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Representing Systems of Exponentials and Projection

on Initial Data in the Cauchy Problem*

Yu. F. Korobeinik

Abstract
The Cauchy problem for the equation

O M w(z1, z2)

Mw = as ;i ———2"22 = () 1
ZZ 7 025025 )
j=0 s=0

0" w(z1, z

(9( Tll 2) |29=0= ¢n(z1),m=0,1,...,m—1 (2)
23
is investigated under the condition l; < l,,j =0,1,...,m — 1. It is shown that the

operator of projection of solution of (1) on its initial data (2) in a definite situation
has a linear continuous right inverse which can be determined effectively with the

help of representing systems of exponentials in the space of initial data.

Introduction

The Cauchy problem (C.p.) for the equation

m o5ti
MU}EZZ%,J‘MZO (3)

59,J
=050 0750z,

with as ; € C was investigated in a number of works and in particular in the paper [1].

We need in what follows the contents of ¢ § 1-4 and ¢1 of this paper. For reader’s
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convenience let us remind some definitions and results from [1]. Let Fi(I = 1,2) be a
dense in itself subset of C and let C°°(F}) be a space of functions y(z;1) : F; — C infinitely
differentiable at each point of Fy. The sequence {y,(z1)}52 tends to y(z1) in C°(Fy)
if Vs > Oy%s) (21) — y®)(21) uniformly on each compact of Fy. Let E;(F}) be a complete
separable locally convex space (CSLCS) satisfying the following conditions:

1) Ey(Fy) < C%(F1) ;

2) the operator Dy = 3/ is continuous in E; (F1) ;

3) there exists an absolutely representing system (ARS) of exponentials Ejq =
{expArz1}32, such that for each k > 1Ex , = {expAjz1}32, is also an ARS in Eq(F)
and limg—oo | Ak |= 0.

It is worth reminding that he system {z1}}2, of elements z of a complete locally
convex space H is said to be an ARS in H (see e.g. [1], p. 556) if each element = of H
can be represented in the form of the series x = >~7 | apxy, absolutely converging in H.

Suppose that a standard decomposition of the polynomial Q(A, u) := Z;”:O 74

Zij:o as ;A° contains no irreducible polynomials depending only on one variable A or f.
Then in some neighborhood of infinity the equation Q(A, 1) = 0 generates N different
branches p;(\) with multiplicity p; : Z?f:l pj = m.

The symbol (E1(F1); E2(F2)) denotes the set of functions w(z1, 22) such that Vz; €
Fru(z1, 22) € Es—i(F5_;) as a function of z3_1,1 =1, 2.

Assuming that 0 € Fy throughout the paper we look for the function w(z1, 22) from

(E1(F1); E2(Fy)) satisfying the equation (1) and initial conditions with respect to zo:

0" w(z1, 22)

92 lzs=0=¢n(21),m =0,1,...,m—1 (4)

where @, € F1(F1), 0 <n <m — 1. To do this we expand at first the functions ¢, into
series with respect to ARS E 1

(oo}
©on(21) :Zbkmexp)\kzl,n:0,1,...,m—1 (5)
k=1
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All the series (3) converge absolutely in Ey(Fy). If k > 1 is fixed we always can find

numbers afs) from the system

N qj (n)

bkn—ZZa(k)s'Céqu ,n=01,....m—1 (6)

j=1 s=0

where p; 1 = pj(Ag), gj(n) = min(n,p; — 1). After that we form the series

o0(z1, 22) Z Z Za{f (z2)°exp(Aiz1 + jk22) (7)

It was proved in [1] under definite suppositions that wg belongs to (E1(Fy); Ea2(F»))

and satisfies (1), (2). We cite one result from [1] in this direction. Suppose that
lj <lpmifj <m—1and ifa;;#0 (8)

Then [1] 3Ry > 0: v := sup{| p;(A) |:] A |[> Ro,1 < j < N} < 0.

We put Fy = C, 3 := maz{(p; —1) : 1 < j < N} and introduce the Banach space

ly(z2)|exp(—v|z2|)
[22]7+1

Let P = {p} be the set of seminorms defining the topology in CSLCS FE;(F};) with
properties 1)-3). Denote by {E1(F1); E(v, 3)} the subspace of (Ey(F1); E(v, 3)) contain-
ing all functions y(z1, 2z2) for which Vp € P

E5(C) = E(v, B) of entire functions y(z2) such that || y ||2:= sup.,ec < 00.

p(y(zl, 22))630p(—v | 22 |)
|22 |7 +1

{E1(F1); E(v,8)} is a CSLCS with topology defined by the set (P) := {(p)}pep of
seminorms (p). According to theorem 1 ([1], p. 559-560) the series (5) described above

(P)y(21, 22) == sup.,ec < o

converges absolutely in {E;(F1); E(v,5)} and its sum wg(z1, 22) is a solution of the
Cauchy problem (1)(2) for arbitrary chosen ¢,, from E;(F1). Let us introduce the CSLCS
(E1(F1))™ with the standard set of seminorms Pp,) = {pm(p) = ZZ:OI p(pk),p €
P, = (po,...,om—1)} and the operator Thp; of projection to initial data: for each
w(z1,22) € A= M~Y0)N{E1(F1); E(v, )}

O Yw(z, »
Tyw = (w(zl, 0),..., # |Z2=0> )
0zg
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It is easy to see that Tps is a continuous operator from A (with the topology induced
from {F1(F1); E(v, 8)} into (E1(F1))™). Under the relation (6) and conditions 1)-3) Thy
is an epimorphism of A onto (E1(F1))™. We shall indicate further the conditions under
which the operator T)s has a linear continuous right inverse (LCRI). In order to formulate

the main result we need to introduce the CSLCS

Al = Ao(Ep g, E1(FY)) = {c = ()% qp Z | cs | plexpAszi) < o0, Vp € P}
s=k

with the set of seminorms Q% = {¢%},ep and the representation operator (RO) Ly:

o0
Ve = (cs)2 ) € A’; — Lpc= chexp)\szl € Ei(F1).
s=k

It is evident that Ly acts continuously from A’Q“ into Ey1(Fy).

Theorem 1. Let the relations (6) be valid and let the CSLCS E;(Fy) satisfy the
conditions 1)-3). Suppose that Vk > 1 the operator Ly has a LCRI By. Then the
projection operator Thy has a LCRI which can be determined effectively.

Proof. Let us fix Ry < oo so that the above described branches f1;(\) are determined
in the set | A |> Rp. Let us also fix k& > 1 so that | \; |> Ro,Vj > k. If ¢ = (¢n)"2y €
(E1(F1))™ then Vz1 € Fion(21) = Y eer (Bepn)sexpAszi,n = 0,1,...,m — 1. Moreover
Vp1 € P3dd < oo dpy € P

Vy € Ex(F1) Y | (By)s | pr(ephszi) < dpo(y). (9)
s=k

Following [1], §3 and §11 we form the series (5)

N p;j—1 oo

(o)
k(21 22) Z > Z Jz) eapnzs + i) = Y ur(21, 22)
j=1 s=0 r r=k

where p;, = p;i(Ar) and the coefficients a(‘rz (r > k) are determined from the system

(Brn)r = SN q’(g) a(r)5|05% Sn=0,1,. — 1. According to inequality (9)

7=l 7,8
from [1]
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m—1
3D < 003H < 00 : Vr > k¥j < NVs < g;(n) | a{")| < DO [T 3" | (Brgn)s | -
n=0

The constants D, H do not depend on j, s and r (when k is fixed). We have for all
pePandr >k

N p;j—1

( ) exp(—v | 22 |) ,
Whir < spsace 3 D 1o | =gy |2 I pleophezeap i |1 2|
J:
m—1 m—
<D |H Z | (Bin) | pexpArz1) < D Z (Brwn)r | p1(expArz1).
n=0 n=0

Taking into account (7) we find that Vp € P3pg € P :

e’} m—1

> (D)ur < Dad Y po(n) = Ds(po)m(p)-

r=k n=0

Hence wy(21,22) = Qrp where @y is a linear continuous operator from (FE4(Fy))™
into {E1(F1); E(v, 8)}. Besides, wy € M~1(0) N {E1(Fy), E(v,3)} and Thw, = ¢, i.e.
Ty Qrp, Vo € (Ey(Fy))™. O

In conclusion we mention some examples of the spaces E1(F;) of initial data and some
classes of equations (1) satisfying the suppositions of theorem I.

I. 1. Let G be a bounded convex domain in C and let H(G) be the Frechet space of all
functions analytic in G’ with the standard open-compact topology. It is proved in [2] that
if the function ¥(z) maps conformly the disc | z |[< 1 onto G and satisfies the condition
sup{| ¥'(z) |:| z |< 1} < oo, then there exists an ARS (expArz);>, in H(G) such that
limk_,oosupﬁ < 00,k > 1(expA,2)22, is an ARS in H(G) and the corresponding RO
Lj has a LCRO Bj. So we can put in theorem I Fy = G, E1(F1) = H(G).
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2. For any R € (0,+00) denote by C*°[—R, R] the Frechet space of all complex-
valued functions infinitely differentiable on [—R, R], with the set of norms || y ||,= maz{|
y(j)(z) |: z € [-R,R],0 < j <n},n=0,1,... According to [3], §5, for each § < 1 and
k> 0By = {expij%mhﬂzk is an ARS in C*°[—R, R] and the RO Lj has a LCRI. So
theorem I is valid if F; = [-R, R|,0 < R < o0, E1(Fy) = C®[—-R, R].

3. Assume that My = 1,M; T +00,1 > 1,R € (0,400). Denote by E(,[—R, R] the
Beurling space of all functions y(x) from C*°[—R, R] such that

|y () |

Vh>0|y|rn= sup{ AL

:lZO,xE[—R,R]}<oo.

The topology in E(y)[—R, R] is defined by the set of norms | y |g1/n,n = 1,2,...
Suppose that (M;) satisfies the following conditions:

l

Ve <036 > 03d < o00: V>0 M;5'C{ < de' M, (10)
j=0
sup% Z L < oo (11)
p = m; ’
jzp
sup(my,) /P < oo, (12)

where mo = 1, M, = m,M,_1,p > 1. It is proved in [3] (§5, theorem 5.3) with the help
of the results of [4] that for each § < 1 and k > OEéiR is an ARS in E(y)[—R, R] and
the RO Lj has a LCRI By. So under conditions (8)-(10) theorem I works in the case
F1 = [-R, R], E\(F1) = E(u,)[—R, R]. In particular, we can put M; = (I!)*, > 1,1 > 1.

In this case E;(F1) coincides with the well-known Gevrey class of minimal type:

E1(Fy) = {y(z) € C®[—=R, R] : Vh > Osup[| yV (z) | (I)"*h~" : 1 > 1,2 € [-R, R]] < o0}.
4. As the last example we regard the Roumieu space
Eqpy[-R, Rl ={y € C*[-R,R]: 3h > 0:| y |g,n< 00}.
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If My =1, M; T 400, if the conditions (8), (10) are fulfilled and if

3 >1 lim 2 Z (13)

p—00
p Jj= lp

then according to §5 of [3] for each § < 1 and k > OEéiR is an ARS in Eqyy[—-R, R].
Moreover under the conditions (8), (10), (11) the operator Lj has a LCRI, and theorem

I is again applicable. In particular, we can take for F1(Fy) the Gevrey space of maximal

type:

Ei(Fy) = {y(z) € C®°[-R, R] : 3h > Osup[| vV (z) | ()" *h~': 1> 1,2 € [-R, R]] < o0}.

II. The characteristical polynomial of the equation (1) can be written in the following

form

m l] m
Q) = Y as !X = uFRy(N) = Ta(p).
7=0 s=0 k=0
It is well known that discriminant of Th(x) (as a polynomial with respect to p) is a
polynomial v(A) in A. Suppose that v(\) is not identically zero. Then 3Ry € (0, 4+00) :
v(A) # 0, if | A |[> Ry. If the space E;(F}) satisfies the conditions 1)- 3), then (see § 12

of [1]) the representation (5) of the solution wg can be simplified:

m o0
o(z1, 22) Z Z a »k)exp Azt + (M) 22)

Jj=1k=1

where each branch p;()) is a simple one (i.e. p; = 1,5 =1,2,...,m). If the condition (6)

holds, then Theorem 1 is applicable, and the magnitude 3 is equal to zero : E(v,) =

E(v,0). In particular, the polynomial v(\) is not identically zero, if Q(A,u) is an
irreducible polynomial.

Let us consider as an example the Cauchy problem for the Sobolev-Galpern equation

b gkl

Qg
k=0

w(z1, 22) Zb t w(zl,O) = f(z1). (14)

82’“ 0zo 23
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We have for this equation m =1,

11 lo
Q) = 1Y arAF + 375N = pPi(N) + Py(N).
k=0 s=0

If Iy <1y, the conditions 1)-3) for F;(Fy) are satisfied and if Yk > 1 the operator Ly
has a LCRJ By, then the projection operator T), has a LCRJ Q. The operator @} can

be expressed in the following form:

oo
wi (21, 22) = Z a(lr)exp()\,«zl + 1 (Ar)22).
r=Fk

b
Here pn(A,) = — 72,0y = (Bif)ri B = 0o = ¢ + ||all[3||

v =¢ if [y < l;. The positive number ¢ can be fixed arbitrarily small.

for the case Iy = l;, and

References

[1] Korobeinik, Yu. F.: Representative systems of exponents and the Cauchy problem for
partial differential equations with constant coefficients, Izv. Acad. Nauk SSSR Ser. Mat.
61. 91-132(1996); English transl. in Izvestija: Mathematics, 61. p. 553-592 (1996).

[2] Korobeinik, Yu. F., Melihov, S. N.: A linear continuous right inverse for the representation
operator, and applications to convolution operators, Sibirsk. Mat. Zh. 34. 70-84(1993);
English transl. in Siberian Math. J. 34. 59-72(1993).

[3] Korobeinik, Yu. F.: Effectively representing 6-trigonometrical systems and their applica-
tions. I. Dep. in VINITI 29.06.1999, No:2132-B89. Rostov-on-Don, 35 pp.

[4] Petzsche, H. J.: On E. Borel’s theorem. Math. Ann. 282. 299-313 (1988).

Yu. F. KOROBEINIK Received 14.12.1999
Rostov State University,
Zorge St. 5, Rostov on Don, 344090-RUSSIA

Email: kor@math.rsu.ru

66



