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On Summand Sum and Summand Intersection

Property of Modules

Mustafa Alkan and Abdullah Harmanca

Abstract

R will be an associative ring with identity and modules M will be unital left
R—modules. In this work, extending modules and lifting modules with the SSP (or
SIP) are studied. A necessary and sufficient condition for a module M to have the
SSP is that for every decomposition M = A @® B and f € Hom(A, B), Im(f) is a
direct summand of B. Among others it is shown also that a (C5) module with the

SIP has the SSP, and a (D3) module with SSP has the SIP.
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Throughout this work all rings will be associative with identity and modules will be
unital left modules. Let R be a ring and M a module. N < M will mean N is submodule
of M. A submodule N of a module M is called small in M, denoted by N << M,
whenever for some submodule L of M, N + L = M implies L = M. A module M is said
to be small if M is small in its injective hull E(M). 0 # N < M is said to be an essential
submodule of M, denoted by N <.ss M, if for every 0 = L < M, NN L # 0. We write
N <4 M to abbreviate N is a (direct) summand of M.

We recall some definitions and properties as follows

(SSP) A module M has the summand sum property (SSP) if the sum of two direct

summands is a direct summand of M;

1991 AMS subject classification. 16D10,16D99.
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(C1) Every submodule of M is essential in a summand of M;

(C3) If a submodule A of M is isomorphic to a summand of M, then A is summand
of M; and

(Cs) If My and My are summands of M such that M; N Mz = 0 then M; @ Mo is a
summand of M.

A submodule N of M is said to be closed in M if there is no proper essential extension
of N in M and denoted by N <. M. Modules with C are called extending (or CS)-
modules. A module M is an extending module if and only if every closed submodule in
M is direct summand of M. A module M is called quasi-continuous if M has (C7) and
(C3), and continuous if M has (C1) and (C3). We then have

(Cs) = (C5), SSP = (C5) and continuous = quasi-continuous.

(SIP) An R—module M has the summand intersection property (SIP) if the intersec-
tion of two summands is again a summand, and M has the strong summand intersection
property (SSIP) if the intersection of any number of summands is again a summand.

Now recall the conditions (D;) dual of the conditions (C};)
respectively:

(D7) For every submodule A of a module M, there is a decomposition M = M; & My
such that M} < A and AN My << M.

(D2) If A < M such that M/A is isomorphic to a summand of M, then A is a
summand of M.

(D3) If A and B are summands of M with A+ B = M, then AN B is summand of
M.

Modules with (D;) are called lifting and modules with (D;) and (D3) are called
discrete, and modules with (D7) and (Dj3) are called quasi-discrete modules.

We have the implications (D2) = (D3), SIP = (Ds3), Discrete = Quasi-discrete.

Modules having the SSP and the SIP were motivated by the works of Kaplansky and
Fuchs. Kaplansky proves in his book [6] that if M is a free module over a principal ideal
domain R, then M has the SIP. And Fuchs suggested the following problem in his book
Infinite Abelian Groups.

Problem 9 Characterize the abelian groups in which the intersection of two direct

summands is again a summand.

132



ALKAN, HARMANCI

So arose naturally the problem of modules having SSP and their endomorphism rings
if they have the SSP or the SIP. Garcia studied this problem in [4] while Wilson studied
modules having SIP over Noetherian domains in [11].

In this note we study D;-modules (i = 1,2,3) with SIP and C;-modules (i = 1,2, 3)
with the SSP. We start with Example 1 below.

There exist modules with D, but have neither the SIP nor the SSP.

Example 1 Let F be a field and let R denote the following Ting:

a 0 0 O
b 0 0
R=/{ 4 ca,byx,y € F}
0 0 b O
0 0 =z a

We consider R as a left R-module. Then R satisfies (D2) since every projective
module satisfies (D3). We show that R does not have neither the SIP nor the SSP. Let

0 0 0 O 0 0 0 O

b 0 0 b 0 .

N ={ bz e F} and K = { :b,x € F} be left ideals

0 0 b O 0 0 b O
0 0 = O 0 0 = O

0 0 0 O

. . 0 0 0 O

of R. Then N and K are direct summands of R, and since NNK = { 00 0 0

0 0 =z O

x € F} is nilpotent the left ideal, N N K is not a direct summand of R. It is easy to

0 0 0 O
) v v 0 0 . .
check that the left ideal N + K = { 0 0 0 cu,v,z € F} is a proper essential
v
0 0 2z O

left ideal of R and so not a direct summand of R. Then R does not have the SSP.

We state and prove Lemma 2 for an easy reference.
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Lemma 2 [7] Let My be a simple module and Ms an uniserial module with composition
series 0 CU C M. Then M = My ® Ms is a lifting module.

Proof. Let L be a non-zero submodule of M. We show that there exists a submodule
K of M such that M = K @ K', K < L and L N K’ is small in K’ for some submodule
K" of M. If My N (L1 + Mz) =0 then L < Ms. Hence L is a small submodule or direct
summand of M. Suppose that My N (L+ M) # 0. Then My < L+ My and M = L+ Ms.
IfLNMy=Myor LNMy; =00r LNMy, =U and L N M; = M; we are done. As-
sume LNMs = U and LNM; = 0. Then U < L. Hence M = L&M;. Thus M has (D;). O

There are modules having the SSP and (D7) but not the SIP.

F F
Example 3 Let F be a field and R = ( P ) be the ring of upper triangular matrices
0

0

U=N@@&M. Then by [ 4, Remark on page 81] and Lemma 2, U has the SSP and (Dy)
but has not the SIP as left R-module.

0 F F F .
0verF,N=< F) and L = ( 0 o ) left ideals of R and M = R/L. Let

There are modules having the SIP but not the SSP.

F F
Example 4 Let F be a field and R = ( P ) be the ring of upper triangular matrices
0

0 F F F )
over F, N = <O F) cmsz(O 0 ) left ideals of R and M = R/L. Let

U=Na&M. Then by [4, Remark on page 81] the ring S = End U has the SIP on each
side but does mot have the SSP on the left.

Example 5 Let M denote the Z—module Z ® Z. Let N be a submodule of M. It is easy
to check that N is a direct summand of M if and only if N has the form N = Z(a,b)
for some integers a,b with the property that the greatest common divisor of a and b is 1.
Consider the submodules 7(2,3) and Z(3,2) of M. Then they are direct summands of M
and [Z(2,3)]N[Z(3,2)] =0, and it is clear that Z(2,3) ® Z(3,2) is not a direct summand
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of M. Hence M has not the SSP. Also, for any two distinct direct summands K and N
of M their intersection K N N is always zero. It follows that M has the SIP.

As an easy reference we record the following properties of modules with the SIP and
the SSP from [4, 11]

Proposition 6 (i) M has the SIP (resp. the SSP) if and only if for every pair of
summand S and T with w : M — S the projection map, the kernel of the restricted
map mp (resp. the image of the restricted map mp) is summand.

(ii)If M has the SIP (resp. the SSP) and S ®T is summand of M, then the kernel of
any homomorphism from S to T (resp. the image of any homomorphism from S to T) is

a summand.

Proposition 7 [3] The R-module M has the summand intersection property if and only
if for every decomposition M = A ® B and every homomorphism f from A to B, the

kernel of f is a direct summand.

One way of the following Theorem is given as an exercise 39.17 (3) (i) in [12] on page

339 and it is proved in [4]. We prove the other way.

Theorem 8 The R-module M has the summand sum property if and only if for every
decomposition M = A® B and every homomorphism f from A to B, the image of f is a

direct summand of B.

Proof. The necessity is proved in [4]. For the sufficiency assume that for every decom-
position M = A® B and every homomorphism f from A to B, the image of f is a direct
summand of B. Let N and K be direct summands of M and M = NN’ and M = KG K’
for some N’ < M and K’ < M. We prove N + K is direct summand. Let mx and 7y+ de-
note the projections of M onto K and N’, respectively. Let A denote mn/ (7 (IV)). Then
A= (N+K')N(N+K)NN' and, by assumption, A is a direct summand and M = A@L
for some L < M. Hence N' = A@® (N'NL). Then (N+ K)N[(N+K')Nn(N'NL)] =
(N+K)N(N+K)NN]|Nn(N'NL)=An(N'NL) =0. To show that N + K is
direct summand, it is enough to prove that M = (N + K) + [(N + K')N (N'NL)]. Since
A< N+K and A < N+K', the modular law and M = N&N’' = (N@A)®(N'NL) imply
N+K=(NoA)&[(N+K)N(N'NL)]and, N+ K' = (N®A) S [(N+K')N(N'NL)].
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Hence M =N+ K +K=(NoA)+[(N+K)N(N'NLD]+[(N+K)Nn(N'NnL)]C
(N+K)+[(N+K')Nn(N'NL)]. Thus N + K is direct summand and so M has the SSP O

We use Theorem 8 to prove the following Theorem 9 and 10 which are Exercises 39.17
(3)(ii) and (iii) in the book [12] on Page 339.

Theorem 9 Let R be a ring. The following are equivalent for R:

1. R is semisimple
2. Bvery R-module has the SSP

3. Every projective R-module has the SSP.
Proof. (1) = (2) = (3) is trivial. Assume that (3) holds. We show that R is

semisimple. Let K be a submodule of R. Choose a free module F' and an epimorphism 7
from F onto K. By assumption, the projective module F' & R has the SSP. Let ¢ denote
the injection map from K to R and f = ¢7 the homomorphism from F' to R. Then

Imf = K is a direct summand of R by Theorem 8. Hence R is semisimple ring. O

Theorem 10 A ring R is left hereditary if and only if every injective R-module has the
SSP.

Proof.  Suppose that R is a left hereditary ring. The every factor module of every
injective R-module is injective. Let M be an injective module which has a decomposition
M = A®B. Let f be a homomorphism from A to B. Then A is injective. By assumption,
Imf = A/Kerf is injective. Hence Imf is direct summand of B. Thus it follows from The-
orem 8 that M has the SSP. To prove the converse assume that every injective R-module
has the SSP. Let M be an injective module and N a submodule of M. By assumption
the injective hull E(M/N) of M/N and the injective module M & E(M/N) have the
SSP. Let ¢ denote the canonical mapping from M onto M/N and ¢ the injection of M/N
into E(M/N) and f the composition of ¢t¢. Then Imf = M/N. By Theorem 8, M/N is
direct summand of E(M/N). Hence M/N is injective. Thus R is a left hereditary ring. O
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Let N < M. Whenever N <.;s K < M implies N = K, N is called (essentially)
closed in M and we denote by N <. M. A module M is said to be a polyform module if
for every K < M and f € Hom(K, M) Kerf <. K (see [2, 12]).

Lemma 11 Let M be an extending polyform module. Then M has the SIP.

Proof. Let M be an extending polyform module, and let M = A® B be a decomposi-
tion of M and f € Hom(A, B). Being M polyform, Ker(f) is closed in K. Then Ker(f)
is direct summand as a closed submodule of an extending module M. Hence M has the
SIP. O

A module M is said to be copolyform if for B < A < M and A/B << M/B implies
Hom(M/B,A/Y) =0 for B<Y < A (see [5]).

Lemma 12 Let M be a lifting coplyform module. Then M has the SSP.

Proof. Let M be lifting coplyform module, and let A and B be direct summands of
M and 7 projection from M onto A. Let K denote the image 7 g(B) of the restric-
tion of m to B. Since A is lifting module as a direct summand of M, there exists a
decomposition A = Ky @ K5 such that K1 < K and K N Ky << K3. Then K N Ky is
also small in A and M and K = K; & (K N K3). Hence we have a mapping from M
onto KNK,. Since M is coplyform, KN Ky = 0 and so K = K is direct summand of A.0

We consider the following conditions for a module M.
IfMl Sd M, M2 SdMWIth M1 +M2 Sess M, then M1 +M2=M ....... (*)
If My <q M, My <4 M with M; N My << M, then My "My =0 ....... (**)

Lemma 13 Let M be a module. If M satisfies () (or (xx)) then each direct summand
of M satisfies (%) (or (xx)).

Proof.  Assume that the module M satisfies (*). Let A be a direct summand such
that M = A® B for some B < M and A; and Ay summands of A with A7 + Ay <4 A.
Then As + B and A; are direct summands of M and A; + (A2 + B) <.ss M. Hence
A1+ (A2 4+ B) = M and so A; + A2 = A. The remaining is proved dually. O
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Proposition 14 Let M be an extending module.
1. M has the SSP.
2. M satisfies (x).

3. For any two direct summands My and Ms of M and for each homomorphism f
from Mj to Mo with Imf <..s Mo, Imf = Ms.

Then (1) <> (2) and (3) = (1).
Proof. (1) = (2) Clear.

(2) = (1). Assume that M satisfies (x) and let My and My be direct summands of
M. We prove that M; + M, is direct summand. Being M extending module there exists
a direct summand A of M such that M; + Ms is essential in A and M = A @ B for some
submodule B in M. By Lemma 13 A = My + Ms.

(3) = (1). Assume that M = A @ B is a decomposition with a homomorphism f
from A to B. We show that f(A) is a direct summand of B. f(A) is either summand of
B or contained essentially in a closed submodule C'.

If f(A) is a direct summand of B, there is nothing to prove in this case. Assume that
f(A) is contained essentially in a closed submodule C' of B. By hypothesis C is direct
summand of M and so is that of B, and then B = C & C’ for some C’ < B. Define the
homomorphism f @ 1 from A® C’ to B by (f & 1)(a+ ¢') = f(a) + ¢ where a € A and
¢ €C'. Then Im(f ®1) = f(A) B C’ is essential in C & C’. By (3) f @1 is epimorphism
and so f(A) = C. Therefore, (A) is direct summand. O

Note that in Proposition 14 (1) => (3) is not true in general. In fact let M denote the
Z—module Z and M1 = My = M. It is known that M is an extending module and has the
SSP. Consider f as the map defined by f(n) = 2n for n € M. Then Imf = Z2 < .45 M>
and Imf # M.

Proposition 15 Let M be a lifting module. Then
1. M has the SIP.

2. M satisfies ().
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3. For any two direct summands My and Ms of M and for each homomorphism f

from My to My with Ker(f) << My, Ker(f) =0.

Then (1) <> (2) and (3) = (1).

Proof. (1) = (2). It is trivial.

(2) = (1). Assume that M satisfies (xx). Let M; and Ms be direct summands of
M. We prove M; N M, is also a direct summand. We separate two cases:

If My N My is small in M then by (xx) My N My = 0.

Suppose that M7 N Ms is not small in M. Being M lifting module there exists a direct
summand A of M such that A < My N My, M = A® B and (Mi N M) N B << B
for some B < M. Then (Mi N M;)NB << M, MiNB <4 B, MoN B <4 B and
(MiNB)N(M2NB) << B. By Lemma 13, (M;NB)N(M2NB) = 0. Hence M;NM; = A.

(3) = (1). To prove M has the SIP we use Proposition 7 and assume that M has
the decomposition M = A @& B and a homomorphism f from A to B. We show that
Ker(f) is a direct summand. Now we have two cases:

(i) If Ker(f) << A, then by hypothesis we have Ker(f) = 0.

(ii) Assume that Ker(f) is not small in A. Being M lifting module there exists
C < Ker(f) such that A = C @ C’ and C' NKer(f) << A. Now we define the homomor-
phismlaf: A=C®C' - C®Bby (1®f)(c+)=c+ f(c) where c € C and ¢/ € C".
Then Ker(1 @ f) = C’ N Ker(f). Since Ker(1 @ f) << A, we have Ker(1® f) = 0. On
the other hand, Ker(f) = C @ (C' NKer(f)) = C is a summand of A. This gives that M
has the SIP. O

Note that the implication (1) = (3) in Proposition 15 is not valid in general. Let M
denote the Z-module Z,~ and M; = My = M. It is known that M is a lifting module
and has the SIP. Let K be a proper submodule of M. Then M/K = M. Consider 7
as the canonical map from M onto M/K defined by w(m) = m + K for m € M;. Let
g denote the isomorphism M/K = M and set f = gr. Then Ker(f) is small in M and
non-zero submodule of M.

Let M be a module. It is well known that for any submodule N of M there exists
a closed submodule K such that N <., K and K is called a closure of N in M. The

module M is called UC-module in case every submodule of M has a unique closure ( see
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[7]). For B < A < M, B is said to be coessential submodule of A or A is coessential
extension of B if A/B << M/B. A is said to be coclosed in M if A has no coessential
submodule in M. Let B < A < M. Then B is called a coclosure of A in M if B is
coclosed in M and B is coessential in A. Suppose that every submodule A of M has a
coessential submodule A*¢ which is contained in every coessential submodule of A in M.
We call M a unique coclosure module or UCC-module. Recall that a submodule A of M
is said to lie over a direct summand B if M has a decomposition M = B & C, such that
B < Aand A/B << M/B. Tt is known that a module M is a UCC-module if and only
if every submodule of M lies over a unique direct summand. In this direction Lemma 16

is proved in [4].

Lemma 16 [4] Let M be a lifting module. Then M has SSP if and only if M is UCC-

module.

We state Lemma 17 as a dual to Lemma 16 and a generalization of an exercise
mentioned in Anderson-Fuller’s book (page 214, exercise 7). Note that Lemma 17 is

also generalizes Proposition 4 of [11].

Lemma 17 Let M be an extending module. Then the following are equivalent:
1. M is UC-module.
2. M has the SIP.

3. M has the SSIP.

Proof. (1) = (2) Let M be a UC-module. Let N and K be direct summands of M.
Then N N K is closed in M by Lemma 6 in [10]. By hypothesis NN K <; M.

(2) = (1) Assume that M has the SIP. Let N < M. Suppose that there are K < M
and L < M such that N <, K <. M and N <. L <. M. We prove K = L. By
hypothesis K <4 M and L <4 M and by (2) (KNL)®T = M for some T < M. Hence
K=(KnNnL)®&(KNT). Since N <, Kand NN(KNT) =0, KNT = 0. Hence
K = K N L. Similarly, it is shown that L = K N L. Therefore K = KN L = L.

(3) = (2). Clear.

(1) = (3). Assume that M is UC-module and let K;(i € I) be direct summands of
M. Then every K; for i € I is closed, and so by assumption and Lemma 8 (9) in [10]
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. . . . .
(Nics Ki is closed in M. By hypothesis
proof. O

ier Ki is a direct summand. It completes the

Proposition 18 Let M be a quasi-continuous module. The following are equivalent:

1. M has the SSIP.
2. M has the SIP.
3. E(M) has the SIP.

4. E(M) has the SSIP.

Proof. (1)< (2) and (3) < (4) clear from Lemma 17.

(3) = (2) Suppose E(M) has the SIP. Let A and B be direct summands of M. Then
there exist A’ and B’ such that M = A@® A’ and M = B & B’. Then we have that
E(M) = E(A) @ L and E(M) = E(B) @ L for some submodules L and L’ of E(M).
Since E(M) has the SIP, E(M) = [E(A) N E(B)] @ K for some K < E(M). Therefore,
M = [(E(A)NE(B))NM]&(KNM) by [8, Theorem 2.8]. Now A <, E(A) and B <. E(B)
imply A <. E(A)NM and B <. E(B)NM, and since E(A)NM =A@ (E(A)NnM)N A’
and E(B)NM = B&(E(B)NM)NB' it follows that A = E(A)NM and B = E(B)NM.
Hence AN B = E(A)NE(B)N M is a direct summand of M.

(2) = (3) Assume M has the SIP and let A and B be direct summands of E(M)
and E(M) =A@ A’ and E(M) = B® B’ for some A’ < E(M) and B’ < E(M) and
A =E(A) and B = E(B). By [8, Theorem 2.8] AN M and BN M are direct summands
of M. By assumption AN BN M is direct summand of M, and so (ANBNM)®dL =M
for some L < M. Since ANM <, Aand BNM <, BANBNM <, An B. Hence
E(M)=EANBNM)&E(L) = E(ANB)®E(L). Therefore, A= E(ANB)®(E(L)NA)
and B = E(ANB) ® (E(L) N B). Then E(ANB) < AN B < E(AN B) implies
AN B=E(ANB) is a direct summand of E(M). O

It is proved in [4] that a quasi-injective (resp. quasi-projective) module with the SIP
(resp. the SSP) has the SSP (resp. the SIP). In this direction, we prove the following

Lemma.
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Lemma 19 Let M be a module.
1. Let M be a (C3) module. If M has the SIP then M has the SSP.

2. Let M be a (Ds3) module. If M has the SSP then M has the SIP.

Proof. (1). Let M be a (C3) module. Assume M has the SIP. Let N and T be
a direct summands of M. We show that N + T is direct summand of M. Since M
has the SIP then there exists L < M such that (NNT)@® L = M. By modularity
law, we get that N = (NNT)@® (LNN)and T = (NNT)@ (LNT). Then we have
N+T = (NNT)+[(LNN)®(LNT)]. Next we prove that (NNT)N[(LNN)&(LNT)] = 0.
For if, x € (NNT)N[(LNN @& (LNT)], then & = ny + ny where n; € LN N and
ng € LNT. Wehaveng =z —ny € [([NNT)+(LNN)IN(LNT)< NN(LNT)=0.
Hence ng =0and x =n;. Nowz=n; € (NNT)N(LNN)=NNTNL=0. Thus
N+T=(NnT)®(LNN)®(LNT)=Ta& (LNN). Since M has the SIP and L,
N are direct summands then L N N is a direct summand and so by (Cj) it follows that
N+T=Ta&(LNN) is a direct summand of M. Thus M has the SSP.

(2). Let M be a (D3) module. Assume M has the SSP. Let X and Y be di-
rect summands of M. We prove that X NY is a direct summand of M. Since M
has the SSP then X + Y is a direct summand, and so there exists Z < M such that
M=(X+4+Y)® Z. Since X, Y and Z are direct summands and M has the SSP then
X+ Z and Y + Z are direct summands, and since M is (D3) and M = (X +2)+ (Y + Z)
then (X + Z) N (Y 4+ Z) is direct summand, and so there exists U < M such that
M=[(X+Z2)NnY+2)]eU. Now X+2)NnY +Z)=XNY +2)+ Z and
XNY+2)<XnYand M =[(X+2)N Y +2)@U imply M =(XNY)eZaU. O

Corollary 20 Let M be a module having the SIP. Then M is (Cs) module if and only
if M has the SSP.

Proof. Let M be a module having the SIP. Assume that M is (C3) module. Then by
Lemma 19 M has the SSP. The converse is clear since every module having the SSP is a
(C3) module. O
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Note that the converse statements (1) and (2) in Lemma 19 need not be true in
general. There are (C3) modules with the SSP but not the SIP. Namely the module in
Example 3 is a module having the SSP and therefore (C5) but does not have the SIP.

There are (D3) modules having the SIP but not the SSP.

K 0 K
Example 21 Let K be a field and M denote the left R-module R = 0 K 0
0 O

=

Let e;; denote the matriz units in R. Then it is easy to check that A = R(e11 + e13),
B = Regs, A®B, C = R(e11+e€22), D = R(e1z+e22+es3), E = R(eiz+es3), F = Reny
and G = R(e11 + e33) are only direct summands of M and their intersections are also
direct summands and A® B & F is an essential submodule of M. Then M has the SIP.
Also M has (D3) as a projective module over R. Now ANC =0 and A&C = A®B&®F

18 not a direct summand. Hence M does not have the SSP.

It is proved in [4] that for any ring R and any module M, M has the SSP and the SIP
if and only if S = EndM has the SSP. Now we prove Theorem 22 that also generalizes
Corollary 2.4 in [4].

Theorem 22 Let M be a module. Then
1. If M has (D3) then M has the SSP if and only if S = EndM has the SSP.

2. If M has (C3) then M has the SIP if and only if S = EndM has the SSP.

Proof. (i) Assume S has the SSP. Then M has the SSP and SIP.

Assume M has the SSP. Since M has (D3) then by lemma 19, M has the SIP. Then
S has the SSP.

(ii)Assume M has the SIP. Then by lemma 19, M has the SSP and so M has the SIP
and SSP implies S has the SSP.

Assume S has the SSP. Then M has the SSP and SIP by [4,Theorem 2.3]. O

Let M be a module. The submodule Z(M) = {m € M : l(m) <¢ss M} is called

singular submodule of M. In case Z(M) = 0, M is called nonsingular module.
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Corollary 23 Assume M is nonsingular quasi-continuous module with S = End(M).
Then S has the SSP as a right S-module.

Proof. Let M be a nonsingular quasi-continuous module with a decomposition
M = A® B and f € Hom(A, B). Since Z(M) = 0 it is easy to prove that Ker(f)
is closed in M. Hence Ker(f) is direct summand of M since M is an extending module.
By Proposition 7 M has the SIP, and by Lemma 19, M has the SSP. Then from [4,
Theorem 2.3], S has the SSP as a right S-module. O

Let M be a module. Let N << M. Then N is a small module, that is N is small
submodule of E(N) and also E(M). In the subsequent Z*(M) will denote the submodule
{m e M : Rm << E(M)} of M(see [9]).

Corollary 24 Let M be a quasi-discrete module with Z*(M) = 0 and S = End(M).
Then S has the SIP as a right S-module.

Proof. Let M be a quasi-discrete module and assume Z*(M) =0 and A a submodule
of M. Then there exists a direct summand B such that M = B @ B’ with B < A and
AN B issmall in M, and hence AN B < Z*(M) = 0. It follows that A = B and A
is direct summand. Thus M is semisimple module and so M has the SIP and the SSP.
By [12, 37.7] S is regular ring in the sense of von Neumann. Let I = eS and I’ = fS be
right ideals of S that are direct summands of S for some idempotents e and f of S. Then
eM N fM is direct summand of M as M has the SIP. If « is the orthogonal projection
of M on eM N fM then it is easy to check that a.S =eS N fS. Thus eS N fS is a direct

summand of S. O

Lemma 25 Let R be a commutative Noetherian ring and M = My & My with indecom-
posable submodules My and M. Assume that M has the (C3) and the SIP, then

1. Hom(Ml,Mg) =0 or

2. My is isomorphic to My and there is some prime ideal A < R with ann(xz) = A for

every nonzero x € M.
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Proof. Take 0 # f € Hom(My, Ms). Since Ker(f) is a direct summand of M; we have
Ker(f) = 0. Similarly Imf is direct summand of My since My & M, has the SSP. Hence
f is onto and so M is isomorphic to Ms.

It remains to show the conditions on annihilators. Let x,y € M; be nonzero and assume
that there is @ in ann(z) but a is not in ann(y). Define g : My — My by g(m) = f(am)
for m € My. Then z € Ker(g) and y is not in Ker(g). Hence Ker(g) # 0 and g # 0.
This is a contradiction. Hence a € ann(x) implies a € ann(y) or ann(xz) = ann(y). Then

ann(z) is prime follows from [6, Theorem 6]. O

Theorem 26 Let M have a decomposition M = My ® My with My local module and Mo

simple module.
1. Assume Hom(My, M3) # 0. Then M has not the SIP.

2. Assume Hom(Ma, M) # 0. Then M has not the SSP.

Proof. (1). Assume that M = M; @ M, has the SIP. Let f € Hom(My, M3) be
a nonzero homomorphism. Then Ker(f) # 0. Since M has the SIP, by Proposition 7
Ker(f) is a direct summand of M;. This gives a contradiction. Therefore, M have not
the SIP.

(2). Suppose that M = My & M; has the SSP. Let f € Hom(Maz, M7) be a nonzero
homomorphism. Then Imf # M;j. Since M has the SSP, by Theorem 8 Imf is a direct
summand of M;. This is not possible. It follows that M has not the SSP. O

Corollary 27 Let M have a decomposition M = My & My with My uniserial module

and My simple module.
1. Assume Hom(My, M3) # 0. Then M has not the SIP.

2. Assume Hom(Ma, My) # 0. Then M has not the SSP.

Proof. Clear. O

The following example is known. We study here as an illustration of Theorem 26.
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Example 28 Let p be a prime integer. Let My = Z/Zp? and My = Z/Zp be Z—modules
and M = My @& My. Then M has neither the SIP nor the SSP.

Proof. Let f: M; — My be defined by f(x + Zp?) = y + Zp where z + Zp? € M; and
y + Zp € My and y is the remainder when z is divided by p. Then Ker(f) = M;p which
is not a direct summand of M;. Hence M has not the SIP. Let f : My — M; be defined
by f(z + Zp) = px + Zp? where x + Zp € Ma. Then Im(f) = M;p which is not a direct
summand. Hence M has not the SSP. O

Theorem 29 Let M be a module with S = End(M).

1. If M is (C3)-module then M @& M has the SIP if and only if S is reqular ring.

2. If M is (D3)-module then M @& M has the SSP if and only if S is regular ring.

Proof. (1). Let M be (Cz)-module. Necessity: Assume that the module M & M has
the SIP. Let f € S. Then f is a homomorphism from a direct summand of M & M to a
direct summand of M @& M. By assumption and Proposition 7, Ker(f) is direct summand
of M. Then Im(f) is isomorphic to a direct summand of M. By (C2), Im(f) is direct
summand of M. Thus S is a regular ring from [12, 37.7]. Sufficiency: Suppose that
S = End(M) is a regular ring. By [12, 37.9 (c¢)], End(M & M) is also regular ring as a
2 x 2 matrix ring over the regular ring S, and so Ker(f) of every f € End(M @& M) is a
direct summand of M & M. Hence M & M has the SIP by Proposition 7. Thus M has
the SIP as a direct summand of M & M.

(2). Let the module M has (Dz). Necessity: Assume now that M & M has the SSP.
Let f € S. By assumption and by Propsition 8, Im(f) is a direct summand of M. Since
Im(f) = M/Ker(f) and M has the (Ds), Ker(f) is a direct summand of M. By [12,
37.7) S is a regular ring. The proof of sufficiency of (2) is proved in the same way as the

sufficiency of (1). This completes the proof. O
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