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Remarks on Bounded Operators in Kothe Spaces

P. Djakov, T. Terzioglu, M. Yurdakul,V. Zahariuta

Abstract

We prove that if A(A4), \(B) and A(C) are Kothe spaces such that L(A(A), A(B))
and L(A(C),\(A)) consist of bounded operators then each operator acting on A(A)
that factors over A(B)®,A(C) is bounded.

If X and Y are topological vector spaces then a linear operator T': X — Y is bounded
if there exists a neighborhood of zero U in X such that T'(U) is a bounded set in Y. We
write (X,Y) € B if each continuous linear operator from X into Y is bounded. As in [2]
we say that a pair (X,Y) has the bounded factorization property and write (X,Y) € BF
if each linear continuous operator T': X — X that factors over Y (i.e. T = S1.52, where
S2: X — Y and Sy : Y — X are linear continuous operators) is bounded. There is still
no general characterization of pairs of Fréchet spaces with BF property (see Question 1
in [2]).

First, let us note some obvious properties of the relation BF:

(i) if EC X and F C Y are, respectively, complemented subspaces of X and Y, then
(X,Y) € BF implies (E,F) € BF;

(i) if (X,Y) e B and (Z,X) € Bthen (X,Y x Z) € BF.

In [2] we used the second property in order to construct non-trivial examples of pairs of
Fréchet spaces with BF property.
Our aim here is to prove that if X,Y,Z are Kothe spaces such that (X,Y) € B
and (Z,X) € B then (X,Y®,Z) € BF (Theorem 3). Our approach is based on a
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characterization of pairs of Kéthe spaces with property B ([4], Theorem 3.3; see also [1]
and Proposition 1 below), which is a modification of Vogt’s result [9], Satz 1.5, where
lo-Kothe space A\°°(B) is considered instead of A\(B). Here we provide a direct proof
of Proposition 1 in the spirit of [9] as suggested in [4]. The proof in [1] was based on
a characterization of B in terms of quasi-diagonal operators obtained in ([3, 8, 1]). We
observe (using an argument from [1]) that the quasi-diagonal characterization of B itself
can be obtained as a consequence of Proposition 1.

Let I be a countable set, and let A = (aip)ic1,pen be a matrix of real numbers such
that 0 < a;p < a;p11. A Kothe space A(A) is the space of all sequences x = (x;) of real
(or complex) numbers such that [|z][, = >, 1 |ziaip, < oo Vp € N; regarded with the
system of seminorms ||z|,, p € N it is a Fréchet space. As usual, we denote the canonical
basis of A(A) by (e;)ier.

An operator T : A(A) — A\(B) is called quasi-diagonal if there exist a map m : i — m(i)
and a sequence of numbers (t;) such that T'(e;) = tiep@), Vi € L.

If X and Y are locally convex spaces we denote by X®,Y the completion of their
projective tensor product. In case X = A(A),A = (ajp)ipey and Y = A(B),B =
(bjp)ipen the space X®,Y is naturally isomorphic to the space A\(C), C = (Cup), Cop =
aipbjp, v = (1,7) € I=Nx N (e.g. [10]).

We use the following notation for the operator seminorms of a linear operator T

between Fréchet spaces X and Y (which may take as a value co):
T]p,q = sup {[ Tl : [l2]lq < 1}

Recall that the operator T is continuous if and only if there is a map 7w : N — N such
that
Tlpmp) <00, pEN,

while T is bounded if and only if there is r such that
|T|gr < o0, g€N.

We refer to [5, 6, 7] for terminology used, but not defined here.

Proposition 1 (/9, 4]) If N(A), A = (aip) and A\(B), B = (b,q) are Kéthe spaces then
(MA),\(B)) € B if and only if for each 7 : N — N there is k € N such that for each
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r € N there are qo € N and M > 0 such that

bﬁSM max { brg } (1)

ik 1<q9<qo0 | Qirn(q)
holds for all i, v.

Proof. The necessity part follows from [9], Satz 1.1, if applied to the set of all
bug

Gin(q)

To prove that (1) is sufficient we fix an operator T € L(A(A),A(B)), find 7(q)

. . L . / _
one-dimensional operators 1" := e, ®e}, since |e,®e€]|q x(q) =

&)
from the continuity of T" and choose k as in (1). If Te; = > uy e, then |T|q ) =
v=1

& b
sup{z |y, ;| —2 } < 00 . Now,

ieN (v=1 Air(q)
) (£ sl 22 b <0t sup & sl max {201
= su Uy == su uyi| max
K ip = ag | T ip = 1650 Gir(q)
0 90 byq 490 ) byq
< Msup Y |upil > ——p <M ) sup { > luwil }
i |v=1 q=1 Gixn(q) g=1 i \v=1 Qir(q)

q0
> MIT|qn(q) < o0
q:

This means T is bounded.
The following result generalizes the corresponding fact for nuclear spaces ([3, 8]); it
is obtained in [1], and used there to prove Proposition 1. Now we observe (using an

argument from ([1])) that it can be obtained as a corollary of Proposition 1.

Corollary 2 A pair of Kithe spaces A(A) and A(B) has the property B if and only if

each continuous quasi-diagonal operator from A(A) into A\(B) is bounded.

Proof. Obviously it is enough to prove that if (1) fails then there exists a continuous
unbounded quasi-diagonal operator from A(A) into A(B).
Suppose (1) fails; then there exists a map ¢ — 7(¢) such that

b, b,
Vk3ryVYneN3Ji,, v, : —% >p max nd

@ik 1=q<n @i, n(q)

)
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where the sequences (i) = (in(k)) and (v,) = (vn(k)) depend on k.

There exist new sequences (for convenience we use the same notations (i,) and (v,,))
such that the sequence (i,,) is strictly increasing and for each k there exists a subsequence
(nj) with in; = in,(k), vn, = vn,(k), Vj. Indeed, let N = U;N;, be a representation of N
as a sum of disjoint infinite subsets. Choose one after another elements 4, = i, (s) and
Vp = Vi, (8) for n € N so that 4, > 1.

Consider a quasi-diagonal operator T : K(a) — K(b) defined by
Te; =0 for @# iy, Te;, =tnéy,,

where

_ by,
tnl = max nd
1=q<n @i, n(q)

By the choice of constants t,, the operator T is continuous. On the other hand for each

k there exists 7 such that for some subsequence (n;) we have

tnjbunjrk/ainjk > ny,

hence the operator 7' is unbounded.

Theorem 3 Suppose A = (anp), B = (big) and C = (c;q) are Kéthe matrices and
A(A),\(B) and AC) are the corresponding Kéthe spaces. If (MA),\(B)) € B and
(A(C), M(A)) € B then (A(A), \(B)®:\(C)) € BF.

Proof. The tensor product A\(B)®,A(C) is isomorphic to the Kothe space generated
by the matrix D = (b;q¢;q); we denote the elements of the canonical basis of A(D) by e;;,
then |e;jlq = bigCiq-

Let T : A(A) — A(D) and S : A(D) — A(A) be arbitrary continuous operators, and let
(T}7), (Sj}) be their matrix representations, that is Te,, = Y, T/ e;, Seij = 3, , Sitem.
In order to prove the theorem we show that the composition ST : A(A4) — A(A) is a
bounded operator.

Since the operator S is continuous there is a map 7 : N — N such that

Z |Sf;|amp < Cp biw(p)Cjw(p), (Z,j) e N? (2)
m
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holds with some constant C,, p € N.
Since (M(C), A(A)) € B, by Proposition 1 there is [ such that for every r € N there
exist pp € N and M > 0 such that

dmr < M max {amp } (3)

Cjl 1<p<po | Cjn(p)
holds for all m, j.
Since the operator T is continuous there exists a map o : N — N such that

Z T3 |big cjq < C~1<1“ﬂt7(<1)a neN (4)

ij
holds for any ¢ € N with some constant C’q > 0. Without loss of generality we can assume
that the above inequality remains true if c;4 is replaced by c;; since the map o and the
constant C' may be chosen so that ¢(q) = o(l) and C’q = ( for ¢ < I. Now, again by
Proposition 1, the relation (A(A), A(B)) € B implies that for the map o there is k € N
such that for every s € N there are gy € N and M; > 0 such that

bis < M; max {bz#}, i,m € N. (5)

Qnk 1<9<q0 | Qno(q)

Let R = ST, then Re,, = > (Z T}'LjS{’J?> em. By (3),(2), we have

m ij

. . a
IReals < S5 [T9S2 | ame < S5 |159] 52| M max { mp }cﬂ
m ij m ij I=p=po ( Cjn(p)
Po .
< MY Z |T%J|Cp bin(p) Ciil-

p=1 1ij

Now, by (5) with s = 7(p), we get

Po . b;
Re < M C T My(m(p max { a }a kCil
” nHT p;1 pizj| "| 1( ( ))lﬁqﬁqo(ﬂp)) Ano(q) e
Do 90 (m(p)) 1 big
< MY CM(n(p) X X|TY| AnkCjl-
p=1 =1 ij Ano(q)
Finally, applying (4) with ¢;; instead of ¢;4, we have
Po q(m(p)
[Renlr < MZCle(ﬂ'(p)) Z Cq| ank = D ank,
p=1 q=1
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i.e. |R|k,» < D, which means that the operator R is bounded. The theorem is proved.

(1]

2l

3]

(7l

(8]

(9]

(10]
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