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Asymptotic Behavior of the Zero Solutions to

Generalized Pipe and Rotating Shaft Equations

Ayfer Kurt

Abstract

A non-autonomous partial differential equation describing the dynamics of a

uniform pipe and a system describing the dynamics of a rotating shaft are con-

sidered.Sufficient conditions for the global asymptotic stability of the zero solution

of the boundary value problem for the differential equation and the system under

consideration are established by using the Lyapunov function technique.
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1. Introduction

In this paper we are concerned with the global asymptotic stability of the following
equation, for x ∈ (0, L), t ∈ R+

wtt + awxxxx + bwtxxxx + cwt + α(t)wxx + l(x)β(t)wxx + γ(t)wxt = 0, (1)

under the boundary conditions

w(0, t) = w(L, t) = wx(0, t) = wx(L, t) = 0, t ∈ R+ (2)

or

w(0, t) = w(L, t) = wxx(0, t) = wxx(L, t) = 0, t ∈ R+ (3)

where a, b, c are given positive constants, and α(t), β(t), γ(t), l(x) are positive bounded
functions and the following system

vtt + α1vxxxx − a(t)wt − b(t)v − c(t)w + β1vtxxxx + γvt − d(t)w = 0 (4)
1991 Mathematics Subject Classification, 34D20,58F10,73H10,93D05,93D20
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wtt + α2wxxxx − a(t)vt − b(t)w + c(t)v + β2wtxxxx + γwt + d(t)v = 0 (5)

under the boundary conditions

v(0, t) = v(L, t) = w(0, t) = w(L, t)
= vx(0, t) = vx(L, t) = wx(0, t) = wx(L, t) = 0, t ∈ R+

(6)

or

v(0, t) = v(L, t) = w(0, t) = w(L, t)
= vxx(0, t) = vxx(L, t) = wxx(0, t) = wxx(L, t) = 0 , t ∈ R

(7)

where α1, α2, β1, β2 and γ are given positive constants and a(t), b(t), c(t), d(t) are positive
bounded functions.

In the article of Plaut [4] the following equation

0 = EIwxxxx + diEIwtxxxx + dewt +MU2wxx + (L− x)MU̇wxx

+2MUwxt + (M +m)wtt
(8)

under the boundary conditions (2) (or (3)) and the following system

EI1vxxxx +mvtt − 2mΩwt −mΩ2v −mΩ̇w + diEI1vtxxxx + dem(vt −Ωw) = 0 (9)

EI2wxxxx+mwtt− 2mΩvt−mΩ2w+mΩ̇v+ diEI2wtxxxx+ dem(wt +Ωv) = 0(10)

under the boundary conditions (6) (or (7)) are considered. Equation (8) describes
the dynamics of a uniform pipe of length L,mass per unit length m,bending stiffness
EI,conveying a fluid of mass per unit length M and time varying velocity U(t) in the
positive x direction, di and de are internal and external damping coefficients respectively.
Equations (9) and (10) describe the dynamics of a rotating shaft with time-varying
angular velocity Ω(t).The quantities L,m, di, de are the same as in equation (8).EI1 and
EI2 are bending stiffnesses. In [4] it is proven that the zero solution of the problem

(8),(2) (or (8),(3)) is stable with respect to the norm (
∫ L

0
(w2

xx + w2
t )dx)

1
2 and the zero

solution of the problem (9),(10), (6) (or (9),(10),(7)) is stable with respect to the norm∫ L
0

(v2
xx + w2

xx + v2
t + w2

t )dx)
1
2 under certain conditions.

Our main aim is to find sufficient conditions guaranteeing the global asymptotic
stability of the zero solution of (1),(2)( or(1),(3)) and (4),(5),(6) (or (4),(5),(7)) and to
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generalize the previous results of PLAUT [4] to equations with arbitrary time-dependent
coefficients. The Lyapunov function technique is used to obtain our results. The method
used in this paper is also applicable to nonlinear systems. KALANTAROV and KURT
[2] examined the global asymptotic stability of a class of similar equations with nonlinear
dissipative terms.

The state vector is denoted u and the equilibrium state is u = 0. The state space U
contains the elements u which satisfy the boundary conditions and appropriate smooth-
ness conditions. An initial state at t = 0 is u0 and the ensuing motion is u(t,u0). A
specific norm ‖.‖ is defined on U . The extended Lyapunov’s direct method requires the
construction of a functional W, which is defined in the state space U having the follow-
ing properties (DYM [1], MOVCHAN [3], ZUBOV [6]). The subsequent three properties
of the function W represent a sufficient condition for stability of the equilibrium state
u = 0.

1. There exists a c1 > 0 so that for every u ∈ U ,W(u) ≤ c1 ‖u‖2.

2. There exists a c2 > 0 so that for every u ∈ U ,W(u) ≥ c2 ‖u‖2.

3. d
dtW(u(t,u0)) ≤ 0.

The zero solution is called globally asymptotically stable if the zero solution is
stable and all solutions tend to zero, in the appropriate sense, as t→∞.

We shall use the following notations throughout:

‖w‖ = (

L∫
0

w2(x)dx)
1
2 , (w, v) =

0∫
L

w(x)v(x)dx.

We also use the Wirtinger inequality [5]

L∫
0

w2(x)dx ≤ λ
L∫

0

w2
x(x)dx (11)

where λ = L2

π2 if both ends are pinned, λ = L2

4π2 if both ends are clamped. After the
integration of the equality (wwx)x = w2

x +wwxxwith respect to x and using Cauchy and
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Wirtinger inequalities respectively we obtain at once

L∫
0

w2
x(x)dx ≤ λ

L∫
0

w2
xx(x)dx. (12)

Using (11)and (12), it is not difficult to see that

L∫
0

w2(x)dx ≤ λ2

L∫
0

w2
x(x)dx. (13)

2. Global Asymptotic Stability

Theorem 2.1. Suppose that the following conditions are satisfied:

i) a, b, c are given positive constants,

ii) α(.), β(.)are positive functions from C1[0,∞),satisfying the conditions

α(t) + β(t)L + β(t)L1

√
λ +

γ2(t)
2
≤ a0 (14)

∣∣∣α′(t)∣∣∣+ ∣∣∣β′ (t)∣∣∣L+ β2(t)L1 ≤ η0(
a

λ
− a0) (15)

where a0 is an arbitrary positive number which satisfies

a0 <
a

λ
, andη0 = min

{
1,
a− a0λ

|λ2 − b| ,
2( b
λ2 + c)− L1

3

}

iii) γ(.)is a positive function from C[0,∞)

iv) l(.) ∈ C1[0, L] and

0 ≤ l(x) ≤ L, (16)

∣∣∣l′(x)∣∣∣ ≤ L1, ∀x ∈ [0, L], (17)
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where L1 is a positive number satisfying

L1 < 2(
b

λ2
+ c). (18)

Then the zero solution of (1),(2) (or (1), (3)) is globally asymptotically stable with
respect to the norm

(

L∫
0

(w2
xx +w2

t )dx)
1
2 .

Moreover for every solution of equation (1) satisfying the boundary conditions (2)
or (3) the following estimate holds:

‖wxx‖2 + ‖wt‖2 ≤ K1e
−δt (19)

where K1and δ are positive parameters.

Proof. Suppose that w(x, t) is a solution of equation (1) satisfying the boundary
conditions (2(or (3)) and η is a parameter to be specified later. Multiplying the equation
(1) by wt + ηw and using the boundary conditions(2) (or (3)) we obtain:

d

dt
Eη(w,wt) +Hη(w,wt) = 0 (20)

where

Eη(w,wt) = η(wt, w) + η b2 ‖wxx‖
2 + η c2 ‖w‖

2 + 1
2 ‖wt‖

2 + a
2 ‖wxx‖

2

−1
2α(t) ‖wx‖2 − 1

2β(t)
L∫
0

l(x)w2
xdx

(21)

and

Hη(w,wt) = −ηα(t) ‖wx‖2 + ηa ‖wxx‖2 − η ‖wt‖2

−ηβ(t)
L∫
0

l(x)w2
xdx− ηβ(t)

L∫
0

l
′
(x)wxwdx− ηγ(t)(wx, wt)

+1
2α
′
(t) ‖wx‖2 + 1

2β
′
(t)

L∫
0

l(x)w2
xdx

−β(t)
L∫
0

l
′
(x)wxwtdx+ c ‖wt‖2 + b ‖wtxx‖2 .

(22)

71



KURT

By using (13) we obtain the following inequality:

η |(w,wt)| ≤ ηλ ‖wt‖ ‖wxx‖ ≤ η
λ2

2
‖wxx‖2 +

η

2
‖wt‖2 . (23)

Using (23), (12), and (13) in (21) we get:

Eη(w,wt) ≥
1
2
[a− η(λ2 − b)− (α(t) + β(t)L)λ] ‖wxx‖2 +

1
2
(1− η) ‖wt‖2 . (24)

If λ2 − b < 0, from (14) and for η < 1 we have:

Eη(w,wt) ≥ k0(‖wxx‖2 + ‖wt‖2) (25)

for a suitable constant k0. If λ2 − b > 0, from (14) and for

η < min
{

1,
a− a0λ

λ2 − b

}
(26)

we have

Eη(w,wt) ≥ k1(‖wxx‖2 + ‖wt‖2) (27)

for a suitable constant k1. Using (23) in (21) we obtain:

Eη(w,wt) ≤ η λ
2

2 ‖wxx‖
2 + η

2 ‖wt‖
2 + η b2 ‖wxx‖

2 + ηcλ
2

2 ‖wxx‖
2

+ 1
2 ‖wt‖

2 + a
2 ‖wxx‖

2 + λ
2 (α(t) + β(t)L) ‖wxx‖2

≤ 1
2
(ηλ2 + ηb + ηcλ2 + a+ a0λ) ‖wxx‖2 + 1

2
(1 + η) ‖wt‖2 .

(28)

For

k2 =
1
2
max

{
ηλ2 + ηb + ηcλ2 + a+ a0λ, 1 + η

}
(29)

we obtain from (28) that:

Eη(w,wt) ≤ k2(‖wxx‖2 + ‖wt‖2). (30)

Using (12) and (17) we obtain the following inequalities:

γ(t) |(wx, wt)| ≤
γ2(t)

2
‖wx‖2 +

1
2
‖wt‖2 (31)
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β(t)

L∫
0

l
′
(x)wxwdx ≤ β(t)L1

√
λ ‖wx‖2 (32)

β(t)

L∫
0

l
′
(x)wxwtdx ≤

β2(t)
2

L1 ‖wx‖2 +
L1

2
‖wt‖2 . (33)

By using (12),(13),(16),(31),(32) and (33) in (22) we obtain that the following inequality
holds:

Hη(w,wt) ≥ [η( aλ − α(t)− β(t)L − β(t)L1

√
λ

−γ
2(t)
2

)− 1
2
(
∣∣∣α′(t)∣∣∣ + ∣∣∣β′ (t)∣∣∣L+ β2(t)L1)] ‖wx‖2

+( b
λ2 + c− L1

2 −
3
2η) ‖wt‖

2

(34)

If we use the conditions (14)-(16), we obtain Hη(w,wt) ≥ 0 and d
dtEη(w,wt) ≤ 0 for

η0

2
≤ η ≤ η0 (35)

where η0 = min
{

1, a−a0λ
|λ2−b| ,

2( b

λ2 +c)−L1

3

}
.So we obtained that Eη(w,wt) is a Lyapunov

functional for the problem (1), (2) (and (1),(3)). Thus the zero solution of (1), (2) (and

(1),(3)) is stable with respect to the norm (
L∫
0

(w2
xx+w2

t )dx)
1
2 . Let δ be a positive number;

then we obtain from (20) that:

d
dt
Eη(w,wt) + δEη(w,wt) = δη(wt, w) + δη b

2
‖wxx‖2

+δη c2 ‖w‖
2 + δ

2 ‖wt‖
2 + aδ

2 ‖wxx‖
2

− δ2α(t) ‖wx‖2 − δ
2β(t)

L∫
0

l(x)w2
xdx

+ηα(t) ‖wx‖2 − ηa ‖wxx‖2 + η ‖wt‖2

+ηβ(t)
L∫
0

l(x)w2
xdx+ ηβ(t)

L∫
0

l
′
(x)wxwdx

+ηγ(t)(wx , wt) − 1
2α
′
(t) ‖wx‖2

−1
2β
′
(t)

L∫
0

l(x)w2
xdx+ β(t)

L∫
0

l
′
(x)wxwtdx

−c ‖wt‖2 − b ‖wtxx‖2 .

(36)
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By using (11),(12),(13) and (14) we obtain from (36) that:

d
dtEη(w,wt) + δEη(w,wt) ≤ ( δ(a+a0λ)

2 + δη λ
2

2 + δη b2 + δηcλ
2

2

+ηλ(α(t) + β(t)L + β(t)L1

√
λ

+γ2(t)
2

)− ηa + λ
2
(
∣∣∣α′(t)∣∣∣+ ∣∣∣β′ (t)∣∣∣L

+β2(t)L1) ‖wxx‖2

+( δη
2

+ δ
2

+ 3
2
η + L1

2
− c− b

λ2 ) ‖wt‖2

(37)

From the conditions (14)-(18), and for η chosen in (35), we obtain from (37):

d
dtEη(w,wt) + δEη(w,wt) ≤ ( δ(a+a0λ)

2 + δη λ
2

2 + δη b2 + δηcλ
2

2

−(η − η0
2

)(a− a0λ)) ‖wxx‖2

+( δη2 + δ
2 + 3

2η + L1
2 − c−

b
λ2 ) ‖wt‖2 .

(38)

Choosing δ > 0 sufficiently small in (38) we obtain:

d

dt
Eη(w,wt) + δEη(w,wt) ≤ 0. (39)

It follows from the last inequality that:

Eη(w,wt) ≤ Eη(w(x, 0), wt(x, 0))e−δt. (40)

Thus (25) (or (27)) and (40) imply the required inequality (19). 2

Theorem 2.2. Suppose

i) α1, α2, β1, β2, γ are given positive constants,

ii) a(.), b(.), c(.), d(.) are positive bounded functions of C1[0,∞) satisfying the following
conditions:

b(t) +
a2(t)

2
≤ α0 (41)

∣∣∣b′(t)∣∣∣+ c(t) + d(t) ≤ η0(
α

λ2
− α0) (42)
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a(t) +
c(t)
2

+
d(t)
2
≤ γ0 (43)

where α0, β0, γ0 are any positive numbers satisfying α0 <
α
λ2 = min{α1,α2}

λ2 , β0 =

min{β1, β2} , γ0 < γ, η0 = min
{

1, α1−α0λ
2

|λ2+λ2γ−β1| ,
α2−α0λ

2

|λ2+λ2γ−β2| ,
2(γ−γ0+

β0
λ2 )

3

}
. Then

the zero solution of (4),(5),(6) (or (4),(5), (7)) is globally asymptotically stable

with respect to the norm (
L∫
0

(v2
xx +w2

xx + v2
t +w2

t )dx)
1
2 . Moreover for every solution

of the system (4),(5) satisfying the boundary conditions (6) (or(7)) the following
estimate holds:

‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2 ≤ K2e
−δt (44)

where K2and δ are positive parameters.

Proof. Let v(x, t) be a solution of the equation (4) and w(x, t) be a solution of equation
(5) satisfying the boundary conditions (6) ( or (7 )) and η be a positive parameter which
will be chosen. Multiplying equation (4) by vt+ηv and equation (5) by wt+ηw, using the
boundary conditions (6) (or (7)) and adding the obtained equalities, we get the following
equality:

0 = d
dt

[ 1
2
‖vt‖2 + 1

2
‖wt‖2 + α1

2
‖vxx‖2 + α2

2
‖wxx‖2

− b(t)2 ‖v‖
2 − b(t)

2 ‖w‖
2 + η(vt, v) + η(wt, w) + η β1

2 ‖vxx‖
2

+η β2
2 ‖wxx‖

2 + η γ2 ‖v‖
2 + η γ2 ‖w‖

2]− 2a(t)(vt, wt)

+ b
′
(t)
2 ‖v‖

2 + b
′
(t)
2 ‖w‖

2 − c(t)(vt, w) + c(t)(wt, v)
+β1 ‖vtxx‖2 + β2 ‖wtxx‖2 + γ ‖vt‖2 + γ ‖wt‖2 − d(t)(vt, w)
+d(t)(wt, v) + ηα1 ‖vxx‖2 + ηα2 ‖wxx‖2 − η ‖vt‖2

−η ‖wt‖2 − ηa(t)(wt, v) − ηa(t)(vt, w)− ηb(t) ‖v‖2 − ηb(t) ‖w‖2 .

(45)

Let

Φη(t) = 1
2 ‖vt‖

2 + 1
2 ‖wt‖

2 + α1
2 ‖vxx‖

2 + α2
2 ‖wxx‖

2

− b(t)2 ‖v‖
2 − b(t)

2 ‖w‖
2 + η(vt, v) + η(wt, w)

+η β1
2 ‖vxx‖

2 + η β2
2 ‖wxx‖

2 + η γ2 ‖v‖
2 + η γ2 ‖w‖

2
.

(46)
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Thanks to the inequality (13) we have:

η |(wt, w)| ≤ η

2
‖wt‖2 +

η

2
λ2 ‖wxx‖2 (47)

η |(vt, v)| ≤
η

2
‖vt‖2 +

η

2
λ2 ‖vxx‖2 . (48)

Using (47), (48) and (13) in (46) we get:

Φη(t) ≥ 1
2(α1 − b(t)λ2 − η(λ2 + λ2γ − β1)) ‖vxx‖2 + 1

2 (α2 − b(t)λ2

−η(λ2 + λ2γ − β2)) ‖wxx‖2 + 1
2
(1 − η) ‖vt‖2 + 1

2
(1− η) ‖wt‖2 .

(49)

If λ2 + λ2γ − β1 < 0 and λ2 + λ2γ − β2 < 0 from (41) and for η < 1 we obtain

Φη(t) ≥ A0(‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2) (50)

for a suitable constant A0. If λ2 + λ2γ − β1 < 0 and λ2 + λ2γ − β2 > 0 for

η < min
{

1,
α2 − α0λ

2

λ2 + λ2γ − β2

}
(51)

we have

Φη(t) ≥ A1(‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2) (52)

for a suitable constant A1. If λ2 + λ2γ − β1 > 0 and λ2 + λ2γ − β2 < 0 for

η < min
{

1,
α1 − α0λ

2

λ2 + λ2γ − β1

}
(53)

we have

Φη(t) ≥ A2(‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2) (54)

for a suitable constant A2. If λ2 + λ2γ − β1 > 0 and λ2 + λ2γ − β2 > 0 for

η < min
{

1,
α1 − α0λ

2

λ2 + λ2γ − β1
,

α2 − α0λ
2

λ2 + λ2γ − β2

}
(55)

we get

Φη(t) ≥ A3(‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2) (56)
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for a suitable constant A3. From (46) we get the following inequality:

Φη(t) ≤ 1
2 ‖vt‖

2 + 1
2 ‖wt‖

2 + α1
2 ‖vxx‖

2 + α2
2 ‖wxx‖

2

+ b(t)
2
‖v‖2 + b(t)

2
‖w‖2 + η |(vt, v)|+ η |(wt, w)|

+η β1
2 ‖vxx‖

2 + η β2
2 ‖wxx‖

2 + η γ2 ‖v‖
2 + η γ2 ‖w‖

2
.

(57)

Using (41) and (13) we get:

Φη(t) ≤ 1
2(α1 + α0λ

2 + ηλ2 + ηβ1 + ηγλ2) ‖vxx‖2 + 1
2 (α2 + α0λ

2

+ηλ2 + ηβ2 + ηγλ2) ‖wxx‖2 + 1
2(1 + η) ‖vt‖2 + 1

2(1 + η) ‖wt‖2 .
(58)

For

A4 =
1
2

max{α1 +α0λ
2 +ηλ2 +ηβ1 +ηγλ2 , α2+α0λ

2 +ηλ2 +ηβ2 +ηγλ2 , 1+η}(59)

we obtain from the last inequality:

Φη(t) ≤ A4(‖vxx‖2 + ‖wxx‖2 + ‖vt‖2 + ‖wt‖2). (60)

In (45) let:

Bη(t) = −2a(t)(vt, wt) + b
′
(t)
2 ‖v‖

2 + b
′
(t)
2 ‖w‖

2 − c(t)(vt, w)
+c(t)(wt, v) + β1 ‖vtxx‖2 + β2 ‖wtxx‖2 + γ ‖vt‖2 + γ ‖wt‖2

−d(t)(vt, w) + d(t)(wt, v) + ηα1 ‖vxx‖2 + ηα2 ‖wxx‖2

−η ‖vt‖2 − η ‖wt‖2 − ηa(t)(wt, v) − ηa(t)(vt, w)
−ηb(t) ‖v‖2 − ηb(t) ‖w‖2 .

(61)

Using (12) we obtain the following inequalities:

2a(t) |(vt, wt)| ≤ a(t) ‖vt‖2 + a(t) ‖wt‖2 (62)

|(vt, w)| ≤ 1
2
‖vt‖2 +

λ

2
‖wx‖2 (63)

|(wt, v)| ≤
1
2
‖wt‖2 +

λ

2
‖vx‖2 (64)

a(t) |(vt, w)| ≤ 1
2
‖vt‖2 +

a2(t)
2

λ ‖wx‖2 (65)
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a(t) |(wt, v)| ≤
1
2
‖wt‖2 +

a2(t)
2

λ ‖vx‖2 (66)

Due to (62)-(66) we obtain from (61):

Bη(t) ≥ (ηα1
λ
− ηb(t)λ− η a

2(t)
2
λ−

∣∣b′(t)∣∣
2

λ

− c(t)2 λ− d(t)
2 λ) ‖vx‖2

+(ηα2
λ
− ηb(t)λ − η a

2(t)
2
λ−

∣∣b′(t)∣∣
2

λ

− c(t)2 λ− d(t)
2 λ) ‖wx‖2

+(γ + β1
λ2 − a(t)− c(t)

2 −
d(t)

2 −
3
2η) ‖vt‖

2

+(γ + β2
λ2 − a(t)− c(t)

2 −
d(t)

2 −
3
2η) ‖wt‖

2
.

(67)

Using the conditions (41)-(43) for

η0

2
≤ η ≤ η0 (68)

where β0 = min{β1, β2} and η0 = min{1, α1−α0λ
2

|λ2+λ2γ−β1| ,
α2−α0λ

2

|λ2+λ2γ−β2| ,
2(γ−γ0+

β0
λ2 )

3 } we obtain

Bη(t) ≥ 0. So the zero solution of (4), (5), (6) (or (4), (5), (7)) is stable. Let δ > 0, we
get from (45):

d
dt

Φη(t) + δΦη(t) = 2a(t)(vt, wt) − b
′
(t)
2
‖v‖2 − b

′
(t)
2
‖w‖2 − β1 ‖vtxx‖2

−β2 ‖wtxx‖2 + c(t)(vt, w)− c(t)(wt, v)− γ ‖vt‖2

−γ ‖wt‖2 + d(t)(vt, w)− d(t)(wt, v) − ηα1 ‖vxx‖2

−ηα2 ‖wxx‖2 + η ‖vt‖2 + η ‖wt‖2 + ηa(t)(wt, v)
+ηa(t)(vt, w) + ηb(t) ‖v‖2 + ηb(t) ‖w‖2 + δ

2
‖vt‖2

+ δ
2 ‖wt‖

2 + δ α1
2 ‖vxx‖

2 + δ α2
2 ‖wxx‖

2 − δ b(t)2 ‖v‖
2

−δ b(t)2 ‖w‖
2 + δη(vt, v) + δη(wt, w) + δη β1

2 ‖vxx‖
2

+δη β2
2 ‖wxx‖

2 + δη γ2 ‖v‖
2 + δη γ2 ‖w‖

2
.

(69)
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By using the inequalities (62)-(66) we obtain from the above equality:

d
dtΦη(t) + δΦη(t) ≤ [δ α1

2 + δη β1
2 + δηγ λ

2

2 + δη λ
2

2 − ηα1

+ηλ2(b(t) + a2(t)
2 ) + λ2

2 (
∣∣∣b′ (t)∣∣∣+ c(t)

+d(t))] ‖vxx‖2 + [δ α2
2 + δη β2

2 + δηγ λ
2

2 + δη λ
2

2

−ηα2 + ηλ2(b(t) + a2(t)
2 ) + λ2

2 (
∣∣∣b′ (t)∣∣∣

+c(t) + d(t))] ‖wxx‖2 + ( δ2 + δη
2 + a(t) + c(t)

2

+d(t)
2 + 3

2η − γ −
β1
λ2 ) ‖vt‖2 + ( δ2 + δη

2 + a(t)
+ c(t)

2 + d(t)
2 + 3

2η − γ −
β2
λ2 ) ‖wt‖2

(70)

or

d
dtΦη(t) + δΦη(t) ≤ [δ α1

2 + δη β1
2 + δηγ λ

2

2 + δη λ
2

2

−(η − η0
2 )(α − α0λ

2)] ‖vxx‖2

+[δ α2
2 + δη β2

2 + δηγ λ
2

2 + δη λ
2

2

−(η − η0
2

)(α − α0λ
2)] ‖wxx‖2

+( δ2 + δη
2 + a(t) + c(t)

2 + d(t)
2 + 3

2η − γ −
β1
λ2 ) ‖vt‖2

+( δ2 + δη
2 + a(t) + c(t)

2 + d(t)
2 + 3

2η − γ −
β2
λ2 ) ‖wt‖2 .

(71)

For sufficiently small δ > 0 we obtain:

d

dt
Φη(t) + δΦη(t) ≤ 0. (72)

From (72) we have

Φη(t) ≤ Φη(0)e−δt. (73)

Thus we obtain the required inequality (44). 2
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