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n—Commutator Groups

A. A. Mehrvarz and K. Azizi

Abstract

A sufficient condition such that any element of G’ (the commutator subgroup of
G) can be represented as a product of n commutators, was studied in [1]. In this

article we study a necessary and sufficient condition such that any element of G’
can be represented as a product of n commutators, Let n be the smallest nature
number such that any element of finite group G can be represented as a product
of n commutators. A group G with this property will be called an n-commutator

group, and n will be denoted by ¢(G). Then % < 2¢(@G). In particular, if

the all elements of G’ can be represented as a commutator, then |G'| < |G : Z(G)|?.
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1. Introduction

Let G be a finite group and G’ be the commutator subgroup of G. Also, let Irr(G) be
the set of all complex irreducible characters of G and Lin(G) = {x € Irr(G)|x(1) = 1},
Irri(G) = Irr(G) — Lin(G). We suppose that if x € Irr(G), then T(x) = {g € G|x(g) =
0}.

Definition 1. Let n be a natural number. Then a finite group G is called an n-
commutator group if any element of G’ can be represented as a product of n commutators,

and no natural number fewer than n have this property. We then denote n by ¢(G). <

1Correspondence should be addressed to mehrvarz@tabrizu.ac.ir.
2This research is supported by the Research Institute for Fundamental Sciences, Tabriz, Iran.
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2. Generalities

Lemma 1. Let x be an irreducible character of G. Then, for any g and x in G,

S x(lt ) = 12y (go)x@).

= x(1)
Proof. Let k; be the class sum for an element s € G. Then
G:C
b= G Calll g e
IS e

We extend the character y by linearity to € G and define a function

wy: Z(CG) — C

for any z € Z(€G). Then it is clear that w, is a homomorphism of Z(€'G). Since

_ 16 Cals)|

wxlks) x(1)

x(8),

it follows that for any u,z € G,

_ |G : Ca(u)||G : Ca(z)|

wy (kuks) = wy(ku)wy (ks) ()2 x(u)x(z).
Setting tgtl_l =t, we get
wy(kuks) = x(:zlilf)w)
= lG:CGS(?)l‘gigc(x)l Ztl,thG X(“xm;l)

G:C G:Cq(x
e

which, together with (2), yields

S xurt) = 1Ly (w)x(@).

2 =5
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Replacing = by ! in (4) and observing that

x(u(e™)") = x(ult, 2]a™h) = x(z " ult, z]),
we have

S xa ult, o) = Sy ()X (@),

Py x(1)

Taking into account that x(zg) = x(gz) and replacing = u by g in the last equality, we
get the required relation. O

Lemma 2. Let x be an irreducible character of G. Then any element g € G and
T1,T2," " ,Tn EG)

Zt17t27... tn€G X(g[tla .731] [tQa .732] T [tm xn])
(5)

= (h)mxgmizs XX @) x(@).

Proof. For n =1, the result is true by Lemma 1. Suppose that the lemma is valid for
any k < n. Then for any g, x1, %2, - ,Tpn—1 € G we have

Zt17t27... tn_1E€G X(g[tla -771] [tQ; -772] T [tn—la xn—l])

x(1)

= (L) x(gmima -z )x(@)x(@2) - X(@n-1).
By Lemma 1,
Ztl,tz,m tn€G x(glt1, za][te, zo] - - [tn, zn))

= YtitaretnreG 2ot Xl 2] [t2, 22] -+ - [t -1, @] [tn, 7n])

G
= St rca X (gltn, @[t w2) - [t 1, 1)) X (@)

G
% Dtritoe tnrec X(@ngltt, m1][t2, x2] - - [tn—1, n_1])x(Tn).

By induction,

Zt17t27... tn_1€G X($ng[t1, .731] [tQ’ .732] T [tn—la J?n_l])

G _
= Ga)

X(TngT122 -+ Tpo1)X(T1)X(72) - - X(Tn-1),
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so that

Ztht%... tn€G X(g[tla xl] [tQa xQ] T [tn’ xn])

= (Ghyny(garas - )X @)X (@) - X(@n)-

Lemma 3. Let x be an irreducible character of G. Then

a) For any natural number n and g € G

glg;;:gX(gl)X(gQ) oxlgn) = (%)"_lx(g).
b) For any g € G,
T = ﬁ 2n
t; xze G Xlgltr, zafta, @2l - fbns 2nl) = (C775)7"x(9).

ie{1,2,...,n}

Proof. a) The element
x(1 s
ex = ﬁ > x(9)g
geG

is an idempotent of the algebra Z(€'G). Since €} = ey, it follows that

. -
% > gec X(9)g

= H?=1(% Zg%ec myi)

= W)Y X)) (gaggn

= (D)"Y e (X g0 g X(9)X(92) - X(gn))9-

Comparing the coefficients of g in the first and the last expressions, we get the required

result.
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b) Summing up equations (5) over x1,x2, - ,z, € G we get

Dot mec X(gltn, wi[te, mo] - - [tn, v,]) =

(55" X s wmeq X912 )X (27 (g ) - x(ayt) = (7)

(S an e X912 w)X (@ Xy ) -+ x (o )"

Put

—1 —1
UL = gx1 - Tn, ’ngzxn ottty un+1=x1 .

Then uy - - up+1 = g, and the last expression in (7) can be rewritten as

Gl

(x(l)

)Y x(un)x(uz) X (unta),

U1t =g
and hence, by part (a), it is equal to

|G| 2n
(m) x(9),

as required. O

Theorem 1. Let G be a finite group. Then G is an n-commutator group if and only if

RISy # (®)

x€lrr(G)

is a natural number for all g € G', where n is the smallest natural number with this
property.

Proof. Let p=}  x(1)x be the regular character of G. Multiplying both sides of (6)
by x(1) and summing over all x € Irr(G), we get

S sl =62 Y M o)

t; v, €G, I
7,e{71,27,---,n} x€lrr(G)
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Suppose that G is an n-commutator group. We now deduce from the first equality in (9)

that if g € G’, then since g can be represented as a product of n commutators, we have

[ %an(g),

x€lrr(G)

where f,,(g) is the number of representations of ¢ as a product of n commutators. Since,
fnlg) > 1 for any g € G/,

|G|2n—1 Z X(g)

x€lrr(G)

is a natural number for any g € G'. If |G|?"~! > xelrr(G) % is a natural number for

all g € G’, where n is the smallest natural number with this property, then we deduce from
the equality (9) that if g € G’, then g can be represented as a product of n commutators,

and n is the smallest natural number with this property. Thus, G is an n-commutator
group. |

Remark 1: Let G be a finite group. Then by using the character table of G one can say
that whether G is an n-commutator group or not, an observation that follows immediately
from Theorem 1.

Gallagher proved in [1] that:

Theorem 2. (Gallagher) Let {x1, - ,x,} be a complete system of representatives of the
sets T(x)(x € Irr1(G)). Then any element of G’ can be represented as

[gla xl] [92) xQ] e [gn; xn])
where g; € Gyi € {1,2,---,n}.

Corollary. For any finite group G, ¢(G) < |Irri(G)].
Proof. Proof is obvious by Theorem 2. O

Proposition. Let G be a finite group. Then % < 2¢(G). In particular, if

c(G) =1, then |G'| < |G : Z(G)]2.
Proof. If T is a transversal for Z(G) in G, an easy calculation shows that every com-

mutator in G actually has the form [s, ¢] for elements s,¢ € T. Thus, by definition of ¢(G)
we have |G7| < (IT[)*(9) = (|G : Z(G)))*©). Thus, milfl < 2¢(G). O
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Question: Let n be a natural number. Does there exist a finite group G such that
¢(G) =n?

Remark 2: Generalize this for some class of simple groups see attached paper. From
Theorem 1 we have ¢(A5) = 1. But As is not solvable. Thus, it is not true that if
¢(G@) =1, then G is solvable.

Conjecture: Let G be a finite solvable group. Then ¢(G) < derived length of G.
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