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Abstract

To an integral homology 3-sphere Y, we assign a well-defined Z-graded (mono-
pole) homology M H. (Y, I,,(©;n0)) whose construction in principle follows from
the instanton Floer theory with the dependence of the spectral flow I,,(©;n0),
where © is the unique U(1)-reducible monopole of the Seiberg-Witten equa-
tion on Y and 1o is a reference perturbation datum. The definition uses the
moduli space of monopoles on Y x R introduced by Seiberg-Witten in studying
smooth 4-manifolds. We show that the monopole homology M H. (Y, I,,(©;n0))
is invariant among Riemannian metrics with same I,,(0;n0). This provides a
chamber-like structure for the monopole homology of integral homology 3-
spheres. The assigned function M Hswr : {I,(0;n0)} — {MH.(Y, L,,(©;n0))}
is a topological invariant (as Seiberg-Witten-Floer Theory).

1. Introduction

Since Donaldson [9] initiated the study of smooth 4-manifolds via the Yang-Mills the-
ory, the gauge theory (Donaldson invariants, relative Donaldson-Floer invariants and
Taubes’ Casson-invariant interpretation, etc) has proved remarkably fruitful and rich to
unfold some of the mysteries in studying smooth 4-manifolds. The topological quan-
tum field theory proposed by Witten [37] stimulates the most exciting developments in
low-dimensional topology. In 1994, Seiberg and Witten (see [38]) introduces a new (sim-
pler) kind of differential-geometric equation. In a very short time after the equation
was introduced, some long-standing problems were solved, new and unexpected results
were discovered. For instance, Kronheimer and Mrowka [15] proved the Thom conjecture
affirmatively, several authors proved variants (generalizations) of the Thom conjecture
independently in [11, 24, 29], as well as the three-dimensional version of the Thom con-
jecture [4]. Taubes showed that there are more constraints on symplectic structures in
[32, 33] and the beautiful equality SW = Gr in [34, 35]. See [7] for a survey in the
Seiberg-Witten theory.

Using the dimension-reduction principle, one expects the Floer-type homology of 3-
manifolds via the Seiberg-Witten equation. Indeed Kronheimer and Mrowka [15] analyzed
the Seiberg-Witten-Floer theory for ¥ x S, where ¥ is a closed oriented surface. Later
on Marcolli studied the Seiberg-Witten-Floer homology for 3-manifolds with first Betti
number positive in [21]. For a connected compact oriented 3-manifold with positive
first Betti number and zero Euler characteristic, Meng and Taubes [23] showed that a
(average) version of Seiberg-Witten invariant is the same as the Milnor torsion. The
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interesting class of 3-manifolds as integral (rational) homology 3-spheres is lack of well-
posed theory. Although various authors attempted to resolve the problem on defining a
“Seiberg-Witten-Floer” theory, the new phenomenon of harmonic-spinor jumps and the
dependence of Riemannian metrics is not addressed clearly. The metric-dependence (also
related to the harmonic-spinors) issue is quickly realized by many experts in this field
(see 7, 26]). In [26], the irreducible Seiberg-Witten-Floer homology of the Seifert spaces
is shown to be dependent on the metric and the choice of a connection on the tangent
bundle (as our reference 7y in this paper).

In this paper, we construct a monopole homology from the Seiberg-Witten equa-
tion in the same way as an instanton Floer homology from the Self-Duality equation
in Donaldson-Floer theory [12]. Our key point is that by using the unique U(1)-reducible
solution © of the Seiberg-Witten equation on an integral homology 3-sphere Y we make
use of the spectral flow of © to capture the dependence in certain perturbation classes of
Riemannian metrics and 1-forms. The same idea was used before by the present author
to establish a symplectic Floer homology of knots in [17], and the original one was in the
study of the instanton Floer homology of rational homology 3-spheres by Lee and the
present author in [16]. We emphasize the Riemann-metric dependence and understand
the role of such a fixing spectral flow of (0;7) in this paper.

Our approach is similar to approaches in [5, 16, 17] to understand the perturbation
data (including Riemannian metrics). The unique U(1)-reducible © gives a spectral flow
I,,(©;n0) as a Maslov index in [5] Part III. The spectral flow I,,(©;19) = 1, (©) — fin, (©)
with respect to a reference 7 fixes a class of admissible perturbations consisting of Rie-
mannian metrics and 1-forms. As long as Riemannian metrics and 1-forms give the same
spectral flow I,,(©;m9), we prove that the constructed monopole homology is invariant
inside the fixed class of Riemann-metrics and 1-forms (n = (gy, «)) with same I,,(©; no).
The spectral flow I,(©;mn) is not a topological invariant, and is dependent upon the
Riemannian metrics. Without fixing a class of Riemannian metrics with same I,,(9; o),
one cannot obtain well-defined notions such as spectral flow of irreducible Seiberg-Witten
solutions on Y, and the gluing formula as well as the relative Seiberg-Witten invariant.
Hence our results follow from fixing the data I,,(©;1n0) as a parameter for our monopole
homology.

Theorem A. (1) For an integral homology 3-sphere Y and any admissible perturbation
7, there is a well-defined Z-graded monopole homology M H.(Y, 1,(0;n0)) constructed by
the Seiberg- Witten equation over Y x R.

(2) For any two admissible perturbations n1 and ne, there is a group homomorphism
U, between two monopole homologies M H, (Y, I,, (©;n0)) and MH.(Y, I,,(0;n0)).

(8) If I;,(©;10) = I, (©; mo), then the homomorphism WU, is an isomorphism.

Our fixed-class I,,(©; no) of Riemannian metrics gains control of the birth and death of
irreducible solutions of the Seiberg-Witten equation on the integral homology 3-sphere Y.
Changing the reference 79 into 77(,) corresponds to an overall degree-shifting by Hhoy! (©) —

tn, (©) for the monopole homologies. The control in the instanton homology of rational
homology 3-spheres is gained by fixing the spectral flows of all U(1)-reducibles from
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the Wilson-loop perturbations (not metrics). The control in the monopole homology of
integral homology 3-spheres is gained by fixing the spectral flow of the unique U(1)-
reducible © from the Riemannian metrics (not only 1-forms). Fixing I,,(©;no) enters
crucially in proving Theorem A and Theorem B.

Theorem B. For a smooth 4-manifold X = Xo#y X1 with b3 (X;) > 0(i = 0,1) and
Y an integral homology 3-sphere, the Seiberg-Witten invariant of X is given by the
Kronecker pairing of MH,(Y;1,(0;n0)) with MH_1_,(=Y;1,(©;n0)) for the relative
Seiberg- Witten invariants gx,,v,, and ¢x,,—v,n (see Definition 8); assume that the moduli
space Mx does not split to Mx,(©) through the stretching-neck process,

(,): MH.(Y;1,(©;m0)) x MH_1_(=Y; 1,(©;m0)) = Z;  qsw(X) = (ax0,Y,m5 4X1,~Y,n)-

The paper is organized as follows. §2 provides an introduction of the Seiberg-Witten
equation on 3-manifolds. §3 studies the configuration space over Y through Seiberg-
Witten equation and a natural monopole complex. We show that there are admissible
perturbations from Riemannian metrics and 1-forms in §4 via the method similar to [28].
The Seiberg-Witten solution on Y x R with finite energy has exponentially decay property
at ends, and the regularity of Seiberg-Witten solutions on Y x R is also proved in §4. The
spectral-flow properties and dependence on Riemannian metrics are discussed in §5. The
gluing and splitting result (Theorem 6.6) is proved in §6, and the proof of Theorem A
(Proposition 6.10 for (1), Proposition 7.1 for (2) and Proposition 7.2 for (3)) is occupied
in §6 and §7. In §8, we study the relative Seiberg-Witten invariant and complete the proof
of Theorem B as Theorem 8.4. The length of the paper is due to the desire to provide
complete and self-contained proofs of transversality, decay estimates and gluing process.

2. Seiberg-Witten equation on 3-manifolds

It is well-known that every closed oriented 3-manifold is spin. The group Spin(3) =
SU(2) = Sp; is the universal covering of SO(3) = Spin(3)/{£I}. Pick a Riemannian
metric g on Y. The metric g defines the principal SO(3)-bundle Pgo(Y') of oriented
orthonormal frames on Y. A spin structure is a lift of Pgo(Y') to a principal Spin(3)-
bundle Pgpin(Y) over Y. The set of equivalence classes of such lifts has, in a natural
way, the structure of a principal H!(Y, Z3)-bundle over a point. So there is a unique
spin-structure on the integral homology 3-sphere Y.

There is a natural adjoint representation

Ad : Spin(3) x Spy — Sp1; (g, @) — qaq™?,

and associated rank-2 complex vector bundle (spinor bundle) W = Pgpip3)(Y) X aa C2.
Let L = detW be the determinant line bundle. For the ordinary Spin-structure, one has
a Clifford multiplication

c:TY QW —=W;  c(p,a])® [p,v] — [p,av].
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So ¢ induces a map T*Y — Hom(W, W). The spinor pairing 7 : W @ W — T*Y is given
by

1 .
[p,v1 ® va] — T(Zlm(UIZUZ))a

where 7 is an orientation preserving isomorphism Pgy;y, 3)(Y) x Sp1 — T*Y. A connection
a on L together with the Levi-Civita connection of a Riemannian metric gy on Y form a
covariant derivative on W. This maps sections of W into sections of W @ T*Y. Followed
by the Clifford multiplication, one has a Dirac operator

vy c

o T(W) =% T(WRTY) = T(W).

The determinant line bundle L is trivial for the spin structure, so we may choose 6 to be
the trivial connection and 9j : I'(W) — I'(W) is the usual Dirac operator. Note that all
bundles over the integral homology 3-sphere Y are trivial.

There is a unique spin-structure on Y x R associated to the unique spin-structure
on Y with the product metric gy + dt> on ¥ x R. The two spinor bundles W(i:) on
Y x R can be identified by using a Clifford multiplication by dt, where t is denoted for
the variable on R. Both W(Z) and W(Z) are obtained by the pull-back of the U(2)-bundle
W — Y from the projection map ¥ x R — Y. Thus we have the identification of
the map o : A2T*(Y x R) — Hom(W(Z), W(Z)) and the map 71 : T*Y — Hom(W, W)
through the above identifications: o(n) = 77! (x4n). In other words from the identification
A2T*(Y x R) = A*T*Y @ A'T*Y and using the Hermitian pairing on W(i:)’ there is an
induced pairing

T W x W — AMTY.

In fact for every v : T*Y — Hom(W, W) (a spin structure), that is a way to determine a
spin structure on Y x R by

o:T"(Y xR) - Hom(W e W,WaeW); o(v,r)= ( ’y(v)o_ . ’Y(v)0+ rl ) )

The determinant line bundle L4y = detWéjﬂYxR (a trivial line bundle) carries U(1)-
connections A = a + ¢dt. So the Dirac operator DY for the product metric gy + dt? over

Y x R is given by
DI — 0 —V¢+ 09
A Vi + 09 0 ’

where 09¥ is a twisted self-adjoint Dirac operator on I'(W) — I'(W), and V; = % +¢is
a twisted skew adjoint Dirac operator over R.

The curvature 2-form of A = a+¢dt can be calculated as F)y = Fa—i—(% —du¢)dt. Using
the identification of Q*(Y xR) = Q*(Y)®QL(Y), we can write Ff as #4, F,+(2¢ —dq¢) €
QYY) as the self-dual component of the curvature Fi4. Now the Seiberg-Witten monopole
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equation on 4-manifolds reduces to a Seiberg-Witten monopole equation on 3-manifolds
as

*gYFa+ (% _da¢) :W(%W .
for ¢p € T(W). It is equivalent to the flow equation of (a + ¢dt, ¥):
{ B =700 (2.2
Satedd) = — gy Fat datp +i7(4,9).

The equation (2.1) is invariant under the gauge transformation v € Map(Y,U(1)), where
the gauge group action on (a + ¢dt, ) is given by
du

o Ydt, Ypu~t). (2.3)

There is a temporal gauge to obtain a simpler equation. The temporal gauge u is the
element which u - (a + ¢dt) = u*a, i.e., ¢ — u*“all—lz = 0. Then the equation (2.2) can be
reduced to the following form.

9 _ —997 )
{ % = — kg Fo +17(1,0). 24)

u-(a+ ¢dt, ) = (ua+ (o —u

3. Configuration spaces on Y

Fix a trivialization L = Y x U(1), one can identify the space of U(1)-connections of
Sobolev L}-norm with the space A} = L} (Q'(Y,iR)) of 1-forms on Y such that the zero
element in Q(Y,7R) corresponds to the trivial connection § on L. The gauge group of L
can be identified with G (Y') = L} | (Map(Y,U(1))) acting on A} x L} (T'(W)) by (2.3).
We need to assume that &+ 1 > 3/p so that Gy = G{(Y) is a Lie group. We may take
k=1andp=2.

Let Cy be the configuration space

Cy = L;(Q(Y,iR) & Q°(Y,iR) & T(W)).

The quotient space is By = Cy /Gy . Denote Cy = {(a, ¢, ¢) € Cy|¢) # 0}. For (a, ¢,v) €
Cy-, the isotropy group I'(4¢.4) = {id}. For (a,¢,v) € Cy \ Cy, the isotropy group
[(a,p,00 = U(1), these elements are called reducibles. For example, © = (6,0,0) is
reducible by all constant maps from Y to U(1). Note that Gy acts freely on C5, so
B} = C3 /Gy forms an open and dense set in Cy /Gy

Proposition 3.1. B3 is a Hilbert manifold. For (ag, ¢o, o) € Cy, the tangent space of
By can be identified with

Ti(ao.d0wo) By = {(a, ¢, ) € LY(Q'(Y,iR) & Q°(Y,iR) & T(W))|

@& )z vy = llallzz vy + 16lliz o) + 1901z vy <& dag” 4+ Im(o,v) = 0}
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Proof: This follows from the construction of slice in [9, 13]. It will be clear from context
to identify (ao, ¢o,100) with its gauge equivalence class in our notation. The gauge orbit
of (ao, ¢o,%0) € Cy is given by Gy — C5:

g=e" = (ao — g~ 'dg, ¢o, og™").
The linearization of this map at Id = €° is

o : TiaGy = Q°(Y,iR) — Q(Y,iR) ® Q°(Y,iR) @ T(W)

U= (_dua Oa —1?0“)
So the adjoint operator dj of &y is given by

St = dag¥ ¥ + Im(tpo.1)).

A neighborhood of [(ao, ¢o,10)] € By can be described as a quotient of Tj(a,,e0,v0)),e By /
[ (ag,¢0,00) for sufficiently small e. Every nearby orbit meets the slice (ao, ¢o,%0) +
T(ao,0,10)),e By~ This is amount to solving the gauge fixing condition relative to (ao, ¢o, ¥0),
i.e., there exists a unique u € Q°(Y,iR) such that €™ - (ag + a,po + ¢, o + V) €
T(a,d0,10)),e By for Yo # 0. Hence it follows from applying the implicit function the-
orem. |

There is an associated bundle 3 xg, (Q(Y,iR) @& T'(W)) over C} because of the free
action of Gy on C}-. We define a section f : C3 — Cy xg, (Q1(Y,iR) @ (W)) by

fla,0,9) = [(a,0,9), *gy Fu — dagp — i (10, 2), 07" Y + ¢.1)].
Note that f is Gy-equivariant, f(g - (a, ¢, %)) = g - f(a, ¢, ). Hence it descends to By,
By — Cy xg, (QYY,iR) @ T(W)).

Now f(a, ¢,v) € T[(a,q&,w)],eLile;‘/ = Li(a,4,4))- S0 f can be thought of as a vector field
on the Hilbert manifold Bj,. Over By, f is a section of the bundle £ with fiber Lj(4,4,4))-

Definition 3.2. The zero set of f in Bj is the moduli space of solutions of the 3-
dimensional Seiberg-Witten equation

F7H0) = Rsw (Y. 9v) = {l(a, ¢,¥)] € Cy satisfies (3.1)}/Gy-

{ OV Y+ ¢p=0 3.1)

*gyFa_da¢_iT(waw) =0 . .
We will show that Ry, (Y, gv) is a zero-dimensional smooth manifold and its algebraic

number is the Euler characteristic of a monopole homology defined in §6 (see also [4] for

instance).
The linearization of f can be computed as the following.
f(aO + sa, ¢ + 5P, Yo + 81/)) = (*gy Fao+sa - dao+sa(¢0 + S¢) - iT(ibo + 51,

Yo + 51), 00) 4 o0 (Y0 + s) + (do + 56). (Y0 + 1))
= f(a()aqb()aw()) +5Df(a0,¢0a¢0)((a»¢,¢))+0(52)-
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So the linearized operator D f(ao, ¢0,%0) : Ti(ao,p0,10)1 By — Li(ao,d0.10)] 1S given by
Df(a()a ¢0; 1Z)O) : Ql(Y7 ZR) D QO(Y7 ZR) @ P(W) - Ql(Y7 ZR) D P(W)a

* ydao _dao —iIm(w(), ) ) ¢
((a, ¢, 1) — ( Cg(.wo) ¢y DI+ ¢ ) f;

It forms a natural 3-dimensional monopole complex, since ker §; is the gauge fixing slice.
So
MC, -0 — QO(Y,iR) 2 Q'(V,iR) @ Q°(Y,iR) & T(W) 2L Q'(v,iR) @ T(W) — 0,
(3.2)

is a short exact sequence. The operator

55 @ Df(ag, do, o) : Q1 (Y,iR) @ Q°(Y,iR) @ T(W) — Q' (Y,iR) @ Q°(Y,iR) @ T(W)

*gyfiao —dg,  —tIm(to, ) a
((L, ¢a /ll)) | _dazy 0 Im(w(); ) ¢ ’ (33)
c(-bo) c-o O + g0 P
is a first-order operator with symbol o(é§ @ Df) = o(d(ao, 0, %0; gy )), where
*gy:iao —dq, O
(S(CL(), Oa 1/)0; gY) = _dazy 0 0
0 0 oy

is a first-order self-adjoint Dirac operator. Hence

Ind(6; ® Df) = Ind(8(ao,0,v0; gv))

*gvdg,  —dg,
= Ind ( _g;:zyo 0 0 ) + IndoY
= 0. (3.4)
. *gy dao _dao . . . . .
Since the operator { ~ g 0 is self-adjoint and every Dirac operator has index
aog

zero over odd (3-)dimensional manifolds, thus we have the zero index for the operator
0 @ Df. Generically, the moduli space Rsw (Y, gy ) is zero-dimensional.

Define HY(MC4) = ker 69, H(MC4) = ker Df /im&y, H*(MC4) = cokerDf. The first
cohomology H'(MCl,) is isomorphic for every (ag, ¢o,10) € B3, so that (ao, do,10) € By
is a nondegenerate zero of f if and only if ker (6§ @ Df) = H*(MC,) = 0. For © = (6,0,0)
and a generic metric gy without harmonic spinors of 97" , we have that © is always isolated
and nondegenerate (in the Bott sense) zero of f on the integral homology 3-sphere Y.
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4. Admissible Perturbation and Transversality

In this section, we prove that there are enough perturbations to make the zero set of
f transverse. There is a 1-form perturbation reduced from 4-dimensional Seiberg-Witten
equation asin [7, 15, 32]. In our 3-dimensional case, the harmonic spinor may vary or jump
as metrics on Y vary. In order to obtain any topological information, one needs to extend
the perturbation-data and understand the harmonic spinors accordingly. The method we
used here is essentially the one used in [13, 16, 17, 28]. See also [4, 21, 22, 27, 30, 36] for
different approaches.

Let Py = Sy x Q1(Y,iR) be the space of perturbation data, where Xy is the space of
Riemannian metrics on Y. Consider the union Uy, o)epy, Rsw (Y gy, ) of the moduli
spaces of 3-dimensional Seiberg-Witten solutions over all metrics and 1-forms. If the
union is a (Banach) Hilbert manifold, then its projection to the space Py is a Fredholm
map. So there exists a Baire first category in Py such that Ry, (Y5 gy, o) is a manifold
by the Sard-Smale theorem.

Let f, be the parametrized smooth section of the bundle £ — Bj- x Py with n =
(9v,a) € Py. The map f, is given by

fn: By — QLYY iR) T (W)

(a,6,9) = (xgy Fo — dat — im(, ) + @, 7T + 9.99),
where V is the Levi-Civita connection for the metric gy. Let fi,(a, ¢,v) = Oy o p+¢.4
be the second component of the map f,, on I'(WW), and fo,(a, ¢, %) be the first component

of fy.
Lemma 4.1. fi, is a submersion (D fi, is surjective).

Proof: The differential D fi,, is given by the formula

Dfiy(a, ¢, 50, a)(ea,e¢,e9,0,ea) = 9y ° T (eh) + (e + ca + e¢).4) + ¢.1),
where we vary along {Q(Y,iR)®Q°(Y,iR)@T (W)} x {{0} x Q! (Y,iR)} of T'[a, ¢, ¥|B3 x
Py. We want to show that D fi, is surjective. Suppose the contrary. Then there exists
a spinor x € I'(WW) such that it is perpendicular to ImD fi,,.

(@Y (e), x) = 0, (4.1)

for all elp. Le., x € ker(9Y°T)*. By the elliptic regularity of (4.1), a solution x is
smooth. Choose a point y € Y such that x(y) # 0. By the uniqueness of continuation of
the solution of the elliptic equation [2], 9y o+ - (9YoT)*x = 0, there is a neighborhood
U, of y such that x(y) # 0 for y € U,. Thus we can find a 1-form ea + ea € Q*(Y,iR)
such that (e + ea).9p = Ay with A # 0 in Uy, and ea + ea has compact support. So we
obtain

0 = (9ot (ew), x)
(071 (e)), x) + ((ex + a).£9b, x)
= (X)) =26 x)-
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Therefore x = 0 in Uy, so x = 0 by a result in [2]. The contradiction implies that fi,, is
a submersion. |

By the Hodge decomposition of Q}(Y,iR) = Imd @ Imd*sv for Y, we have that
Jon(a, ¢, 9) = %4y, Fy — datp — i7(1), ) + a is also a submersion onto Q'(Y,iR).

Corollary 4.2. The spaces fojll(O) and ffnl(O) are Banach manifolds.

O
Now at point (ag, ¢o,%o; go, @) € Cy X Py, the parametrized smooth section (still
denoted by f)

f(a()a ¢0; 1p(); 9o, 0[) = f(go,a)(a()a ¢0; 1p()) = fn(aoa ¢0; ¢0)

is a submersion.

Proposition 4.3. The differential Df is onto at all points of the moduli space f~1(0) C
B; X Py.

Proof: The differential Df at (ao, 9o, o; go, &) € Cy X Py is of the form (D fy, D f1)

Dfy = #gdagt+ (9)sxFag — dag® — iIm(vo, V) — a.¢o + (4.2)
Dfi = 95% Y+ (a+a)do + (6% + do.¥)) +1(g)) (4.3)
where (g). is the variation of the Hodge star operator (g). = dis|s:0*go+sga r(g) is a

zero order operator applied to the variation g + sg + o(s?) of metric, a.@ is the Clifford
multiplication of 1-form a on the section ¢g € I'(W). The surjective of D fy follows from
Theorem 3.1 of [13], and the surjective of Df; follows similarly from Proposition 1.3.5 of
[28]. It is sufficient to prove that

(0,0,1,0, ) — x0T + (a) by (4.4)

is surjective. Let x € I'(W) be an element perpendicular to the image of (4.4) (x €
ker(9y0+t0)*). So we obtain

0= <8Z)0+a0w + (a)~w0a X> = <0¢-1/)0a X>a

for all @ € Q'(Y,iR). Hence the pointwise Hermitian product (,) on W for a.ty and x
gives the corresponding function (.1, x) = 0 on Y. The sections ¢y and y are solutions
of the regular elliptic equations

8Z)O+aow0 + ¢o.1bo = 0; (8Z)O+ao)*x —0.

So both ¥y and x cannot vanish on an open subsets by [2]. Thus there exists an open
dense domain U C Y on which 1y and y are not zero. In the local coordinate {z1, x2, x5}
of y, @ = aydxy 4+ asdxs + aszdrs as quanterion imaginary part multiplication on the
sections I'(W). If {s; }:=1,2 is a local basis of W at y € Y, then

! !
Py = S1.€1 + S2.€9; X = Sp.€1 + 89.C2,
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where s; = ~!(s;) with 4! given by spinor multiplication of aizl' So we obtain the Clifford
multiplication

aty = v(ardr). ( Z; >+7(a2dx2). ( Z; >+7(a3dx3). ( €1 )

€2
. —2a11 0 0 —2as 0 2a31 el
- {( 0 2a1i>+(2a2 0 )*(2@,@' >}(62>
. —2a11 —2as + 2a31t | e
o 2a5 + 2asi 2a11 ey )
Then the Hermitian pairing

0= () =

for all a1, as, az. It follows that

—2a11 —2as + 2as1 [ ercr erco )
2as + 2as31 2a11 €3.c1 €9.C ’

€1.C1 €1.C2 —0

es.c1 eg.co ) 7

—aqt —as + ast
as + ast ait
of End(C?) except for scaler a.Id. Up to permutation we have ez = co = 0 and eq, ¢; are

orthogonal (e1,¢1) = 0. Now ¢g = s1.e1 and x = s,l.el and (e1,c1) = 0 in the domain U.
We normalize e; and ¢; with the property (e1,e1) = (¢1,¢1) = 1.

Oy ety + go.to = 05T (51) @ €1 + s1.dager + do.51.€1 = 0;

since the linear span of the matrices of the form ( ) is the whole

(0301 (51) ® e1+51.dage1+do.51.€1,¢1) = (0377 (s1) + ¢o.51) (€1, €1) 451 (daye1, 1) =0.
So we have s1(dg,e1,¢1) = 0. If s3 # 0, then (dy,e1,¢1) = 0. From (e1,c1) = 0, one
obtains

(daoel, Cl) + (61, daocl) =0.

This implies (e1,dq,c1) = 0, the connection ag is reducible. But ag is not the trivial

connection, so s; = 0. Hence 99 = si.e; = 0 and (ag, ¢0,0) € Cy \ Cy. For any

(@0, ¢0,%0) € C3, x = 0 by the same method. Thus the differential Df; is surjective. O
We consider the map f. : BY x Py — Q(Y,iR) @ T(W).

Corollary 4.4. There is a dense subset ’P;/ C Py such that forn € ’P;/ the space f;1(0)
is reqular (i.e., a smooth Banach manifold).

Proof: Take f, as a section of Bj x Py to (C} xg, (' (Y,iR) ® '(W)) x Py. So

1 0)s: = f:1(0)/Gy is a Banach manifold.
B: xPy L QYV,iR)&T(W)
L 2
Py
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The projection map 75 is a smooth Fredholm map of index zero. It follows exactly from
the same argument in [9, 13] by the transversality. O

Corollary 4.5. The inverse image 75 ' ((gy,a)) of a generic parameter n = (gy,a) €
”P;,, the moduli space Rsw(Y,n) of the 3-dimensional monopole solutions is a zero-
dimensional manifold.

In general, the class of reducible elements in Cy \ Cj forms a singular strata in the
quotient space By . If it is a solution of 3-dimensional Seiberg-Witten equation, it is
also singular to the space of Rsw (Y, gyv). The reducible solutions of the 3-dimensional
Seiberg-Witten equation satisfy

Ot Y+ doy = 0
— *gy Fo+dop = 0, (45)

for ¢» = 0. Applying the temporal gauge g - (a,¢) = (¢*a,0), we get that g*a is a flat
connection on Y x U(1) over Y. For the integral homology 3-sphere Y, there is a unique
U(1) reducible connection, namely the trivial one. So the reducible solution is (6, 0).
There is a unique U(1)-reducible solution of (4.5), denoted by © = (0, 0).

Note that ker(d5 © D f(ao, ¢o,0)) = ker 3¢ for an integral homology 3-sphere. For
a generic metric gy, ker 99 = 0. But ker 0/ may have a nontrivial kernel as the Rie-
mannian metrics vary in an one-parameter family (see [14]). Hence the harmonic-spinor
jump creates and/or destroys irreducible solutions of the 3-dimensional Seiberg-Witten
equation. This is the main problem to understand the new phenomenon that the “Seiberg-
Witten-Floer theory” is not entirely metric-independent (see [7, 26]). In the next section,
we study such a dependence of Riemannian metrics.

Proposition 4.6. Ry, (Y, n) = Rsw (Y, n) \ {O} is a zero-dimensional smooth compact
manifold for a first category near n = (gy, ) in ’P;/.

Proof: The results follows from the construction above, Proposition 2¢.1 of [12] and the
Sard-Smale theorem. The compactness follows from the standard arguments of elliptic
regularity and maximal principle in [4, 7, 15, 38]. O

For any solution (a, ¢,¢) € Ry (Y,n), we have ker(d5 & Dfy,(a,¢,¢)) = 0. Thus
66 @ Dfy(a, ¢,v) defines a closed essentially self-adjoint Fredholm operator on L4 4 4,
and its domain is the Li—completion of Li4,4,4)- The eigenvalues set is discrete, unbounded
in R\ {0}, and each eigenvalue is of finite multiplicity. Note that there are finitely
many elements in Rgw (Y, 7n) for n € ’P;/. Therefore there is a number ¢, > 0 which is
smaller than the smallest nonzero absolute value of an eigenvalue of 65 & D f,(a, ¢, )
with (a, ¢,¢) € fr?l(o) = Rsw(Y;n).

Note that the Chern-Simons type functional with respect to a reference connection ag
is

esofa,) == [ {a=a) A (Fu+ Fiy +20) + @50 0)}dvolyy . (46)
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which has the gradient Vesy(a,v) = f,(a,0,v) for the representative with a temporal
gauge. The solution of the deformed Seiberg-Witten equation on Y xR can be transformed
into:

0]

7 (a(t) + o(t)dt, (1) = — fy(alt), (1), ¥(1)), (4.7)

and by Proposition 8 of [15] there is always a translation-invariant representative satisfying
(2.4) in a temporal gauge. For (A, ¥) = (a(t)+¢(t)dt, ¥(t)), the deformed Seiberg-Witten
energy is given by E,(A, V) =

! / (V@) P+1070 T ()| + [Vea(t)+dad(t)|*+] *gy Fa — i (¥, 9)+a|? Hvoly, dt,
YXR

2
(4.8)
where V; = % + ¢. Following the similar calculations in [7, 15, 30, 36], one has

E (A,T) = csy(A, V) |i=—00 — ¢5p(A, ¥)[i—t00

1
+/ {|IFf - ZT(\I/,\I/)-FOZ/\dt-F*(OZ/\dtNZ-F 10 0T W|? dvoly, dt,
YXR

where * is the Hodge star operator on Y x R with respect to the metric gy + dt?. Let
(A, ¥) be a trajectory flow line in (4.7) with the terms V,9)(t), 9Y°+2(t), Via(t)+dad(t),
*gy Fa —4T(¢, ) + « are in LP for some p > 2.

Lemma 4.7. There is a solution (e, $oo; ¥oe) € fr'(0) over Y such that (A, V) =
(a(t) + o(t)dt, (t)) converges to (aoo + Poodlt, Vo) uniquely up to the gauge equivalence
in the sense that (A, V)|y x4 converges in C> over Y.

Proof: Let the temporal-gauge representative (a(t),0,1(t)) be the element over Y x
(0,1) obtained from the translation of (A, )|y 41)- The finiteness of the integrals
Vb (t), 0y 0T (t), Via(t) + dad(t), *gy Fa — iT(1,9) + o over the end implies that for
p>2,ast — 400,

Vel e v x0,1)) = 05 103 T 0(#) || 2o (v x(0,1)) — O,

IVia(®) ey x0,1)) = 0, | *gy Fa —i7(¥,%) + | Loy x0,1)) — O-

For any sequence t, — 0o, there is a subsequence t, — oo and (A(co), ¥(c0)) over Y x
(0,1) such that after suitable gauge transformations (4, ¥)|y 4 — (A(00), ¥(00)) in

C'* sense over any compact subset of Y x (0, 1). Hence the limit element (A(c0), ¥(c0)) =
(@00, 0, ¥o) has zero LP-norm over Y x (0,1). Therefore we get

Vtwoo = 8av£+awoo = VtaJoo = *gYFlloo - iT(wooa 1poo) +a=0.

Le., fy(aoo,0,%00) = 0. Up to the gauge equivalence, (doo, 0, %o0) € Rew (Y, 1) = f,71(0).
O
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Let J(T) = E,(A, ¥)|yxr,o) be the energy functional over Y x [T',00). For the
Seiberg-Witten solution (A, ¥) of (2.1), J(T') = csy(Alr, ¥|r) — cs5y(A]oo, ¥|oo) from the
calculation above. Thus we have, by (4.7),

dJ(T a(Alr,
L KAL) ) o (alD), ST) SO iy, (49

where (A|r, ¥|r) = (a(T)+¢(T)dt, v (T)). For T sufficiently large, (a(T)+¢(T)dt, v (T)) =
(Goo + Poodt, Yoo) + (a(t) + @(t)dt, ¢(t)), the Taylor expansion of the functional f; is

fn(a(T), (1), Y(T)) = D fy(ace; Poos Yoo )(alt), ¢(1), (1)) + N(a(t), (1), ¥ (¢)),  (4.10)
where [y, (Goo; Poos Yoo) and N (a(t), ¢(t), (1)) is the quadratic term of a(t), ¢(t), 1 (t).

Lemma 4.8. For (a, ¢, ) € {ker(6§ & D fr(aoo, Poo, Yoo )) - (the subspace which is per-
pendicular to ker(6§ @ D fr (oo, Poos ¥o))), there exist a constant Co and Ty such that for
t> T > TO;

= Vesy(Alr, ¥|r) -

~—

—~
~—

\_/

[(a, & V)l L2y x(ey) < Callfo(alT), (T), (D)2 (v

where |[(a, 0, V)2 ey = (@ + ¢dt, V)| 2(vwcqey) = lallL2vysqey) + 10lle2vxqey) +
Il L2 (v (1)

Proof: Note that dyl[(a, ¢, 1)l 12v) < 165 © Dfy(acs, Poo, Yoo)(a; ¢, ¥)|| 12 (v from the
smallest number of absolute eigenvalues for (a,®,1) € {ker(6 & D f(aoo, Poos Yoo))
With (@oo, oo, Vo) € f,71(0). For T sufficiently large, (a(t) + ¢(t)dt,9(t)) = (a(T) +
d(T)dt, Y(T)) — (Goo + Poodl, oo) is approaching to zero in the C'™ sense, and ||(a(t), (1),
Y(t)]] L2(v) is sufficiently small. Note that by the Holder inequality and the Sobolev
embedding theorem,

”N(a(t)a¢(t)aw(t))”Li71(Y) < Cl”(a»(bﬂ/))”yl (Yx{th = Cl”( ¢»¢)”%§(YX{,5})~

Let Ty be the number such that C||(a, ¢, 1/))||L2(YX{TO} < 6,/2. Thus the result follows

from (4.10) for any T' > T. O
We have the first order Taylor expansion for J(T') = cs,(Alr, ¥|7) — csp(Also, ¥|oo):
J(T) = desy(Aloo; Vo) (Al = Aloo, ¥ — Wloo) + N(a(t), 6(t), ¥(1))

= desy(Aloo, Voo)(alt) + @(t)dt, (1)) + N(a(t), ¢(1), ¥(1))-

By the same method used in Lemma 4.8, one obtains, for 7' > Ty,
2
J(T) < C3||(av¢7w)”Lf(Y><{T})

< C3Ca fo(Alr, Y20y x o)

aJ

oT’

by (4.9). Therefore J(T) < J(Tp)e~"T=T0) for some v > 0 and T > Tp.

A

= —C3C,
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Proposition 4.9. Let (A, V) be the trajectory flow line of (4.7) over Y x R. For the end
Y x [T,00) orY X (—oo, =T, there exist a gauge transformation gy, a constant Cy and
v > 0 such that (A, ¥) = (a(t) + ¢(t)dt, Y(t)) + 9% (dtoo + Procdl, Yioo) for £t > T, and
for (a(t), ¢(t),(t)) satisfying the hypothesis of Lemma 4.8,

supla(®)], [ [ (O], | fa(a(t), 6(1), (1))[} < Ca- e =T,
for |t| > T. Moreover one can choose (Al¢, ¥|¢) such that all derivatives decay exponen-
tially:
sup{|V'a(t)], [V'o(t)], [V (1)]} < C5 - e =Dt > T,
Y

where the constants Cy and Cs depends continuously on (A, V).

Proof: Let ¢ be a positive number with ¢ < « in the decay J(T) < J(Tp)e V(T—To),
For T > Ty, we define J,(T) = [ || f,(a(t), ¢(t), P20y x ey)dt- By (4.9) for every
t > T, we have

7 ye~(v=o)T

Jo(T) = /T e”t(—%it))dt < J(Tp)e ™o (1 + p—
from the integration by part and the decay of J(T'). Thus || f,(a(t), ¢(1), w(t))H%z(YX{t})
decays exponentially, and we can estimate all the covariant derivatives of f;(a(t), ¢(t), ¥ (¢))
in the same way. The term J(T) controls the L?-norm of f,(a(t), ¢(t),1(t)) over the
compact subset Y x [T+ 1, T + 2], and this gives a bound on all higher derivatives over
Y x (T +1,T + 2). By the translation and gauge-fixing condition, we have, for some
O0<v <vyandt>T,

| falalt), p(t), (£)| Lo (v) < Coe™ =T,
For the temporal gauge representative (4, V) = (a(t) + aoo, ¥(t) + Vo), the trajectory
flow satisfies %(a(t), Y(t)) = —fn(a(t),0,%(t)). So
8a(t) |’ |81b(t) |} S 066771 (th).

w5 5

Hence (A, ¥) converges to (a0, 0, 10s) exponentially. The exponential decay of the covari-
ant derivatives of fy(a(t),0,¢(t)) onY for t € [T, 0c0) implies that (aso, 0, ¥eo) € C(Y),
and V'a(t), Vi) (t) converge exponentially. The gauge equivalence classes [(Al;, ¥|;)] con-
verge t0 [(aoo, 0, %00)] with a suitable choice of subsequences, there is a converging se-
quence {g:} t0 goo in the C' sense: g; (Als, ¥)t) — g% (Aoo, 0, ¥oo). Thus we can modify
the representative to the (Al¢, U|;) over Y x [T, 00) such that the exponentially decay
estimate holds for ¢ > T". The case for Y x (—oo, =77 is same. g
Note that if (Goo, Pocs Yoo) € Ry (Y, 1), then ker(65 @ Dfy(doo, Poos ¥oo)) = 0. There
is a 1-dimensional subspace ker(é§ @ D f,(8,0,0)) for the reducible solution © = (6, 0).
Define the weighted Sobolev space L; 5 on sections ¢ of a bundle over ¥ x R to be

the space of & for which es - £ is in L}, where es(y,t) = el for [t| > 1. For any
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0 < 0 = min{d,/2,v1/2} and any Seiberg-Witten monopole solution (A4, ¥) on ¥ x R,
the linearized operator

Daw : Ly QY xR) @ T(W(j)) — Ly (2" 93)(Y xR) @ (W)

is Fredholm (the proof is a direct application of Theorem 1.3 of [20] with the choice of §,
see also [7, 12, 15, 32, 38]). We call (A4, ¥) regular if CokerD 4 v = 0 and we call My g
(the moduli space of perturbed Seiberg-Witten solutions with finite energy) regular if
it contains orbits of regular (A, ¥)’s. Note that the weighted Sobolev spaces are mainly
needed for dealing with reducible Seiberg-Witten solutions. If lim;_, 1o (A, ¥) € R*(Y, ),

then Daw : L}, (' (Y xR) EBF(W(Z))) — LY (Q°®02)(Y xR) EBF(W(Z))) is Fredholm.
Let 7v be a smooth cutoff function such that 7y (y,t) = |t| and es = ®™®1) for

[t| > Th > 0. We define an element (Vy, ¥o) on Y x R such that

d
Voly x[Tp,00) = pn +(ay +o1dt),  Volyx(ry,00) = U

d
vC||Y><(7c>o,7To] = % + ((L, =+ ¢*dt)a \IIO|Y><(7OO,7T0] = 1?7,

where (ax + ¢xdt,ypx) € f,71(0). The Fréchet space QL(Y x R) @ I'(W) of compact
supported C'*-sections on T*(Y x R) @ W can be completed to a Banach space
275(Y x R) = (Vo, ¥p) + LZﬁE(Q}:(Y x R)® T'(W)),

where [|(a, ¢, )|z (v xr) = [(a+odt, ¥)llrr (vxr) = lles-allz v <mr)Flles- ol oo xry+
|les - ¢||Lg(YxR)- The gauge group is given by

Q£+L5 ={ue LiH’IOC(Y x R,iR)|u=exp& for |t| > Ty and £ € LZH’&}.

The quotient space By 5(Y x R) = A} ;(Y x R)/G},, 5 is the path space from c_ =
(a—,p_,v_) to c4 = (ayt, ¢+, 1+) with appropriate Sobolev norm.

Let Myxr be the moduli space of finite-energy Seiberg-Witten solutions of (4.7)
on Y x R. By Lemma 4.7, the moduli space is a disjoint union given by Myxr =
Hc,c’efql(o)MYXR(C’ '), where My r(c, ¢) is the solutions (A, ¥) of (4.7) with

limy 00 (A, ) = ¢ and lim;,_ (A, ¥) = c. There is a free R-action on My xr. We set
by
/ / 1
MPLg(e,c) ={(A T) € Myxr(c,c)|J(0) = Ey(A, U)|yxo,00) = §E"(A’ U)|lyxr}-

It represents the trajectory flow line with ¢ = 0 splitting the energy in half (see [18]
§3.1), and can be identified with Myyr(c,¢) = Myxr(c, ¢ )/R in [12]. The moduli
space ML L (e, c,) is compact (possibly with boundary) with dimension determined by
the spectral flow Ind D4 .

Proposition 4.10. The set of all perturbations n € 77;, of which My xr is reqular is of
Baire’s first category.
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Proof: There is an well-defined map [ : /\/llf,aiR — By by restricting the balanced
Seiberg-Witten solutions (A4, ¥) of (4.7) to t = 0 slice as [(A, ¥) = (a(0) + ¢(0)dt, (0)).
By Aronszajin’s theorem in [2], [ is injective. The Seiberg-Witten solution is the zero set
of the section

F By 5(Y xR) x Py — B 5(Y x R) xgr_(2'(Y,iR) x D(W)),

through the identifications in §2, where F'(a+ ¢dt, 1, 77) (6“ da® +*gy Fo —im(1), ) +
a, m + Yot + pap) = m(a—i— ¢dt, ) + fy(a, ¢, ). We can identify Bj, ".s (Y x R) as a
path space of B} (Y') with es decay in t-direction. Thus we have the following diagram

QUY,iR) x (W) = QYY,iR)x (W)
ITFE LT fy
./\/llf/aiR X Py —l> By x Py,

where MY = F~1(0)/R C B} 5(Y x R)/R. Furthermore we have F' = % + fpol
for the injective map I* : MYy — By. Thus DF = £ + Df, (I*(-)) - DI* is surjective
for Im(I*) # 0, i.e., (A(0),¥(0)) # (a(0),0,0). If I : Mo — By \ Bi, then we can
shift I[t](A, U) = (Al;, ¥|;) € B* unless (A, ¥) is a constant ¢ € f, ' (0) which is regular
solution by Corollary 4.4. Note that [[¢] is also injective. Since /\/llf,aiR is a disjoint union of
compact subspaces MYXR(C ¢'). Hence there is a to such that I[to] : MbL e (¢,¢) — B
provided that M ¢ (¢, ¢ ') is not a constant solution. Therefore the Baire’s first category
Py(c,c) for which Mll}aiR(c ¢') is regular follows from the Sard-Smale theorem and
Corollary 4.4. Then PY = ﬂc’c €71 (0) ’P;,(c, c,) is again Baire’s first category for our
result. The proof follows exactly from the same method in [12] Proposition 2¢.2 with
Chern-Simons Seiberg-Witten functional as defined in [15] §4 and [4, 21, 23]. O

A perturbation n = (gy,«) satisfying Corollary 4.5 and Proposition 4.10 is called
admissible. We still use ’P;, to denote it for the rest of the paper. Note that the
Seiberg-Witten equation on Y x R is written as

F(A, ) = (gt + Dfy(e))(a(t), o(t), (1)) + N(alt), o(t), (1)), (4.11)

where the expansion is near the end with the limit ¢ € f,7(0), and (A, ¥) = (a(t) +
o(t)dt,¥(t)) and N (a(t), d(t),1(t)) is the quadratic term of (a(t), ¢(t),w(t)). The index
of Dy w = % + 04 + D fy(c) does not change if § is varied in such a way that ¢ avoids the
spectrum of 65 + Dfy(c) over Y. The index of D4, ¢ will change if ¢ is changed across an
eigenvalue of 65 + Df, (c) (see the next section).

5. Spectral flow and dependence on Riemannian metrics

In this section, we use the unique U(1)-reducible solution © to capture the metric-
dependent relation via the spectral flow. In [16] joined with Lee, the author used the
Walker correction-term around U(1)-reducibles to obtain homotopy classes of admissible
perturbations (realized by a family of Lagrangians), and to show the invariance among
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the same homotopy class of the Lagrangian perturbations. Those Walker correction-term
can be interpreted as the spectral flow in [5, 16].

Proposition 5.1. For an admissible perturbationn = (gy, «) € ’P;/ and a nondegenerate
zero (a,$,¢) € Rsw(Y,n) = f,71(0), we can associate an integer py(a, ¢,) € Z such

that fO'f' (A, (I)) S BYXR((aa ¢7 1/)), ((L,, ¢,a 1/),))

pn(e™ - (a,6,0)) = pyla, ¢,9),
IndesDaw = p(a,¢,9) = py(a’, @, ¢) = dimT 41 ),

where T, o 47y 15 the isotropy subgroup of (a,, é, 1/),).

Proof: Let 71 : Y x [0,1] — Y be the projection on the first factor. Let L) x W4 be
the pullback 7} (detW*) x w3 W such that (A4, ®) € Ap g,y x Wiy satisfies (A, @)[:<0 =
(a + ¢dt, ) and (A, ®)|;>1 = (a' + ¢'dt,¥)). We have Dy g = & + 0, with & = 5§ @
Df,(A(t), ®(t)) in (4.2). Then the Fredholm index of D4 ¢ is given by the spectral flow
of & (see [3, 5, 12]). The second equality follows from the same proof of Proposition 2b.
2 in [12]. The first equality follows from

SF(e™ - (a,0,%), (a,6,¢)) = IndDaa((A ®)|t=0, (A, ®)|t=0)yxs1

= L@ (Lw) — @x +30)(¥ x §) =0,
where x and o are the Euler number and signature of ¥ x S*, and ¢ (L4))?(Y x S') =0
for the integral homology 3-sphere Y. |

Note that the relative index is gauge-invariant, but depending on the perturbation
n € ’P;, by Proposition 5.1. The absolute index may not be well-defined since p,(O)
depends upon n € ’P;,. In the instanton case, we fix the trivialization of a principal
bundle and a fixed tangent vector to the trivial connection to determine p(0) = 0 for
the trivial connection #. It turns out that such a fixation is independent of metrics and
other perturbation data in the instanton Floer theory. But this is no longer true for the
monopole case.

Proposition 5.2. (Definition) Two admissible perturbationsno and 1, in Py are (called)
homotopic to each other through a I1-parameter family n,(0 <t <1) in Py if and only if

M’Io (9) = M’h (9)

Proof: For two admissible perturbations 7y and 7; in §4, we can connect them into
a l-parameter family 7; such that there are at most finitely many ¢ € (0,1) with 7
corresponding harmonic-spinor jumps. Denote those 0 < g < t1--- < t, < 1 and
A1, A2y 5 Any Ang1 = 0 so that A; is not the eigenvalues of 6; = §;(0,0) for t;_1 <t <,
where t_1 = 0 and t,41 = 1. Define n; = dim (&, — AId) with A € [Aj41,\;] and
n; = —dim (6;, — AId) with A\ € [A;, \;41]. From the operator 2 + 6,(©) (denoted by
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DF,,(0©)) and the well-known facts in (3, 5, 12], we have

Ind DF,,(©) =) " ni.
i=0
This shows that Ind DF},, (©) is independent of the construction 7; and that is continuous
in 7;. On the other hand,

Ind DFm (9) = Hno (9) — K (9)

Thus the obstruction to connect two generic perturbations is the spectral flow along the
metric path in £y. The Riemannian-metric space ¥y is path-connected. SoInd DF,,(©) =
0 provides that 7y and 77 are in the same (homotopy) class of with respect to the spectral
flow. O

Thus the dependence of metrics also enters into the definition of relative indices for
(a,0,v9) € Réw (Y, n). Now we follow the instanton case to fix the relative index

Mn(a’v ¢»1/)) = Ind DFn(Gﬂ ((I,, ¢»1/))) 6 Za

which depends on the value p,(©). Any changes of ,(©) shift u,(a, ¢,v) by an integer,
and 1, (0©) is understood with respect to some reference perturbation 7y € ’P;,. Thus we
call that n € ”P;, lies in the same homotopy class of  provided Hy(©) = 1, (©).

Lemma 5.3. For an admissible perturbation n € ’P;,, the Seiberg- Witten moduli space
Rsw(Y,n) = f;l(O) is a compact 0-dimensional oriented manifold. The orientation is

well-defined for a fired homotopy class n € 77;/.

Proof: By Proposition 4.6, Rew (Y, n) is a 0-dimensional C*°-compact manifold. The
orientation at each point of Rgw (Y, 7) is defined by its spectral flow which depends on
the perturbation homotopy class of 7. (This is different phenomenon from the (instanton)
Casson invariant of integral homology 3-spheres.) Hence the orientation for the monopole
case is not globally defined for all n € ’P;,. It is only locally defined for a homotopy class
with same spectral flow at ©. |

Note that the monopole number #R%y, (Y, n) (counted with sign) is not a topological
invariant. The number #R¥%y (Y, n) depends on the metric with harmonic-spinor jumps
and the homotopy class n € ’P;/.

6. Monopole homology of integral homology 3-spheres

For an admissible perturbation n € ’P;/, we have a new gradient vector field f, for
which the irreducibles are all nondegenerate in §4. Since zeros of f, are now isolated
finite-many points, we use them to generate the monopole chain groups. The transitivity
is proved in terms of gluing and splitting Seiberg-Witten solutions over Y x7 R. This
gives the general structure of the Seiberg-Witten trajectory flow lines of (4.7) to obtain
a homology result.
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Lemma 6.1. For any c, ¢ e R (Y,n) and p > 2, there exists a positive constant C,
such that for all (A, ¥) € MY e (e, ¢') in one component and (a, ¢, %) € LP(Q'(Y,iR) @
QU(Y,iR) @ T'(W)), we have
8 * *
Coll(a, &, V)|l Lr(vxr) < H(a + 60 + Dfy(A,9)"(a, ¢, V)| ey xR),

where ()* denotes the adjoint operator with respect to the L?-norm.

Proof: Proposition 4.10 implies that (D ¢ )* has trivial kernel for (A, ¥) € Mo (¢, ¢),
where the operator Dg g = % + 0 ® Df,(A,¥) from the gauge-fixing condition and
¢,¢ € R*(Y,n). Thus we obtain

8 * *
Cia,v)pll(a, ¢,9) | ey xr) < H(& + 65 + Dfy(A, 9))"(a, ¢, )| Lo (v xRy
for (a,¢,v) € LP(Q'(Y,iR) & Q°(Y,iR) ® I'(W)). The constant C(4,v),, is continuous

in (A, ). Any one component of MYLe(¢,¢) N B (e, ¢') is compact. Hence C,, is the
smallest constant of C(4,v),, for this compact set. [l

Note that the components of Mo (¢, ¢') are described by the spectral flow tn(c) —
un(c,) depending upon I,(©,70). For a fixed I,(©,1n0), there is a unique component
Mll}aiR(c, c,). Unlike the instanton case, there are possibly infinitely many components
for the instantons over Y x R with fixed asymptotic.

Let x—(t) be a smooth cutoff function with x_(t) =1 for t <Tj —1 and x_(¢t) = 0 for
t > Ty and |dx—| < Cp for some constant Cp, where T} is a parameter to be determined
(> Tp). Let (A_,¥_) € Mb2lo(c_,¢) with our fixed I,,(©,7). Define (A_,¥_) =
(1- X,)c, +x—-(A_, ¥_) to be the cutoff element as a path element of the configuration
space Q(Y,iR) @ (W) @ I'(W).

Lemma 6.2. There exist Ty > To + 1 and C7 independent of (A_, V_) such that for
Ty > Ty and (A_,0_) € MY p(c, ¢, p,q > 2, we have

(A, W) = (A, W)l paqyxry < Cre T | F(AL, W) || oy xry < Cre 7T,

where (A", 0) — (A, 0) = (A" — A, ¥ — ).

Proof: Note that (A_,U_)—(A_, ¥_) issupport on Y x [T} — 1, 00). By Proposition 4.9,
sup (A, o) = (A, )| = sup (1= x)(¢ = (A, W) < Cogawye 0T,

for t > Ty. Hence

. Vol(Y,
A B2 = (A, U)oty sy < Caa oy (L2T29Y)

T4q
(TlfTofl) é 675(T1 7T071) .

)1/116*71 (TlfTO*l)’

from the integration. Note that 71 > ¢, and e™™ Similarly,
(A_,¥_) does not satisfy the Seiberg-Witten equation (4.7) on Y x [T1 — 1,71]. Thus
the estimate follows from Proposition 4.9. The constant C4 a_ w_) is bounded by its
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maximal value for the compact component MY o (c_, c,). Hence for Ty > Ty + 1 and
Ty > T, we obtain our estimates with a constant C7 independent of (A_, ¥_). O
Now we define a neighborhood of ML e (c_,¢'). Let

U._ = {(B,®) € Byxr(c_,c )|there exists a (4, ¥) € M5! o (c_,¢) such that
[(B, @) = (A, ¥)|[La(yxr) <&—, [[F(B,®)||Lr(vxr) <e-}-

By Lemma 6.2 with 77 such that Cre=?(T1=T1) = ¢ /2 we have (A_,¥_) € U._ for
T > T,

Lemma 6.3. There exists e, such that for 0 < e_ < e thereis a constant Cg indepen-
dent of e_ with

_, 0 . *
I(a, &, )iz xmy < Csll(5; + 06 + Dfy(B, @)™ (a, 6, ¥)l| Loy xr),
for all (B,®) € U._.

Proof: From (B, ®) € U._ and the difference of first order operators, we have
8 * * 8 * *
o 88+ Do (B, 8) 0, 6,60) Loy smy 2 N + 05+ Dy (A, W) (0,6,8) oy ey

—[I((B, @) = (A, ¥)) - (a, &, )| Loy xm)-

The expression ((B, ®) — (A-, ¥_)), as zero-th order operator D 4 — D7 g _ acting on
(a, ¢, ), can be estimated by Holder inequality and the Sobolev embedding theorems:

(B, ®) — (A=, W_)) - (a, 6, %) || Loy xr) <|[(B, @) — (A=, W_)|| pay xry | (@ &, )| Ly xRy
<Ce_|((a; ¢, V) Lo (v xr)-

By Lemma 6.1 and changing a reference element (Vg, ¥y) to (A—, ¥_) for L-norm over
Y x R,

[(a,d,V)llLeeyxry = (@, @ V) Lr(vo,w0)
Coll(a, &, )l Lrca_ vy

Clo||(% + 00 + Dfy(A-, V) (a, ¢, )|z + Coll(a; ¢, ¥) v

IN A

IN

(Cro-+ Co/Cp) o+ 8+ DFy (A, W)Y (0, 6,0l oy

Choosing &y such that C(Cio 4 Co/Cp)ey < 1/2. Then there is a constant Cg (> 20,1)
satisfies the desired inequality. O

By Lemma 6.3 and the Sobolev embedding theorem, we have L} — L9 for 1/4 +
1/q > 1/p and the bounded right inverse operator Q(p.e) = Dp g © (Dp.a 0 Dj 4)” " of
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(% + g + Df,(B,®)) = Dp, g satisfies

1Q5,2)(a, 0, ¥)||Layxr) < C11QB,0)(a, &, Y|l Lr(vxr) < C11C5 [[(a; &, ¥)|[ Loy xRy
(6.1)

for all (B, ®) € U._. The importance of (6.1) is that the constant C11Cy is independent
of (B, ®) € U._. Similarly, the results above hold exactly same for the neighborhood

U, ={(B,?) € By xr(c , cy)|there exists a (A, ¥) € MY (¢, cy) such that

|(B,®) — (A, ¥)|Layxr) < e+, [[F(B,®)|rr(vxr) <&t}

where ¢, c; € R*(Y 7). We can define (A, ¥,) = (1 — xy)c + x4 (Ay, ¥) for
(A4, 0, € MYXR(C cy), where x4 = 1 fort > =71 + 1 and x4 = 0 for t < —T7.
There exist 7, > 0,64 > 0 and Cg such that for 7y > T;" and 0 < e < ef we have
(/Lr, \i!Jr) € Ue,, and the bounded right inverse operator Q(p,¢) is bounded by C11Cy as

n (6.1) for all (B, ®) € Ue,

For the balanced monopole (A4, ¥4), we can choose e = ¢ and Ty > max {1,177}
such that the deformed monopole (Ai, \I!i) is an almost solution of Seiberg-Witten equa-
tion over Y x R. For T3 > 15 > T7 > max {Ti}, the 4-dimensional annulus Y x [Tg, T3]
will be used as the glumg region in forming the patching transitivity. For gluing (A W_ )
on (Y xR, g_) with (A+, \I!+) on (Y x R, g1) and any real positive numbers T3 > T5, we
set N_ =Y x [Ty, T3] and Ny =Y x [-T3, —Ts], where g+ = gy + dt? and Ty = T> K for
another parameter K > 4.

Let 8_ be a smooth cutoff function from modifying the function yx = —ﬁ In TzLK
Y x [TQ,TQK] CYxRwith yg =0att =ToK, xxk =1att="1Ts and ||VXK||L4(Y><R)
CT, 3/4% — 0 for T =Ty, = max {75} + 1 and K — co. Here exists Ko > 4
such that K > Ko with ||Vxf| L1y xr) sufficiently small. We fix such a parameter K.

Then define fr : N — Ny by fr(y,t) = (y, —t) which sends the “inner part” Y x
{T} C N_ to the “outer part” Y x {—T} C N4 and reduces an orientation-reversing
diffeomorphism from N_ to N,. Note that fr is the identity map on the 3-manifold Y.
In the usual sense, we define the gluing Y x7 R to be

Y xr R=Y x (—00, TK] Uy, Y x [-TK, c0),

on

where the “annuli” Ny are identified by fr with a fixed K > Ky. The Riemannian
metric on Y x1 R is again a product metric gy + dt? since the map fr is isometric and
orientation-reversing on the overlap.

Lemma 6.4. Let F : By — Ey be a C'-map between Banach spaces with first order Tay-
lor expansion F(§) = F(0)+DF(0)6+N(§). Assume that DF(0) has a finite dimensional
kernel and a right inverse Q such that

QN (&) — QN (&)l < Cl&lle + [I€llz)lé — &l e,

145



LI

for some constant C. Let ¢ = 1/(8C). If |QF(0)|g, < £/3, then there exists a C'-
function u : K. — ImQ@ with F(§ +u(€)) =0 for all £ € K., and furthermore we have
the estimate

4 1
lu(@)llz, < FNQFO)E, + 3lEllz:,
where K. =ker DF(0)N{§ € E1 : ||€||g, < e}

See [12, 18] for the standard inverse function theorem. Applying Lemma 6.4 to F(fl, \i/)
(the Seiberg-Witten functional on ¥ x R) as F(0), to & + &5 + Df,(A,¥) = Djyg as
DF(0), to the quadratic term N (a, ¢, 1) as the remainder term of the first order Taylor
expansion, to L} N L4 (T 4,5)By xr) as Ey and L? (QY(Y,iR) @ QU(Y,iR) @ T(W)) as Es,
we have the gluing and splitting result. For (A4, V¥, ) € MYXR(C,, cy)and (A_,U_) €
My xr(c_,¢) with cx, ¢ € R*(Y,n), we define the almost Seiberg-Witten solution (A, ¥)
by rescaling and identifying,

(A_(t+2TK —T),9_(t+2TK —T)) t<—(TK —T)
(A0 ={ p-c —(TK —-T)<t<(TK —-T)
(Ay(t— (2TK —T)), ¥, (t— (2TK - T))) (TK-T)<t,

where p € ' (the isotropic group of c,).

Figure 1. Smooth Cutoff Functions

Proposition 6.5. For 0 < ¢ < min{eZ} as in Lemma 6.3, T (fived) in Lemma 6.2,
there is a constant C' independent of € such that the operator Dj g has a bounded right
inverse Q(A,‘T/) with, 1/4+1/q > 1/p,

1Q4,9)(a &, V)llLry x,r) < C13ll(a, &, V)| o (v xrR)

1Q4.)(a & W)Ly xrr) < Cisll(a, &, )l Loy xrR)-
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Proof: Similarly define a cutoff function 6, (as we did for 6_) on (Y x R, g4), and
regarding 6, as a function on Y x7 R, define n_ =1 -0, : Y xr R — R (see [10] for
the same construction). Now 7_ is simultaneously a function on ¥ xr R and (Y xR, g_)
for (/L, \i!,) such that the support of n_ is larger than 6_, and n_ = 1 on the support
of 6_. Similarly we define 7.

By Lemma 6.3, we have bounded right inverse Q(Ai By for DAi B Then using the

definition of the gluing almost Seiberg-Witten solution (A \I!) and the standard parame-
terization method, we define

Q(av(baw) :777(:2(,4 U )(%d’ﬂ/’)f +77+Q(A+,\i;+)(a»¢71/))+a

where (a, ¢,v)_ is the restriction to Y x (—oco,TK|] C (Y x R,g-) and (a,¢,v) =
(a,d,0)— + (a,¢,)+. From the definition of 1y,

n-(a,¢,¢)- +n4(a,d,¢)+ = (a, 4, ).
By a simple calculation, one gets
DjgoQa,¢,9) = (a,0,0) +dn-Qui_g_(a:0,0)— +dniQa, g,)(a; 6, 0)+.
Note that we use the right inverse Q( Ay from Lemma 6.3. Thus there is no more term
regarding the metric-difference. Now Dy g 0@ — Id has a C*°-kernel, and ldn+llza(y xRr)
is sufficiently small. Thus Q(A@) =Qo (DA,‘T/ o Q)*l has the desired properties. O
Remark: The method we used in Proposition 6.5 is similar to the one in [9, 10, 18]. For

the second order elliptic differential operator, see [25] for the analysis with obstruction
bundles. One may also adapt the analytic setup in [27] to work out the estimates.

Theorem 6.6. If0 < ¢ < min{cE} and T > max{T} + 1, then there is a well-defined
gluing map

Gr: M?/GLR(& ) X ngfaiR(C cy) X [TK,00) — M(YXTR)(Cﬂ ct),
which is a local diffeomorphism with a fized K > K.

Proof: From the above construction, we have (A, ¥.) € U., for T > max {T;", T, }
with e = e_ < 63[. By Proposition 6.5, the bounded right inverse operator Q(A,\i;)
satisfies

1Q4,5)(a; & ¥)|Laqy xrr) < Cu3ll(a, &, )| Loy xrR)-

Thus we have
1Q4.3)F (A, 0) || Laty xrm) < Cra(es +e-).

By the Holder inequality and quadratic expression, we get

||Q(A,@)N(a» ¢, ) — Q(A’@)N(a,, qb,, 1/),)||LQ(YXTR)
< Cra(|l(a, &, )| Loy xar) + (@' 8,0 Loy xrr)) - (@ 6, 0) = (@', &, ) || La(y xoR)-
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By Lemma 6.4, there exists a C''-map u : ker Dj;§ — Myx,r(c—, cq) such that (A, )+
u((A,¥); p) is a solution of (4.7) with [|u((A4, \i!);p)HLq(yXTR) small and p = id € U(1),
and is smooth by standard elliptic regularity. Thus there is a well-defined C*°-map
GT((Afa \ij)a id? (AJra \II+)) = (A’ \Ij) + u((Aa \Ij)a Zd)

For any (A, ¥) € U.(Im (Gr)), there is a representative (4, ¥) = (A, ¥) + u((4, ¥);id).
Suppose the contrary. There exists a sequence &, — 0 (T, — +o0) with &, < 1 and
(A, ¥y,) € US, N Myx,, rR(c—,cy) cannot be written as the image of Gr,, where US
is the complement of the neighborhood U.(Im (Gr,)). By the compactness result from
[7, 15, 30, 38|, we have a subsequence converging to (A_, ¥_)]](A4+, ¥4). Note that
(Ax, ¥y) are Seiberg-Witten solutions of (4.7) (since €, — 0) which has a singular point
at (yo, 0) conformally corresponding to the infinite point. By the removablity result in [31],
we have (A4, ¥4) are solutions of (4.7) over (Y xR, g+). Note that limy_, 4o (A5, ¥5) =
¢’ since the elements are in the neighborhood of the image G, which are close to ¢ from
the construction. So we get (A_,¥_) € M¥Lp(c_,c¢) and (A4, U,) € MEELL (¢ cy)
with possible shifting in the ¢-direction. Hence we can perform the gluing process to
obtain a G, ((A—,¥_), p, (A4, ¥,)) such that

1Ay W) = Gy (A, W), py (A, W) oy, ) < /2

and (A,,¥,) € U2 N My, r(c—,cy). This shows that (A, ¥,) cannot lie in the
complement of U, . The contradiction shows that the gluing map Gr is a local diffeo-
morphism. O
Remark: The monopole boundary operator requires the consideration of moduli spaces
with dim My «r(c—,cy) <2. If ¢ =0 and dim My xr(c—,cy) = 2, then
dimMyXR(C,, @) +dimI'g + dimMyXR(@, C+) =2.
Hence there will be no boundary stratum /\;lyXR(c,, 0) XMYXR(G, ct) of/\;lyXR(c,, ct)
with dim My xr(c—,cy) = 2 in a generic sense (see [6, 22]). For cx € R&w(Y,n) and
¢ = O, the general gluing result is not needed for our definition of the monopole homol-
ogy, but is needed for the equivariant version of the monopole homology. See [22] §2.4
and §5.2 and [36].
Now our transitivity can be expressed as Theorem 6.6:
Gr: MPLg(co,¢) x MYSR(c,cy) x [TK, 00) = MY glc,cy) = MYPhg(c , cy),

where the gluing parameter is 7" with 7' > max {Tli} and a fixed K > K.

Definition 6.7. Let (a,¢,v) and (a,,qb,,i/),) be zeros of f,. A chain solution from
(a,d,0) to (a,,qﬁ,,w,) is ((A1,®1), ..., (Apn, ) Seiberg-Witten solutions over ¥ x R
which converge to ¢;_1,¢; € f,?l(O) as t — Foo such that (a, ¢,v) = co, cn = (a, ¢, 1),
and (4;,®;) € Myxr(ci—1,¢) for 0 <i <n.

We say that the sequence {(Aq, o)} € Myxr((a,d,9), (a',¢,¢")) is (weakly) con-
vergent to the chain solution ((A1, ®1), ..., (A, ®,,)) if there is a sequence of n-tuples of
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real numbers {tq,1 < -+ < to.nta, such that t4; —te,i—1 — 00 as a — oo, and if, for each
i, the translates t7, ;(Aa, ®o) = (Aa(0 = ta,i), Pal(o —ta,i)) converge weakly to (A;, ®;).

Theorem 6.8. Let {(Aq, ®0)} € Myxr((a, ¢, ), (a,¢ 1)) be a sequence of Seiberg-
Witten solutions with uniformly bounded action over Y x R. Then there exists a subse-
quence converging to a chain solution ((A1, ®1), ..., (An, ®,,)) such that

n

IdDa, 0, =Y IndDa, o, = Y (jin(ci) = piy(ci1))-

i=1 i=1

Proof: The gluing and splitting theorem shows that the local diffeomorphism G preserves
the energy F, and the spectral flow. So it follows from the same proof as in [12] §3 and [15],
and the compactness of Seiberg-Witten moduli space on 4-dimensional manifolds. O

Proposition 6.9. The compactification of My xr(co, cnt1) can be described as

My sr(co, cnt1) = U My «r(cio1, ¢i)),

the union over all sequence cg,c1, - ,cn+1 € REw (Y,n) such that My xr(ci—1,¢) is
nonempty for all1 <i<n+41.
For any sequence co,c1, -+, cny1 € Ry (Y1), there is a gluing map

, 1 4 4bal 1
G <P MY R (ciz1, ¢) x A™T — My wr(co, ent1),

where A" = {(X\g, -+, \p) € [—o0,00]" i1+ X1 < Ny 1 <0 < n}.

1. The image of G is a neighborhood of x?jlle}’iR(ci,l, ¢i) in the compactification
with chain solutions.

2. The restriction of G to x [T M3 g (ci—1, ¢;)x Int (A" TY) is an orientation-preserving
diffeomorphism onto its image.

Proof: Since there is no bubbling in the Seiberg-Witten moduli space, the map G is the
well-known transitivity in the Morse-Smale theory by repeatedly applying Theorem 6.6
(see also Proposition 3.10 of [19]). O

Let R%y, (Y,n) be the set of irreducible zeros (a,¢,v) of f, whose relative index
tn(a, @,9) — pn(©) = n. The monopole chain group MC,(Y,n) is defined to be
the free Abelian group generated by R%y, (Y,n), where the admissible perturbation 7
specifies the spectral flow p,(©). We write I,,(©; 1) to be the integer 1, (©) — i, (©)
with respect to a reference 1o € Py. Hence p,(0) is fixed with the fixation of I,,(©; no).
From results in §5, the algebraic number #Rsw (Y, 7n) is an invariant for n € ’P;/ in the
fixed homotopy class. Therefore we can use Rsw (Y, 7) to form a chain group for n € 77;/
with the fixed number I,,(©;no).

Define the boundary operator 0 : MC,(Y,n) — MC,_1(Y,n):

d(a, 6,v) = > HMYPLR (0, 6,0), (a6, 0)) - (', 0 0).

(a’ ¢ W )EMCr_1(Yyn)
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Proposition 6.10. Let 0 : MC,(Y,n) — MC,_1(Y,n) be defined as above. Then o0 =
0.

Proof: The proof follows the same argument as in ([12], Theorem 2) except that we
have to rule out the possibility of reducible connections entering into the picture by
Theorem 6.6. Note that

Pleo)= Y Y. #MPR(co 1) - #EMPR(cr, o),

c1 ERE;VI (Yﬂl) C2 ERE;V? (Yﬂl)

where ¢; = (a;, ¢i,¥i) € Ry (Y,n)(@ = 0,1,2). Consider in this sum all the terms
associated to a fixed c; € RE,2(Y,n). For the pair (co, c2), there is the 2-dimensional

moduli space M3 g (co,c2). By Proposition 6.9, the ends of Ml;ai’;(co, ¢2) consists of

all the components MY2L (co, ¢1) x MYL (¢1, ¢0) with ¢ € REyH(Y, 7). Tt is impossible
for ¢; to be the U(1)-reducible zero of f, because the isotropy subgroup I'., would add
to the extra gluing parameter, and as a result would contradict the dimension count by
Proposition 5.1 and Proposition 5.2 with fixed I,,(©;19). For the fixed datum I,,(©;no),
the orientations are consistent from the spectral flow calculations by Lemma 5.3. Thus

Yo #MPER(o,ar) - #MPLr(ar, c2) = OMY LR (co,c2) = 0.

c1ERLG (Yom)

O

As a consequence of Proposition 6.10, for a given integral homology 3-sphere Y and an

admissible data 1 € Py, with the fixed datum I,,(8; 1), we have a well-defined definition
of a Monopole Homology

MH.(Y;n) =ker 0,/Im0,y1, *€ Z.

Now the monopole homology M H,(Y;n) is sensitive to the number I,,(©;1n), and
MH.(Y;n) is not a topological invariant since its Euler characteristic #R%y (Y, n) is
metric-dependent.

7. Homomorphisms induced by cobordisms

From the troublesome path of metrics in ¥y of creating/destroying harmonic spinors
(see [14]), the invariance of the monopole homology of integral homology 3-spheres is
in question. The cobordism argument used in [12] does not apply here. We have to
construct a different cobordism between admissible perturbations with the fixed spectral
flow I,(©;10) = 1y (©) — piny (O). In this section, we show that our monopole homology
is independent of admissible perturbations within the homotopy class I,,(©; no).

Let X be an oriented 4-manifold with two cylindrical ends Y; x R4 and Y5 x R_,
where Y] and Y, are integral homology 3-spheres. Let 7x : X — [0,00) be a smooth
cutoff function such that 7x(z) = 0 for z lying outside of ¥7 x Ry U Y2 x R_ and
7x (y,t) = |t| for (y,t) € Y1 x Ry UYy x R_ and [t| > tp > 0 and e5 = e97X(®), Then using
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the cutoff function 7x and a background connection we can extend % + « and d% + 3 to

a connection Vj on X such that

d d
Volyix(Ts,00) = P Volvsx(—co,—15] = o + 3.

Similarly, we can extend sections on W; The Fréchet space Qéomp (X, AdP)eBFcomp(W;)

of compact supported C'>-sections on (T*X ® AdP) @ T(Wi) can be completed to a Ba-
nach space

P o(X) = (Vo,0) + L ;(Q'(X, AdP) & T(W5)),

where ”C”Lﬁ,a = lles - cllpr for ¢ € Qéomp(X, AdP) @ Pcomp(W;([). The gauge group
Gry1.5 1s given by L}, s-norm of Aut(det Wi). So the quotient space is B} 5(X) =
A} 5(X)/Gi 11 5- The perturbation data 1 = (gv;,a1) and 72 = (gy;, @2) at the ends
provide the gradient vector fields f,,, and f,, so that the zeros of f, on Y7 and of f,
on Y, are generic. Clearly these perturbation data n; and 72 can be pulled back to the
cylindrical ends Y; x R4 and Ys x R_, and produce perturbations on the time-invariant
monopole equation on B 5(Y1 x R4) and By, ;(Y2 x R—) (same ¢ as before). According
to ([12] (1c.2) and [15, 32, 38]), there exists a Baire’s first category subset in the space
Met(X) x IIx of Riemannian metrics gx and perturbation data ax such that M, (¢, ¢)
(nx = (9x,ax)) is a smooth manifold with

dimMp (e,¢) = i, (6) — o () + 3 (2 + 30)(X). (7.1)

In addition, M, (c, ¢') is oriented with an orientation specified by the orientations on
H'(X,R) and H°(X,R) ® H2(X,R) (see [7, 15, 32, 38]).

Define a homomorphism ¥, = ¥, (X;nx) : MC.(Y1;m) — MC,(Y2;n2) of the mono-
pole chain complexes by the formula

V)= > #MY ()¢, c€REy(Yi,m),

' €R%yy (Ya,m2)

where M?,X (c, c,) is the 0-dimensional oriented moduli space connecting ¢ to ¢ on X and
i (€) = i, (€) = = 3(2x + 30)(X).

Proposition 7.1. Given a cobordism X and perturbation data nx € Met(X) x IIx as
before, the homomorphism W, is a chain map shifting the degree by %(2)( + 30)(X).
Furthermore the induced homomorphism

Vo = Wu(X;nmx) : MHL(Yi;m) — MH.(Y2;72)
on the monopole homologies depends only on the cobordism X and the data I, (©y,;n0,v;)

and I, (Ov,;10,v,)-
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Proof: By fixing the spectral flows I, (©v,;n0,v,) and I, (©v,;70,v,) at Y1 and Y, the
result follows the same argument as Theorem 3 in [12] and §5 of [16]. Note that dy, o ¥, (c)
is given by

oo #M(ed) Y #MELR(C @) o,

¢ €R%yy (Yo,m2) c1ER Gy (Y2,m2)

which is the one end of the 1-dimensional space M},X (¢, c1). The other end is given by

S #MPERd Y #MY ().

d' €R Gy (Y1,m) deR 5w (Y1,m)

The ¢ and d cannot be Oy, and Oy, respectively due to the index reason with our
gluing result in Theorem 6.6. Hence for the fixed data I, (Oy,;70,v,) and I, (Oy,; 10,v3),
there are compatible orientations given by the index (or spectral flow) which shows that
Oy, 0V, (c) = U, 00y, . Therefore we obtain the induced homomorphism on the monopole
homologies. [l

We show below that U, (X;7x) is functorial with respect to the composite cobordism.
Given two cobordisms (U;ny) connecting Y7 to Y2 and (V;7ny) connecting Y3 to Y3 so
that ny and ny agree on Ys, we can form the composite cobordism (W;nw ) connecting
Y; to Ys. Then

U (Winw) = Wu(Viny) o W (Us o). (7.2)

A different strategy from Floer’s has to be taken to prove that M H,(Y,n) is independent
of admissible perturbations n = (gy, @) within the class of I,,(©;19). We consider the
time-dependent perturbations of the Seiberg-Witten equation and its associated moduli
space. Given two admissible perturbation data of generic metrics g;l and g3- and 1-forms
a_1 and oy with I,, | (©;m0) = I;, (©;1m0) (here n, = (g%, ay)), there is an one-parameter
family of admissible perturbations A = {n; = (g%, )| — 00 < t < oo} joining them.
Assume that the pair 7, = (g;l,a,l) for t < —1 and n; = (9, a1) for t > 1. On the
cylinder Y x R, we consider the perturbed Seiberg-Witten equation

81# V., t toat Oa; .
5t da,"" =0, o ey Flan) + an = imy (1,9). (7.3)
Given ¢ € Ry (Yyn-1) and ¢ € Ry (Y, m), we denote by Ma(c,¢) the subspace in
By, s(c, ¢') consisting of solutions of (7.3). Then there exists a homomorphism
Up: MC,(Y;n_1) = MCp(Y;m)
of the monopole chain complexes defined by
Up(e) = Z #M (e, c,) ¢, ce Réw (Y, n-1).

C, ERGw (Yym)

Proposition 7.2. Let A = {n, = (¢}, au)|t € R} be an family of admissible perturbations
as defined above such that Ind DF;, (©) =0 (the same homotopy class). Then
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1. If A is a constant family of admissible perturbations (¢t = gy, ar = ), then Uy =
id.

2. Up is a chain map: OVp = Wp0.

3. Given two families A and A" of admissible perturbations joining (gv', a—1) to (g%, ap)
and from (g%, ao) to (93, 1), we have W, v = Wp oW ,/.

4. If a family Ao of admissible perturbations connecting (g;l, a_1) and (g3, a1) can
be deformed into another Ay by admissible families Ax(0 < A < 1), then the two
monopole chain maps Wp, and Vp, are chain homotopic to each other.

Proof: (1) If the perturbation is time independent 7; = (gy, @), then MQ(c,¢') is just
the space MY g (c,¢). For the O-dimensional component M$(c,¢), this means time-
invariant solutions ¢; on Y x R, and we have [¢;] = ¢ = ¢. Therefore #M$ (¢, ¢) =6,
and W = d.

(2) We consider the compactification of My (c,¢ ) as developed in [13, 16]. By The-
orem 6.6 and Proposition 6.9 and [15, 32, 38], Mx(«, 8) can be compactified such that
the codimension-one boundary consists of

Ue MY R(c cc1) %o, Ma(e—t, ) [JUeMale,e1) xe, MY2g(erc). (7.4)

Here c41 € Rew (Y, n+1) and My «r(c,c—1) is the moduli space of monopoles on Y X
(—o0, —1) with respect to the perturbation 7_1. Similarly Mg (e1, c,) is obtained from
the perturbation data 7;. Consider the 1-dimensional components M} (¢, ¢') of M (¢, ¢),
whose boundary by (7.4) gives two types of oriented points counted as 0¥, = U 9. We
can rule out the possibilities of the reducible © for ciy. If they occurred, then they
would have an additional U(1)-symmetry on these moduli spaces. This is impossible
by the dimension reasoning from Proposition 5.1, Proposition 5.2 and our hypothesis
I, (©;m0) = I,,(©;m0) (see below also).

(3) For a composite cobordism and its induced homomorphism, we study the moduli
space M, a/ (Ts; @, B) of solutions of the Seiberg-Witten equation on Y x R with respect
to the following time-dependent admissible perturbation data A s, A,, where

N_1= (g;l, a_1) —o <t T —1
, A= (" o) —To—1<t< Ty
Axrg A = ¢ 1o —Ts <t <Ts
AN=(y " arer) To<t<Ts+1
m Te +1<t<+4o00.

Let Ty be sufficiently large. Thus M,/ (T6; c, c,)(Tg > T%) is approximated by the union

’

Ueo M (€, o) e My (co, ). (7.5)
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where M (c,co) = M A(c co)/(Te x T'¢y). Note that the 0-dimensional components in
Ma(e, co) Xy My (co,¢ ) correspond to the ¢ -coefficients in

U, oWx(e Z#MA ¢, co) - #MA (co,c )

co

’

On the other hand, as T — 0, the 0-dimensional component of the moduli space
My, (To; ¢, ¢) gives the ¢ -coefficients in W,/ (c) = ZMA*A (e,c) - ¢ Becau,se
Uo<Ts<Tr M?\*A, (Ts; ¢, ¢) is the cobordism between MA A (05c,c ') and M?\*A, (Tr;¢,0),
so the assertion (3) follows by ruling out the reducible ©. Note that

dimM,y (¢, c0) = piy o (¢) —  Lm  py,(co) — dimDgy;

ne€AML—M0
dimMy (o, €)= Tim iy, (co) = (€): (7.6)
ne €A, Me—mno
By Proposition 5.1 and Proposition 5.2, we obtain

lim co) = lim co) = u(co).
ne€A,Ne—no Mnt( O) €A’ ,nr—mo Mnt( O) M( O)

So it satisfies the equations p,, , (c) — pu(co) =1 (co = ©) and pu(co) — piy, (¢ ) = 0. This is
impossible because of i, ,(¢) = p,, (¢'). If these spectral flows I,,.,(0;n0) are not fized
to be same, then the above argument becomes invalid.

(4) Let A;(i = 0,1) be a family of time-independent admissible perturbations which
connect up 7—1 and n;. Suppose that Ag and A; can be smoothly deformed from one
to another by a l-parameter family A, = {nf = (gf,’t,af),O <s<1, -1 <t<1}of
the same type of admissible perturbations. Set Ay = Ay for 0 < s < % and Ay, = Aq for
% < s < 1. Associated to this situation, there is a 1-parameter family of moduli spaces

denoted by HM(c,¢) = Ug<s<1Ma. (e, c),
HM(c,c) = {(®,5)|® € Mn,(c,¢),0< s <1} C BY 5(c,c) x [0,1],

where HM is the set of regular solutions of Seiberg-Witten equation with respect to %,
and is a smooth manifold with dimension p,_,(¢) — (C,) + 1. The codimension-one
boundary consists of

My, (e,¢) x {0} [T Mao(e.¢) x {13,

U(s co)MA (C CO) X Mm Co, C HU(S,W)Mn 1(C CO) X MA (COa )

Since My (¢, ¢o) and My (co, ¢ ) are solutions of the Seiberg-Witten equation with vir-
tual dimension —1, they can only occur for 0 < s < 1. The homomorphism H :
MC*(Y' 77,1) — MC.(Y;n) of degree +1 is defined by

ZZ#MA (c,co) - co, for ¢ € REy (Yyn-1),co € REE (Y, m).

Cco S
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That co is reducible is eliminated by the extra U(1)-symmetries in M,, (co,¢ ) and
M, (¢,c0) and I, (©;m0) = I, , (8;10). Summing up ¢ € R, (Y, 11), we have

W, (C) — Uy, (C) =Ho 877—1 (C) + 8771 o H(C)

Therefore Wp, and ¥y, are monopole chain homotopic to each other. O

So the monopole homology groups M H,.(Y';n+1) associated to two admissible pertur-
bation data are canonically isomorphic to each other whenever I, (©;n0) = I,_, (©;n0)
for the unique U(1)-reducible © on Y. Thus it is more appropriate to denote M H,(Y;n)
by MH.(Y;I,(©;n0)). For an integral homology 3-sphere Y, the monopole homology
can be extended to a function

MHgwr : {I,(©;n0) : 1 € Py} — {MH.(Y, I,(;m0)) : € Py }.
(Changing a reference 79 corresponds to the same homology groups with grading I . (©;m0)-
shift) This function M Hsw F is a topological invariant of the integral homology 3-sphere
Y, up to the degree-shifting of monopole homologies. Hence such a function M Hgw r may
be called a Seiberg-Witten-Floer theory, which is completely different from the instanton
Floer homology, but more related to the treatment in [16]. The set {I,(0;n0) : 7 € Py}

is the chamber-like structure for the monopole homology of integral homology 3-spheres
Y.

8. Relative Seiberg-Witten invariants

The Seiberg-Witten invariant (see [7, 32, 38]) has proved so useful and at least as
powerful as the Donaldson invariant in many cases, and is much easier to compute. In
this section we are going to extend the Seiberg-Witten invariant to the relative one on
smooth 4-manifolds with boundary integral homology 3-spheres. The “relative Seiberg-
Witten invariants” is no longer a topological invariant since it lies in a monopole homology
depending upon Riemannian metrics of integral homology 3-spheres. But the natural
pairing between “relative Seiberg-Witten invariants” does recover the Seiberg-Witten
invariant of closed smooth 4-manifolds.

Let X be a smooth 4-manifold with b; (X) > 0 and boundary Y (an integral homology
3-sphere). The collar of X can be identified with Y x [—1, 1], and the admissible pertur-
bation data on Y can be extended inside X as we did in §7. Fizing I,(©;no) should be
understood through this section.

Definition 8.1. For a smooth 4-manifold X with boundary Y (an integral homology
3-sphere), the 0-degree relative Seiberg-Witten invariant is defined by

ax,ym = Z #Mg((c) -,

cE€EREw (Yim)
where Ry (Y, n) is the set of all nondegenerate zeros of f,, with prescribed I,,(©;1n0).

By the index calculation and our convention p,(c) = SF(c, ©), we have

dim M (€) + iy () = dimMx () = 7(ex (" (L))? — (2 +30))(X) = ~ 1 (2 + 30)(X),
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since ¢i(L) = 0 for the integral homology 3-sphere Y. Thus ¢x,v,, is in the monopole
chain group with grading —%(2)( + 30)(X).

Proposition 8.2. For qx,y,, € MC,(Y,n) with ux = —1(2x + 30)(X) and a fized
class I,(©;n0), we have Oy o qx, v,y =0, i.e., gx,v,y is a monopole cycle in the sense of
§6.

Proof:
Oy oqxymle)= > Yo #M(e) #MY rlec) c.

cERGw (Yin) ¢/ R4 (Yom)

For both ¢ and ¢ irreducible (nondegenerate) zeros of f,), we take one-dimensional moduli
space Mk(c,) for fixed ¢'. Then we count the ends of the moduli space to conclude the
result. Again it is a technical point to avoid the reducible © entering the boundary
Mx(0) x Myxr(©,c). For the reducible ©, we have the dimension counting

dim{Mx(0) x My xr(O, C,)} =dimMx (©) + diml'g + dimMy «r (O, C,) >0+1+1=2.

So c cannot be the reducible ©, and Oy o ¢x,y,, = 0. Hence ¢x y,, is indeed a monopole
cycle. O

Let gx,v,n(g9x) be the relative Seiberg-Witten invariant with respect to the metric gx
and the admissible perturbation n € ’P;,. Now we show that the monopole homology
class [¢x,vy,n(g9x)] defined by Proposition 8.2 is independent of metrics gx with gx|y in
the fixed class of I,;(©; no).

Proposition 8.3. Let g}((l = 1,2) be two generic metrics on X with induced metric
gi generic such that I, (©;n9) = L, (©;n0) and n; = (g%, ;). Then there exist ¢ e
MC) 41 with px = —%(2x + 30)(X) such that we have

0x.van (9%) — ax.vm (9x) = 9(c).
In particular, [qgx,y,n,(9%)] = lax,v,m (9% )] as the monopole homology class in

MHMX (Y, Im (9? 770))'

Proof: Let {g%" Jo<i<1 be a family of metrics on X such that I,,,,, (©;79) is independent
of t with 41 = (9% |y, arg1) and M% (g5 )(¢) has virtual dimension 0 with respect
to c irreducible. Therefore {M% (g% ")(c)}o<i<1 is an one-dimensional moduli space of
Seiberg-Witten solutions on X. The corresponding codimension-one boundary in [0, 1] x

Bx (g5 ")(c) is given by
I{MK (95 ") ()} oe1) =

{0 x M (g5 (@] [H1} x M& (%) () T o > #([0,1] x M (gM)(e))).

/"'ﬂt+1 (C)fuﬂt+1 (C, ):71
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The number (dyc , c) is the algebraic number of ([0, 1] x M3 (g% ™)(c')). The ¢ cannot
be the reducible © by the fixed I,,, (©;n9) with the same argument as before. So

05,vin (93)(€) — ax,vm (9 ) (¢) = (Dv ¢, ).
Hence qx vy (g%)(i = 1,2) (as a monopole cycle) gives the same monopole homology
class. |
Note that orientation reversing from Y to —Y changes the grading from pu,(c) to
—1— py(c) (certainly does not change the solutions of the Seiberg-Witten equation on the
3-manifold), so there is a nature identification between MC\,, (Y,n) and CF_y_, (=Y,n).

Theorem 8.4. For a smooth 4-manifold X = Xo#v X1 with b3 (X;) > 0(i =0,1) and Y
an integral homology 3-sphere, the Seiberg- Witten invariant of the 4-manifold X is given
by the Kronecker pairing of M H.(Y; I;(0;10)) with MH_1_.(=Y; L,(©;m0)) for ax,,vn
and gx,,—v,; assume that the moduli space Mx does not split to Mx,(©) through the
stretching-neck process,

(,) : MH,.(Y;1,(©;m0)) x MH_1_.(=Y; 1,(©;m0)) = Z;  qsw(X) = (ax0,Y,m5 4X1,~Y,n)-

More precisely, gsw (Xo#y X1) = >, #M(}(my’n(c) . #M(}(hfy(—c), where I,,(©; o) is
fized. The invariant gsw (X) is independent of the choice of I,(©;no).

Proof: If Y admits a metric of positive scalar curvature, then the proof is given in
[31, 38] with I,,(©;79) = 0 the special case. The assumption implies that b3 (X) > 1. So
we can rule out the existence of reducible solutions on X by the standard method (see
[7, 15, 32, 38]). Note that

dim Mx,(¢) + dimT'. + dim Mx, (¢) = dim M x.

By the dimension equation and the assumption, we have the term #M(}(O’Y’n(c) H#ME, —vm
(—c) only with ¢ # ©. Then the 0-dimensional moduli space on X is obtained by gluing
the solutions on (X, Y’) with ones on (X1, —Y) along irreducible solutions of Ry, (Y, n).
Using the standard technique on stretching the neck (see [9, 15], similar to our glu-
ing construction in Theorem 6.6, one gets the equality gsw(X) = (¢x0, v, ¢x1,~V,n)-
Since gsw (X) is a topological invariant, so the pairing is independent of the choice of
1,(6; o). O
For higher degree relative Seiberg-Witten invariants, one can obtain the similar results
as in [16].
Remark: We believe that the assumption in Theorem 8.4 on the splitting through
Mx,y(0) and Mx, _y(0) can be removed. For b (X;) > 0(i = 0,1) and fixed
I,,(©,1n0) for the unique U(1)-reducible solution © at Y, the Seiberg-Witten invariant
of X = Xo#yX; should be zero as in the principle of the Donaldson invariant (see The-
orem B of [8] and its proof in §(iv) page 268 - 287 of [8]). One should be able to identify
the Seiberg-Witten invariant for this case from gluing Mx,(0©)(i = 0,1) to a sum of
Euler number of finitely many U(1)-bundles. The detailed proof of Theorem B in [§] is
quite involved, the similar details for the Seiberg-Witten invariant are expected (even for
Y = S the proof in [31] is quite long). We leave this for a future study.
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Computing the monopole homology is extremely complicated due to the Riemannian
metric, the harmonic spinor, the spectral flow and the solution of the first-order Dirac-
type nonlinear differential equation. Even for the 3-sphere, a complete calculation of the
function M Hgw  is very difficult at this moment. Understand the harmonic spinors on
$3 with a subfamily of Riemannian metrics (metrics are SU(2)-left invariant and U(1)-
right invariant) is already quite involved by the work of Hitchin [14]. On the other hand,
Theorem 8.4 gives us a flexibility to understand the Seiberg-Witten invariant of closed
smooth 4-manifolds through the relative ones with some preferred Riemannian metric(s)
on the integral homology 3-sphere.

Remark: The method we developed in this paper also can be extended to rational
homology 3-spheres with fixed spectral flows along all U(1)-reducible solutions of Seiberg-
Witten equation on the rational homology 3-sphere (see [16] for more detail).
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