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On Conjugation in the Mod-p Steenrod algebra

Ismet Karaca and Ilkay Yaslan Karaca

Abstract

In this paper we prove a formula involving the canonical anti-automorphism y

of the mod-p Steenrod algebra.
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1. Introduction and Main Result

Let A be a mod-p Steenrod algebra. Let R = (r1, 72, ...) be a sequence of nonnegative
integers with finitely many nonzero terms. Let P(R) denote the corresponding Milnor

basis element in A so that the elements P(R) form an additive basis for the subalgebra

. > .
A, of A generated by the Steenrod powers P?, i > 0. We define |R| = Y (p' —1)r;

i=1

(o]
and e(R) = > r;. Thus, considered as a mod-p cohomology operation, P(R) raises the
i=1

dimension of a cohomology class by 2|R| and has excess 2e(R). The anti-automorphism

x of A, plays a fundamental part in our argument, and we find it convenient to write
6= (=1)""x(0)

for every element 6 € A,.
We are interested in an explicit conjugation formula for the Steenrod operations of
A, in the form
X(k,n) = P(p*n)P(p*~"n)-- - P(pn)P(n),
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where k£ and n are nonnegative integers. So the following formula is the mod-p analogue

of Theorem 3.1 in [6].

Theorem 1.1 For all positive integers j and i, we have

X(j,ptt —1) = X(i,p’ ! —1).

We will introduce the following useful notation: each natural number a has a unique

p-adic expansion

with 0 < a;(a) < p. Tt is a fact that
() =11 ()
b o i—0 (67 (b) '
Using Davis’ method [1] we can derive the following formulae.

Proposition 1.2

~ |R| + e(R)
P(u)-P(v) =) P(R)
- ( pu >

where the sum is taken over all R for which |R| = (p — 1)(u +v).

Proof.  See [2] for the proof of (2) and look at [4] for the proof of (3).

Using these formulae, we can prove the following proposition.

Proposition 1.3 For nonnegative integers k,l,m,n and k > [, suppose that

(1) m+n=pr—p

(2) m < pk~1
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(3) m=0 mod p'.

Then
(i) When Il =0, we have

P(m)-P(n) =P(n— (p—1)ym —1)P(pm + 1)

(i1) When I > 0, we have

Pm) P () =Pl 1)+ ) P (1)) =3 (77 )Pl =) Pl ).
Proof.
(1) Let I = 0. Using Proposition 1.3, we have
S S~ (1B +e(B)
P(m) - B(n) =3 ( S )P(m,

R

and
p - - m — . m = e(R)
P(n— (p— Dm — 1) - Ppm + 1) §R:(pm+1>7>(m,

where |R| = (p — 1)(p¥ — 1) and 1 < e¢(R) < p* — 1. In order to prove these sums are

equivalent in mod-p, we need to show that their binomial coefficients are equivalent in

(|R|;;(R)> _ <p;§?1> mod p.

X &)
We know that |R| = > ri(p* — 1) and e(R) = Y r;. Using these facts, we have
i=1 i=1

mod-p, i.e.

(o)
ko Bl =1 4 2
P —1—E—7‘1+i_227“z(p +p" "+ +p+1)

(oo} (oo}
—e(R) =Y ri+y r(p " +p 44 p+ 1)
1=2 1=2
(oo}
=e(R)+ Z:mp(pi_2 +p 7 p ).
1=2
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o) . .
Since Y. rip(pi=2+p" 3+ +p+1)=0 mod p, e(R) =p—1 mod p. Using Equation

i=2
(1), and the upper bounds of e(R) and m, we have

<|R| +e<R>> _ ((p — D - 1)+ e<R>> _ (pﬁJ mod p.

pm pm

This completes the proof of part (4).
(#4) Let I > 0. Again using Proposition 1.3, we have

P(m) Pn) =3 ('R' N e(R)>7>(R>,

R pm

P+ =) Pln - = 3 (W0 o),

[
= \pm+wp

and

e(R)

pm+(p— 1)pl>P(R)

P = (= 1)m+51) - Plom-+ (= D) = Y
R

where |R| = (p — 1)(p* — p') and 1 < e(R) < p* — p'. In order to prove the sums in part

(#4) are equivalent, we need to show that

(IRIZJ(R>> + pf (p; 1> (|fn|1 " eﬁ)) _ (pm f((f)_ 1)pl> mod p.

w=1

e(R)
pm~+(p—1)p!

1
—1
(p > (|R| + e(Rl)> =0 modp
1 w pm + wp

Case 1: 0 < ay(e(R)) < p— 1. Then ( ) are equivalent to zero in mod-p.

So it is enough to show that

(17 ey, S

pm

w

i.e.

L)
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for 0 < ay(e(R)) < p — 1. The following equivalent holds

p—1
p—1\ 14+ ai(e(R p+ a(e(R
O I N
w=0 w p
by considering coefficient of zP~! in the binomial expansion of

(z+ 1)preule(R) — (x4 1)P Yz + 1)t+eu(e(R)
Since 0 < oy(e(R)) <p —1, (p+“1j(_el(R))) is equivalent to zero in mod-p. Hence

pi <p _ 1> (1 + az(e(R))> =0 mod p

w=0

L

i.e.

So the result holds.
Case 2: a;(e(R)) =p— 1. Then

(58 <0

w=1
and
R|+e(R e(R
(l l:m( )> - (pm+ Ep)—l)pl> mod
Therefore the result holds. o

2. Proof of Main Result

Proof of Theorem 1.1 We are going to prove the theorem by induction on ¢ under the
assumption that i < j. Fori=0and all j , X(j,p—1) = P(p’ ' —1) = X(0,p/ 1 —1) by

Davis’ formula in [1]. Assume that for all i <i—1 and all 5, and for : =i and j < j — 1,

X@G,p ™ —1) = X(,p - 1).
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The inductive proof will draw on the following remark: under the above assumptions,

Plep™) - X(1—1,p —1)=0 (4)

where ¢ is a unit in mod-p and 1 <[ < 4. Indeed, by induction on [, we have

—

Plep™") - X1 —1,p = 1) = [X(I = 1,p T —1)- P(cp'™ )]

= XG0~ 1) Pl )

—

=[X(i — Lp(p' = 1))PE' —1)-P(ep' ).

By Adem relations, P(p! — 1) - P(cp'~!) = 0. Therefore this verifies Equation (4).
We claim that for 0 <[ < j

X(1p = 1) - P - 1) =PE T - pth) - X1, - 1). (5)

The case | = 0 follows from Proposition 1.4 (7). Suppose that the statement is true

for I — 1. Then by induction on ! and Proposition 1.4 (i7), we have

X(Ip =1 P —1))=P@' (¢ —1) P @ —p') X1 - 1,p* - 1)

=[P —p"h) PR (T 1)) X(1 - 1,p —1)
p—1 1
_ [Z (p >rp(pl(pz _ 1) + wpl—l) . rp(pl-i-_]-i-l _pl—i-’t _ wpl—l)] . X(l _ 1,p’t+1 _ 1)
From Equation (4),
rﬁ(pi+j+1 _pl—i-i o wpl—l) -X(l o 1,pi+1 o 1) -0
for every w=1,2,3,...,p— 1. Hence we have
X(Lp' -1)-P' @™ - 1)) =P @ -pt) - X(1pH - 1).

364



KARACA, KARACA

This proves our claim. Finally, taking [ = j, we find that

~

X p ™ -1 =X -1, —1) P - 1)
X@Gp' =1 PR -1)

(0) : X(jap’H_l - 1)

|
)

This completes the proof. O
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