483-498.  

[13] J. wider, G. Wszo ek, Analysis of Complex Mechanical 
Systems Based on the Block Diagrams and The Matrix Hybrid 
Graphs Method, Journal of Materials Processing Technology 
157-158 (2004) 250-255.  

[14] C.S. Young, Y.E. Park, S.H. Chang, K.H. Sung, Five-port 
equivalent electric circuit of piezoelectric bimorph beam, 
Sensors and Actuators 84 140-148.  

[15] Q. Wang, C.M. Wang, A controllability index for optima 
design of piezoelectric actuators In vibration control of beam 
structures, Journal of Sound and Vibration 242/3  
(2001) 507-518.  

References


