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A Perturbed Version of the Ostrowski Inequality for
Twice Differentiable Mappings

A. Sofo, S. S. Dragomir

Abstract

A generalisation of a perturbed version of the Ostrowski inequality for twice
differentiable mappings is studied. It is shown that the error bounds are better than
those obtained previously. Applications for general quadrature formulae are also
given.

Key Words: Ostrowski Integral Inequality, Quadrature Formulae.

1. Introduction

The following theorem was proved by Ostrowski [9, p. 469] in 1938.

Theorem 1 Let f : [a,b] — R be a differentiable mapping on (a,b) whose derivative is
bounded on (a,b) and denote ||f'||,, = sup |f'(t)| < oo. Then for all x € [a,b], we have
t )

€(a,b

the integral inequality

\ /f b at

The constant % is sharp in the sense that it cannot be replaced by a smaller one.

Gl
= ;2](6—a|f| (1)

Dragomir and Wang [3] applied the Ostrowski inequality (1) to numerical quadrature
problems and special means and extended the inequality (1) to include differentiable
mappings whose derivatives belong to L, spaces [4] and Lq-spaces [5].

Dragomir [6] also generalised the Ostrowski inequality for & points 1, ...,z and

obtained the following theorem.
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Theorem 2 Let I :a =29 <21 < ... < )1 < x = b be a division of the interval [a, b]
and a; (1=0,....,k+ 1) be “%k+2” points so that ag = a, a; € [x;—1,%;] (i=1,...,k) and
g1 =0b. If f:[a,b] — R is absolutely continuous on [a,b], then we have the inequality:

b k
/ [ (x)dr — Z (ip1 — ;) f (@) (2)
a 1=0

1k—1 k—1 Z, 4+ 2

.

lz w2+ Y (am - 2 )]mm
i=0 i=0

K] K]
1 k—1
S I w2
=0

5 b—a)u ().

IN

IN

IN

where v (h) := max{h;[i =0,....k—1}, hj :==xi11 —x; (i=0,...,k—1), and || f'|| , :=

ess sup |f' (t)] < 0.
t€la,b]

The constant % in the first inequality and the constant % in the second and third inequal-
ities are the best possible.

Note: If in Theorem 2 we take k = 2, a3 = a, ag = b, x1 = = and upon division by
(b — a) we obtain Theorem 1.

The inequality (2) has also been extended to include results for the L [a, b] —norm [7]
and the L, [a, b]-norm [8].

Cerone, Dragomir and Roumeliotis [1] then extended the Ostrowski result (1) by

considering mappings whose second derivatives are bounded. They obtained:

Theorem 3 Let f : [a,b] — R be continuous on [a,b], twice differentiable on [a,b] and

f"" € Ly [a,b]. Then we have the integral inequality:

b a
‘f(m—bia/f(t)dt—(x— )@ ®)
< l“’;f) +3 (o= 550) |11
< 0=y,

6
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for all x € [a,D].

Theorem 3 may be thought of as a perturbed version of the result (1). The inequality
(3) can also be extended to the cases f € L, [a,b] and f” € L4 [a, b].

The main aim of this paper is to give an analogous theorem a perturbed version, for
k points x1, ..., Tk, of Theorem 3, for twice differentiable mappings which belong to the

usual three norms. We also apply our theorem to some quadrature formulae. We state
the main theorem as follows.

2. A Perturbed Ostrowski Theorem
Theorem 4 Let I, : a = g < 1 < ... < xp—1 < T = b be a division of the interval

[a,b], a; € [wi—1, 2] (i=1,...,k) and ag41 =b. If f : [a,b] — R is absolutely continuous,

then we have the inequality

k—1
1
t)dt+ 5 z; { Tiv1 — 1)’ f (@) — (20 — i) f (xi)} (4)
=
k
Z Q41 — az (xz)
1=0
f” k—1
H 6”“ > [ Qi1 — )"+ (Tip1 — @ig1) }
i=0
7" k—1 "
< %ﬁ . Ohf < Mﬁ(b—a)zﬂ(h), where f"" € Ly [a,b];
=

1

I k=1 ]
”7le (Z [(az+1 )2 4 (i — Oéi+1)2q+1}>

2(2g+1)7 \i=0

1

f// k—1 q f// 1
L (S ) < g atuzn,
2(2¢+1)9 \i=0 2(2q+1) ¢

where f"" € Lyla,b], p>1

IN
IN

vi(h 20 | vk
S0 D ] 177 < 32 B
where f" € Ly [a,b].
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Here h; := x;41 — x4,

Proof.

v(h):=max{h;li=0,....k—1},

Ti + Tit1
0p:= |ty ———5—— |,

p(8) i =max{dli=0,...,k—1}.
Consider the kernel K : [a, b] — R given by

2
%, t € la, 1)
(t—a2)2
s t € [x1,12)
K (t) = ;
_ 2
%a te [xk‘—ank‘—l)
(t—aw)?
s t e [$k_1, b]

Successively integrating by parts, we have that

and

382
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In the first case, consider f” € Lo [a, b], hence

b
/ K (t) f" (t)dt

b
<18 [ 15 @) .

b T _ 2 b _ 2
/ |K(t)|dt:/ Mchf+...+/ =)y,
a a 2 Th_1 2
k—1
3
{ [ Qip1 = 23)" + (Tig1 — qig1) }} .

=0

Using the inequality (A — B)" + (C — A)" < (C — B)",

b 1 k— 1 k—1 1 k—1
/ |K(t)|dt§62 $1+1—$1 :6 hfSEVQ(h)th
a i=0 =0 1=0

< E(b_a)VQ(h)a
where h; := x;4; — x;. Hence
k—
’ Fl :
) dt (h) th‘
i=0
Hf”Hoo 2 11
< v=(h)(b—a) where f € Lo [a,b]

and combining this with (5) gives us our first inequality in (4).

In the second case, consider f” € L, € [a,b], hence by Hélder’s inequality

(/ K (1 |th> 171, -

II dt
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b o 2q z1 2q b 2q
4, (a1 — 1) (t—aq) (t— ay)
/a K (4)|7dt = /a T dH/a R T

1 Thk—1
~ (oq — a)2q+1 (x1 — a1)2q+1 (o — xk_1)2q+1 (g — ak)2q+1
24 (29 + 1) 24 (29 + 1) 20 (29 +1) 20 (29 +1)

1 k—1

= 5o a0 N {(Oéz'+1 - $i)2q+1 + (30i+1 - ai+1)2q+1}
20 (29 +1) &

1 k—1 1 k—1
< s 2 € e { }
~21(2¢+1) ZZ: T 2020+ 1) i= e i

1
= m(b—@)l/Qq(h).

Thus, from this result we have

t) f"(t)dt

11 k—1 "y .
w|l<zﬁﬁ? IO

2(2¢+1)7 i 2(2¢+1)7

and from (5) we deduce the second part of the inequality (4).

Finally, consider f” € L1 [a,].

t) f(t)dt

b
s/Wwawmw

Z/ i £ (t) dt

<Z/W1 O1F @) dt

| |
\

m“‘w )ldt =
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Now

/l‘q,+1
Zq

2
o am) ‘If” (1) d
< sup

Ti41
[l
t€[@,it1] T;

. )2 . . 2 Tit1
—  max { (az—i-l xz) : (xz-i-l O‘H—l) } / |fll (t)| dt.

(t — aip)’
2

i=0,...,k—1 2 2

We may now observe that

1

max — {(ai—i-l —23)?, (g1 — ai+1)2}
i=0,....k—1 2 ’

2 > (@i = ) = @i - ai)?
_ 1) (@i — aig1)” + (@1 — ) i+l L i+l — Yl
= max = +

i=0,...,k—1 2 2 2

Using the identity

2 2
A2+BQ:<A+B> +<A—B>
2 2

reduces the previous line to

1| (zip1 — JUi)Q 1 Tiy1 + T4 2
i:gf}.%_l 3 [ 3 + B Qi1 — 5

x +x;
+ (zig1 — x4) |Qtip1 — 1+12 : ]
h2 52 hs
= e [1—6] L e S [z o |5 1l
2(h 2(5 h
_V ( ) p () V( ) max |5’L| (6)
16 4 2 i=0,...,k—1

Combining (6) with W gives us the first part of the last line in the inequality (4).
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We note that from

Tit1 + T h
|6i] = |atiy1 — 1+12 - Sé;
R
¢ (%)
and so from (6)
v2(h)  v3(h) v2(h) 3,
< ——
=16 16 4 Vi (h)

Thus

b
[ @ o] <22 w0,

which gives us the last part of the final line in the inequality (4), therefore Theorem 4 is
proved. O

If in Theorem 4 we take k = 2, in which case g = a, 1 =z, 9 = b, ag = a, a1 = a,
as = b and ag = b, then upon dividing (4) by (b — a) we obtain the result (3).

The real benefit of our new inequality (4) is that it is of order 2, while the inequality
(2) is of order 1.

If we now assume that the points of the division I are fixed, the best inequality we
can obtain from Theorem 4 is embodied in the following corollary.

Corollary 1 Let I, : a = 29 < 1 < ... < Tp—1 < T = b be a division of the interval
[a,b]. If f is as above, then we have the inequality

b 1 ,
[ 1w |- @-a? s @+ )

k—1
> (@i —wic1) Q@i — w1 — wiga) f (23) + (b — Y & (b)l

i=1

k-1
—% [(301 —a) f (a) + Z (wig1 —xi1) f (i) + (b —2p1) f (b)] ‘
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[

IN

1 1
8(2¢+1)7 \i=0 2(2q+1) 4

Proof. Choose in Theorem 4,

a+x T+ T2
OéO - a/) Oél - 2 b O[Q - 2 b
T2+ Tk Tp—1+ Tk
Qap_1 = 5 , = 5 and ag41 =0

The term

=0
_ (” —a> fla)+ (””1;””2 - “Z”“)f(xm---
(B - 2B )+ (0 22 F

k—1
- % [(Jh —a) f(a)+ ) (wix1 —xi—1) f (@) + (b — 25-1) f(b)l ’

and the term

k—1

> {($i+1 — i)’ f (i) = (2 — i) f (xz')}
=0
= i kz_:l {($i+1 —2:)* [ (wi1) = (@i — @) [ (xi)}
=0

—1 7
2= > b < HfﬁHx (b—a)v?(h), where  f" € Ly [a,b];
i=0

[E A= D S (T S Lo 1
> h; < ——=2- (b—a)sv*(h), where f" € L,la,b],

p>1, t 4o =1
g2 (W) L] where "' € Ly [a,b]
8 1 1%, 9

(8)

387



SOFO, DRAGOMIR

e
|
—_

B (f' (ig1) — f' (%)), where h; =41 — a5,
=0

N

<.

= 1 [ =@ (@) = 1 @) + (2 = ) (F (2) = f ()
+ (wp = ap—2)” () (w-1) = [ (@r-2)) + (@ — 2p-1)” (f (@r) = [ (25-1))
1 2 .
i@ -0t
k-1
+ . {(%‘ —2i-1)” = (g1 — xz‘)Q} i)+ 0—xp) f (b)]
1 2
— i@t r@
k-1
(@it = @io1) (220 = @imy = wipn) [ (20) + (b~ wi1)” f (b)] - (9)
Substituting (8) and (9) into (4), we obtain the result (7). O

The case of equidistant partitioning is important in practice, and with this in mind
we obtain the following corollary.

Corollary 2 Let

be an equidistant partitioning of [a,b], then we have the inequality
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8k?2

b—a) [fla)+f0b) =2 [((k—i)a+ib
Ok { 2 +Zf< k >H

_\3
171l it

oo 24k2

b _ )2
/ Fyar+ L=y (e (10)

57]| (o—a)** @

1
8(2g+1) 9 k2

IN

3(b—a)?
B 11 -

Proof. The proof follows directly from Corollary 1 by noting that after substituting

b_
xi:a—i—i( k“), i=0,..k

we have from (7)

k—1
5 l(xl —a) f(a)+ . (i1 —zi—1) [ (zi) + (b —xk—l)f(b)l
b—a | f(a)+ f(b) = (k—1)a+1b

k—1
> (@is1 —wic1) Q@i — wica — wi) f (@) + (0 — zp-1)? f (5)1

i=1

_(b_a)Q / / .
= S () = £ (@)

hence the inequality (10) follows. O
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3. The Convergence of a General Quadrature Formula

Let A, ta = xé") < x(ln) <..o<a™ <2l

n ) = b be a sequence of divisions of [a, b]

and consider the sequence of real numerical integration formulae

In (fa flaAnawn) (11)

Ju

n—

. 2
n J
1
=S () 5 | (e ) ()
§=0 j r=0

<

. 2
J
S G W R
r=0

where w; (j =0, ...,n) are the quadrature weights.

The following theorem contains a sufficient condition for the weights w§") so that

I, (f, f', Apn, wy,) approximates the integral f; f(t)dt.

Theorem 5 Let f : [a,b] — R be a continuous mapping on [a,b]. If the quadrature

(n)

weights, w;"" satisfy the condition

i
xﬁ")—aSZwy) ngi)l—a forall i=0,...n—1, (12)
§=0

then we have the estimation

b
I, (f,f’,An,wn)—/ f(t)de
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3 3
" n—1 [ [
S (a—i— 5wl _x§">> + ( O amy w§">>

=0

n—1 3 "
6‘“ > (hg")) < HfﬁH“V2 (R™) (b — a), where f" € Lo [a,b];

|| H 1 ) 2q+1 ) 2g+1 %
F n— 4 4
e (5 [(a By o)+ (s mam i)

=

2(2q+1) 4 — =0
<
” n—1 2g+1\ " 1
< Hf le (Z (hgn)) > < Hf le (b— ); (h(n))
2(2¢+1)9 \i=0 2(2¢g+1)¢
where " € L, [a,b], p>1, %-1—%:1;
v2(R(m™ p2 §(m) v(h(™
G 2 ) e (5] 157 < 02 )
where f" € Ly [a,b].
Also,
v (h) = g {7 =l ol
( ) (n)
: (n) ) ._ ) _ Tt
p((;(")) ':izor,r.l.%}ri—l{éin } and 6" = ajfy — - 2

In particular, if |f"||o, ,1 < oo, then

b
lim In(f,f’,An,wn):/ f(t)dt

u(h("))—>0

uniformly by rapport of the weight w, .
Proof. Define the sequence of real numbers

51)1.—@—1—2111 , 1=0,...,n.
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Note that

n
04521 :=a+2w§")=a+b—a=b.
§=0

By the assumption (12), we have
agi)l € [xﬁ"),xgi)l} forall i =0,...,n—1.

(n)

Define ay * = a and compute
Oé(ln) o Oéén) _ wén),
i i—1
aﬁi’l - aﬁ") = G+Zw§") —a— Zw§") zwin) (t=0,...,n—1)
§=0 §=0
and
n n—1
aﬁl — a%") =a+ Zw§") —a— Z w§") = wﬁl").
§=0 §=0
Consequently,
n n
() — o) £ (+) = 3wl (a7
i=0 =0
and let
. 2
e (m) L IN | [ e ~ W) (o m
Zwi f(xi )+§. z; —a-i—ij f(xi )
1=0 1=0 7=0
. 2
K3
- 3351)1 —a— w§n) fl (xii)l) =1, (fa flaAnawn)'

Jj=0

Applying the inequality (4) we obtain the estimate (13).

(n
J
terms in (13). ]

The uniform convergence by rapport of quadrature weights w ) is obvious by the last
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The case when the partitioning is equidistant is important in practice. Consider the
equidistant partition

b_
E,:z™=a+i- a4

7

1=0 n
, 2
1« b— ’ b—
+§Z z( na>—2w§") f'(a-i—z( na>>
i=0 =0

The following result follows.

Corollary 3 Let f : [a,b] — R be absolutely continuous on [a,b]. If the quadrature

(n)

weights w; " satisfy the condition

] 1~ () i+1
< L — 1=0,...,n—1,
_b—ajgowj - n

S|
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then the following bound holds:

b
I (F. f' ) — / £ (t)dt

, 3 , 3
17 "= (S ) (b , b\ e (n)
6 ) Zowj _Z( n ) + (Z+1)( n )_Zowj
7 Jj= J=

=0

6ns

el (e | d o
Loy (Zwﬁ”—i(%))

IN

1
2(2¢+1)e \ i=0

Q=

< M—& (b — a)3 ;. where f” € Loo [aa b] )

J

i o 1]
e - ur) ) e L gy

where " € Ly [a,b], p> 1,

n

In particular, if |f"||o, ,1 < oo, then

b
Jim 1, () = [ 7@

uniformly by rapport of the weight w,.

4. Some Particular Integral Inequalities

—an2
(5971 where f"" € L [a, b].

In this section we utilize the results of the previous sections to point out some partic-
ular inequalities and generalize some classical results such as the: Rectangle inequality,
Trapezoid inequality, Ostrowski’s Inequality, Midpoint inequality and Simpson’s inequal-

ity.

Proposition 1 Let f : [a,b] — R be absolutely continuous on [a,b] and « € [a,b]. Then
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we have the inequality:

2

2

0 [0 - ) 4+ (- 0] < e (5 - 0

IN

f// % f// 1
I le ([(a _ a)2q+1 (b a)2q+1D < I le (b— a)2+q :
2(2q+1) 4 2(2q+1) 4

S-a)? |, -

b —a)? a—a
[rwa+ E 0 - L @ - -0 ) - -0 f@)] 00

Proof. From Theorem 4, we choose 29 = a, ag = a, 1 = b, as = b and a1 = « € [a, b].

Hence v (h) = max (h;|i =0, ...,k — 1) = b — a and the inequality (14) follows.

d

Remark 1 (a) If in (14) we substitute o = b, then we obtain the perturbed ‘left

rectangle inequality’

b— 3
1Nl

b (b—a)2 , (b—a)2+% 11
[ roa-C5rw-p-arw) <] <Ly,

2(2q+1)5

So—a)? I, -
(b) If a = a, from (14) we obtain the perturbed ‘right rectangle inequality’

b—a)?
o

b N2 apl
/f(t)dt+(b L p ) - p-a)f o) <{ <y

2 T 2(2¢+1)7

S—a) |1, -

(15)

(16)

(¢) In the case that a = “T'H’, then from (14) we obtain the best estimate, a ‘perturbed
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trapezoid inequality’

b _ )2
[roa+ Lo -rw - S r e+ r@)

b—a)3
o (K[

(b—a)**

8(2¢+1)4

S—a) Il -

| 2

IN

11,5

The following result produces another integral inequality with many applications.

Proposition 2 Let f : [a,b] — R be an absolutely continuous mapping on la,b] and
a<z1<b, a<a; <x1 <ay<b. Then we have

b —a12 $1—0422 , —a22 /
f(t)dt+<(”“ ) s )>f(x1)+(bT)f 6y

9 ) (an - ) £ )~ (01— a) £ (@)~ (b az) £ () ‘

M& (a1 —a)® + (21 — 1)’ + (ag — 21)° + (b — a2)?

1" fll
< I (@1 — a4 0 20)?) < Wl (o —

f// 1
< ” le ((a1 - a)2q+1 + (301 - a1)2q+1 + (CYQ - $1)2q+1 + (b - a2)2q+1) !
2(2q+1) 4
< LHPL b— a)2+% ;
2(2g+1)4
2
so—a) Iy -
Proof. Consider the division a = 2y < 71 < xo = b and the numbers ay = a,
ay € [a,x1), ag € [z1,b], @z = b. Utilizing these choices in Theorem 4, we obtain the
desired result (18). O
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Corollary 4 Let f be as above and x1 € [a,b]. Then we have the perturbed Ostrowski’s

integral inequality for twice differentiable functions:

[ 1o o-a(n- “;b>f'<x1>—f<x1>H

I [~ + (21— )]

2 2 f//
= 17" e 0= @) [C52 1 8 (1 - 242)?] < W) o -

IN

T i T
2(2q+1) 4 2(2q+1)4

il —
[ 2H1 (bTa + |x1 _ aT.:,.bDQ < % (b—a)QHf’/Hl.

Proof.

f// % f// 1
11, ([(Jh—a)2q+1+(b—x1)2q+1D < [EIN (b—a)2+q

(19)

Making the choice a; = a, @z = b and substituting into (18) gives us the

desired result (19). The result (19) has previously been obtained by Cerone, Dragomir

and Roumeliotis in [1], [2].

Remark 2 If we choose z1 = “£° in (19) we obtain the best estimate, the

inequality’

i 3
L -

/abf(t)dt—(b—a)f(a;-b>‘§ M(b_aw%

T
8(2g+1)4

SIF7N (0 =)

Simpson’s quadrature inequality may now be generalised as follows.

d

‘midpoint
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Corollary 5 Let f be as above and x1 € [5“T+b, %5}’]. Then we have the inequality

b —a a —a
[ rwas 202 (o - ) e+ EL - @) en

R ILES ORI

_ 2 fll
1970 252 [(or = 2207 + 0 - 0] < Lm0 -

IN

)

”f”Hp ((l>—a)2"+1 5a+b)2¢+1 at5b 2q+1)%
2(2q41) % sem— T (1 £0) + (¢ 1)

S—a)?|f, -

The proof follows directly from Proposition 2 by putting oy = 5“T+b and ag = %M’.

Remark 3 From Corollary 5, if we choose x1 = “T'H’, we obtain the perturbed Simpson
inequality

)

b (b
/ £ () di+ ' () — f (a)) (22)

—a
72

_(b;a) [f(b)+f(a> +2f<a+b>”

b— 3
[Fid[Ea=0r

IN

[El 1422e+1 a 241
2 |:3(2q+1)i| (b—a)™"7;

So—a) 1,

Corollary 6 Let f be as above and a < ap < “T'H’ < ag < b. Then we have the following
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inequality
b a
/f(t)dt+(a2—a1)(a+b—a2—oq)f'( ;b> (23)
(b_a2)2 / (O‘I_a)2 / a+b
Sy - 2 @ - - (557

—(al—a>f(a>—<b—a2>f<b>\

IA
S
/N
Q
£
]
Q
+
—
+
—~
‘@
[N~}
S8
I
Q
—
~
[\
Q
+
—
+
—
5]
w‘+
S8
~—
[\
Q
+
—
+
—
=
o
Q
+
—
N—

_0” Up (b _ a)2+%

S—a) I,

The proof of the corollary follows directly from Proposition 2.
Utilizing the above inequality (23) we have the following remark.

Remark 4 Choose in (23) a; = 3“T+b and oy = %Bb such that we have

b _ )2
[ r0as L0 - 1 @)
(b

—a)

@ (50) o]

f” 3
I -

[E 2 beq \
= (-’ (45)

SIF I (b= a)*.

IN
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5. Composite Quadrature Fomulae

Consider the partitioning of the interval [a,b] given by A, : a = 2o < 21 < ... <
Tpo1 < xp =bandput h; :== x;41—2; (i =0,...,n—1)and v (h) := max (h;[i =0,...,n—1).
The following theorem holds.

Theorem 6 Let f : [a,b] — R be absolutely continuous on [a,b] and k > 1. Then we

have the composite quadrature formula

b
/ F () dt = Ay (A, )+ Ri (A, f)., (24)
where
n k-1 . .
- % T(An,f) _ éU(An;f) +sz [(k—])$li+]$i+1 hi ,
i=0 j=1
T (B, )= 5 S0 1 Gonn) + f ()] B (26)
1=0
and
U (B f)i= g 3 (F (i) = ' (wi)) 2 (21)

Il
=]

7

is a perturbed quadrature formula. The remainder Ry (An, f) satisfies the estimation

Rk (An, £ (28)

2 n—1
Hfﬁkux 2 h3, where f" € Lo [a, ] ;
i=

(B nd ‘
7”% h?q'ﬂ ., where f" € L, a,b],

IN

2k2(2¢+1) =0 L L
) ste=Lp>1
il S h? where f' € Ly (a,b)
k2 ~ i 1\a, .
=
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Proof. Consider the second term in the inequality (28) and apply Corollary 2 on the

interval [x;, z;41] (1 =0,...,n— 1) such that

/~ " I (@) 8}22 {f' (@iv1) — ' (zi)}

hi f(xz—i-l +f xz

j : [ 1+1
_? L~ 7 -~ 7

h2+% Tit1 %
< ([Tirora).
2(2¢+1)7 k2 \Ja,

Summing over ¢ from 0 to n — 1 and using the generalised triangle inequality, we have

|Rk (Ana f)l

(29)
7+1 ,
8k2 {f (xl"rl) f (x’t)}
k— . .
_hi ) fi) £ f (@) lf (k —Jj) @i + jwips
k 2 . k
=1
2+ it 17 P v
<2k:2 2¢ 4 1)1 Zh 7 @) g
(2q @i
By Holder’s discrete inequality, we have that
n—1 . Tita 1
241 P
> oh ( / Vi (t)|pdt> (30)
i=0 Ti
_— 1

IN

; <hj+%>q1 | [g <</j+ FaRGlk dt> %>pr

= Zth“} £ -
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Putting (30) into (29) proves the second term in the inequality (28).
The first and third terms in the inequality (28) are proved in a similar fashion and
will not be done here. Thus the proof of the theorem is complete. O

Corollary 7 Let f and A,, be as above. Then we have the quadrature formula:

/f

where M (A, f) is the midpoint rule, namely

M (A, f) Zf (x ””1> i,

[T (B £) + M (D )] = 3U (B )+ Rz (A, f)

l\DI»—l

T (A, f) is defined by (26) and
U(Ay, f) is defined by (27).

The remainder Ro (An, f) satisfies the estimate

1 _1
By (A, )l <4 e (”z h§q+1> ;
1=0

3 11 nd 2
33 171 ghi-
1=

The proof of the corollary follows directly from Theorem 6.
Again utilizing Theorem 6, the following corollary holds.

Corollary 8 If f and A, are defined as above, then we have the equality

b
/a Ft)dt (31)
o () (2

—%U(An,mRz (A1)

1
3
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where the remainder R (A,, f) satisfies the bound

f” n—1
I g
1=0
1
|R3 (An; f)l < Lle (nil h2q+1> ¢ :
18(2¢+1)7 \ (=0

f” n—1
24”1 Z h2
i=0

Theorem 7 Let f and A, be defined as above and suppose that & € [x;, Tit1]
(i=0,...,n—1). Then we have the equality

/f (32)

_z[MJ@ F (i) (6 = ) f (@) + 5 (@~ 6)° ' (@)
—(@ir1 = &) ' (ip1)| + R (&, A, f) -

The remainder R (&, Ay, f) satisfies the estimate

i (6 — 2 + (i1 - €] < < 17 "fhs
i=0 i=0

||f’,le ["il( 2q+1 n Z (xz—i-l gi)2q+1:|

=0

1

" n—1

< LHPL [Z h?q-i-l] :
2(2¢+1)9 |i=0

IA
%)
~
o
Q
+
—
—
_Q

3 1/ nd 2
s 1171 ghi-
1=
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Proof.  Apply Proposition 1, utilizing the second inequality in (14), on the intervals

[€i, iy1] (= 0,...,n— 1) such that we obtain

/ 76t~ 5 { @ = €02 £ (20) ~ (i1 — €0 (wisn) )

—(@iy1 — &) [ (@i1) = (& — z3) f(23)

<L f6—a -] ([ ora)

2(2¢+1)

Q=

Summing over i from 0 to n — 1, using the generalised triangle inequality and Holder’s
discrete inequality, we obtain

|R(€, An, f)]

M dt—%{(xi — &) f (@) = (wir1 — &) f ($i+1)}

—(@iy1 — &) f(wiv1) — (& — z3) f (3)

n—1 1
q

M

(2(1+1 ) =0[

([ Tirora)

= ([Qi — )" (g - 5")2#1} %ﬂ

D2+ (i — &)QQH}

1
q

o
C2(2¢+1)

Q=

=0

xlz«/f >>1

n—1 n—1
Z DY (@i - &)2‘”11 11, (34)

=0 =0

(2q 2(2g+1)7
and since we know that

(& — 2>+ (w1 — &) < B2
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(34) can be written as

e,
2(2¢+1)

-o|>~

n—1 7
Z h2q+11

=0

Thus, these last two lines prove the second part of the inequality in (33). The first and
third inequalities in (33) are proved in a similar manner. Hence, the proof of Theorem 7

is complete. O

The following corollary, a consequence of Theorem 7, contains some higher order
estimates of particular quadrature formulae.

Corollary 9 Let f and A,, be defined as above. The following estimates apply.

1. The ‘higher order left rectangle rule’

n—1
/ Fde= 3o [ v+ Mg (Jvz)]-i-Rz(An,f)
2. The ‘higher order right rectangle rule’

/f 1) dt = Zh[ (rirr) + f(xz+1)]+R (A, f);

3. The ‘higher order trapezoidal rule’

/ f(tydt = Zh [—””’“ + /(@) —%(fl(””"“);fl(””’))] + Ry (A, f),

where

" n—1
11 5
i=0

" n—1 %
By (B0, DI, 1By (A Pl < W (z h§q+1> ;
1=0

2(2q+1)5

3 11 nd 2
s 117714 ghi,
1=
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and

11 % g
=

|Rr (A, f)| < Lf””% (nil h?Q+1> ‘ :
8(2¢+1)7 \i=0

3 g
1!
s 171 22 hi
i=0
The following theorem holds.

Theorem 8 Consider the interval x; < agl) <& < a§2) < a1 (1=0,...,n—1) and let
f and A, be defined as above. Then we have the equality

where the remainder satisfies the estimate
R (60,0, A 1))
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IN

Hf”H n—1 1 2q+1 1 2q+1
a7 (5 (7)o (6 al?)
=

2q+1 2q+1 % it n—1 %
o (o)™ () "]) < e ()
1=

3 =y

7

170, 2’%-
=

The proof follows directly upon application of Proposition 2 on the intervals [z;, ;1]
(i=0,...,n—1), hence the details are omitted.

The following corollary is a consequence of Theorem 8.

Corollary 10 Choose & € [zi,2i41] (i =0,....,n—1) and let f and A, be defined as
above. The following Riemann type formula holds:

/ ft [f &) — muf (€ hi + R (€. An ). (35)

whence the remainder, Rg (§, An, f), satisfies the estimate

[RR (& An, £

[ES I Hf”H -
6

HLHPL (nil [(&' — )"+ (i — &')QQHD

2(2+1)7 \i=0 i
171, ("= 2g41) ”

< j2 h-q .

- 2(2<H'1)% zg ! 7

3 =y

7

s 1714 2’%,
=

IN

and n; = & — AT
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2)

1) _ x; and ag =Tit1.

The proof follows from Theorem 8 upon putting o

Remark 5 If in (35) we choose the midpoint & = %, we obtain the midpoint

quadrature formula

b
/ F () dt = M (A f) + Rt (An, ). (36)

where
n—1 o + 2
M (A, f)=3_ f (%) hi
=0
and the best estimate for the remainder, Ry (A, f), is given by

Rt (A, ) < 4 0 (z Wl)" ;
8(2¢+1) @ i=0 ¢

3 =y

7

17, 2’%-
i=

The following corollary holds and is a consequence of Theorem 8.

Corollary 11 Consider a set of points &; such that &; € [5%-?7'“ , xﬁ‘?““ (t=0,...,n—1)

and let f and A, be defined as above. Then the following equality holds:

b n—1
[ =g S nas ) - nr €) (37)
a i=0
45T (B f) = 5U (B £) + Rs (A )

where T (An, f) and U (A, f) are defined respectively by (26) and (27), and n; =
(gi _ 3«‘7,+;«‘7,+1 ) ]
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The remainder Rg (§, Ay, f) satisfies the estimate:

|RS (ga Ana f)|
SN o \3 (miise 51 || el
H H Z |:1h08 + (51 _ 517,-217,+1) + (lq,+5617,+1 —&') :| < H GHX Z h/:fy
i=0 i=0
1
1 —1 2g+1 2¢+17Y\ ¢
S ||f Hp (TL |:2 . hi 2q+1 ( L 53;7,+3;7,+1) q + (3;7,+53:7,+1 _ ) :|> .
s (5 [ o (- e (e -)™)
3 s
1!
I > hi
i=0
Remark 6 If in (37) we choose the midpoint & = ZIEEL  we obtain a perturbed
2

Simpson’s formula:

b 2 s Ti+ Tip1
/a ft)ydt= ggmf (—2 >

+3T (A, f) — ; (An, f)+ Rs (An, f),

where the remainder Rg (A, f), satisfies the inequality

b

£ a1\ 3 [n=l i
Rs @ pl < Vol ()" (g )
=

3 =y
7
sy 22 Ry
i=0
The following corollary also holds.

Corollary 12 Consider the intervals x; < agl) < H# < a§2) <zi41, (1= 0,...n—
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1), and let f and A, be defined as above. The following equality is obtained:-

/ S

5 (o) s (2552)

(o) () ) ()
+ Z [(a§1> B xi) f )+ (x“rl - 0‘52)) f(@ig1)

0
(- e o )

+Rp (o0, A, 1),

Il
iM: s
l\DI>—' o

where the remainder satisfies the estimate

o (o0 0.5)

1 3 X X 3
||f H E: |:(Oé,51) _ xi) + (1q,+;7,+1 _ Oégl))
n n 3
+ (Oé,EQ) _ lq,+;«q,+1) + (xz—i-l a 2

ST

0

i=
i n—1 2q+1 2g+1
i (B [l o™ ()
q 7 \1i=0

o 2q+1 2q+1
n (af) _ aq,+gq,+1) n (%H . a(2)) ])

" n—1 q
< LHPL (Z h?q+1> :
2(2¢+1)9 \i=0

SO~
~
:v
w
| E—

IN

3 S
1!
s 171 2 hes
i=0
Finally, we have the following remark in relation to Corollary 12.
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(1) _ Bmitwiy: (2) _ zi43wiqq
4 4

and o’ = , we obtain

the formula:

[T(Anaf)+M(Anaf)]+RB(Anaf)'

| =

/:f(t)dt:

The remainder, Rp (A, ), satisfies the bounds

(1]

2l

171l 5~ 5.
=

" 1 7
Rp (A, f)] < 'fihl("z h2q+1> |
32(2q+1)7 \ =0 '

3 11 nd 2
s 170y 22 R
i=0
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