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Formula for the Highly Regularized Trace of the
Sturm-Liouville Operator with Unbounded Operator
Coefficients Having Singularity

I. Albayrak, O. Baykal, E. Giil

Abstract

In this work, a formula for the n'" regularized trace of the Sturm-Liouville
operator with unbounded operator coefficients having singularity is obtained

1. Introduction

The regularized trace of the scalar differential operators has been calculated by I. M.
Gelfand and B. M. Levitan [1], L. A. Dikiy [2], C. J. Halberg and V. A. Kramer [3]
among other works. The list of published work on this subject can be found in B. M.
Levitan and I. S. Sargsyan [4], I. C. Fulton and S. A. Pruess [5]. The regularized trace of
differential operators with unbounded operator coefficients has been computed in [6, 8,
9, 10].

In this study, the n (n € N) regularized trace of Sturm-Liouville operator with
unbounded operator coefficients having singularity has been calculated in the interval
[0,1].

Let H be a separable Hilbert Space. Denote by Hy = Lo(H : [0, 1]) the Hilbert space

of all vector-valued measurable functions y(t) ( t€ [0, 1]) with values in H and such that

1
/ ly()|dt < oo.
0

The scalar product vectors y(t), z(t) in H; is defined by
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Let us write

1y) =~y () + "5 Ey(@) + Ay(a) + Qy(a), v 3,

where A is an operator from D(A) to H which satisfies the following conditions such that
D(A) = H:

A=A">1 A co(H).

Expressions lp(y) and I(y) form two operators L and Ly in space Hy:

D(Lé) = {y(z) € Hy : y(x) € D(A),y"(z), Ay(z) continuous in [0,1] according to
norm in H y(0) = y(1) =0 and lo(y) € H1}

Ly =1lo(y), ye DL}

Let us denote Ly = Lg, where the overbar symbol shows closure of the operator. It can
be shown that Ly is a self-adjoint operator in H;y. Operator L = Lo+ Q(x) (Q(x) = Q*(x)
and is bounded in Hj: see condition 2) ) with domain D(L) = D(Ly) is a self-adjoint
operator in Hi.

Let us accept that the operator function @Q(x) in the expression [(y)satisfies the
following conditions:

1) Q(x) has a weak derivative of the second order in [0,1]. For Vx € [0,1], Q¥ (=)
(i=0,1,2) are self-adjoint operator from H to H and A" 'Q)(z) € o,(H);

2) The functions |[A" Q" (2)||,, ) (i=0,1,2) are bounded and measurable in [0,1];
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3) ForVf € H, fl(Q(x)f, f)dz =0;
0

4) For Vf € H and x € [0, §], there is an operator B € o1 (H) such that

QW) f, )l < |(Bf.f)

Here, o1 (H) is the space of kernel operators from H to H as in [11], and (.,.) denotes
the inner product in H. We denote the inner product by (.,.); and the norm of operator
by ||||1 in Hl.

In this study, we will use the following inequalities proved in [11]:

[trB1| < || Billo, ()
[[B1B2|l o, (my < |1B1lloy (-1 B2l

[[B2B1|l oy ey < || Billoy (-1 Ball,

where By € 01(H) and By € L(H, H).
Note that the operator Ly has a pure discrete spectrum. Let p; < po < ... be

the eigenvalues of this operator and 1 (z),¢2(z),... be the orthonormal eigenvectors

corresponding to these eigenvalues. Here, every eigenvalue is repeated according to
multiplicity number. Since @ is a self-adjoint bounded operator from H; to Hy, L =

Lo + Q is a self-adjoint operator in Hy which satisfies D(L) = D(Lg) and it has a pure
discrete spectrum. Let A\; < Ao < ...be the eigenvalues of this operator. Moreover, let
7 < 42 < ..be the eigenvalues of the operator A from D(A) to H and @1, ¢a,... be
orthonormal eigenvectors corresponding to these eigenvalues.

If v; ~ ai® while i — oo (a>0, a>2), then it is proved in [7] ,[8] ( and, respectively,
for y=1/2; v >1/2) that

L, Am ~ dm? s while m — oo, (d>0) (1)

is satisfied. By using this formula, we can show that the sequence {u;,}5°_; has a

subsequence {fim, }p2; such that
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2

Mk — Kmy, > dy (kﬁ_m}F)) (k:mpamp+1amp+2a"')a (2)

where d; is a positive constant. Let Rg\, Ry be the resolvents of Ly and L, respectively.

(oo}
From (1), if « > 2 and A\ # g, ux (kK = 1,2,...)then the series > |ur — A|~! and
k=1

&)
|\c — A|~! are convergent. Therefore R} and R are the kernel operators. In this
k=1

case, from [11] it is known that

- 1 1
— 0 — — 0 — —
tr(Rx — Ry) =trRy —trR ,;:1 (Ak 7 )\>.

If we multiply this equation with 2)‘—7:1 and integrate along the circle

IAl=bp =27 (ttm,, + fim,,+1)

then we obtain

L[ vy - B)ax = i = / A - L Al @)
omi T T A = omi X\ omi (0
IAI=bp =t IAI=bp IAI=bp
It can be shown that for large values of p,
{e, e}y © K(0,by) = {A: A < by} (4)

Here, A\, pr ¢ K(0,b,) = {A: |\ <bp}, (k> my+1). From (3) and (4) we find

Myp

n n 1 n
S OF ) =g [ Ay - RO (5)
k=t |AI=by

It is known that Ry = R — RAQRY. From here, for any natural number N > 2, we

obtain
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N
Ry— R =) (“1RQRYY + ()N RA(QR)MT.
j=1

If we substitute this expression into (5) then we find

N
Z(A” ) = o / Xty |7 (SRS (QRS) + (—1)Y Ry (QRO)N | d
i !

=1

N

—S B, + B (6)
j=1
Here,
—1)i+1 ; .
By =0 [ veimemyle, G=12..% 0
[Al=bp
N (_1)N n
s = U7 / Ntr[Ra(QRS) N dA. (8)
[Al

For every natural number j, it can be shown that the operator function (QR?\)j is

analytic according to the norm in o1 (H;) in the resolvent region p(Lg)of the operator Lg.
Moreover,

o [F(QRYY] = rl(@Ry QU] = tr | @RV @)

orf 5 QR = str (@R (@)
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From the last two relations one obtains

—_

or[BQRSY) = Ser{ (@3]}

<.

If this expression is substituted in (7), then

By; = (_1),#1 / )\"tr{ d [(QRY) ]}d)\

2mig
[A|=b

_1)j+1 .
e
[A|=b

is found. So if we note that

o F @R | = v @y))

then

)it
B, = (27”] / AL [(QRY Y TdA + (22]. / ddA{ [\"(QR3)7] A
[A|=b X |=bp

is obtained. On the other hand, by using (4) we obtain

([ (QRRY]Jir =
[Al=bp

Therefore,

N Lr[(QRY)]dA
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or

Myp
B,; = (—1)jj_1nz Res[ A" 'tr(QRY)’]. (10)
k=1
From (6) and (10), we obtain
mp N
DM —uk —ny (<15 Res VM (QRYY] = By + Bone (1)
k=1 =2 e
Let 51 < (2 < ..., be the non-negative roots of the Bessel function J,(z). The

eigenvalues of the operator Ly and its eigenvectors corresponding to these eigenvalues are
of the respective forms

534‘%', (qaZ:152a)

Ju(ﬁqx) . L
miju—i—l(ﬁq)(p“ (g,i=1,2,...).

Therefore, the eigenvalues 1 < uo < ...of the operator Ly

/j/k‘:ﬁgk + Vi, (k:1525)

and the orthonormal eigenvectors 1y (z) corresponding to these eigenvalues can be in the
form

Ju (Bg. @)
— 2 o (k=1,2,..).
wk(x) le/-i-l(ﬁ%)(p ( )
From formula (9) we have

-n

1=5=
P 27
[A|=bp

X" tr [(QRS)] A
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3

Moreover, tr(QRO = > (QR wkawk § (por — (kaawk)

k=1 k=1
Hence,

e} )\n—l
By =nY_ (Qx, tx) 12—7” pp——
k=1 IAI=bp
= nZu (Quk, Vi)

”Z e )" Qs Vi

Mp n—1

=0 N Cr BT Q)

k=1 1=0

mp n—2

= nzzcﬁl_ j,i" - l)’yﬁk(ka,wk )1 +NZ’Y (Qvi, Vi) (12)

k=1 1=0 k=1

From (11) and (12) we find

3
5

A=pk

N
F—ny (1) Res [\ r(QRY] Z BT 0 (@)
j=2

ko
Il
MR

= nz Yo (Qr, v + B, (13)

where the indices g and ¢, are the natural numbers such that pu; = ng +i (1 < g <

and k =1,2,...). In the following we will compute the limit

lim Z {)\k —up - ”Z _1/\12%1 [)\" 'tr(QRY) ] ”Z Cl 1ﬂ2(n - l)’Yzlk(Q7/)k77/)k)1}.

p—»oo
This limit will be called the n** regularized trace of the operator L.
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Theorem 1.  If the conditions 1)-4) are satisfied then

1
[eelNee) .n_l JQ(ﬁq ) . v
;; Vi O/ 7]3“(5(1)(@(30)90“%) x| < oo.

Proof. Let fi(z) = (Q(x)vi, vi). Then

~.

1
J (Bql) X . _ JE(BQ”«') .
f2x 2 (Ba) Q(Jc)%,apz)dx = Of2xJ5+1(Bq)f’L(x)dx

6 14¢

[ 2L ) — hOM+ £0) = [ 20 FE (@) - Oz (1)

+ | 20BN fi(@) — £(0))dz + £,(0)

—1
By tte

where £ € (0, 3). It has been shown in [8] that the asymptotic formula

J? Cos(2 —
230% =1 +sin(28,2 — vr) — W(@? 1)+ 0((Bx)"2)  (15)

is satisfied for the large value of ¢, where x € [ﬁ 1+ ).
From (14) and (15) we write

o0 00 (o <IN o] B;1+6
5 5o | 2O fa)as| < const- 5 || U - 020 FE S+
q=11i=1 v+l g=11i=1 0

1

J(fi@) = FiO)(1 +sin(2,z — vm))da + £i(0)| +
B—1+e

1

S Uila) = fil0) == Bg=mtda + fooa. LERaOlda) 427,
Bq—l €

(16)

By using the inequality |/zJ, (2)] < C and conditions 1),

4) for the first integral on
the right hand side of (16), we get
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B;1+a By e
H G~ 020 G de| < Constai ™ Ifite) = fi0)lde
0 0
B 1+e B;1+6 (17)

= Const.y]'~ ! f |le (Ex)|zdr = Const. [ |(A"'Q'(&x)pi, ¢i)|xdx
y 0
< Const.|(Bei, )| 8,212

From the conditions 1°)-4°) and by using the asymptotic formula 3, = (q +
O(q~1') we obtain

44+

1

W (fil@) = fi(0) (1 + sin(2Bgx — vr))da + £;(0)| =47 f (filz) = £i(0))dx

[P
Bt
)~ Ot L — fi(0) sin(26,2 = vm)dz + £i(0)
By tte
S%n—l Of |f'(§x |xdﬂc+’y" 1| cos(2Bqz— VW)Bifa(l) 1i(0))
_cos<262—w)(géf;”f)—ﬁ,(o» . f /() cos(2Byx — vr)da

Batte
= Copst WB%%W‘“E FAR 872 (F0)] + 1 H(DD) + [(Ber, 00|72
262 |f ) sin Zﬁq —vm) — f'(ﬁ 1+e)sm(25e — )
_ fl I (z) sin(2B,x — vm)dz| < ConSt“(B%,(pi)Wq_Q”E
Byl

B2 (LAO)] + AW+ A )] +%-"_lﬁq‘20f |1 () |dac] .
(18)

Now, let us give a bound the third integral on the right hand side of (16). First we
write

1 6

| (filw) = f:(0) LBty = | [ (fiw) — £3(0)) <20 gy
5q ' 51+

1
+] (@) = £(0) S da,
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From (1),(2) and (4) we have

1

5
(i)~ () ) < | R () — fi(0))] .
1t ’

n—1 g (o .
’)’,Bg f+ (fq,;l) _ fa,(l)l;fm(o)) Sin(Qﬁquﬂ-)dxl
Bq—l €

sin(2B4z—vm) n—t

+‘J_f(f( ) — fi(0 ))‘6 - 7”52 fl(f’l'ff) - f"(w;f"(o)) sin(26,x — vm)dz
5

< Const.|(Bpi, ¢i)|6;% + Const.f ™' [lfz( )|+|fi(1)|+0f(|fi($)|+|f{($)|)dx]-

(19)
Finally let us give a bound for the forth integral on the right hand side of (16).
1 L) £ 1 LA -s)
n— i\(T)—Ji n— i\T)—Ji
S e 7 et s
gite gite
1
7GR < (B, 1) 0, n(66,7) o)
s 20

+Constf ™2 L) + [ 1)l
< Const.y]' ' B7%T¢ + Const.y] '3 [|fz 0) + fl |fz(x)|dx]
0

From the relations (16),(17),(18),(19) and (20) we obtain

118

00 1
—1 J (Bq
q;l ‘ 'Yz'n ‘Of2x l)fz( r)dz

%

< Const. <§ 5(1_2"’25) § |(Bei, i)
q=1 =1
o0 o0 L
#Const. S 52551 |0+ L1+ LI+ A1+ 0] 177w de]
q= i=

(21)
By assumption, since B € o1(H) and ||A"_1Q(j)(x)||gl(H) < Const.,(j =0,1,2), we
have
(oo}
D 1B )| < UIBll oy iy (22)
i=1
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and

Mg

1{(|f1 o) + [ fi(@)] + £ (x)]) de

s
Il
_

im [ [ @)+ f)] + If{’(x)l)]dx (23)
i)
</ [iw-l (golff”(x)lﬂdxsof

2
> ||A"_1Q(j)(x)||al(H)] dxr < Const.
§=0

If we take into account lim f; =1, then from (21),(22) and (23) we obtain
4

JE—}-I(ﬁq)

q=1 i=1

1
ZZ 7?_1/2$M(Q($)%,%)dx < Const.
0

Thus the theorem is proved. O

The main result of this work is given in the following theorem.

Theorem 2.

=1 (a>0,a>2), then

for the n** regularized trace of the operator L the formula

lim Z {)\" —pp—ny. (-1 Y j 1Res [)\" 1Ifr(QRO) ]

P—=0p— j=2 A=pik

—nz -1 glgn - ”’Yﬁk(ka,wkh}
= ——[21/ tr (A"71Q(0)) + tr(A"71Q(1))]

is satisfied, where N = [

2an+a46 H +1.

a—2
s 1

Proof.  From theorem 1, we observe that the sequence > v~ (Q%, k)1 is conver-
k=1

gent and

1
S n—1 Jg(ﬁqx) ) Nqd
2:% (@i v =33 0/ 25 3 R (@)gi pnd
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From these and the equality

v+1 ﬁq

2/2 JJ (By2) (Q(@) i, pi)dr = 3[21/(@(0)‘%%)+(Q(1)<Pi,<pi)]
q=17

proved in [8], we obtain

ZV (Qvw, )1 = —= [QVZV" HQUO)pi 1) + >R, 1)
i=1

—i [2v.tr(A"71Q(0)) + tr(A"1Q(1))] (24)

By making use of inequality (2), it can be proved that the inequalities

||R ||01(H ) < Const.mzl,_‘s

||R ||1 < Const.m;6

I1RAll; < Const.m;6

are satisfied on the circle |\| = bywhere 6 = 2==. Now, let us give a bound for B( ) by

using these inequalities. From the (8), we ﬁnd

1
BV < oo [ NPl [RMQR)Y T flax
[A|=bp

<ty [ Im@rM|

[Al=byp

Jax|

o1(H
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<o / 1RAlL | (@RDN |

[Al=byp

Ul(H1)|d)\|

<ty [ IR QRN L I@RS iy N
IA[=b,

N N
<ty [ IR QY IR 1IN i, N
[X[=bp
+1, —(N+1)5, 16
< Const.bg mp( ) m,~°.
Taking into account b, < Const.m;,+6, one then obtains
‘BI(;N)‘ < Const.mén+1)(1+6)—(N+1)6+1—6.

Hence, if

N=[|6""(n+2+ns-68)|] +1= [

Qan—i—oz—i—GH 1
a—2

then

lim B{N) = 0.

p—00

From (13), (24) and this last equality, we obtain

mp N . .
lim > {)\Z —pp—ny, (=1)757" Res [\""tr(QRY)]
P01 j=2 A=pk
n—2
—n 3 Chaf" ”vﬁ-k(ka,wkh}
=0

= —220.tr (A"1Q(0)) + tr(A"Q(1))]

Thus, the proof is done.
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