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The topology of symplectic manifolds

Robert E. Gompf

1. Introduction

The purpose of this article is twofold: First, we provide an informal introduction to
symplectic structures from a topological viewpoint. Second, we address the question of
whether symplectic manifolds can ultimately be described as purely topological objects.
We sketch work that will appear in [G2], pointing towards an affirmative answer to the
question. The first section of the present article motivates and defines symplectic struc-
tures, and then discusses obstructions to their existence. In Section 2, we focus on a
particular topological construction of symplectic structures, and in Section 3 we see that
the construction is likely to be universal in the sense of realizing a dense subset of all
symplectic structures on any given manifold. This would lead to a complete topological
characterization of those manifolds that admit symplectic structures, and to a reinterpre-
tation of a dense set of symplectic structures on a given manifold as a certain set that
should ultimately be describable by purely topological means. Further details will appear
in [G2]; see also [GS] for a discussion of the 4-dimensional case. For additional reading
on symplectic topology, see e.g., [McS]. In this article, manifolds will always be assumed
to be smooth, closed and oriented.

1.1. Why study symplectic manifolds?

While symplectic structures naturally arise in diverse contexts such as Hamiltonian me-
chanics and algebraic geometry, we focus on a topological application: the classification
problem for simply connected 4-manifolds. The most direct approach to a classification
problem is to begin by writing down examples. The main classical source of examples
of simply connected 4-manifolds was complex surfaces (complex manifolds of complex
dimension 2, hence real dimension 4). These can be constructed, for example, by writing
down collections of homogeneous polynomials in n + 1 complex variables. The common
zero locus then specifies a well-defined subset of projective space CP" = C"** — {0} mod-
ulo multiplication by nonzero complex scalars. If this subset happens to be a manifold,
it will automatically be complex. Complex surfaces arising in this manner are called
algebraic surfaces. Many examples of simply connected algebraic surfaces are known —
for example, any generic collection of n — 2 homogeneous polynomials will determine a
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simply connected algebraic surface in CP" (as will some nongeneric collections of more
than n — 2 polynomials).

Once we have examples of simply connected 4-manifolds, we can construct many more
by the connected sum operation: We remove the interior of a 4-ball from each of the
4-manifolds X; and X5, and glue along the resulting boundary 3-spheres so that the new
manifold X7 # X inherits the same orientation from each summand. This can be thought
of as an unnecessary complication, however. We would like to restrict attention to those
4-manifolds that cannot be split as connected sums. Unfortunately, it is still unknown
whether every 4-manifold homeomorphic to the 4-sphere is actually diffeomorphic to it,
and it is even possible that every 4-manifold could split off arbitrarily many nontrivial
summands homeomorphic to $*. Thus, we define a 4-manifold X to be irreducible if for
every (smooth) decomposition X = X; # X5, one summand X; must be homeomorphic
(but not necessarily diffeomorphic) to S*.

We can now begin a brief history of the classification problem for simply connected,
irreducible 4-manifolds. In the 1970’s, virtually nothing was known. While there were
many examples of simply connected complex surfaces, these could in general not be dis-
tinguished from each other (up to diffeomorphism) or shown to be irreducible. In fact,
it was possible that a complete list of irreducible, simply connected 4-manifolds could
be given by 5%, +CP? (the complex projective plane with both orientations), S? x S2
(= CP* x (CIP’I) and +K3 (where K3 denotes the zero locus of a generic quartic polynomial
in (CIP’B). Furthermore, it was unknown whether K3 could split as X # S? x 52 for some
unknown manifold X. In the 1980’s, the situation began to change dramatically, due to
techniques pioneered by Donaldson using gauge theory. While it now seems likely (in
light of Freedman’s breakthrough for topological 4-manifolds) that any simply connected
(smooth) 4-manifold is homeomorphic to a connected sum of manifolds from the above
list, the diffeomorphism classification is much more complicated. Our present knowledge
about simply connected complex surfaces can be summed up as follows:

e There are many diffeomorphism types (sometimes infinitely many within a homeo-
morphism type).
e They are irreducible (when minimal).

Minimality is a technical condition that causes no essential difficulties here — any complex
surface X can be “blown down” to a minimal complex surface Y, and then X is diffeo-
morphic to a connected sum of Y with copies of —CP?. The K3-surface, for example, is
minimal and hence irreducible.

This breakthrough in understanding complex surfaces highlighted our ignorance re-
garding a related question: Are all simply connected, irreducible 4-manifolds (# S%)
complex? By the end of the 1980’s, no counterexamples were known. An affirmative
answer would have reduced the classification problem to that of understanding complex
surfaces, much as the study of oriented surfaces can be reduced to that of complex curves
(Riemann surfaces). In 1990, the question was answered in the negative: Infinitely many
irreducible 4-manifolds homeomorphic to the K 3-surface were produced, and shown not
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to admit complex structures with either orientation [GM]. Subsequently, many other fam-
ilies of counterexamples have been constructed. (See [GS] for a recent survey.) However,
the underlying beauty of the question suggested looking for a generalization. It had long
been known that every simply connected complex surface is algebraic (after deformation
of the complex structure). But every algebraic manifold inherits a Kdhler structure, i.e.,
a symplectic structure compatible with its complex structure. (See 1.2-3 for definitions.)
Thus, we could generalize to the following question: Are all simply connected, irreducible
4-manifolds (# S*) symplectic? Work in the early 1990’s showed this to be a reasonable
question. In fact:

e There are many diffeomorphism types of symplectic, noncomplex 4-manifolds [G1].
For example, the exotic K3-surfaces of [GM] are symplectic. Dropping the simple
connectivity hypothesis, we find that every finitely presented group is realized as
the fundamental group of a symplectic 4-manifold, whereas fundamental groups of
Kéahler manifolds and complex surfaces are quite restricted.

e Minimal, simply connected, symplectic 4-manifolds are irreducible (Kotschick [K],
after Taubes [T]), at least when b3 # 1.

(The discussion of symplectic minimality is parallel to that of the holomorphic version
discussed above. For b;, see 1.3.) At present, there are only a few known methods for
constructing simply connected, irreducible, noncomplex 4-manifolds. These are highly
restricted cut-and-paste constructions. (More general cut-and-paste constructions seem to
invariably result in connected sums of simple manifolds.) These restricted operations can
be shown to preserve symplectic structures under reasonable hypotheses [G1], [S]. Could it
be that the only way to build an irreducible manifold is by equipping it with a symplectic
structure? In fact, the answer is no: In 1996, Szabd [Sz] produced simply connected,
irreducible 4-manifolds admitting no symplectic structures, by applying these operations
under more general hypotheses. Subsequently, Fintushel and Stern [FS] generalized the
method to produce an abundance of such examples. At present, there seems to be no
reasonable question of this sort to ask to shed light on the structure of arbitrary simply
connected, irreducible 4-manifolds.

In summary, we are left with the following classes of simply connected, irreducible
4-manifolds (up to diffeomorphism):

() € {complex} C {symplectic} C {arbitrary} .

We have seen that each class contains many elements not in the previous one — in fact,
there seems to be a sense in which “most” elements of a given class lie outside the previous
one. At present, there seems to be little hope of classifying arbitrary simply connected,
irreducible 4-manifolds, so we might hope to simplify the problem by restricting to one
of the other classes. Complex surfaces, on the other hand, are difficult for a topologist to
study. There is little hope of cutting and pasting, due to the rigid nature of holomorphic
functions, so one must resort to methods of algebraic geometry. Symplectic manifolds,
however, are accessible by topological methods. The main constructions of symplectic,
noncomplex manifolds are of a cut-and-paste nature (e.g., [G1], [S]). In Sections 2 and 3
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we will discuss a different topological construction, motivated by fiber bundles, that (at
least in dimension 4) provides a complete topological characterization of those manifolds
admitting symplectic structures. Thus, one can consider the diffeomorphism classifi-
cation of simply connected, irreducible, symplectic 4-manifolds as a purely topological
problem that may be more accessible than the original classification problem for smooth
4-manifolds.

1.2. Symplectic structures

Definition 1.1. A symplectic manifold is a 2n-manifold X together with a symplectic
form w on X, i.e., a differential 2-form that is closed (dw = 0) and nondegenerate.

Here, nondegeneracy has its usual meaning in the context of bilinear forms: For any
nonzero v € T, X there is a vector w € T, X such that w(v,w) # 0. An equivalent
condition is that the top exterior power w™ of w should be nowhere zero, i.e., a volume
form on X. (This indicates why X must have even dimension.) The volume form w”
determines an orientation on X; we will always use this orientation when considering X
as an oriented manifold. For example, we will see that CP? admits a symplectic structure
while —CP? does not.

It is instructive to compare the above definition with Riemannian geometry. If w
were symmetric rather than skew-symmetric, nondegeneracy would imply that w was a
Riemannian or Lorentzian metric. The condition that dw = 0 can be compared with
requiring a Riemannian metric to have constant curvature. In each case, the relevant
partial differential equation guarantees the absence of local structure — two Riemannian
n-manifolds with the same constant curvature are locally identical (i.e., any two points
have isometric neighborhoods), and the same holds for symplectic 2n-manifolds (any
two points have symplectomorphic neighborhoods). Thus, symplectic structures can be
thought of as skew-symmetric analogs of constant curvature metrics. In the Riemannian
case, constant curvature allows a classification theory, which reduces to a study of dis-
crete groups of isometries of Euclidean, hyperbolic or spherical space. One might hope
to similarly reduce the study of symplectic manifolds to a topological or combinatorial
problem. One cannot hope to generalize the Riemannian theory directly, since there is no
symplectic analog of geodesics, and since the classification problem is already difficult for
simply connected symplectic manifolds. We will use a different approach to this problem
in Section 3.

1.3. Obstructions to constructing symplectic structures

The study of which manifolds admit symplectic structures has two directions: existence
and nonexistence. We now discuss the three known sources of obstructions to existence,
and defer the discussion of constructing symplectic manifolds to the next section.

To obtain the first obstruction, note that since a symplectic form is closed, it determines
a cohomology class [w] € H3p(X) = H?*(X;R). Nondegeneracy implies that the top

~

exterior power [w]|" = [w"] € H3%(X) = R (for X connected) is positive relative to the
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given orientation on X. Thus, a symplectic structure cannot exist unless there is a class
a € H*(X;R) with a™ > 0.

Examples. 52" admits no symplectic structure for n > 1, since H2(5?";R) = 0. S? x
S§%7=2 admits no symplectic structure for n > 2, for although H?(S? x $?"~2%;R) & R,
the generator o has & A o = 0. Similarly, —CP? admits no symplectic structure since the
generator of H 2(—(CIP’2; R) = R has negative square.

For the second source of obstructions, we forget the closure condition on w, and consider
arbitrary nondegenerate 2-forms on X. Such a 2-form reduces the structure group of the
tangent bundle TX from GL(2n,R) to the subgroup Sp(2n) consisting of isomorphisms
of R?" preserving the standard symplectic form dxy A dy; + -+ + dop A dy,. (This
corresponds to the reduction to O(n) C GL(n;R) in the Riemannian case.) The group
Sp(2n) is noncompact, but it deformation retracts onto its maximal compact subgroup
U(n) C GL(n;C) (where we identify R?" with C" in the obvious way). Since the latter
inclusion is also a homotopy equivalence, the homotopy classification of nondegenerate
2-forms on X is equivalent to the homotopy classification of almost-complex structures,
i.e., complex vector bundle structures on T'X. This is a classical problem in obstruction
theory. For example, a homotopy class of nondegenerate 2-forms inherits Chern classes
from the corresponding homotopy class of almost-complex structures.

Examples. CP?# CP? admits no symplectic structure, even though it has classes a €
H 2((CIP’2 # CP?, R) with o A @ > 0, because it admits no almost-complex structure. In
fact, standard characteristic class theory shows that such a structure would have a Chern
class with ¢? = 2y + 30 = 14 (where Y is the Euler characteristic and o is the signature
of the wedge product pairing on H?), but a routine computation shows that no integral
cohomology class has square 14. More generally, a 4-manifold X cannot admit an almost-
complex structure unless the invariant 2(y + o) = 1 — by (X) + b3 (X) is even, where b5
is the dimension of a maximal positive definite subspace of H? under the wedge product.
In contrast, S% x S! admits a complex structure as C? — {0} modulo multiplication by
2, and this automatically determines an almost-complex structure on S x S'. Thus,

this manifold admits nondegenerate 2-forms. Such forms cannot be closed, however, since
H?(S3 x S, R) = 0.

We will find it useful to link symplectic structures more explicitly with almost-complex
structures. First note that the latter structures can be specified by choosing the effect
of multiplication by 7 on each tangent space. Thus, an almost-complex structure can
be thought of as a linear bundle isomorphism J : TX — TX (covering idx) such that
J? = —idrx. It is routine to verify that such an isomorphism actually does specify a
complex structure; we require the induced orientation to agree with the given one on T'X.

Definition 1.2. A 2-form w tames an almost-complex structure J if for any nonzero
tangent vector v we have w(v, Jv) > 0. If, in addition, w(Jv, Jw) = w(v,w) for any two
tangent vectors v, w lying in the same tangent space, we say that w and J are compatible.

47



GOMPF

Thus, w tames J if it is a positive area form on each complex line (in the complex orien-
tation). The compatibility condition, that J preserves w (i.e., J € Sp(T'X)), corresponds
to orthogonality of J in the Riemannian case. A compatible pair (w,J) determines a
Hermitian structure on TX via the metric g(v, w) = w(v, Jw). For a fixed nondegenerate
form on X, the spaces of tamed and compatible almost-complex structures are nonempty
and contractible (e.g., [McS]), so either condition exhibits the above correspondence of
homotopy classes. In the remaining sections, we will make extensive use of the following

Observations. (1) If a 2-form tames some almost-complex structure, it is obviously non-
degenerate. Hence, a closed, taming form is automatically symplectic.

(2) If wy,...,wy tame a fixed J, then any convex combination Zle tiw; (all t; > 0,
> t; = 1) will also tame J.

(3) The taming condition is open, i.e., preserved under sufficiently small perturbations
of wand J.

To verify the last observation, note that the taming condition w(v, Jv) > 0 is satisfied
provided that it holds for vectors v in the unit sphere bundle ¥ C TX (given by any
preassigned metric). Since ¥ is compact, taming implies that w(v, Jv) is bounded below
by a positive constant on ¥, so it will remain positive under small perturbations of w
and J. Note that compatibility is not an open condition. For this reason, we will mainly
use the taming condition in subsequent sections, although compatibility appears more
commonly in the literature.

Examples. While every symplectic manifold (X,w) has a compatible almost-complex
structure J, this latter structure may not come from a complex structure on X. (For J
to be a complex structure on X, it must be locally identical to C™, which is equivalent to
requiring J to satisfy a certain partial differential equation.) If J actually is a complex
structure on X, the triple (X, J,w) is called a Kdahler manifold. A standard example
of this is CP", which inherits both J and w in simple ways from C"*!. (Restrict the
standard w = Y"1 dz; Ady; from C"** to S?"*1, then note that its projection to CP™ is
well-defined by U(1)-invariance and the fact that all tangent vectors projecting to 0 pair
trivially with 7°S?"*1.) Since a complex submanifold of a Kéhler manifold is Kéhler, it
follows immediately that any algebraic manifold is K&hler. (More generally, if w tames J
and Y C X is J-holomorphic, i.e., each T,Y C T, X is a J-complex subspace, then w|Y’
tames J|Y".)

The third and final known source of obstructions to the existence of symplectic struc-
tures is the Seiberg-Witten invariants (from gauge theory) on 4-manifolds [T] (cf. also
[GS], [K]). An important example is that minimal, simply connected symplectic 4-
manifolds with b3 # 1 must be irreducible. Similarly, if an arbitrary symplectic 4-manifold
has a connected sum splitting, the wedge product pairing on H? must be negative definite
for all but one summand. The Seiberg-Witten invariants are much more subtle than the
previously discussed invariants, and will not be needed in the subsequent sections.
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Example. CP?# CP? # CP? has no symplectic structure, since the pairing on H2 ((CIP’Q)
is not negative definite. However, it clearly has a cohomology class a with a A a > 0,
and can be shown to admit an almost-complex structure. Similarly, a connected sum of
3 copies of CP? with 19 copies of —CP? does not admit a symplectic structure, but it is
actually homeomorphic (although clearly not diffeomorphic) to a Kédhler manifold. The
homeomorphism is covered by an isomorphism of tangent bundles. This shows that the
obstructions from Seiberg-Witten theory are more subtle than the homotopy-theoretic
ones discussed previously.

2. Constructing symplectic structures

We turn to the construction of symplectic manifolds. Historically, the first examples
of (compact) symplectic manifolds were the K&hler manifolds, obtained largely by al-
gebrogeometric methods. We will consider in detail the first construction of symplectic
manifolds admitting no Kéhler structure. (For other topological constructions, see e.g.,
[G1], [Mc], [S].) We will then generalize the construction into a form suitable for the
applications in Section 3.

2.1. Symplectic forms on bundles

The original construction of symplectic, nonKéhler manifolds, due to Thurston [Th]
(see also [McS]), consists of finding a symplectic form on the total space of a fiber bundle.
The basic method is quite simple, and reminiscent of techniques previously introduced
into complex analysis by Grauert. We state the simplest version of Thurston’s theorem,
in which the fibers are 2-dimensional.

Theorem 2.1. [Th] Let f: X" — Y272 be a bundle map, with X connected, Y sym-
plectic and [f~1(y)] # 0 € Ha(X;R). Then X admits a symplectic structure.

Recall that all manifolds are assumed to be compact and oriented. Thus, the fibers f~1(y)
are all closed, oriented surfaces and homologous, so the homological condition makes sense
and is independent of y. To see that this condition is necessary, consider the bundle map
f: 8% x 8! — S? obtained by projecting to S® and applying the Hopf fibration. The
theorem generalizes to bundles with higher dimensional fibers. In that case one also needs
the fibers to be symplectic and the transition functions to be symplectomorphisms. These
additional conditions are automatically satisfied when the fibers have dimension 2, since
a symplectic form on a surface is the same as an area form.

Example. It is easy to construct a torus bundle over the torus whose total space X
has b1(X) = 3. For example, begin with a torus bundle over S! whose monodromy is a
Dehn twist, then cross with S*. This example clearly has a section, so [f~1(y)] # 0, and
Theorem 2.1 provides a symplectic structure on X. However, it is a basic fact that the
odd-degree Betti numbers of a Kéhler manifold must be even, so X is not even homotopy
equivalent to a Kéhler manifold. This example from Thurston’s paper was also known to
Kodaira. It can also be seen as the quotient of (R*, dz1 A dy; + dza A dyz2) by the discrete
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group of symplectomorphisms generated by unit translations along the z1,y; and x5 axes
and the map (21, y1, Z2,y2) — (21 + Y1, Y1, T2, ¥2 + 1).

2.2. Symplectic forms induced by J-holomorphic maps

Although Theorem 2.1 has a simple direct proof, we will proceed by the alternate
method of generalizing the theorem and supplying a proof of the generalization that is
not significantly harder than the original proof. To motivate the generalization, first recall
that the symplectic manifold Y in Theorem 2.1 automatically has a compatible almost-
complex structure Jy. We can easily construct an almost-complex structure J on X for
which f is J-holomorphic, i.e., df o J = Jy odf. (That is, each df, : T, X — Ty)Y is
complex linear.) For example, choose a metric on X and let H C TX be the subbundle
of orthogonal complements to the fibers of f. Clearly, df|H : H — TY is an isomorphism
on each fiber; let J|H be the pullback of Jy. Define J on the tangent spaces to the fibers
of f to be % counterclockwise rotation (using the metric and preimage orientation and
the fact that these spaces are 2-dimensional). J is now uniquely determined on T'X by
linearity, and f is J-holomorphic by construction. Thus, the hypotheses of Theorem 2.1
are hiding almost-complex structures on X and Y making f J-holomorphic. Once we
observe this, we find that the bundle structure is completely unnecessary! We obtain the
following theorem:

Theorem 2.2. Let f : X — Y be a J-holomorphic map of almost-complex manifolds.
Let wy be a symplectic form on'Y taming Jy. Fiz a class ¢ € H3p(X). Suppose that
for each y € Y, f~1(y) has a neighborhood W, with a closed 2-form n, such that [n,] =
c|W, € H2,(W,), and such that n, tames J|kerdf, for each x € W,. Then X admits a
symplectic structure.

Note that ker df, is a J-complex subspace of T,, X (since f is J-holomorphic); the taming
condition means 7, (v, Jv) > 0 for each nonzero v € ker df;.

To motivate the remaining hypotheses of Theorem 2.2, we show that it implies Theo-
rem 2.1. This is essentially the first part of Thurston’s proof. We leave it as an exercise
to state and deduce the analog of Theorem 2.1 for bundles with higher dimensional fibers.

Proof of Theorem 2.1. We assume the hypotheses of Theorem 2.1 and deduce those of
Theorem 2.2; the conclusion follows. We have already obtained the first two sentences
of Theorem 2.2. We may assume the fibers f~!(y) are connected, by passing to a finite
cover of Y if necessary. Let ¢ be any class for which (¢, f~%(y)) = 1; such classes exist
since [f~!(y)] # 0 in Ho(X;R) and H3,(X) is dual to this space. For each y € Y,
let D, be an open disk containing y and let W, = f~%(D,) ~ D, x f~'(y). Choose
an area form on f~!(y) with area 1 (and inducing the preimage orientation on f~!(y)),
and let 7, be the pullback of this form to W, via the projection W, — f~!(y). Since
Hy(W,) is generated by [f~1(y)], the equalities (n,, f~*(y)) =1 = (¢, f~*(y)) show that
[ny] = c|W, € H3z(W,). Since f is a bundle map, kerdf, is the tangent plane to the
fiber at x, so the required taming condition is just the obvious statement that 7, tames
J when restricted to each fiber of f in W,,. O
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Proof of Theorem 2.2. The proof follows Thurston’s paper, except for two deviations
where we exploit the almost-complex structures. The first step is to splice together the
locally defined forms 7, into a global closed form 7 on X satisfying the corresponding
hypotheses that [] = ¢ and n tames J| ker df, for all x € X. Unfortunately, splicing the
forms in the obvious way by a partition of unity destroys the closure condition, so we
use a trick: Fix a representative ¢ of the deRham class ¢ = [(]. Now for each y € Y we
have n, = ¢ + day, on W, for some 1-form «, on W, (since [n,] = ¢|W,). We splice
the forms 7, by splicing the 1-forms o, as follows. Let {p;} be a partition of unity on
Y, subordinate to a sufficiently fine cover. Pull back by f to obtain the correspond-
ing partition of unity {p; o f} on X, and let n = ¢ +d>_,(pi o f)ay,, where the sum
splices the forms a, in the usual way via {p; o f}. Clearly, n is a closed 2-form on X
with [n] = ¢. To verify the taming condition, we carry out the differentiation to obtain
n=_C+>,(piof)day, +>,(dpiodf) Nery,. The last term clearly vanishes when applied to
a pair of vectors in ker df,, so on ker df, we have n = (+ 3 .(pio f) day, = >, (pio f)ny,-
This is a convex combination of forms taming J| ker df,, so it tames as required (by Ob-
servation 2 of 1.3). Note how the almost-complex structures guide the construction here
— an arbitrary convex combination of symplectic forms need not be symplectic, e.g., any
symplectic form w satisfies —w+w = 0, but +w are both symplectic for the same oriented
manifold if the dimension is divisible by 4.

As in Thurston’s proof, we now wish to show that the closed form w; = tn + f*wy on
X is symplectic for sufficiently small ¢ > 0. By Observation 1 of 1.3, it suffices to show
that w; tames J for small ¢ > 0, so we only need to verify that w;(v, Jv) > 0 on the unit
tangent bundle ¥ C TX. But

wi(v, Jv)

tn(v, Jv) +wy (df (v), df (Jv))

tn(v, Jv) +wy (df (v), Jy df (v)) ,

where the last line uses J-holomorphicity of df (df o J = Jy o df). Since wy tames Jy,
the last term is > 0, with equality if and only if v € kerdf. On the other hand, n tames
J on ker df, so by openness of the taming condition (Observation 3 of 1.3), n(v, Jv) > 0
for v in some neighborhood U of the subset ¥ Nkerdf in 3. Thus, w:(v, Jv) > 0 for all
t > 0 when v € U. But ¥ — U is compact, so on X — U, n(v, Jv) is bounded and the last
displayed term is bounded below by a positive constant (since it is positive away from
ker df). It is now clear that for sufficiently small ¢ > 0, wt(v, Jv) > 0 for all v € %, as
required. O

3. Characterizing symplectic manifolds

Fiber bundles form an interesting but relatively small class of manifolds. We wish to
find more general structures to which Theorem 2.2 can be applied. We ultimately define
structures with sufficient generality that they can probably be found in any symplectic
manifold, providing our desired topological characterization of manifolds admitting sym-
plectic forms. Such a structure determines an essentially unique symplectic form, and
one should be able to realize a dense subset of all symplectic forms in this manner. This
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could lead to a purely topological way of understanding the set of symplectic structures
on any given manifold.

3.1. Lefschetz pencils

We begin by considering what topological structure can be found on an algebraic
surface X. By definition, X is a holomorphic submanifold of CP" for some N. Let
A c CPY be a generic linear subspace of complex codimension 2 (so it is a copy of
CPV~2 cut out by two homogeneous linear equations po(z) = p1(z) = 0). Then A
intersects X transversely in a finite set B called the base locus. The set of all hyperplanes
through A is parametrized by CP'. (They are given by the equations yopo(z) +y1p1(2) =
0, for (yo,y1) € C? — {0} up to scale.) These hyperplanes intersect X in a family of
(possibly singular) complex curves {F, | y € CP'}. Since the hyperplanes fill CPY
and any two intersect precisely in A, we have Uyewl Fy, = X and Fy N F, = B for

y # 3. The canonical map CP" — A — CP' induced by the hyperplanes restricts to a
holomorphic map f : X — B — CP* determined by the condition f~(y) = F, — B. Since
A intersects X transversely, each F), is smooth near B, and f can be locally identified
with projectivization C2 — {0} — CP' there. (In fact, the hyperplanes restrict to the
complex lines through 0 on the tangent plane to X at each b € B.) Since A is generic, so
is the function f. This means f is the complex analog of a Morse function, i.e., its critical
points are complex quadratic. The structure we have defined here is called a Lefschetz
pencil on X, and can be generalized from holomorphic to smooth manifolds.

Definition 3.1. A Lefschetz pencil on a 4-manifold X is a finite base locus B C X and
amap f: X — B — CP' such that

(1) each b € B has an orientation-preserving local coordinate map to (C2,0) under
which f corresponds to projectivization C? — {0} — CP', and

(2) each critical point of f has an orientation-preserving local coordinate chart in which
f(z1,2) = 22 + 22 for some holomorphic local chart in CP*.

Note that there is no analog of the Morse index, since —z? = +(iz)2. In the literature,
additional conditions are sometimes imposed. For example, after perturbing f we can
assume that f is injective on the (finite) set of critical points. In addition, our algebraic
prototype has the property that each component of Fj — {critical points} intersects B
(since its closure is a complex curve and hence homologically essential in the correspond-
ing hyperplane); some version of this condition is needed for constructing symplectic
structures (e.g., to rule out the torus bundle f : S3 x S1 — §2).

Like Morse functions in the real-valued setting, Lefschetz pencils determine the topol-
ogy of the underlying 4-manifolds. A useful way to exploit this is to “blow up” the
base locus B, compactifying X — B by one-point compactifying each fiber separately
at each b € B. This changes X by connected summing with a copy of —CP? for each
b € B. We obtain a singular fibration X # k(—CP?) — CP' called a Lefschetz fibra-
tion, characterized by having only complex quadratic critical points as above. Explicit
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handle diagrams can be drawn for Lefschetz fibrations, using the fact that each critical
point corresponds to a 2-handle. Alternatively, one can remove the critical values from
CP' = 52, and delete the corresponding singular fibers from X, obtaining an honest fiber
bundle over S* = S? — (finite set). The monodromy around each critical value will be a
right-handed Dehn twist of the fiber (assuming f | {critical points} is injective), and the
monodromy representation 7 (S*) — Map(F') (into the group of orientation-preserving
diffeomorphisms of the fiber up to isotopy) will determine the Lefschetz fibration if the
fiber has genus > 2. Thus, the study of Lefschetz fibrations reduces to a purely combina-
torial problem about the mapping class group Map(F'). A similar reduction can be made
for Lefschetz pencils, using diffeomorphisms of the fiber that fix a point and its tangent
plane for each b € B. (In this case, one must remove an extra point from S*, around
which the monodromy is nontrivial due to the twisted normal bundles of the exceptional
spheres.) Lefschetz fibrations on 4-manifolds have recently become a particularly active
area of research. For example, many Lefschetz fibrations have been directly constructed
for which the underlying manifold X admits no complex structure. In particular, one
can use monodromy representations to construct Lefschetz fibrations whose fundamental
groups include all finitely presented groups [ABKP]. (Recall that most finitely presented
groups cannot be realized by complex surfaces.) For a recent (but rapidly becoming
outdated) survey of Lefschetz pencils and fibrations, see [GS].

Our construction of Lefschetz pencils on algebraic surfaces can be generalized to alge-
braic manifolds of any dimension. If we continue to require codimc A = 2, we obtain a
map f: X — B — CP!, where B is a submanifold of (complex) codimension 2. The map
f will look like projectivization in the directions normal to B, and the critical points of
J will be locally modeled by f(z1,...,2,) = > iy 27. (These correspond to n-handles.)
Such structures are still called Lefschetz pencils. They were first used by Lefschetz to
study the topology of algebraic manifolds. (See [L].) One can analyze them using the
monodromy representation as in the 4-dimensional case, although at present, little work
has been done on this. For a further generalization, we can allow A to have complex
codimension k + 1 > 2, and consider linear subspaces with codimension k£ containing A.
We then obtain a map f : X — B — CP* with codimc B = k + 1. (For example, we
can make B finite by setting £k = dim¢ X — 1. For larger k, B vanishes entirely.) The
map f will still be projectivization on normal slices to the manifold B, but critical points
will no longer be isolated and they may require higher degree terms in their local models.
(For example, the k = 2 case can be thought of as a Lefschetz pencil of pencils. A single
Lefschetz pencil has isolated critical points, but these will sweep out sheets as we vary
through a pencil of pencils, and for some values of the parameter, quadratic critical points
will coalesce to form those of higher-degree.) Algebraic geometers call structures of this
more general form linear systems. In principle, one could try to analyze their topology
via monodromies and induction on dimension. Note that if X has a linear system for a
given k, then it has them for all smaller values of k: Simply compose f with the canonical
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projection map CP* — {pt.} — CPF1L. (This corresponds to choosing a new A contain-
ing the old one with codimension 1.) Thus, the information content of a linear system
increases with k.

3.2. Hyperpencils

Linear systems f: X — B — CP* provide the sort of “fibrationlike” structure on a 2n-
manifold X that allows us to construct symplectic forms by the method of Section 2. Our
present goal is to carefully define such a structure in topological terms, in such a way as to
guarantee the existence of symplectic forms. A plausible starting place would be the k = n
case, where B is empty and f is a sort of singular branched covering. However, it seems
best to start with the weakest possible definition guaranteeing a symplectic structure,
meaning we should use the smallest possible value of k. But if £ < n — 2, the fibers
will have (real) dimension > 2, and theorems producing symplectic structures will require
hypotheses guaranteeing that the fibers and transition functions will be symplectic. Thus,
for a theorem without symplectic hypotheses, the optimal case seems to be k = n — 1,
where generic fibers are surfaces and hence are automatically symplectic. We will call
such a structure a hyperpencil, with the prefix indicating that k should be changed from 1
(for a pencil) to complex codimension 1. The definition is analogous to that of Lefschetz
pencils. However, the critical points are necessarily more complicated, so we allow them
to be modeled by any holomorphic function (provided that within each fiber they are
isolated). In fact, the situation is not significantly complicated by taking the function
to be just locally J-holomorphic with respect to almost-complex structures (subject to a
certain technical condition that is automatically satisfied in the holomorphic case or when
n < 3). We allow these almost-complex structures to be C° rather than smooth, both
for convenience and to emphasize that their primary function is homotopy-theoretic in
nature, controlling monodromies. (For example, if we allow orientation-reversing charts
at critical points in our definition of Lefschetz pencils, so that some monodromies are
given by left-handed Dehn twists, then we can construct such structures on manifolds
admitting no symplectic forms; see e.g. [GS].) As a final generalization, we allow the
almost-complex structure on CP" ™! to be different for different points on a given fiber,
by using locally defined almost-complex structures on the bundle f *TCP" ' rather than
on TCP™ ! itself. (The reader can simplify the setup by pretending these are given by the
standard holomorphic structure on (CIP’"_I.) We require these structures to be compatible
with the standard symplectic form wepn-1 on cprt (pulled back to a skew-symmetric
pairing on f*TCP"!). We then obtain the following definition (which can, and probably
should, be generalized even further).

Definition 3.2. A hyperpencil on a 2n-manifold X is a finite set B C X and a map
f:X —B— CP"! such that

(1) each b € B has an orientation-preserving local coordinate map to (C™,0) under
which f corresponds to projectivization C* — {0} — CP™ !,
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(2) each fiber F, = ¢/ f~1(y) C X contains only finitely many critical points of f,
each locally modeled by a holomorphic map if n > 4, and each critical point has
a neighborhood U with C° almost-complex structures on U and f*TCP" U for
which the latter is compatible with wepn-1 and f is J-holomorphic, and

(3) each component of F, — {critical points} intersects B.

The construction of Section 2 can be used to produce a symplectic structure on any
manifold with a hyperpencil. In particular, any 4-manifold with a Lefschetz pencil (with
B # ()) admits a symplectic structure. (While a Lefschetz pencil need not satisfy con-
dition (3) above, the condition is actually unnecessary in this case, provided B # (; see
[GS]. However, without the condition, we lose both the control of [w] and the uniqueness
statement given below.) The construction allows us to control the cohomology class [w].
Recall that H(%R((CIP’"_I) 2~ R has a canonical generator h, the hyperplane class, Poincaré
dual to [CP""?]. The class f*h is defined on X — B, but H2,(X — B) =& H2,(X) for
n > 1, so we can think of f*h as a class in H3,(X) determined by the hyperpencil. (For
n =1, it is natural to identify f*h with the Poincaré dual of [B] € Hyo(X;R).) The con-
struction allows us to arrange [w] = f*h. The form w is then completely determined by
the construction, up to isotopy. (Two symplectic forms wp, w; on X are isotopic if there
is a diffeomorphism ¢ isotopic to the identity with ¢p*w; = wg. Thus, isotopic symplectic
forms only differ by a deformation of X.) Furthermore, the isotopy class is unchanged if
we deform the hyperpencil. (A deformation of hyperpencils should be roughly thought of
as a bundle Z over a path connected parameter space S, whose fibers are hyperpencils.
More precisely, we naturally generalize the definition of hyperpencil to this parametrized
setting. For example, the base locus becomes a finite covering B — S, and the local
almost-complex structures at a critical point of X become continuous families of fiber-
wise almost-complex structures defined near a point in Z.) More specifically, we obtain
our main theorem:

Theorem 3.1. A deformation class of hyperpencils uniquely determines an isotopy class
of symplectic forms. This isotopy class is characterized as being the unique class contain-
ing representatives w for which [w] = f*h € H(%R(X) and w tames a given hyperpencil in
the deformation class.

We say that w tames a hyperpencil f: X — B — CP" ! if there is a C° almost-complex
structure Jepn-1 compatible with wepn-1 on f *TCP" !, such that each 2 € X has a neigh-
borhood with a C° almost-complex structure tamed by w and making f .J-holomorphic.
It can be shown that if w tames f then there is a global almost-complex structure J on
X with w taming J and f J-holomorphic. Similarly, the local almost-complex structures
in (2) of the definition of hyperpencils can be made global. In each case, the global
structures (including Jepn—1) can be arranged to be standard near B. Similar statements
apply in the setting of deformations. See [G2] for details.
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3.3. Proof of Theorem 3.1

We sketch the proof; for further details, see [G2]. To prove existence, we fix a hyper-
pencil f: X — B — CP" ! in the given deformation class, and establish the hypotheses
of Theorem 2.2. As remarked in the previous paragraph, there are global structures
J on X and Jepn-1 on f*TCP" ' standard near B, making f J-holomorphic. Let
c= f*h € H3x(X). For each y € CP" !, we construct the required W, and n,: At each
critical point « € F, (T, X, J) can be identified with C™. Thus, the standard linear sym-
plectic form on C™ tames J at . Extend this to a closed 2-form 7, near x; we can assume
71y tames J on this neighborhood by openness of the taming condition. Since Fy is a J-
complex curve, 1, |F, is an area form defined near the singular points of F,. Extend this to
an area form on all of F,, whose total area on each component F; of F, — {critical points}
is (f*h,cl F;) (which is positive since it equals the number of points in F; N B; cf. (3) of
Definition 3.2). W, and 7, can now be constructed in a manner analogous to the proof
of Theorem 2.1, by pulling back n,|F, by a suitable map. By construction, [n,] = c|W,,.
Also, 1, tames J on each T, X near critical points, and on ker df, = T, Fy) elsewhere
(for W, sufficiently small). (We have ignored minor technical difficulties arising, e.g., if
F, has nonconelike singularities.) A slight generalization of Theorem 2.2 now gives a
symplectic form w on X — B taming J. (Note that f : X — B — CP" ! fails the hy-
potheses of Theorem 2.2 in that the domain is noncompact; this can be fixed by working
relative to a standard symplectic form defined near B.) Unfortunately, w is singular at B
— it has the form tn + f*wepn-1, and the second term is singular. Fortunately, we have
an explicit description of w and J near each b € B (on a neighborhood identified with a
neighborhood of 0 in C™, with f given by projectivization). This local model shows that
we can dilate X at b and glue in a symplectic ball to make w smooth everywhere, without
losing the taming condition. (This construction is essentially equivalent to blowing up
B, applying Theorem 2.2 to the resulting singular fibration on a compact manifold, and
blowing back down. However it bypasses some technical difficulties involving working
with the blown-up points.) We now have the desired symplectic form. It obviously tames
fvia J, and [w] = [tn + ffwepn—1] = te + f*lwepn-1] = (4 1) f*h (since [wepn—1] = h),
so w satisfies the required conditions after rescaling.

To prove uniqueness, we start with symplectic forms wy and w; on X, satisfying the
two conditions in Theorem 3.1 with respect to deformation equivalent pencils fy and fi,
respectively. We show that wy and w; are isotopic, completing the proof of the theorem.
We can assume the deformation is parametrized by the interval I = [0, 1]. Each form w;
is given to tame f;, so as indicated at the end of the previous subsection, we can find
a global C° almost-complex structure J; on X making f; J;-holomorphic, and with w;
taming .J;. Using the same paragraph (in the parametrized version rel {0, 1} without a
taming w), we can extend Jy, J1 to a continuous family J; of almost-complex structures,
0 <t <1, with f; Ji-holomorphic for some family J; cpn-1 on frTCP™'. (This is
the one place where Definition 3.2 requires the condition for n > 4, and compatibility
with wepn—1 rather than taming.) For each hyperpencil f; in the deformation and each
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structure J¢, construct w; taming J; as in the previous paragraph. While the resulting
forms wy, 0 < t < 1, will be a priori unrelated to each other, we can make the family
smooth by a trick: By openness of the taming condition, each w; will tame each J; in
some neighborhood of t € I. Thus, we can cover I by neighborhoods U, on which a single
w; tames each Jg, s € U,. Using a partition of unity {p} on I subordinate to {Us,},
splice together these forms w;. The resulting smooth family (still called w;) will consist of
closed forms (since each p,, is constant on each fiber of the deformation), and each w; will
tame the corresponding J; (since it is a convex combination of taming forms). Thus, we
have a smooth family of symplectic forms on X. Furthermore, [w;] = f;h is independent
of ¢ (since we can assume B is fixed and invoke homotopy invariance of induced maps).
The theorem now follows from:

Theorem 3.2 (Moser [M]). Let wy, 0 < t < 1, be a smooth family of symplectic forms
on X, with [wy] € H3p(X) independent of t. Then there is an isotopy ¢y : X — X with
po =idx and Yfws = wo.

(The proof of Moser’s Theorem is actually quite short. One simply writes down a suitable
formula for a time-dependent vector field, then integrates to obtain ¢;.) [l

3.4. Characterization

We now turn to the question of how general the hyperpencil construction of symplectic
structures is, addressing the topological characterization of symplectic manifolds. The
answer lies in work of Donaldson [D] followed by Auroux [A], the roots of which go back
to Kodaira in the holomorphic setting (the Kodaira Embedding Theorem, e.g., [GH]).
If 0g,...,0k are sections of a complex line bundle L — X, then because each fiber L,
is canonically C up to (complex) scale, the vector (oo(z),...,ox(x)) in (L;)**! deter-
mines an element of C**! up to scale. Thus, projectivizing gives a well-defined map
f=loo:...:08) : X —B — CP*, where B is the common zero locus of oy, ..., 0.
Kodaira used this idea to characterize which complex manifolds are algebraic (i.e., em-
bed holomorphically in (C]P’N) in terms of line bundles: Given the existence of a suitable
holomorphic line bundle L over a complex manifold X, one can obtain arbitrarily many
holomorphic sections by taking sufficiently large tensor powers L™ of the line bundle,
eventually yielding an embedding f : X — CPV. It automatically follows that X is
Kéhler with symplectic form w = f*wepn satisfying [w] = ¢1(L®™) = meci(L). Don-
aldson’s contribution was to extend this idea to the symplectic setting. Starting with
a symplectic manifold (X,w) with w integral (i.e., [w] € Im(H?*(X;Z) — H3p(X))), he
chose a compatible almost-complex structure J, and arranged a line bundle L — X with
Chern class ¢1(L) = [w] to be J-holomorphic in a suitable sense. Unfortunately, in this
setting holomorphic sections rarely exist. However, by defining a suitable notion of “ap-
proximately holomorphic” sections and applying hard analysis on the line bundles L®™,
Donaldson was able to construct a Lefschetz pencil X — B — CP! on any integral sym-
plectic manifold. Subsequently, Auroux [A] generalized the method to construct a linear
system X — B — CP* for k = 2, and he is currently extending his work to arbitrary k.
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In particular, the case k = n — 1 should yield a hyperpencil (with particularly nice local
properties) tamed by the original symplectic form w, and with f*h = ¢; (L®™) = m|w] for
any given sufficiently large integer m. (It may be useful to slightly weaken the definition
of a hyperpencil here.) This would complete the proof of the following conjecture, which
currently seems to be established in dimensions < 6 (by the above cases k = 1,2.)

Conjecture 3.3. For any integral symplectic manifold (X,w) and sufficiently large m €
Z, there is a hyperpencil on X for which the canonical isotopy class of symplectic forms
contains mw.

Now note that the nondegeneracy condition for symplectic forms is open, and H?(X; Q)
is dense in HZp(X). Thus, rational symplectic forms on a manifold X are dense in the
space of all symplectic forms. Furthermore, any rational cohomology class can be rescaled
to an integral one. Thus, up to scale, the hyperpencil construction should give a dense
subset of all symplectic forms on any given manifold. That is:

Proposition 3.4. Let P(X) be the set of deformation classes of hyperpencils on a man-
ifold X, S(X) be the set of isotopy classes of rational symplectic structures, and  :
P(X) — S(X) be the map given by Theorem 8.1. Suppose that all integral symplectic
structures on X satisfy Conjecture 8.3. Then the induced map  : P(X) — S(X)/Qy is
surjective. Equivalently, there is a surjection Q : P(X) x Q4 — S(X), where Q(f,q) is
obtained from Q(f) by rescaling so that [ﬁ(f, q)] is q times a primitive integral class. O

Corollary 3.5. In dimensions where Conjecture 3.3 holds (e.g. dimensions < 6), a
manifold admits a symplectic structure if and only if it admits a hyperpencil. A 4-manifold
admits a symplectic structure if and only if it admits a Lefschetz pencil with B # (. O

(For the 4-dimensional version, see also [GS].) Thus, Conjecture 3.3 topologically char-
acterizes those manifolds admitting symplectic structures. From there, to completely
determine, in topological terms, the dense subset S(X) of the space of symplectic forms
on X, we only need to identify the point preimages of Q (which are the same as for Q).

Conjecture 3.6. The point preimages 0f(~2 (or equivalently, ﬁ) can be given by a topo-
logically defined equivalence relation on P(X).

To do this, it may be useful to strengthen the definition of hyperpencils. The main
evidence for this conjecture is that the theorems of Donaldson and Auroux come with
uniqueness statements, up to “stabilization,” or multiplying m by large integers (taking
tensor powers of the relevant line bundle). This suggests that one should be able to
topologically define stabilization maps o, : P(X) — P(X), k € Z,, with o1 = idp(x),
opoop = oy and Qoo = k€2, and that the required equivalence relation should be given
by f ~ g if and only if o (f) = o¢(g) for some k,¢ € Z. However, these stabilization
maps seem complicated, even in dimension 4.

58



GOMPF

References

[A]
[ABKP]
(D]

[F'S]
[G1]
[G2]
[GM]
[GS]

[GH]
(K]

(L]
[Mc]
[McS]
[M]
[S]
[Sz]
[T]

[Th]

D. Auroux, Symplectic maps to projective spaces and symplectic invariants, Proceedings of
Gokova Geometry-Topology Conference 2000, 1-42 (= Turk J Math, 25 (2001), 1-42).

J. Amorés, F. Bogomolov, L. Katzarkov and T. Pantev, Symplectic Lefschetz fibrations with
arbitrary fundamental groups. J. Diff. Geom., to appear.

S. Donaldson, Lefschetz fibrations in symplectic geometry. Doc. Math. J. DMV, Extra Volume
ICMIT (1998), 309-314.

R. Fintushel and R. Stern, Knots, links and 4-manifolds. Invent. Math. 134 (1998), 363—400.
R. Gompf, A new construction of symplectic manifolds. Ann. of Math. 142 (1995), 527-595.
R. Gompf, A topological characterization of symplectic manifolds. In preparation.

R. Gompf and T. Mrowka, Irreducible 4-manifolds need not be complex. Ann. of Math. 138
(1993), 61-111.

R. Gompf and A. Stipsicz, 4-manifolds and Kirby calculus. Grad. Studies in Math. 20, Amer.
Math. Soc., Providence, (1999).

P. Griffiths and J. Harris, Principles of algebraic geometry. Wiley, New York, (1978).

D. Kotschick, The Seiberg- Witten invariants of symplectic four-manifolds (after C.H. Taubes),
Seminare Bourbaki 48¢me année (1995-6), no. 812, Astérisque 241 (1997), 195-220.

K. Lamotke, The topology of complex projective varieties after S. Lefschetz. Topology 20 (1981),
15-51.

D. McDuff, Examples of simply connected symplectic non-Kdhlerian manifolds, J. Diff. Geom.
20 (1984), 267-277.

D. McDuff and D. Salamon, Introduction to Symplectic Topology. Oxford University Press
(1995).

J. Moser, On the volume elements on a manifold. Trans. Amer. Math. Soc. 120 (1965), 286—294.
M. Symington, Symplectic rational blowdowns. J. Diff. Geom. 50 (1998), 505—-518.

7. Szabé, Simply connected irreducible 4-manifolds with no symplectic structures. Invent. Math.
132 (1998), 457—466.

C. Taubes, The Seiberg- Witten invariants and symplectic forms. Math. Res. Letters 1 (1994),
809-822.

W. Thurston, Some simple examples of symplectic manifolds. Proc. Amer. Math. Soc. 55 (1976),
467-468.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TEXAS AT AUSTIN, USA
E-mail address: gompf@math.utexas.edu

59



