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Applications of the Tachibana Operator on Problems
of Lifts

A. Magden, E. Kadiwoglu and A.A. Salimov

Abstract

The purpose of the present paper is to study, using the Tachibana operator, the
complete lifts of affinor structures along a pure cross-section of the tensor bundle
and to investigate their transfers. The results obtained are to some extent similar

to results previously established for tangent (cotangent) bundles [1]. However there

are various important differences and it appears that the problem of lifting affinor
structures to the tensor bundle on the pure cross-section presents difficulties which

are not encountered in the case of the tangent (cotangent) bundle.
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1. Introduction

Let M, be a differentiable manifold of class C*° and finite dimension n, and let 7% (M), p+
q > 0 be the bundle over M,, of tensors of type (p,q): TP(M,) = UPeMW TP(P), where
TP(P) denotes the tensor(vector) spaces of tensors of type (p,q) at P € M,.

We list below notations used in this paper.

i. m:TP(My,) — M, is the projection TP (M,) onto M,

ii.The indices i, ,--- run from 1 to n , the indices 7, j, - -- from n + 1to n +nPt? =
dim TP (M,) and the indices I = (%), J = (j, ), ... from 1 to n+ n?*T9. The so-called

Einsteins summation convention is used.
iii. §(M) is the ring of real-valued C functions on M,,. TH(M,)is the module over

F(M) of C*tensor fields of type (p, q).
. Vector fields in M, are denoted by V, W, ... . The Lie derivation with respect to
V is denoted by Ly . Affinor fields (tensor fields of type (1,1) ) are denoted by ¢,, ...
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Denoting by 27 the local coordinates of P = 7r(]~3) (]ND € TP(M,)) in a neighborhood

U C M, and if we make (27, t;llz;:) = (29, xj) correspond to the point P € 7= 1(U), we

can introduce a system of local coordinates (2, 27) in a neighborhood ' (U) C TP (M,),

d - .
where t“ 3]: f 47 are components of ¢ € TP (P) with respect to the natural frame 9;.

If o€ TI(M,), it is regarded, in a natural way(by contraction), as a function in
TP(M,,), which we denote by . If o has the local expression a = ozfll f;é) - ®

9j, ®dz" @ -+ ® dx'» in a coordinate neighborhood U(z*)C M, then v has the local

expression

G1vdq gi1eip

= a(t) =0, g,

with respect to the coordinates (z7,#)in 7= (U).
Suppose that A € TP(M,). We define the vertical lift VA € TFH(TP(My,))of Ato

Tp(M,) (see [2]) by

VAGa) = a(A)om =V (a(A))

where V' (a(A)) is the vertical lift of the function a(A) € F(M,). The vertical lift V' A of
Ato TP(My,) has components

V Ai 0
VoA _ . .
4= (VAJ“) - (A};::@f;) (L)

with respect to the coordinates (7, 27) in TP (My).

We define the complete lift °V = Ly € TH(TP (M) of V € TH(M,) to TP (M) [2]
by

V() = Lya), ae T(M,).

The complete lift “V of V € Tf(M,) to T? (M, ) has components

ch CV_] thllmj;.zp D Vz” Zt_]l"'i"']q 8“‘/6 (1-2)

p=1
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with respect to the coordinates (z7, xg) in TP(M,).

Suppose that there is given a tensor field { € %7 (M,). Then the correspondence
r +— &, & being the value of £ at x € M, determines a mapping o¢ : M, — TP(M,),
such that m o o¢ = idy,, and the ndimensional submanifold o¢(M,,)of TP(M,) is
called the cross-section determined by £. If the tensor field £ has the local components

§l1','.',lp x¥), the cross-section o¢(M,,) is locally expressed by
ki-kg ¢

k k
X =X
{ A Il (1.3)
X = X

with respect to the coordinates (x*,z*)in T?(M,). Differentiating (1.3) by 27, we see
q g y

that the n tangent vector fields B; to o¢(M,,) have components

0xX o%
BE) = ) = / 4
=G, 5;?;::.6;)’ -4

with respect to the natural frame {0, 95} in TP(M,) .

On the other hand, the fibre is locally expressed by
xk = const,
Iyl Iyl
ety gl

i1eeip

ti; l};’q being consider as parameters. Thus, on differentiating with respect to 2l =t g

10

we see that the n?T7 tangent vector fields C5 to the fibre have components

0xX 0
Ky (9 _ , _
(CJ ) (axj ) (5%11 5;25&5,52) (1 5)

with respect to the natural frame {0, 95} in TP (M,,).
We consider in 7= 1(U) C Tg’(Mn), n + nPTlocal vector fields B; and C5along
0¢(My). They form a local family of frames {B;, C5} along o¢(M,), which is called the

adapted (B, C)—frame of o¢(M,,) in 7~1(U). Taking account of (1.2), we can prove that,
the complete lift “V has along o¢(M,,) components of the form

(VN (7
V= (cva“) - (—(L@)ﬁ:‘.@f;) (16)
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with respect to the adapted (B, C)-frame [3], where (ng)zllzz are local components of
Lvé in M,

2. Complete Lifts of The Affinor field to The Tensor Bundle Along a Pure
Cross- Section

Let » € T1(M,,). Making use of the Jacobian matrix

ol (%5 5z A 0
(7)== | ot 385 () (40 4G () 46
Oz ot ol | T \HOAG)AG)) AR AG,
of the coordinate transformation in TP(M,): 2¥ = 2 (a?), 2t = tgf ) = A(z) Agj)) gz)) =
(1) 4G") (4) .71 “Jp (i) _ i1 iq P " Jh i
A A(J) zt (t(z) = lj,.i, A(i,) = Ai,1 . -Ai;, Al = 817” A(J) = A "'Ajp ,

A;: = %ﬁj ) we can define a vector field yp € TH(TP(M,)) :

Iy- l p tll...m...lp L

0
vo = ((vp)") = ( - tﬁjl"'",:"'lpwﬁ%, p>0 >
kq- k; (pma q > 0

bma-. kg PRy~ 2b=1
where " arelocal components of ¢ in M,.Clearly, we have (vo)(V f) = 0 for any

f € (M), so that ~y is a vertical vector field. We can easily verify that the vertical
vector field y¢ has along o¢(M,,) components

Iy l Lmely g,
ks PRy 1 Eproky P> 1> 0

0
v = ((9)") = ({ 2§“"'m“'lp<pﬁ%, p>0 > (2.1)
3

with respect to the adapted (B, C)-frame.
A tensor field & € ‘I{I’(Mn) is called pure with respect to the affinor @-structure

(¢ € TH(My)) [4], if

iy griocip o ipelitipeaT o p oglidp cip _ pdreip
T Sjide = Pr i = PirSrjardq = (pqujl Jg—1T T gjl"'jq'

In particular, vector(covector) fields will be considered to be pure.
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Let T P(M,,) denotes a module of all the tensor fields ¢ € ¥P(M,,) which are pure
with respect to ¢. We consider the Tachibana operator on the module T »(M,,) [4]

(@ ‘Pg)kjl jg Pk amgjl e T

’L celp
Jl Jq+z Ja(pk J1

gy T
p .
+Z(8k§0r - r‘pk )511 ;q » (2.2)
b=1
where @6 € 8, (M,,). After some calculations we have, from (2.2)
VE@GE, T, = LovEi 3, EV% ga T+ Z (Lver)&, 5, (2:3)
for any V € T§(M,,) with local components V*.

Suppose that A € T2(M,) with local components AT

i f” in U(z') C M,. From
(1.1),(1.4),(1.5) and VA =" Z’Bi + VAT, we easily obtain VA'=0," A
A

~1 -
s :V A’L =
Thus the vertical lift ¥ A also has components of the form (1.1) with respect to
the adapted (B, C)—frame of o¢(M,,)

Now, we consider a pure cross-section o¢ £(M,,) determined by ¢ € ‘I ( n)-
We define a tensor field “p € TH(TP (M

»)) along the pure cross-section o £(M,,) by
{CQD(CV) _

= “(e(V))+(Lve), VV € TH(M,),
“o(VA) = V(p(A)), VA € TH(

Mn)7

¢pthe complete lift of ¢ € T1(M,

where p(A) € TH(M,,) and call
of(My) .

(2.4)

n) to TP(M,) along

Let “p 1 be components of “p with respect to the adapted (B, C)—frame of the pure
cross-section o (Mp). From (2.4) we have

N KetrL e
prV>i=

e (@(N +y(Ly )X ( (2.5)
CofF VAL =V (p(4) (44)
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where(see (2.1))

lll

0
'Y(Lr‘;‘P)K) = ( — 2§l1"'m"'l (LVQD)Z p>0 >,
Ein e LV = by & (Ly )it g > 0

N 0
(V(W(A))K):<{<pl;b14?lf. ? p>0 >

‘PklAka ke >0
First, consider the case where K = k. In this case, (¢) of (2.5) reduces to

BEVI+eBEVT = (p(V)! = (o)) = o} V. (2.6)

“"K‘

Since the right-hand side of (2.6) are functions depending only on the base coordinates

2%, the left-hand side of (2.6) are too. Then, since C‘N/ Tdepend on fibre coordinates, from
(2.6) we obtain

ok =0. (2.7)

~Io

From (2.6)and (2.7), we have ‘@ V! =¢ oFV! = @F V! Vi being arbitrary, which

implies
OF = of. (2.8)

When K =k, (ii) of (2.5) can be rewritten, by virtue of (1.1), (2.7) and (2.8), as 0 =0.
When K = k, (ii) of (2.5) reduces to

BEV % GEV a7 ANk
P VAl T VA (@(A))
or
k‘Aél ss - (‘le'l@Azbkj _ 211 5222 ..5?;57“1 5rq Aii ;jq p>0

for all A € TH(M,,), which implies

k l l
k=l S GR O Gyt p >0,
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. 7 S = [
where 67is the Kronecker symbol, 2! = tf«if«f, k= hyonhr
q

By similar devices, we have
~k _ sl lp 71 8T T
p7 = 5811 - -5;;90&5@ e -5kz , ¢>0.

We shall investigate components C(,NolE Suppose for example that p = 0 and ¢ = 2.
In this case, when K =k, (i) of (2.5) reduces to

o VELeok V= (o(V)F + &y (Lv )i, -

~] ]

or

~ -

DEV It oo V=, (Lve)y, = (p(V)E. (2.9)
From (2.3) we get

*

VH®oE) ki = (Lov )ik — (LvE ks
%)

or

VH®oE) ki ks + Pk, (LVE) thy + Etka (Lv©) by = (LpvE)iks (2.10)
for any V € T(M,,). Using (1.6), from (2.10) we have

VH@o) 1k ks + Py (LvE)ins + ks (Lv @)k, = VH@oE) 1k 1y +

FORL 62 (LyE)ryry + kg (Lv @)k, = VH®LE)kyky —

—on 82 V! + &, (Ly o)y, = —(0(V))'
or

(oE)ikrks V! — 012012 V' + &y (Ly )k, = —“(0(V) (2.11)

Comparing (2.9) and (2.11), we get
ek _
@1 = = (Ppl)ikks -
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In general case, by similar devices, we can prove:

~ ~ ~ L Iyl
A R (2.12)

~k i 5l l T
690[:‘Psll(ssi"'&si,&/:i"'&kz ,p>0

~F% l l T1 LT T,
©7 =04 0L o 0p -0t ¢ >0

with respect to the adapted (B,C)—frame of o¢(M,) , where ®,¢ is the Tachibana
operator.

3. Transfer of The Complete Lift of The Affinor Structure

Let M, be a paracompact manifold with a Riemannian metric. We shall mean by the
Riemannian metric a symmetric covariant tensor field g of degree 2 which is nondegen-
erate. If g is a pure tensor field, then a manifold M,, with an affinor ¢-structure is called

an almost B-manifold [5, p. 31] and this will be denoted V;,

Suppose that TP (V) and Tf_:ll (V) are the tensor bundle of type (p,q) and (p—1, ¢+1)
over V,,respectively. Clearly that dimTP(V,) = dimT;:ll(Vn) = n + nPT9 Let the
diffeomorphism f : TP(V,,) — T;_:ll(Vn), yt =yl(2”), I,J = 1,...,n+ nPT% be defined
by a local expression such that

Y = o = oo,

T yiaeeip o mizevipy _ hilaeclp iy sipckr | skq
Y =15, —gzmtjl...jq —gzlltkl...kq 552 5lp5j1 5jq =
_ . Si2 ip ok kg _k

= gzll(sb "'5lp5j1 "'5jq x”.

Since
kE _ glp
x tklmkq’
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ay’_'
Oxk

ip ok
= 9ily l2 5p5 1"'5J:a

oyt 9 g i

T oxk W(Qim drda ) = (Okgim )t ngjq ’

we have

T oy' 9y’ i
_ (39 > _ (e aum) _ (% o0
- K - ° oy" - . (I AR S '
o v o 0 gi, 02 8,708 o)

oxk

The inverse of the mapping f is written as

l l T _ 4S18p _ _symy-52°8
=y, v =ty =g [N

Suppose that 4/ = t”kfl]:p, we have

A—l _ % _ 5.5 0
- 8yJ 1o 981l57l“11 ...55}; Zz ...5;2 ’

which is the Jacobian matrix of inverse mapping f~!.
Let us consider the pure cross-section 5;1;’; (z)of TP(V,). We can easily verify that
the image &;; '-112"'1'?’ "(y) of this cross-section under the diffeomorphism f is the pure cross-

section in Tf_:l (V). In fact, we see that

ng m'L2

2 o = (gm0 )0k = gingl ok,

o kig-- i
= Gik&my,.. Jq‘pjl = gzm]z Jq‘pjl

Theorem. Suppose that ‘¢ and “p denote the complete lift of the affinor p-structure
1 2

to TP(V,,) and T +11 (V) along the pure cross-sections 523 (x) and 51 . ( ), respec-

tively. If ®,g = 0, then “y is transferred from °p by means of the dlffeomorphism I,
2 1

where ®,g denotes the Tachibana operator.
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Proof. Let (®,9)ki; def ® 9,5 = 0.If we take account of (2.12) and a fomula due to
%)
Tachibana [4]

(gzmgmw ) = (%jyim)gﬁwhw + gzmq)J o

Jq ’

then we have

i 0
J
. emigip Isli | glagia  <ip
gzm%] 1+l 15]1 6jq6k2 6kp>

14 (Cf ‘I’> (3.1)
o 0
B ( ng;f i 4,025;»11 .- 5;‘;5}:2 .. 5}?;)
‘P§ 0
- ( (ﬂI) ngm)fmw gzmq) mqu 25511 . 5;251222 .. 5}1:;)
_ ( ?

i 0 <p;f 0
P 1 kq 1 P 1 q
0 9”15? o 5’p 5?1 T 0y, —(® ¢5)5k1 kg Pl 0% - '521»51:1 o '51;

(Sl» 0 - s = Iyl -
(0 gslzézl .”57{(; 5s2 N .5;p> = Ac(fA—l , where z! = t;ﬁif«f, k= tk11~~~1]:qa yi =
P
igee

i y = t” ¥ To show (3.1), we have taken account of

Git 02 - 0,708+ 5Tl 6%z gl gy g gl gl 63 O =

P

_ li .. slagia . sip
WS 5jq5k2 5kp

and used that g;; is the pure tensorfield. O

Remark. In a manifold with affinor ¢-structure, a pure tensor field g is called an
almost analytic tensor field if (®,g)ri; = 0 [6].
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